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Construction and characteristics of the hyper-exponential 
functions
The form of hyper-exponential functions of n-order

                     exphj
n ((x; f (x))

n: order.
j: the number of seed.
x: variable.
f (x): any function that is defined in an interval that contains zero.

                                              x J                      (x; j) =           ( j = 0, 1, 2, 3... n -1)
                                             j !

The seed of a hyper-exponential function means the first term of 
the series.

The most important characteristic is as follows.

                     y = exphj
n (x; f (x))

                       dny
                                = f (x) y
                      dxn

Definition of hyper-exponential functions of second-order

                     x, g (x) ϵ R

                     k0 = 1

 

The characteristics are as follows.

A solution of the Third Order Homogeneous Equations
I show a solution of the following differential equation with variable 
coefficients A(x), B(x) and C(x).

                x ϵ R, 
               A (x), B (x), C (x) ϵ R

A(x), B(x) and C(x): any differentiable function that is defined in an 
interval that contains zero. 
 
               yʹʹʹ+ A(x)yʹʹ + B(x)yʹ + C(x)y = 0 - - -  1
   
I set

I set
       h(x):any differentiable function that is defined in an interval    
       that contains zero.

Suppose that the right hand side of  2  is uniformly convergent.

Adv Theo Comp Phy, 2020

ISSN: 2639-0108

www.opastonline.com

Submitted: 10 Dec  2020; Accepted: 17  Dec  2020; Published:  30 Dec  2020

and

and

and
The Wronskian is 1.

 

 

< A solution of the Third Order Homogeneous Equations> 
I show a solution of the following differential equation with variable coefficients 𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙) 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪(𝒙𝒙). 

𝒙𝒙 ∈ 𝑹𝑹,𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙),𝑪𝑪(𝒙𝒙) ∈ 𝑹𝑹 
𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙) 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪(𝒙𝒙):any differentiable function that is defined in an interval that contains zero. 
𝒚𝒚′′′ + 𝑨𝑨(𝒙𝒙)𝒚𝒚′′ + 𝑩𝑩(𝒙𝒙)𝒚𝒚′ + 𝑪𝑪(𝒙𝒙)𝒚𝒚 = 𝟎𝟎         −−−➀   

I set 
𝒙𝒙 ∈ 𝑹𝑹 

𝒖𝒖(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟎𝟎𝟏𝟏(𝒙𝒙;𝒇𝒇(𝒙𝒙)) = 𝒆𝒆𝒙𝒙𝒆𝒆 {∫ 𝒇𝒇(𝒙𝒙)
𝒙𝒙

𝟎𝟎
𝒂𝒂𝒙𝒙} 

𝒗𝒗𝟎𝟎(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟎𝟎𝟐𝟐(𝒙𝒙;𝒈𝒈(𝒙𝒙)) 
𝒗𝒗𝟏𝟏(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟏𝟏𝟐𝟐(𝒙𝒙;𝒈𝒈(𝒙𝒙)) 

I set 
𝒆𝒆(𝒙𝒙):any differentiable function that is defined in an interval that contains zero. 
𝒌𝒌𝟎𝟎 = 𝟏𝟏 
𝒌𝒌𝒊𝒊+𝟏𝟏(𝒙𝒙)=∫ {𝒖𝒖𝒗𝒗𝟏𝟏 ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙
𝟎𝟎 (𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎 ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙
𝟎𝟎 (𝒙𝒙)𝒂𝒂𝒙𝒙}𝒂𝒂𝒙𝒙𝒙𝒙

𝟎𝟎  

𝒚𝒚 = ∑𝒌𝒌𝒊𝒊
∞

𝒊𝒊=𝟎𝟎
(𝒙𝒙) = 𝟏𝟏 + ∑∫ {𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}𝒂𝒂𝒙𝒙

𝒙𝒙

𝟎𝟎

∞

𝒊𝒊=𝟎𝟎
 

Suppose that the right hand side of ➁ is uniformly convergent. 

