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Using Archimedes Principle of Sink or Buoyancy (APSB), Newton s universal gravity, buoyancy, lateral buoyancy, centrifugal
force and Principle of Minimum Potential Energy (PMPE), this paper improves the derivation of equation of static mantle
density distribution. It is a set of mutual related 2-D integral equations of Volterra/Fredholm type. Using method of match-
trying, we find the solution. Some new results are: (1) The mantle is divided into sink zone, neural zone and buoyed zone.
The sink zone is located in a region with boundaries of an inclined line, angle o._0=35°15", with apex at O(0,0) revolving
around the z-axis, inside the crust involving the equator. Where no negative mass exists, while positive mass is uniformly
distributed. The buoyed zone is located in the remainder part, inside the crust involving poles. Where no positive mass exists,
while negative mass is uniformly distributed. The neural zone is the boundary between the buoyed and sink zones. The shape
of core (in sink zone) is not a sphere. (2) The total positive mass is equal to the total negative mass. (3) The volume of BUO
zone is near twice the volume of SIN zone. (4) No positive mass exists in an imagine tunnel passing through poles (the z-axis).

Keywords: Newton’s law of universal gravitation, Archimedes
principle of buoyancy, lateral buoyancy, Principle of minimum
potential energy, method of Lagrange multipliers. Method of match-

trying.

1. Introduction

Although there are many researches and books on Earth structure,
e.g., [1-5]. However, most studies focus on physical and chemistry
properties, dynamic analysis. Seldom paper on study of mantle
distribution has been found. The study of mantle distribution
does relate to the reflecting of seismic waves, and has important
meaning. For example, a recent paper shows that the energy release
of earthquake proportions to the square of Earth rotation velocity,
and the calculation of energy release relates to seismic waves [6].

The Newton’s law of universal gravitation is a part of classical
mechanics and has basic importance for wide fields, especially in
astronomy and gravity. Note that no point masses are rejected, and
all objects with mass above on Earth are attracted to the ground no
matted on large or small of mass. However, the Newton’s law of
universal gravitation does not consider the effect of environmental
factors (such as media, temperature, pressure, motion, etc.) between
the masses. For the case of masses immersed in a fluid media,
buoyancy against gravity, it puts lighter object up. Which reveals
that the up or down of the object depends on the resultant force of
attraction and buoyancy. Which is summarized as “Archimedes
Principle of sink or buoy” (APSB). The buoyancy has the same
important as gravity in the study of Earth, which is emphasized in [7].

If only attraction force exists, then, all objects are attracted to the
ground, the Earth becomes death. Since the buoyancy exists, as an

opposite force, it keeps the system to equilibrium. The Earth being
a planet with life is relying on the gravity force and buoyancy force,
the later makes cycles of water to evaporation to cloud, cloud to
water droplet, and water droplet to rain. The cycles brings water to
everywhere on Earth to keep life existence.

The aim of this paper is to improve the derivation of static mantle
density distribution obtained in and to solve the obtained equations
[8]. By the method of match-trying, we find the solution, where the
mantle density is uniformly distributed in different regions.

2. Recall and comment on “Static Mantle Density 1 Equation”
Comment on “Static Mantle Distribution 1 Equation”

(1) The method, theory, calculation and conclusion used in are
correctness, but the text needs to be simplified and revised [§].

(2) Hypotheses 3 is added.

For convenience to readers, let us repeat and improve the arrangement
of briefly [8].

Theory and Calculation

2.1 Basic Hypotheses, Coordinates and Study Range

(1)The Earth is assumed to be an ellipsoid with equator radius R
and pole radius R :

@)+ () =1

(2) Mantle masses are co-here with continuously, fully filled, z-axial-
symmetry and equatorial-plane-symmetry distributed incompressible
non-isotropic liquid medium masses.

(3) The medium mass is considered as negative mass, while the
remainder are considered as positive masses. The same sign masses are

(2.1-1)
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attracted each other; while different sign masses are rejected each other.

Notation: The bold face denotes vector. A:=={B | C} means A is
defined by B with property C.

Let (x,y,z) be the Cartesian coordinates of the geometrical center
of the Earth with origin O(0,0,0). The coordinates (X,y,z) is chosen
that the z-axes is perpendicular to the equatorial plane xOy with z
= 0 at xOy.

Cylindrical coordinates: Let (1,0,z) be the cylindrical coordinates
of the geometric center of the Earth. The relation between (x, y)
and (1,0) is:

{x =rcosH,

y = rsin 0<0=<2mM0<r<o,—-0<z<®) (21-2)

(i, j, k) and (e, e,, k) denote the unit vectors of Cartesian and
cylindrical coordinates respectively. In the following, by hypotheses
2, a point f(r,0,z) independents to 6 and can be simplified by f(r,z),
and discussion only focus on semi-sphere z>0.
We study the static stable equilibrium system.

