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Abstract

The physical metric in general relativity has been introduced by the author as the exact solution of Einstein equation that fits
the observation of time delay of the solar system. The necessary and sufficient condition for the physical metric is that the speed
of light on the angular direction is unchanged from that of vacuum. A striking result is that the radius size of a black hole and
a neutron star (summarized as compact object hereafter) is found to be 2.60 times greater than predicted by the Schwarzschild
metric. In this article, the gravitational lensing of the compact object at long distance is absent. In other words, it is a feature
result of the physical metric that the effect of the gravitational lensing for compact object by itself disappears at long distance.

It will be shown that the recent observations are consistent with the prediction of the physical metric.

I. Introduction

Schwarzschild found the exact solution of Einstein equation within
ayear of Einstein’s proposal of general relativity [1]. However, the
so called Schwarzschild metric does not fit the observational data of
time delay experiment of the solar system of Shapiro [2, 3]. Only the
Post Newtonian Approximation gives a good fit to the observational
data [4]. Since Schwarzschild showed infinite number of exact
solutions of Einstein equation, it is natural to search whether there
exists an exact solution that fits the observational data. The author
found such a solution and calls it the physical metric [5]. It is a
metric in which speed of light on the spherical direction is equal to
the value in vacuum. Since the angular direction is perpendicular
to the radial direction, which is the direction of gravity, it is natural
to call this metric as the physical metric. In Section II, summary of
the physical metric is given. In Section III, the gravitational lensing
of compact object is discussed. In Section IV, recent observations
of compact objects are compared with the prediction of the physical
metric. Section V is the summary.

I1. The Physical Metric
The author found that the physical metric for the spherically
symmetric and static (SSS) metric [1, 5].

ds? =e"® dt? -e*® dr?

-e 02 (d 9 +sin? 0 de?), (1)

is given with the condition
o =e v (r) =e p(r)
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From the coordinate transformation of the Schwarzschild metric,
one gets

r/r= Vo (1-w) (3)

where r, =2GM is the Schwarzschild radius for the mass M of black
hole and neutron star.

Using
dw 2w(l-w
do  _ 200-0)
dr 3w—-1

(4)
one gets
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Figure 1: The metric function, ® = g (r), as a function of r/r_ in
the physical metric
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In Figure 1, the graph of = g (r) is given. The internal solution is
derived in ref. 5. From Figure 1 or Equation (3), one gets the size
of compact object is given by

R = 32—\/§rs ~2601,  (6)

In other words, the radius size of compact object in the physical metric
is 2.60 times of the Schwarzschild radius. Since the physical metric
is the exact solution of Einstein equation that fits the observation,
the size of compact object should be given by Equation (6).

Atr=R, the gravitational force is infinitely large attractive, and the
gravitational redshift factor [5] is 1/3 . One may call R in Equation
(6) as extended horizon. Figure 1 is the vacuum solution and it shows
that the gravity inside the extended horizon is repulsive.

It is worth noticing that light emitted from compact object is sent
on the tangential direction with speed of c. It is a characteristic of
the physical metric.

II1. The Geodesic Equations and Gravitational Lensing
The geodesic equations for Equation (1) and Equation (2),

(7

d?x3 a dxPdxt 0

d T2 bc 47 dr

where ', is the Chritoffel symbol, can be written explicitly

d?t rrndtdr
dr2+ V(r)drdr_o 3)
d?¢ . . d¢dr
+ : + 2/ —_— =
d 2 (“ (r) 2t dtdrt 0 (9)
da?r VeV Ddarde A'(r)drdr B et O () +2) d¢ do
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Here we assumed that 6 = n/2 and d6 = 0.
Equation (8) and Equation (9) are solved giving

= e, (11)
d¢ _ b |
dtr  r2eM® (12)

Since 1 is an arbitrary invariant parameter, the integration constant
in Equation (11) can be chosen to be 1.
The parameter b in Equation (12) is an integration constant.

For Equation (10), multiplying 2 ¢*® dr/d t , one gets

2 -u(r)
i(eam (2) = e 4 u) = 0. (13)

drt dt
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The solution of Equation (13) gives

d _An _vin b2
T xee e I-Z-E[, a9

drt

where the integration constant, E = 0 for light propagation. Then

d¢ A v(r)
d¢ 4 b e 2 2 .
4 =dr — 4 —_ .
— 3: —ez 2 |b? —1r?| (15)

For black hole and neutron star,

b=R=2.60 r, (16)

is an appropriate choice.

If one chooses the origin of the coordinate at the observational point
on Earth, one gets

A(@)=v(r)=0 for small r. 17)

Expanding Eq. (15) for small r, one gets

@ _ 1T -
Lo (2t ) (18)

2h2

The integration by r gives

r? .
(1) ]11r+4b2+ (19)
The first term is divergent and should be cancelled by the similar term
coming from the other end of the integration. Since there does not
exist a linear term, the effect of the gravitational lensing by compact
object should disappear at a long distance away from compact object.
The second term should imply that the direction of the gravitational

lensing is tangential to the direction of the compact object.

In Section II, the outcome of the physical metric is the radius size of
compact object to be extended horizon, R =2.60 r, and the attractive
force of gravity at the extended horizon to be infinitely large. In this
Section, we have concluded that the gravitational lensing for the light
emitted from compact object is absent. As a result, observed size
of compact object should be just R =2.60 r. The difference from
the ordinary case of gravitational lensing is that light emitted from
compact object is sent on the tangential direction on the surface,
while light in the ordinary gravitational lensing is sent in an arbitrary
direction, which reaches the observational point.

IV. Comparison with the Observation

The largest black hole at the center of M87 is observed [6] giving
mass M=6.5+0.2+0.7*10° M, and distance, d=16.4+0.5 Mpc.
Converting the units, one gets

(20)
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Then, the observed diameter, 42 + 3 pas, produces a diameter of 5.29
+0.57 r_. This should be compared with our prediction for diameter,
2x2.60 = 5.20 r_. This is a remarkable agreement.

The black hole at the center of the Milky Way [7], Sagittarius A*,
is reported with mass, M =4.154 = 0.014 106 M, and distance, d
= 8178 £ 13 pc, which give
. 5 12
I 128910 7M _ 492 107 rad = 10.1 pas.

d 2.5310%2 cm

(21)

Then, the prediction of the physical metric for diameter is 5.20 ..
The observed value is ~ 6 r. While this is consistent, further data
is required.

For neutron star, the prediction for radius size for the Mass of 1.4
M,, is given by 2.60 * 1.4 * 3 km = 10. 9 km. The derived value is
in the range of 11 km [8].

V. Summary

The author has introduced the physical metric in general relativity
as the exact solution of Einstein equation that fits the observational
value of time delay of the solar system. The prediction of the physical
metric is that the radius size of a black hole and a neutron star is 2.60
times Schwarzschild radius and that this value is not changed by

the gravitational lensing effect. Comparison with the observational
data of black holes at the centers of M87 and the Milky Way, as
well as that of neutron star gives a remarkable agreement with this
prediction.
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