𝒚𝒚′ = ∑{𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

𝒚𝒚′′ = 𝒇𝒇(𝒙𝒙)∑{𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙− 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

+∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

+∑(𝒗𝒗𝟏𝟏𝒗𝒗𝟎𝟎 − 𝒗𝒗𝟎𝟎𝒗𝒗𝟏𝟏)
∞

𝒊𝒊=𝟎𝟎
𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊(𝒙𝒙) 

𝒚𝒚′′ = 𝒇𝒇(𝒙𝒙)𝒚𝒚′ + ∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

𝒚𝒚′′′ = 𝒇𝒇′(𝒙𝒙) 𝒚𝒚′ + 𝒇𝒇(𝒙𝒙) 𝒚𝒚′′

+ 𝒇𝒇(𝒙𝒙)∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}+ 𝒈𝒈(𝒙𝒙)𝒚𝒚′

∞

𝒊𝒊=𝟎𝟎

+∑(𝒗𝒗𝟏𝟏′  𝒗𝒗𝟎𝟎 − 𝒗𝒗𝟎𝟎′  𝒗𝒗𝟏𝟏)𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
∞

𝒊𝒊=𝟎𝟎
(𝒙𝒙) 

𝒚𝒚′′′ = 𝒇𝒇′(𝒙𝒙)𝒚𝒚′ + 𝒇𝒇(𝒙𝒙)𝒚𝒚′′ + 𝒇𝒇(𝒙𝒙){𝒚𝒚′′ − 𝒇𝒇(𝒙𝒙)𝒚𝒚′} + 𝒈𝒈(𝒙𝒙)𝒚𝒚′ + 𝒆𝒆(𝒙𝒙)𝒚𝒚 
𝒚𝒚′′′ − 𝟐𝟐𝒇𝒇(𝒙𝒙)𝒚𝒚′′ + {𝒇𝒇(𝒙𝒙)𝟐𝟐 − 𝒇𝒇′(𝒙𝒙)− 𝒈𝒈(𝒙𝒙)}𝒚𝒚′ − 𝒆𝒆(𝒙𝒙)𝒚𝒚 = 𝟎𝟎  −−−③ 

From ➀ and ③ 
𝑨𝑨(𝒙𝒙) = −𝟐𝟐𝒇𝒇(𝒙𝒙) 
𝑩𝑩(𝒙𝒙) = 𝒇𝒇(𝒙𝒙)𝟐𝟐 − 𝒇𝒇′(𝒙𝒙)− 𝒈𝒈(𝒙𝒙) 
𝑪𝑪(𝒙𝒙) = −𝒆𝒆(𝒙𝒙) 

From the above 
𝒇𝒇(𝒙𝒙) = −𝑨𝑨(𝒙𝒙)

𝟐𝟐  

𝒈𝒈(𝒙𝒙) = 𝑨𝑨(𝒙𝒙)𝟐𝟐
𝟒𝟒 + 𝑨𝑨′(𝒙𝒙)

𝟐𝟐 − 𝑩𝑩(𝒙𝒙) 
𝒆𝒆(𝒙𝒙) = −𝑪𝑪(𝒙𝒙) 

∴ 

➁ is one of the solutions of  ➀. 

➁ 

 

 

< A solution of the Third Order Homogeneous Equations> 
I show a solution of the following differential equation with variable coefficients 𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙) 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪(𝒙𝒙). 

