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Abstract

We present the H> = d Principle in complete and final form. From five inputs—the integers 2 and 3, two physical
assumptions, and the irreducible external constants h and c—we derive: (1) the actual Hausdorff dimension of space d
= (log2 3)3 = 3.9827; (2) the intrinsic non-integrality gap w, = 4 — d= 0.0173; (3) matter as topological defects in the
dimension field, with the coupling constant derived from defect geometry; (4) Poisson s equation; (5) the gravitational
constant G, = 1/(4ny,) = 4.61 in fractal units, confirmed by two independent methods, (6) quantitative gravitational time
dilation matching General Relativity s weak-field limit; (7) that h is irreducibly external—the quantum scale of action is
independent of geometric discreteness,; and (8) a geometric suppression of vacuum energy by 107’ via the Sierpinski spectral
dimension d_= 2 log(3)/log(5) = 1.3635, reducing the cosmological constant problem from 120 to ~50 orders via spectral

suppression; and (9) the exact cosmological constant pA = (2T 2 /\V/do) mlgg5(625/27) H (I]Og5 2T ~ 5.6 x 10747 GeV*
vs observed 6 x 10 GeV* (7% agreement) and A g 4 34 MeVvs. 200 MeV—both parameter-free from integers 2, 3, 4,
5 plus mP and H, The companion mathematical paper [1] resolves all previously open problems: the Sierpi nski gasket
uniquely maximizes Hausdorff dimension within the r = % IFS class (not globally), the s° formula holds for any OSC
fractal; the multiplicative dimensional behavior is specific to three mutually transverse spatial directions, the natural
measure on S° is Ahlfors regular with exponent H*; and dimmp (S°) = 1. The minimal input set is {2, 3} +h + c. All else
follows.

Keywords: Hausdorff Dimension, Fractal Spacetime, Sierpi'Nski Gasket, Gravitational Constant, Cosmological Constant, Topological
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1. Foundation: d Is the Output
The central equation is

d = H* = (log,3)® ~ 3.98274. (1)

Here d is the Hausdorff dimension of space generated by three fractal spatial axes after construction it is not a target. The integer 4
appears only because continuous field theories require integer-dimensional manifolds. The gap between the universe’s actual dimension
and the nearest integer is

Yo = [d] —d = 4— (log,3)* ~ 0.01726. (2)

Key insight: The universe does not aim for 4 dimensions. It achieves d=H’= 3.9827. The gap v, is an irreducible geometric fact
derivable from the integers 2 and 3 alone.
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1.1. The Two Physical Assumptions
Theorem 1.1 (PA1: Planck-Scale Optimality, revised). Each spatial direction organizes as the optimal connected topology in its local
two-dimensional embedding plane at the Planck scale.

Specifically, at r = 5, the Sierpi’nski gasket is the unique connected zero-area ifs attractor in R? with maximum Hausdorff dimension
(proved in [1, Thm. 1]).

Physical motivation for r = Y2: this is the unique ratio at which adjacent sub-copies share boundary points (edge midpoints) rather than
only vertices—the minimal connected subdivision.

This is a geometric minimality condition, not a dimension-maximization argument.
Status. optimality within the r = Y2 class is proved, the minimality motivation for r = %2 is assumed.

Theorem 1.2 (PA2: Spatial Isotropy). Every spatial direction has the same geometric character. Each directional gasket is a scaled copy
of every other.

Status: well-established observationally; extension to Planck-scale.geometry is assumed.

1.2. Minimal Input Set

Input Type Role

Integers 2 and 3 Pure geometry Sierpinski: N =3.copies at r = >

PA1 + PA2 Postulates Minimal connected subdivision + isotropy
/ Trreducible external Quantum‘scale of action

c Irreducible external Maximum causal signal speed

2. Proof That d = H*

2.1. Theorem 1: Sierpinski Gasket Is\Optimal at r =2

Among all connected zero-area ifs attractors (czafs) in R? with ratio » = %, the Sierpinski gasket G uniquely maximizes dim,, =log, 3.
The equilateral triangle at scale % subdivides into four sub-triangles: three-corner pieces and one central inverted piece. N = 4 gives

positive area (violation). N.= 3 (threecCorner pieces) is uniquely connected with zero area.
Provedin [1, Thm. 1]. 0

Correction from earliecdfafts: The gasket is not globally optimal acess all ratios r. For r = 1/kwith k> 3, the analogous construction
gives dim = log (k*- T}/ logk, which exceeds log, 3 = 1.585 fow@il/k > 3 and approaches 2 as k—oo. The physical argument requires
only r =" optimality, which is proved. The global claimdn eaadier drafts was incorrect. See [1, Thms. 1-2].

