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Abstract

The Double-Sided Laplace Transform (DSLT) and the Fourier Transform (FT) are the same at s=jw, but the Unit Step function
(Heaviside Function), U(t) does not have the same DSLT and FT at s=jw. This is now solved. It will be shown that the DSLT
of ffit) Sg;”is the Single-Sided Laplace transform (SSLT) of f(t). With the use of generalized function (in particular the complex
delta function and its derivatives), the DSLT can be used where ever SSLT and FT are used in engineering applications. The
SSLT of an even rational function is shown to be odd, and visa-versa. The problem of the region of convergence in the “s”
complex plane is eliminated by including the complex delta function for solving divergent DSLT integrals. The solution for
solving divergent integrals are already well established for solving divergent integrals for FT by using the real delta function.
An example is provided for solving the Phase Retrieval problem exactly by measuring the signal's even and odd components

autocorrelation functions. This has not been possible with the use of the SSLT because one is then only considers cases for

time greater than zero, whereas an even and odd function in time needs to be both positive and negative.

Introduction

The DSLT F(s) of a function f(t) and it's FT are one and the
same at s=jo and yet the DSLT and FT of the Unit Step function
(Heaviside Function) are different at s=jw. As stated by Professor
Bracewell on page 219 of reference 1, "there is a profound
difference in application between the two transforms." That is
why the Fourier Transform (FT) and the Laplace Transform (LT)
are taught as independent separate subjects in universities. This
paper unifies the two subjects under one subject, the Double-
Sided Laplace Function (DSLT). This was not possible up to
now because the complex delta function is not all that well
appreciated [1]. The complex delta function makes it possible
to solve divergent integrals. The solution for solving divergent
integrals is already well established in Fourier transforms using
the real delta function. This is now carried over to the DSLT
by including the complex delta function, which has not been
fully appreciated for its applications. At present FT had more
functions that could be transformed than LTs, but now with this
inclusion of the complex delta function, all functions that have
FT will also have DSLT, simply by replacing “s” with jo and
vice-versa [2-8].

Under present knowledge, there was no LT for F(t)—the inverse
LT—where as in FT, the inverse for FT is 2nF (-®). The theory
of symmetry [Ref 2. p 14] is now carried over to DSLT where it
will be shown that the DSLT of F(t) is 2mjf(-s).

I1. Mathematical inconsistency between the FT and LT using
present knowledge

1
The FT of U(t), the Unit Step Function, is now 7md(®) + o

Yclat the DSLT of U(t) is given as i,, but at the s=jo it is simply
— for FT. That is the delta term that is missing. In fact, the
complex delta function 7jd(s) is the one absent.

The DSLT of U(t) is derived as follows:
The Unit Step Function U(t) is composed of two components:

1 sgnt

U =-+% M

Therefore, to find the DSLT of U(t) one needs to find the DSLT
of Unity and sgn t.

DSLT of Unity

The DSLT of unity is given by:

F(9) =/, 1.e7dt= lim [restdt=

. 2)
sR_,-s :
lim e e — 2lim sinh(sR) _
R— oo S R—ooo S
sin(js)R
Rooo (js)
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Let js = s, so that (2) is equal to:

sin(s{R
2 lim g
Roo 5y A3)

But (3) is equal to 2md(s1). Here 8(s1) is the Dirac delta function
as evidenced by

Therefore, the DSLT of unity is 218(js), an even function. In fact
similar to the above method, it can be shown that F(s) = F(-s).
Also, there is no restraint on “s” in the complex plane for the
integral to exist.

It will now be shown that jo(js) = o(s)
The definition of the' generalized Dirac Delta Function is given
in (4) below

j s(H)@ (tdt = @(0) @)

Where @(t) is a smooth test function having all derivatives. This
definition is unaltered if one also defines it as (5) below:

f 500 (0dt = 0(0) 5)

The purpose of (5) is to show that the integral result is unaltered
if one integrates instead along the imaginary axis where the
authors of reference 6 state that generalized function may be
invariant with respect to all rotation [9].

Also, all generalized functions can be expressed as derivatives
of the delta function.

Now transforming (5) so that one integrates along the imaginary
axis use the property of Integration by putting variable jt =t .

Therefore (5) is equal to: (8(t), is an even function, therefore

S(-t) = 8(t)).

¢ (0) = fj, 8Gt)d(t) (—Ddt, = ©
jo
[ stoeadn
o
Therefore, one has:
J8(jty) = d(ty) (7)

V.DSLT of sgn t

Now to find the DSLT of %‘” one will use the derivative property
of generalized functions.