𝒙𝒙 ∈ 𝑹𝑹,𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙),𝑪𝑪(𝒙𝒙) ∈ 𝑹𝑹 
𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙) 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪(𝒙𝒙):any differentiable function that is defined in an interval that contains zero. 
𝒚𝒚′′′ + 𝑨𝑨(𝒙𝒙)𝒚𝒚′′ + 𝑩𝑩(𝒙𝒙)𝒚𝒚′ + 𝑪𝑪(𝒙𝒙)𝒚𝒚 = 𝟎𝟎         −−−➀   

I set 
𝒙𝒙 ∈ 𝑹𝑹 

𝒖𝒖(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟎𝟎𝟏𝟏(𝒙𝒙;𝒇𝒇(𝒙𝒙)) = 𝒆𝒆𝒙𝒙𝒆𝒆 {∫ 𝒇𝒇(𝒙𝒙)
𝒙𝒙

𝟎𝟎
𝒂𝒂𝒙𝒙} 

𝒗𝒗𝟎𝟎(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟎𝟎𝟐𝟐(𝒙𝒙;𝒈𝒈(𝒙𝒙)) 
𝒗𝒗𝟏𝟏(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟏𝟏𝟐𝟐(𝒙𝒙;𝒈𝒈(𝒙𝒙)) 

I set 
𝒆𝒆(𝒙𝒙):any differentiable function that is defined in an interval that contains zero. 
𝒌𝒌𝟎𝟎 = 𝟏𝟏 
𝒌𝒌𝒊𝒊+𝟏𝟏(𝒙𝒙)=∫ {𝒖𝒖𝒗𝒗𝟏𝟏 ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙
𝟎𝟎 (𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎 ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙
𝟎𝟎 (𝒙𝒙)𝒂𝒂𝒙𝒙}𝒂𝒂𝒙𝒙𝒙𝒙

𝟎𝟎  

𝒚𝒚 = ∑𝒌𝒌𝒊𝒊
∞

𝒊𝒊=𝟎𝟎
(𝒙𝒙) = 𝟏𝟏 + ∑∫ {𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}𝒂𝒂𝒙𝒙

𝒙𝒙

𝟎𝟎

∞

𝒊𝒊=𝟎𝟎
 

Suppose that the right hand side of ➁ is uniformly convergent. 

𝒚𝒚′ = ∑{𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

𝒚𝒚′′ = 𝒇𝒇(𝒙𝒙)∑{𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙− 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

+∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

+∑(𝒗𝒗𝟏𝟏𝒗𝒗𝟎𝟎 − 𝒗𝒗𝟎𝟎𝒗𝒗𝟏𝟏)
∞

𝒊𝒊=𝟎𝟎
𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊(𝒙𝒙) 

𝒚𝒚′′ = 𝒇𝒇(𝒙𝒙)𝒚𝒚′ + ∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

𝒚𝒚′′′ = 𝒇𝒇′(𝒙𝒙) 𝒚𝒚′ + 𝒇𝒇(𝒙𝒙) 𝒚𝒚′′

+ 𝒇𝒇(𝒙𝒙)∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}+ 𝒈𝒈(𝒙𝒙)𝒚𝒚′

∞

𝒊𝒊=𝟎𝟎

+∑(𝒗𝒗𝟏𝟏′  𝒗𝒗𝟎𝟎 − 𝒗𝒗𝟎𝟎′  𝒗𝒗𝟏𝟏)𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
∞

𝒊𝒊=𝟎𝟎
(𝒙𝒙) 

𝒚𝒚′′′ = 𝒇𝒇′(𝒙𝒙)𝒚𝒚′ + 𝒇𝒇(𝒙𝒙)𝒚𝒚′′ + 𝒇𝒇(𝒙𝒙){𝒚𝒚′′ − 𝒇𝒇(𝒙𝒙)𝒚𝒚′} + 𝒈𝒈(𝒙𝒙)𝒚𝒚′ + 𝒆𝒆(𝒙𝒙)𝒚𝒚 
𝒚𝒚′′′ − 𝟐𝟐𝒇𝒇(𝒙𝒙)𝒚𝒚′′ + {𝒇𝒇(𝒙𝒙)𝟐𝟐 − 𝒇𝒇′(𝒙𝒙)− 𝒈𝒈(𝒙𝒙)}𝒚𝒚′ − 𝒆𝒆(𝒙𝒙)𝒚𝒚 = 𝟎𝟎  −−−③ 