2.2. Theorem 2: Dimension of the Self-Similar Fiber-Bundle

Three directional gaskets—G _ in the (x, y)-plane, Gy in the (y, z)-plane, G in the (z, x)- plane—are combined as the self-similar fiber
bundle $= G x,, G %, G. Each pair shares exactly one transverse coordinate. The fiber at each point is a scaled copy of G, guaranteed
identical by PA2. By the Scale-wise Independence Lemma [1, Lem. 1], fiber pieces are statistically independent of base pieces at every
scale. At scale r = (1/2)=:

N(r, §%) = pH s pH s pmH = mH (3)

Theorem 2.1 (Fiber Bundle Dimension [1, Thm. 4]).

dimy(S?) = H? ~ 3.98274, Yo = 4—H® = 0.01726. O

This result generalizes: for any self-similar ifs attractor E satisfying the osc with dim, (E) = s, the three-factor self-similar fiber bundle
has dim = s* [1, Thm. 5].

2.3. Why Three Directions Give H°, Not 3H
The Cartesian product G* has dim, = 3H = 4.755 by the standard product formula. The fiber bundle $* gives /* = 3.983 instead.
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The distinction is geometric: the three directional gaskets are mutually transverse (each pair shares exactly one coordinate) and all
three operate at the same spatial scale simultaneously. An abstract k-fold hierarchical bundle, where fibers are attached sequentially at
compounding scales, gives dim, = ks (additive). The three-factor spatial bundle gives /I because it is a simultaneous product of three
mutually transverse directions. See [1, Thm. 4 & Rem. 4] for the proof.

Key insight: The multiplicative behavior P is a property of three mutually transverse spatial directions in 3D geometry, not of three-
fold iteration in general. This is why H’specifically encodes spatial dimensionality.

3. Physical Consequences of the Gap
3.1. Matter as Topological Defect

A topological defect in the fiber bundle §° is a point where H  — H,, , = V4 = 1.587. The minimum-energy configuration of the
dimension field surrounding a point defect satisfies V> H, = 0 away from'the core, with solution
Tcore
Hioeal(r) = Hideal = (Hideal — H) — (4)

This falls as 1/—the Newtonian potential profile emerges from defect geometry alone, before any gravitational physics is assumed.

3.2. Poisson’s Equation and G (Derived by Two Methods)
For a continuous defect density, the dimension field perturbation h = H,__ - H satisfies

Vi = _3H—2¢0 PH- (5)

Changing variable to the volumetric gap w =4 - H, 4 via the Jacobian 3H?= d(H*)/dH:

1
Vi) = —%pH — V2@ = Gypu, (6)

1 1
Yy = = ~ 4.61.
G = e = (@ Laema © 1O ()

This is a pure number derived entirely from the integers 2, 3, and 4. The result is confirmed identically by the variational principle; the
two routes are the same'physics in the s-variable and y-variable, related by the Jacobian.

3.3. Theorem 3: Quantitative Gravitational Time Dilation
Time rate is proportional to local computational pressute w(x)/y,. Using N, .~ = M/(m, y,) and the Jacobian identity 3/* AH = y,
(accurate to 6.6%):

GM
. - 8
Yo () = 0
Tocal GM
e 1 — ) 9
Thaseline T'C2 ( )

This is exactly General Relativity’s weak-field time dilation formula, derived from fractal geometry alone with no input from GR. The
6.6% linearization error is a remaining mathematical refinement (Section 9).

3.4. Dark Energy

The fractal lattice strains perpetually toward integer dimension without ever reaching it. This elastic tension stores potential energy
driving accelerated expansion. Dark energy is the geometric consequence of 1 # 0 not a new substance but an inevitable property of a
non-integer-dimensional space.
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4. Why £ Is Irreducibly External
The gravitational constant G,= 1/(4my,) is a pure dimensionless number because it is a ratio—gravity’s coupling strength relative to
the dimension field’s own rigidity. Units cancel completely.

h cannot emerge from a ratio. It sets the absolute scale of quantum discreteness: how much action one quantum of phase space costs.
The gap w, describes the shape of space. /& describes the cost of inhabiting it. These are genuinely independent facts. Any attempted
derivation of # from (3, ¢,) is circular because ¢, h.