Namely [10].

f f(t) ¢’ (Hdt = —f f' (Db (t)dt )

And in general, one has:

f2®¢®®M=enﬁmmmwmm
e e ©)

Where ¢(t) is a smooth test function. Also, one will use the two
properties of the Dirac delta function, namely: §(t) = 4 (&"t)

ac\ 2
and (8) above.

Therefore, one has:

o sgnt _ o sgntd (e”St
[ B estgr= [ E —(—)dt=
- 2 -0 2 dt\ -s

(10)

£y 2 () s
s

© dt 2

=[5, 8(®etdt = =

S

See (4) for the last step.
Again, there is no restraint on "s" in the complex plane.

Here (10) is the same result obtained for finding the Single Sided
Laplace Transform (SSLT) of U(T) In fact, in general, the results
obtained for finding the SSLT of a function f{(t), is in fact the
same as obtaining the DSLT of f{t).

Here the DSLT of U(t) is:
. 1
mjo(s) + ¢ (11)
For the FT put s = jo and one has the FT for U(t) as
[P 1 1
+ — = +—
o) ” o(®) ™

This will require a correction to the book by van de Pol, B. and
Bremmer. R.: "Operational Calculus based on the Two-Sided
Laplace Integral" [11].

One might now wonder if there is an inconsistency when on thle
one hand the DSLT of ¢ js2 , whereas the SSLT of unity is;
S

2

The inconsistency shows up as follows: Given that is the inverse
of DSLT of f(t), then one has:

1 otjweStds
f(t) - Z_Tﬂfﬁ—jﬂ) s

(12)

Where o is real and such that the poles of integrand lie to the left
of the vertical line of integration parallel to the imaginary axis.

Let s = js,, then ds = jds, and for s = ¢ + joo, then s, = -j(c + joo)
=+ —jo.

Therefore, (12) is equal to:

ft) = (13)

Therefore, f(t) is equal to 582 . See ref 2, p. 38 as a guide.
2

1 w—jo eisit

2njY—©=jo s,

ds,
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sgn t.

The DSLT of
sgnt t

-

sgnt

One can generalize this for finding the DSLT of f(t) =, - For
example, to find the DSLT of f(t) = t, use property (4) for
generalized function as well as the delta property f(t)d(t) = f(0)
d(t) for (t) continuous at t = 0, and also (8); and one then has:

IS = . That is, the SSLT of U(t) is the DSLT of

© sgnt _g .. (% sgnti(e_St) _
Lt estdt = [ t=——(—)dt=
1o d t.sgnt) —stae
s dt( 2 e”dt =

207 (18 + B estar = (14)
Here (14) is the same as the SSLT of “t” with no restraints in “s”
complex plane.

For a pulse that exist for 0 <t < T and zero elsewhere, then one
finds the DSLT for:

f(t)(sgn t sgn(zt—T))

Since sgn t is an odd function, then if f(t) is an even rational
function, f(t)sgn t is an odd function. Similarly, if f(t) is an odd
rational function, then the DSLT of f(t) sgn t is an even function.
That is why in SSLT for f(t) being even/odd it’s SSLT is odd/
even for f(t) being rational.

The integrals have been solved with no restraint on “s” in the
complex plane, similar to the case for ® in the Fourier transforms.
In fact, the use of generalized functions makes it possible to
solve integrals that otherwise were divergent. See example 5 in
pages 130 to 131 in reference 1.

Derivatives of f (t)

The first derivative with respect to "s" is given by:
o« tsgnt _g¢ _ —_
== e dt= 5 (15)
tsgnt .

That is, the DLST of —— is Slz which is the DSLT of “t”.

The Left-Hand Side (LHS) of (15) can be verified by using the
derivative property (9) of generalized functions. That is:

foo tsgnt e-stdt =

-0 2

oo tsgnt d? fe”St
[ —( ) dt =
- 2 dt2 \ s2

1 poo d? ftsgnt) _g (16)
s2 —mdtz( 2 )e dt

d? (tsgnt —t8(t)
But = (ZEY) = 5'() +26(1) = 2+

206 (t) = 6(t) [See Ref 2, p274]. Therefore from (4) one has (16)
equal to 1
S_Z.