From ➀ and ③ 
𝑨𝑨(𝒙𝒙) = −𝟐𝟐𝒇𝒇(𝒙𝒙) 
𝑩𝑩(𝒙𝒙) = 𝒇𝒇(𝒙𝒙)𝟐𝟐 − 𝒇𝒇′(𝒙𝒙)− 𝒈𝒈(𝒙𝒙) 
𝑪𝑪(𝒙𝒙) = −𝒆𝒆(𝒙𝒙) 

From the above 
𝒇𝒇(𝒙𝒙) = −𝑨𝑨(𝒙𝒙)

𝟐𝟐  

𝒈𝒈(𝒙𝒙) = 𝑨𝑨(𝒙𝒙)𝟐𝟐
𝟒𝟒 + 𝑨𝑨′(𝒙𝒙)

𝟐𝟐 − 𝑩𝑩(𝒙𝒙) 
𝒆𝒆(𝒙𝒙) = −𝑪𝑪(𝒙𝒙) 

∴ 

➁ is one of the solutions of  ➀. 

➁ 
2
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From  1  and  3
             A (x) = -2f (x)
             B (x) = f (x)2 - f ʹ (x) - g(x)
             C (x) = -h(x)

From the above

 2  is one of the solutions of   1  .
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< A solution of the Third Order Homogeneous Equations> 
I show a solution of the following differential equation with variable coefficients 𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙) 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪(𝒙𝒙). 

𝒙𝒙 ∈ 𝑹𝑹,𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙),𝑪𝑪(𝒙𝒙) ∈ 𝑹𝑹 
𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙) 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪(𝒙𝒙):any differentiable function that is defined in an interval that contains zero. 
𝒚𝒚′′′ + 𝑨𝑨(𝒙𝒙)𝒚𝒚′′ + 𝑩𝑩(𝒙𝒙)𝒚𝒚′ + 𝑪𝑪(𝒙𝒙)𝒚𝒚 = 𝟎𝟎         −−−➀   

I set 
𝒙𝒙 ∈ 𝑹𝑹 

𝒖𝒖(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟎𝟎𝟏𝟏(𝒙𝒙;𝒇𝒇(𝒙𝒙)) = 𝒆𝒆𝒙𝒙𝒆𝒆 {∫ 𝒇𝒇(𝒙𝒙)
𝒙𝒙

𝟎𝟎
𝒂𝒂𝒙𝒙} 

𝒗𝒗𝟎𝟎(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟎𝟎𝟐𝟐(𝒙𝒙;𝒈𝒈(𝒙𝒙)) 
𝒗𝒗𝟏𝟏(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟏𝟏𝟐𝟐(𝒙𝒙;𝒈𝒈(𝒙𝒙)) 

I set 
𝒆𝒆(𝒙𝒙):any differentiable function that is defined in an interval that contains zero. 
𝒌𝒌𝟎𝟎 = 𝟏𝟏 
𝒌𝒌𝒊𝒊+𝟏𝟏(𝒙𝒙)=∫ {𝒖𝒖𝒗𝒗𝟏𝟏 ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙
𝟎𝟎 (𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎 ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙
𝟎𝟎 (𝒙𝒙)𝒂𝒂𝒙𝒙}𝒂𝒂𝒙𝒙𝒙𝒙

𝟎𝟎  

𝒚𝒚 = ∑𝒌𝒌𝒊𝒊
∞

𝒊𝒊=𝟎𝟎
(𝒙𝒙) = 𝟏𝟏 + ∑∫ {𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}𝒂𝒂𝒙𝒙

𝒙𝒙

𝟎𝟎

∞

𝒊𝒊=𝟎𝟎
 

Suppose that the right hand side of ➁ is uniformly convergent. 