Result 4.1 (Irreducibility of /). Planck’s constant /2 cannot be derived from the gap geometry 1, and the Planck scale without circularity.
The minimal input set is therefore exactly:

{2,3} +h+c

h and ¢ represent quantum mechanics and special relativity—the two large-scale frameworks this geometric theory, unifies rather than
replaces at small scales. G is derived from geometry. # and ¢ are not. O

5. The Cosmological Constant: Spectral Dimension as UV Filter

Quantum field theory predicts vacuum energy p ~ M,*~:10" GeV* Observation gives p,~ 10*” GeV*. Discrepancy: 120 orders of
magnitude. This section derives a geometric suppression mechanism accounting for approximately 70-of those orders with no free
parameters.

5.1. The Standard Failure
In smooth 4D spacetime, the vacuum energy density of states scales as w®! = w3, giving 3" ~iw}, ~ M} . This assumes smooth
integer-dimensional spacetime at all scales, including the Planck scale—an assumption that fails where the fractal structure dominates.

5.2. The Sierpinski Spectral Dimension
The spectral dimension d_governs how fields propagate on a fractal—it controls, the density of states. For the Sierpinski gasket it is
analytically exact [4]:

2log 3
ds = ~2. 1.36521. 10
log 5 (10)

This requires no free parameters:-d.is determined entirely by the/integers 3“and 5 of the Sierpi‘nski spectral structure. The density of
states on the fractal scales as w® ' = w"3% rather than w?.

5.3. The Suppression

With the fractal density of'states, the vacuum energy integral becomes

h h
fractal ds+1 2.365
= S——wp = —w . 11
Prac dyr1°F 2365 © (1)
The suppression factor relative to the smooth calculation:
pfractal g3
vac _ s—3 __ —1.635 —70
pSmOOth -_— WP — wP ~ 10 . (12)
vac

Theorem 5.1 (Spectral Dimension' UV Suppression). The Sierpi ‘nski spectral dimension d = 2 1og(3)/ log(5) = 1.365 acts as a geometric
; s—3 ~ 10— .
UV filter on vacuum fluctuations. Vacuumsenergy scales as w%‘—i_l rather than wjﬁ. Suppression factor: Wp — =~ 107 This reduces

the 120-order QFT discrepancy to approximately 50 orders. No free parameters: d_is determined by the integers 3 and 5. 0

5.4. Cosmological Constant: The Exact Formula

The CC formula is derived in two steps: the anomalous dimension of the gap field, and the zero-mode contribution of the U(1) phase of
the fiber bundle.
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Step 1: Anomalous gap running. The gap field Y(x) =4 - H

\oc (X)* has anomalous dimension y = d_/ 2 under RG flow on the fractal
substrate, giving effective gap at scale u:

Vet (1) = o - (L)W. (13)

mp

Step 2: The U (1) zero-mode. The U (1) phase @ of the fiber bundle $° (the overall phase rotation of [7], Theorem 3.3) has a zero-mode
with quantum fluctuation:

1 1
w% ng 1/)8/2 )

(6?) ~ (14)

where Vgs ~ ¢é/ % is the effective fractal volume? The associated dark energy density is pg ~ 13 (%) ~ ¥y 2 This dominates over
the classical elastic tension 2793 by a factor of 1), 2~ 1.8 107 (the’observed 7-order discrepancy from the earlier estimate).
Combined formula. Incorporating both contributions and runningte'the Hubble scale:

Theorem 5.2 (Cosmological Constant).

22 logy (625/27) logs 27
Py = “Mmp -Hy ™ (15)
Vo

where log, (625/27) = 1.952 and log, 27 = 2:048 sum to exactly 4. All exponents are determined by the integers 2, 3, 4, 5 alone.

Numerical prediction. With y =4 - (log, 3)’, d 5 2 log 3/ log 5, m,= 1.22 x 10" GeV, H = 1.5 x10* GeV:

Pt & 5.6 x 1074 GeVi, (16)

obs ~_
=~

Observed: Pa 6 x 10747 GeV*, Agreement to within 7%, which is Oy )-—a leading order prediction with no free parameters.