In general, the nth derivative of (9) with respect to “s” can be
proven as:
o nsgnt) _¢ . (="
J__ (=D (—2 ) e Stdt = 5
tlsgnt .
Therefore, the DSLT of is =, which is the SSLT of t .
S

Also, the DSLT of 282% cat (where “a” can be real or complex)
is given by: 2

o sgnt -
[7 B eatestdr =

- 3

%f ? Ele-altgr =

-0 2

foo sgnti(e—s(‘a)t) dt =
- 2 dt\ —(s-a)

N i(sgn t) e-G-a)tgs —
s—a “—o0 dt 2

1 (o]
_ —(s-a) 17
— I 8(be dt 1 (17)
and from (4) one has (17) equal to 5_, which is the SSLT of eat
with no restraints of “s” in the complex plane.

In general, one can show that the nth derivative of (17) with
respect to “s” will provide the DSLT of {ngat sgnt as 1
which is the SSLT of tneat. 2 (s—a)nt+t

The DLST of F(t) where F(s) is the LT of (t)

In the introduction it was mentioned that under present
knowledge there was no LT for F(t) where F(s) is the LT of f{(t).
This is because with present knowledge the F(s) was always real
when “s” is real, whereas for F(t) to have a LT, its LT has to be
imaginary when “s” is real.

It will be shown that the DSLT of F(t) is 2xjf (-s), which is
imaginary for “s” being real. The approach is similar to the one
used for FT Where if f(w) is the FT of f{(t), then the FT of FT of
F(t) is 2nf(-») [See ref. 2, p. 14]. The author calls it the Theorem
of Symmetry.

As mentioned previously, the region of the convergence is
eliminated with the use of generalized functions. That means
the exponential sign for the LT integral can be either positive
or negative, and its inverse integral term has an opposite
exponential sign.

Present convention has it given below.
(18)

FG) = f(x)e™'dt

The inverse of (18) is:

f(t) = zim I F(vettdt (19)

Eng OA, 2023

Volume 1 | Issue 2 | 56



For the inverse of LT integral (19) is usually written as having
integral limits o + joo in order for the integral to be within the
region of convergence, but this is now not necessary as already
mentioned. Also “t” and “s” are usually used as integral variables,
but the "t” variable is preferred by the author because it provides
a cleared understanding. Equation (19) will be rewritten as (20)
below so that it appears the same as equation (18) by replacing
“t” with “-s”, but with its integral limits unaltered. Generalized
functions are invariant with respects to rotation [12]. That is for
generalized functions such as d(t), sgn t, etc. The DSLT result
remain unaltered whether one integrates along either axis, real
or imaginary.

2mjf(—s) = f] F(t)e s'dt

(20)
From (20) one has the DSLT of F(t) as 2mjf(-s) with no restraints
on the region of convergence for integral to exist.

Put s=jo (20) to represent the FT case, and one has 2xjf(—jo) =
2nf(—o) (See equation
(7).

In general, all ordinary functions can be represented by
generalized functions. As an example, e is the same as

e~ t2(U(t) + U(-t)). Note that U(t) ~ Ut =5 +E=  Generalized
function can be expressed as derivatives

of the delta function [13,14].

DSLT of &n>0

Since the FT is the same as the DSLT at s = jo, then all functions
that have a FT should also have a DSLT at s = jo, and yet
functions such as' have a FT but no t Laplace Transform.

For finding the DSLT of 1, the inverse DSLT (where one is to
find the DSLT of F(%)) needs to be included for finding the DSLT
of a functions, which at present is considered unrelated to the
findings of the DSLT of a function. The author will call this the
Procedure of Symmetry.

Procedure of Symmetry

To find the DSLT of —, one already has from (10) the DSLT of
¢ o5 L Therefore from the above

Procedure of Symmetry the DSLT of % will be:

2mj (@) = —mjsgns

21

“ ”»

There is no restrain in in the complex plane.

Now it will be shown that this is the same as the FT of % by
replacing “s” with "®" wherel—nj sgn(jo) =

—n]sgn o, both being FT of 7. This is because one has

. (Sgﬂ(l‘“)) i8(jw) Which is equal to 6(w) from (7).

And ngnw is also equal to &(w). Therefore sgn (jo) = sgn ®.
Therefore the FT of is -mjsgn @ or n(jsgn(o))) [See Ref. 2, p
37] for the FT of sgnt and for the FT of =, use the Theory of
Symmetry. [Ref. 2, p 14].

Having established the DSLT
then use the time differentiation of inverse DSLT equation (19)
for DSLT of , n>0. Namely:

" _

= dn(%) -1 rjoo &n tT
dem ~ o 2n1f-]wnlsgnrﬁ(e Jdt=

-1

™sgn tet*dt

_]'oo

(

And therefore, from equation (18), the DSLT of
sgn s, with no restraints on “s” in the
complex plan for solving a dlvergent integral.