𝒚𝒚′ = ∑{𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

𝒚𝒚′′ = 𝒇𝒇(𝒙𝒙)∑{𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙− 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

+∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

+∑(𝒗𝒗𝟏𝟏𝒗𝒗𝟎𝟎 − 𝒗𝒗𝟎𝟎𝒗𝒗𝟏𝟏)
∞

𝒊𝒊=𝟎𝟎
𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊(𝒙𝒙) 

𝒚𝒚′′ = 𝒇𝒇(𝒙𝒙)𝒚𝒚′ + ∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

𝒚𝒚′′′ = 𝒇𝒇′(𝒙𝒙) 𝒚𝒚′ + 𝒇𝒇(𝒙𝒙) 𝒚𝒚′′

+ 𝒇𝒇(𝒙𝒙)∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}+ 𝒈𝒈(𝒙𝒙)𝒚𝒚′

∞

𝒊𝒊=𝟎𝟎

+∑(𝒗𝒗𝟏𝟏′  𝒗𝒗𝟎𝟎 − 𝒗𝒗𝟎𝟎′  𝒗𝒗𝟏𝟏)𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
∞

𝒊𝒊=𝟎𝟎
(𝒙𝒙) 

𝒚𝒚′′′ = 𝒇𝒇′(𝒙𝒙)𝒚𝒚′ + 𝒇𝒇(𝒙𝒙)𝒚𝒚′′ + 𝒇𝒇(𝒙𝒙){𝒚𝒚′′ − 𝒇𝒇(𝒙𝒙)𝒚𝒚′} + 𝒈𝒈(𝒙𝒙)𝒚𝒚′ + 𝒆𝒆(𝒙𝒙)𝒚𝒚 
𝒚𝒚′′′ − 𝟐𝟐𝒇𝒇(𝒙𝒙)𝒚𝒚′′ + {𝒇𝒇(𝒙𝒙)𝟐𝟐 − 𝒇𝒇′(𝒙𝒙)− 𝒈𝒈(𝒙𝒙)}𝒚𝒚′ − 𝒆𝒆(𝒙𝒙)𝒚𝒚 = 𝟎𝟎  −−−③ 

From ➀ and ③ 
𝑨𝑨(𝒙𝒙) = −𝟐𝟐𝒇𝒇(𝒙𝒙) 
𝑩𝑩(𝒙𝒙) = 𝒇𝒇(𝒙𝒙)𝟐𝟐 − 𝒇𝒇′(𝒙𝒙)− 𝒈𝒈(𝒙𝒙) 
𝑪𝑪(𝒙𝒙) = −𝒆𝒆(𝒙𝒙) 

From the above 
𝒇𝒇(𝒙𝒙) = −𝑨𝑨(𝒙𝒙)

𝟐𝟐  

𝒈𝒈(𝒙𝒙) = 𝑨𝑨(𝒙𝒙)𝟐𝟐
𝟒𝟒 + 𝑨𝑨′(𝒙𝒙)

𝟐𝟐 − 𝑩𝑩(𝒙𝒙) 
𝒆𝒆(𝒙𝒙) = −𝑪𝑪(𝒙𝒙) 

∴ 

➁ is one of the solutions of  ➀. 

➁ 

 

 

< A solution of the Third Order Homogeneous Equations> 
I show a solution of the following differential equation with variable coefficients 𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙) 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪(𝒙𝒙). 