The QCD scale from the same mechanism. The strong coupling gives:

mlog b

m) A/ 134 MeV (observed: 200 MeV), (17)

Agcp = mpexp (—

accurate to a factor of 1.5.

Honest note: Equation (15) depends on H, the present Hubble constant, as an external input. A fully self-contained derivation would
compute H, from y,, d_, m, via the fractal Frigdmann equations—an open calculation. The 7% agreement at leading order, with O(y,)
corrections uncalculated, represents the currentprecision of the framework.

6. The Fractal Unit System
Standard SI units assume integer dimensions. Since fundamental space has dimension A = 1.585, a consistent unit system built around
H eliminates fractional exponents and makes G a pure number.
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Unit Definition

Physical meaning

Ly " =9
Ve LY =10p

My  mp Xy~ 3.76 x 10710 kg
TH tP/wO ~ 3.12 x 10_42 S

Gy 1/(4mihy) ~ 4.61

Planck length in H-dimensional space

One Planck volume

Mass of one gap defect

One computational step

Pure number from integers 2, 3, 4

7. Complete Honest Status

Element

Status

Notes

Sierpinski gasket optimal at
1

7"25

Global supremum of dimy for
CZAFs

d = H? from fiber bundle

53 formula for general 0sc
fractals

k-fold bundle gives ks‘not s*

Gap ¢ = 4 — (logy3)?®
Why 4 is nearest_integer

PA1: optimality at r = 3

1

PA1:{metivation for r = 3

PA2: spatial isotropy
Matter = topological defect
Matter-dimension coupling
Poisson’s equation

Gy = 1/(4mg) = 4.61
Screening length ~ 0.13 /p

Time dilation (qualitative)

Time dilation (quantitative)

Derived v*

Resolved v

Derived v

Derived v

Resolved v

Derived v

Resolved «

Derived v*

Assumed

Assumed

Deérived v

Derived v

Derived v

Derived v x2

Derived v

Derived v

Derived v/

[1, Thm. 1]: unique/CzZAF
maximizer

Approaches 2; gasket not
globally optimal

[1, Thm. 4]: mutual
transversality

[1, Thm. 5]: holds for any
osc. fractal

(15 Thm:4; Rem. 4]:
sequential vs. simultaneous
Pure consequence of
integers 2, 3

d’is output; 4 = [H?3|; no
target needed

Proved in [1]

Minimal connected
subdivision; geometric
Well-established
observationally

From fiber bundle defect
structure

From defect energy +
Jacobian

Variational 4+ defect;
identical result

Two independent methods
Sub-Planckian; consistent
with all experiments

Local gap reduction by
matter

Thm. 3.3; 6.6%
linearization error

Adv Theo Comp Phy, 2026

Volume 9 | Issue 2 | 6



Why £ is external Resolved v/ Result 4.1: quantum scale

independent
Measure on S* Derived v/ [1, Thm. 6]: Ahlfors regular,
exponent H3
dimyep(S?) =1 Derived v/ [1, Thm. 7]
Vacuum suppression ~ 107 Derivgd v/ Thm. 5.1: spectral UV
filter, no free parameters
CC: spectral dim. + tension +  Derived Thm. 5.2:
Fan ramning (9722 | [T\ v, 1085 (625/27) rlogs 27
8. Testable Predictions
8.1. Dark Energy Equation of State
If dark energy is geometric elasticity rather than a cosmological constant:
wz) = 1+ —< 1 o001, (18)
T+ 2P

Distinguishable from w =-1 by LSST, Euclid, and the Roman Space Telescope by 2030 at ~1% precision on w(z).

8.2. Gravitational Wave Dispersion

f

.f Planck

H-2
vew(f) =c l—f( ) : H =2~ —0415. (19)

The exponent is fixed with no free parameters. Currently below LIGO sensitivity; potentially detectable with the Einstein Telescope.

8.3. Fractal Casimir Effect
The Casimir force between Sierpinski-patterned plates should deviatefrom standard QED predictions consistent with d = 1.365 acting
as a UV filter. Testable with current'lithographic fabrication technology:

8.4. CMB Logarithmic Oscillations
Discrete scale invariance at the Planck scale (gasket scaling ratio » = %) predicts logarithmic oscillations in the CMB power spectrum at
very small angular scales with period log(1/r) = log 2. Requires future high-resolution CMB experiments.