-mjs"

1
To find the DSLT of (yygn> ”? >0, and -oo< k < oo (called Time
Shifting), then the DSLT equation (18) becomes:

o e STdr

F(S) - f—°° (T+k)1

Let © +k =1, and one has

foo e_(Tl_k)SdTl _ ekS foo e_STdTl
— 00 ‘[1 — 00 Tl
mjs"ekssgn s

Phase Retrieval Problem

There are many situations in experimental physics and other
areas of engineering where the observable quantity is F(s)F(-
s) and from which one needs to extract the original signal. If
a mechanism can be found to first convert the unknown signal
into its even and odd components prior to measuring the quantity
F(s)F(-s), then one can extract the even and odd components of
the desired original signal exactly, and them sum the two. Up to
now 2N ambiguities needed to be tackled in order to recover the
original image, and the N large, the problem becomes enormous.
N is the number of zeros in F(s), the DSLT of image.

Alternatively, 2" is the number of different images all having the
same autocorrelation function, since only F(s)F(-s) (the DSLT
of the autocorrelation function ¥(t)) is known, See reference 8.

It will be shown that if the unknown signal can first be broken up
into its even and odd components prior to measuring F(s)F(-s),
then it will be possible to find the original signal with just two
measurements and have no ambiguity of results. This is similar
to the way a function can be multiplied by e* in order to recover
the original signal, as has been proposed by various authors. See
references (9) and (10). Here instead the function and its mirror
image is added and subtracted from one another to obtain its
even and odd components respectively.

Then autocorrelation function of f(t) is defined as:

Y(t) = f_oooo f(Of(t + 1)dt (22)

and it will be shown that if f(t) had a DSLT F(s), then the DSLT
of W(t) is F(s)F(-s). The DSLT W(t) is given below as:
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f_oooo(f_oooo f(Of(t + t)dt)estdt 23)

Interchanging the order of integration, one has:

joo f(t) (joo f(t+ e st dt> dt
e o 24)

Lett+1t=t,. Therefore, dt=dt, and for t ==oo, t ==oo. Therefore,
(20) is equal to:

Fis)= [ fO ([ f(t)e st=Ddt, )dt
But f_oooo f(t;)e™s'1dt; is the DSLT of f(t1) equal to F(s).
Therefore (21) is equal to:

Fs)J " f(0)estdt =F(s)[ . f(t)e & dr=

F(s)F(-s)
That is, the DSLT of W(t) is F(s)F(-s). Note that, as explained
previously, there is no restraint for “s” in the complex plane.

For the DSLT of f (-t) one has:

J= f(—testdt

and with the transformation t = —t, (25) becomes F(-s).
Thereff?;gésfor f(t) as an even or odd function, its DSLT is F(s)
and respectively, and the DSLT of its autocorrelation
function is F2(s) and respectively. Therefore no other function
other than f(t) odd will have the same autocorrelation function.
In terms of the zeros of F(s) this is the equivalent of them lying
symmetrically with the respect to both the real and the imaginary
axes of the “s” complex plane. It would not be possible to solve
the retrieval problem with SSLT because one only considerers
t > 0. Also, there should also not be any restraint in “s” in the
complex plane, so as to be able to handle both F(s) and F (-s).
Conclusion f(t)%m %ﬂt

The DSLT of f(t) ngﬁnts the SSLT of f{(t). Since is an
odd function, and if f(t) is a rational even then function, then
f(t) is an odd function. Therefore the SSLT of F(s) is an odd
function. Similarly if f(t) is an odd rational function, its SSLT is
an even function [15-19].

The region of convergence for “s” in the complex plane is
eliminated. In fact, one could just as well define the DSLT
with a positive exponential term instead of the current negative
exponential term. Even though “s” can be complex, the
condition for F(s) to be even or odd i.e., F(s) = F(-s) or F(s) =
-F(-s) remains the same. That is, if s = Re’® and —1 = ¢¥, then for
F(s) even one has F(Re'’) = F(Re/®™), and for F(s) odd one has
F(Re") = —F(Rel*).

Furthering our discussion, a unit pulse of duration

sgn sgn(t—T
T is given by gz -- %-Therefore, (26) represents:

F(t) (sg_nt _ sgn(t—T))

2 2

(26)

Forf(t)=0fort<0Oandt > T, and f(t) for

0 <t <T. The SSLT of f(t) is then given by the DSLT of (26).
For the FT replace “s” with jo. The Phase Retrieval problem
is an example where it can be solved using DSLT but not the
conventional SSLT that only handles cases or positive time
whereas the handling of even and odd function of time requires
including both positive and negative time.