𝒙𝒙 ∈ 𝑹𝑹,𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙),𝑪𝑪(𝒙𝒙) ∈ 𝑹𝑹 
𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙) 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪(𝒙𝒙):any differentiable function that is defined in an interval that contains zero. 
𝒚𝒚′′′ + 𝑨𝑨(𝒙𝒙)𝒚𝒚′′ + 𝑩𝑩(𝒙𝒙)𝒚𝒚′ + 𝑪𝑪(𝒙𝒙)𝒚𝒚 = 𝟎𝟎         −−−➀   

I set 
𝒙𝒙 ∈ 𝑹𝑹 

𝒖𝒖(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟎𝟎𝟏𝟏(𝒙𝒙;𝒇𝒇(𝒙𝒙)) = 𝒆𝒆𝒙𝒙𝒆𝒆 {∫ 𝒇𝒇(𝒙𝒙)
𝒙𝒙

𝟎𝟎
𝒂𝒂𝒙𝒙} 

𝒗𝒗𝟎𝟎(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟎𝟎𝟐𝟐(𝒙𝒙;𝒈𝒈(𝒙𝒙)) 
𝒗𝒗𝟏𝟏(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟏𝟏𝟐𝟐(𝒙𝒙;𝒈𝒈(𝒙𝒙)) 

I set 
𝒆𝒆(𝒙𝒙):any differentiable function that is defined in an interval that contains zero. 
𝒌𝒌𝟎𝟎 = 𝟏𝟏 
𝒌𝒌𝒊𝒊+𝟏𝟏(𝒙𝒙)=∫ {𝒖𝒖𝒗𝒗𝟏𝟏 ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙
𝟎𝟎 (𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎 ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙
𝟎𝟎 (𝒙𝒙)𝒂𝒂𝒙𝒙}𝒂𝒂𝒙𝒙𝒙𝒙

𝟎𝟎  

𝒚𝒚 = ∑𝒌𝒌𝒊𝒊
∞

𝒊𝒊=𝟎𝟎
(𝒙𝒙) = 𝟏𝟏 + ∑∫ {𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}𝒂𝒂𝒙𝒙

𝒙𝒙

𝟎𝟎

∞

𝒊𝒊=𝟎𝟎
 

Suppose that the right hand side of ➁ is uniformly convergent. 

𝒚𝒚′ = ∑{𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

𝒚𝒚′′ = 𝒇𝒇(𝒙𝒙)∑{𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙− 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

+∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

+∑(𝒗𝒗𝟏𝟏𝒗𝒗𝟎𝟎 − 𝒗𝒗𝟎𝟎𝒗𝒗𝟏𝟏)
∞

𝒊𝒊=𝟎𝟎
𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊(𝒙𝒙) 

𝒚𝒚′′ = 𝒇𝒇(𝒙𝒙)𝒚𝒚′ + ∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

𝒚𝒚′′′ = 𝒇𝒇′(𝒙𝒙) 𝒚𝒚′ + 𝒇𝒇(𝒙𝒙) 𝒚𝒚′′

+ 𝒇𝒇(𝒙𝒙)∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}+ 𝒈𝒈(𝒙𝒙)𝒚𝒚′

∞

𝒊𝒊=𝟎𝟎

+∑(𝒗𝒗𝟏𝟏′  𝒗𝒗𝟎𝟎 − 𝒗𝒗𝟎𝟎′  𝒗𝒗𝟏𝟏)𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
∞

𝒊𝒊=𝟎𝟎
(𝒙𝒙) 

𝒚𝒚′′′ = 𝒇𝒇′(𝒙𝒙)𝒚𝒚′ + 𝒇𝒇(𝒙𝒙)𝒚𝒚′′ + 𝒇𝒇(𝒙𝒙){𝒚𝒚′′ − 𝒇𝒇(𝒙𝒙)𝒚𝒚′} + 𝒈𝒈(𝒙𝒙)𝒚𝒚′ + 𝒆𝒆(𝒙𝒙)𝒚𝒚 
𝒚𝒚′′′ − 𝟐𝟐𝒇𝒇(𝒙𝒙)𝒚𝒚′′ + {𝒇𝒇(𝒙𝒙)𝟐𝟐 − 𝒇𝒇′(𝒙𝒙)− 𝒈𝒈(𝒙𝒙)}𝒚𝒚′ − 𝒆𝒆(𝒙𝒙)𝒚𝒚 = 𝟎𝟎  −−−③ 