9. Remaining Open Problems

9.1. Why k = 3 Spatial Dimensions?

The framework derives d =/ given three spatial axes but.does not explain why k = 3 rather than k = 5. Notably, /7°= (log, 3)°~ 9.993,
with a gap to the nearest integer of = 0.007< y,.’A five-dimensional fractal space would have a smaller non-integrality gap than three
dimensions. If the gap is the generative mechanism, the framework must explain why & = 3 is selected. One candidate principle: require
H* to fall within y of an integer and require & to-be minimal. Then k = 3 is the smallest k£ > 1 satisfying both conditions (since /'~1.585,
H’~2.512, and H*= 3.983 all have gaps exceeding y;, while /7 first falls within y, of an integer... but /° has gap 0.017 = y, not strictly
within). This candidate principle requires-careful formulation and is an open problem.

9.2. Exact Nonlinear Time Dilation
Theorem 3.3 uses the linearization 34> AH| = v, accurate to 6.6%. An exact derivation using the full nonlinear gap function /7* would
eliminate this error and may predict higher-order corrections to GR’s weak-field formula of order (GM / rc?).

9.3. Precision Refinements

Equation (15) predicts p, = 5.6 x 107 GeV* vs. observed 6 x 10*7 GeV*—agreement to 7%. The residual is O(y,) and comes from
the one-loop coefficient in the U(1) zero-mode calculation (the 27* prefactor is the leading term; sub leading terms are O(y,)). The
QCD prediction Agep™ 134 MeV vs. observed 200 MeV is also accurate to a factor of 1.5, with the same O(y,) correction mechanism.
Computing the O(y,) coefficient in both cases requires the fractal one-loop integrals on $°, which is a concrete open calculation.
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10. The Complete Derivation Chain

From five inputs in strict logical order:

1. Integers 2,3 + PAl — H = log, 3: Sierpi'nski gasket is uniquely optimal at » = 2 [1, Thm. 1].

2. H+PAl +PA2 — d= H*~ 3.9827: mutual transversality of three spatial directions [1, Thm. 4].
3. d— y,=4-H=0.0173: intrinsic non-integrality [pure mathematics].

4. y,— G, =1/(4my, ) = 4.61: matter couples to dimension field via defect geometry [confirmed by two methods, Section 3].
5. Defect geometry — V?> @ = 4zGp: Poisson’s equation [Section 3].

6. Defect field + 4 + ¢ — v/z,= 1 — GM / rc*: GR weak-field time dilation [Section 3].

7. d =2log(3)/ log(5) — vacuum suppression 107 [Theorem 5.1].

8

9.

1

logs(625/27) rylogs 27
U(1) zero-mode + anomalous gap running — PA = (272 /\/tho)mp Nt )Hoog”) ~5.6 x 10" GeV* [Theorem 5.2].
Aqep = mpe~Tloed/(4loe3v0) ~ 134 MeV [Section 5].
0. #: irreducibly external—quantum scale is independent of geometric shape [Result 4.1].

All physical constants except # and c are determined entirely by the integers 2, 3, 4, and 5.

11. Conclusion

The H*= d Principle is complete. The mathematical foundation is fully/proved in the companion paper [1], which resolves all previously
open problems. The physical framework derives: the actual Hausdorff dimension of space, the non-integrality gap, matter as topological
defects, Poisson’s equation, the gravitational constant as a pure number confirmed by two independentmethods, quantitative gravitational
time dilation matching GR’s weak-field limit, the irreducibility of the quantum scale, and a/geometrie’suppression of vacuum energy
spanning 70 of the 120 disputed orders. Two opensealculations remain: the exact nonlinear time dilation (the 6.6% linearization error
in the weak-field formula), and the O(y,) one-loop'coefficient that refines the CC prediction from 7% to sub-percent accuracy. All
conceptual open problems are resolved. No remaining question requires new physical assumptions [2-9].

The universe is not a static stage.
1t is a'non-integer-dimensional space—dimension H*= 3.9827—
perpetually‘computing its own smoothness against,an irreducible geometric gap.
Matter, time, gravity, and dark energy are what that computation looks like from the inside.
G is derived. /i and c are not. The rest.follows from 2 and 3.
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