References

1. R. N. Bracewell. (1968). The Fourier Transform and its
Application. McGraw-Hill, Inc.

2. Papoulis, A., & Maradudin, A. A. (1963). The Fourier
integral and its applications.

3. Pol, B. V. D., & Bremmer, H. (1955). Operational calculus:
based on the two-sided Laplace integral.

4. G. Temple. (1953). "Theories and Applications of
Generalized Functions." Journal London Mathematical
Society, vol. 28, p. 181.

5. Lighthill, M. J. (1959). Introduction to Fourier analysis and
Generalized Functions, New York, Cambridge, Univ.

6. M. GelFand and G. E. Shield. (1984). Generalized
Functions, Boston Mass: Academy of Science. USSR,
translated by Eugene Saletan, Northeastern University,
Academic Press NY.

7. G. Shilov. Generalized Functions and Partial Differential
Equation: Translated by Bernard Seckler, NT: Gordon and
Breach.

8. Hofstetter, E. (1964). Construction of time-limited functions
with specified autocorrelation functions. IEEE Transactions
on Information Theory, 10(2), 119-126.

9. J. J. Walker. "The Phase Retrieval Problem." Optics Acta,
vol. 28, no. 6.

10. C. L. Mehta. (1965). "Determination of Spectral Profile for
Correlation Measurements." IL Nouve Cimeto, vol. xxxvl
NI, no. 1° Marzo.

11. N. Hakajima and T. Asakura. (1986). "Two- Dimentional
Phase Retrieval Using." Journal of Physics D (GB), vol. 19,
no. No. 3k 14 March.

12. Moses, H. E., & Prosser, R. T. (1983). Phases of complex
functions from the amplitudes of the functions and the
amplitudes of the Fourier and Mellin transforms. JOSA,
73(11), 1451-1454.

13. H. A. Ferwerda. (1978). Imerse Source Problems in Optics.
Springer-Verlog.

14. G.Ross, M. A,, Fiddle and H. Hoezzi. (1980). "The Solution
to the inverse Scattering Problem." Optics Acta, vol. 27, no.
19, pp. 1433-1444.

15. W. O. Saxton. (1978)."Adv. Electron." Electron Physics,
Suppl., vol. 10.

16. J. R. Fienop. (1978). "Reconstruction of an objects form the
modulus of its fourier Transform." Optics Letters, vol. 3,
no. 3, July.

Eng OA, 2023

Volume 1 | Issue 2 | 58


https://doi.org/10.1063/1.3050815
https://doi.org/10.1063/1.3050815
https://cir.nii.ac.jp/crid/1130282270743863424
https://cir.nii.ac.jp/crid/1130282270743863424
https://doi.org/10.1112/jlms/s1-28.2.134
https://doi.org/10.1112/jlms/s1-28.2.134
https://doi.org/10.1112/jlms/s1-28.2.134
https://doi.org/10.1109/TIT.1964.1053648
https://doi.org/10.1109/TIT.1964.1053648
https://doi.org/10.1109/TIT.1964.1053648
https://doi.org/10.1080/713820634
https://doi.org/10.1080/713820634
https://doi.org/10.1364/JOSA.73.001451
https://doi.org/10.1364/JOSA.73.001451
https://doi.org/10.1364/JOSA.73.001451
https://doi.org/10.1364/JOSA.73.001451
https://doi.org/10.1016/S0146-664X(78)80024-0
https://doi.org/10.1016/S0146-664X(78)80024-0
https://doi.org/10.1016/S0146-664X(78)80024-0

17. Gonsalves, R. A. (2001). Small-phase solution to the phase- apodization. Optics communications, 153(4-6), 339-346.

retrieval problem. Optics letters, 26(10), 684-685. 19. B. Seo and C. Chen. (1986). "The relationship between
18. Tommasini, R., Lowenthal, F., Balmer, J. E., & Weber, H. Laplace transform and Fourier Transform." IEEE
P. (1998). Iterative method for phase-amplitude retrieval Transactions on Automatic Control, vol. 31, no. 8 August.

and its application to the problem of beam-shaping and

Copyright: ©2023 Roland Khera. This is an open-access article distributed
under the terms of the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium,
provided the original author and source are credited.

Eng OA, 2023 https://opastpublishers.com Volume 1 | Issue 2 | 59