From ➀ and ③ 
𝑨𝑨(𝒙𝒙) = −𝟐𝟐𝒇𝒇(𝒙𝒙) 
𝑩𝑩(𝒙𝒙) = 𝒇𝒇(𝒙𝒙)𝟐𝟐 − 𝒇𝒇′(𝒙𝒙)− 𝒈𝒈(𝒙𝒙) 
𝑪𝑪(𝒙𝒙) = −𝒆𝒆(𝒙𝒙) 

From the above 
𝒇𝒇(𝒙𝒙) = −𝑨𝑨(𝒙𝒙)

𝟐𝟐  

𝒈𝒈(𝒙𝒙) = 𝑨𝑨(𝒙𝒙)𝟐𝟐
𝟒𝟒 + 𝑨𝑨′(𝒙𝒙)

𝟐𝟐 − 𝑩𝑩(𝒙𝒙) 
𝒆𝒆(𝒙𝒙) = −𝑪𝑪(𝒙𝒙) 

∴ 

➁ is one of the solutions of  ➀. 

➁ 

 

 

< A solution of the Third Order Homogeneous Equations> 
I show a solution of the following differential equation with variable coefficients 𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙) 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪(𝒙𝒙). 

𝒙𝒙 ∈ 𝑹𝑹,𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙),𝑪𝑪(𝒙𝒙) ∈ 𝑹𝑹 
𝑨𝑨(𝒙𝒙),𝑩𝑩(𝒙𝒙) 𝒂𝒂𝒂𝒂𝒂𝒂 𝑪𝑪(𝒙𝒙):any differentiable function that is defined in an interval that contains zero. 
𝒚𝒚′′′ + 𝑨𝑨(𝒙𝒙)𝒚𝒚′′ + 𝑩𝑩(𝒙𝒙)𝒚𝒚′ + 𝑪𝑪(𝒙𝒙)𝒚𝒚 = 𝟎𝟎         −−−➀   

I set 
𝒙𝒙 ∈ 𝑹𝑹 

𝒖𝒖(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟎𝟎𝟏𝟏(𝒙𝒙;𝒇𝒇(𝒙𝒙)) = 𝒆𝒆𝒙𝒙𝒆𝒆 {∫ 𝒇𝒇(𝒙𝒙)
𝒙𝒙

𝟎𝟎
𝒂𝒂𝒙𝒙} 

𝒗𝒗𝟎𝟎(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟎𝟎𝟐𝟐(𝒙𝒙;𝒈𝒈(𝒙𝒙)) 
𝒗𝒗𝟏𝟏(𝒙𝒙) = 𝒆𝒆𝒙𝒙𝒆𝒆𝒆𝒆𝟏𝟏𝟐𝟐(𝒙𝒙;𝒈𝒈(𝒙𝒙)) 

I set 
𝒆𝒆(𝒙𝒙):any differentiable function that is defined in an interval that contains zero. 
𝒌𝒌𝟎𝟎 = 𝟏𝟏 
𝒌𝒌𝒊𝒊+𝟏𝟏(𝒙𝒙)=∫ {𝒖𝒖𝒗𝒗𝟏𝟏 ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙
𝟎𝟎 (𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎 ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙
𝟎𝟎 (𝒙𝒙)𝒂𝒂𝒙𝒙}𝒂𝒂𝒙𝒙𝒙𝒙

𝟎𝟎  

𝒚𝒚 = ∑𝒌𝒌𝒊𝒊
∞

𝒊𝒊=𝟎𝟎
(𝒙𝒙) = 𝟏𝟏 + ∑∫ {𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}𝒂𝒂𝒙𝒙

𝒙𝒙

𝟎𝟎

∞

𝒊𝒊=𝟎𝟎
 

Suppose that the right hand side of ➁ is uniformly convergent. 

𝒚𝒚′ = ∑{𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

𝒚𝒚′′ = 𝒇𝒇(𝒙𝒙)∑{𝒖𝒖𝒗𝒗𝟏𝟏∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙− 𝒖𝒖𝒗𝒗𝟎𝟎∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

+∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

+∑(𝒗𝒗𝟏𝟏𝒗𝒗𝟎𝟎 − 𝒗𝒗𝟎𝟎𝒗𝒗𝟏𝟏)
∞

𝒊𝒊=𝟎𝟎
𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊(𝒙𝒙) 

𝒚𝒚′′ = 𝒇𝒇(𝒙𝒙)𝒚𝒚′ + ∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}

∞

𝒊𝒊=𝟎𝟎
 

𝒚𝒚′′′ = 𝒇𝒇′(𝒙𝒙) 𝒚𝒚′ + 𝒇𝒇(𝒙𝒙) 𝒚𝒚′′

+ 𝒇𝒇(𝒙𝒙)∑{𝒖𝒖 𝒗𝒗𝟏𝟏′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟎𝟎𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙 − 𝒖𝒖 𝒗𝒗𝟎𝟎′ ∫ 𝒖𝒖−𝟏𝟏𝒗𝒗𝟏𝟏𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊

𝒙𝒙

𝟎𝟎
(𝒙𝒙)𝒂𝒂𝒙𝒙}+ 𝒈𝒈(𝒙𝒙)𝒚𝒚′

∞

𝒊𝒊=𝟎𝟎

+∑(𝒗𝒗𝟏𝟏′  𝒗𝒗𝟎𝟎 − 𝒗𝒗𝟎𝟎′  𝒗𝒗𝟏𝟏)𝒆𝒆(𝒙𝒙)𝒌𝒌𝒊𝒊
∞

𝒊𝒊=𝟎𝟎
(𝒙𝒙) 

𝒚𝒚′′′ = 𝒇𝒇′(𝒙𝒙)𝒚𝒚′ + 𝒇𝒇(𝒙𝒙)𝒚𝒚′′ + 𝒇𝒇(𝒙𝒙){𝒚𝒚′′ − 𝒇𝒇(𝒙𝒙)𝒚𝒚′} + 𝒈𝒈(𝒙𝒙)𝒚𝒚′ + 𝒆𝒆(𝒙𝒙)𝒚𝒚 
𝒚𝒚′′′ − 𝟐𝟐𝒇𝒇(𝒙𝒙)𝒚𝒚′′ + {𝒇𝒇(𝒙𝒙)𝟐𝟐 − 𝒇𝒇′(𝒙𝒙)− 𝒈𝒈(𝒙𝒙)}𝒚𝒚′ − 𝒆𝒆(𝒙𝒙)𝒚𝒚 = 𝟎𝟎  −−−③ 

From ➀ and ③ 
𝑨𝑨(𝒙𝒙) = −𝟐𝟐𝒇𝒇(𝒙𝒙) 
𝑩𝑩(𝒙𝒙) = 𝒇𝒇(𝒙𝒙)𝟐𝟐 − 𝒇𝒇′(𝒙𝒙)− 𝒈𝒈(𝒙𝒙) 
𝑪𝑪(𝒙𝒙) = −𝒆𝒆(𝒙𝒙) 

From the above 
𝒇𝒇(𝒙𝒙) = −𝑨𝑨(𝒙𝒙)

𝟐𝟐  

𝒈𝒈(𝒙𝒙) = 𝑨𝑨(𝒙𝒙)𝟐𝟐
𝟒𝟒 + 𝑨𝑨′(𝒙𝒙)

𝟐𝟐 − 𝑩𝑩(𝒙𝒙) 
𝒆𝒆(𝒙𝒙) = −𝑪𝑪(𝒙𝒙) 

∴ 

➁ is one of the solutions of  ➀. 

➁ 