2.2 Newton’s Law of Universal Gravitation
2.2.1 For two point masses
The Newton’s law of universal gravitation of vector form is:

z (hg —hy),

mfmg mfmg

Ff = —
|hgf|

8 (2.2-1)
& |hgf|2

Where F, is the force applied on point mass f exerted by point mass

g, its direction is that from f towards to g; gravitational constant

— -11 m~2. .
G=6.674x 107", N. (k_g) > m,and m, are masses of point f(x, y,

z) and g(xg, Yy zg), respectively;

gl = g = = G50 + G5~ 30" + (= 0] (2.2-2)

|h, | is the distance between points fand g; h,and h, are vectors from
O(gO 0) to point f and g, respectively;

. behg . .
& = Jh;—h,| 1S the unit vector from point g to f.

Or, F_ is expressed in cylindrical components form:
g

Frg = Freger + Fugek, (2.2-3)
Fry = G m‘;ng (re—r1y), (2.2-4)
Fog = G (20— 7). (2.2-5)

|(rf 1)+ (=) |3/2 (2.2-6)

2.2.2 For point mass and point masses group
The Newton’s law of universal gravitation usually uses for point
mass.

Now, we want to calculate force F, applied on mass m, (located at
f(r, z,)) exerted by all positive masses M, , except m itself.

= G T G v, @2

Using the theorem of mean value of vector integral (or the theorem of
resultant of forces)), we have

M_ vﬁlall M_
Fo: = Gmfpgffﬂ(rf — [ "M dVy) = Gmfp;ffﬂ(rf—O),
(2.2-8)

- _ Vmant _ -
pr = pr — mfp = Pmean fO dVg = Pmean Ymant-

(2.2-9)
Vinant L f(ry zr) Vzone Vmant
fo man dVg .= fO dVg + J;C(rg_'zz_)dv J;C(r 2 )
(2.2-10)

Where M_ is a masses group of all positive mass, (located nearly at
0 (0, 0) due to symmetry), m, , except itself

(because that m, can not be attracted by itself); V_ is the volume

of mantle; Viane = Vinane — f(I't.Zf) = Vinane-
The component form of (2.2-8) is:
Mp,
i = G2 (17— 0), @21
_ ~MpMp _
Fam = G—— (z¢ = 0), (2.2-12)
3/2 }

b= [ 271" e

Similar arrangement can be used for negative mass.

2.3 Buoyancy

Archimedes’s principle of buoyancy states that any object, wholly or
partly, immersed in a fluid, is buoyed by a force equal to the weight of
the fluid displaced by the object.

The Archimedes’s principle shows that The Newton’s gravity does
not attracted medium mass but rejects it. This fact reveals us that
the mass can be divided into positive mass and negative mass. The
medium mass m_belongs to negative mass, while the remainder m
belongs to posmve mass. The same 51gn mass attracts each other.
(1) The components of buoyancy F, in z-axis can be defined by
Newton’s second law, i.e., by (2.2-5),

mpm

— (2 — z,),

Fy, =
(2.3-1)
Where a is the component of acceleration in z-axis; p, is the density
of negative mass (mass per unit volume) of the media at f (r, z);
dv=rd0drdz; m_=p_dv;m =p_dv. The substance of m must be liquid,
while the substance of m, could be gas, liquid or solid. The minus sign
means the direction of buoyancy is opposed to the attraction force.

—mya, = —p,a,dv=—-G

According to Archimedes’s Principle of Sink or Buoy (APSB), there
are three zones inside the Earth:
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The sink zone, SIN: = {xs

P, =P}

P, > pn} The neural zone,

NEU = {Nn

The buoyancy zone, BUO:= {Nb | p, < pn}

2.4 Extension the Archimedes’ Principle of Buoyancy to Lateral
Buoyancy

The buoyancy is firstly extended to lateral buoyancy, by logical
deduction, which assumes that a rule suits for the z-axis, it is also
suited for x-axis and y-axis [7]. Similar to (2.3-1) , we have:

Fpr = —mya, (2.4-1)

Where a, = w?r.

2.5 Angular Velocity of a Point of Mantle Due to Earth Rotation
Proposition: the angular velocity of a point of mantle equals that of
crust.

Proof: Suppose that the angular velocity o, of a point N(r, 0, z) of
mantle is different to that ®_of a point C(r+dr, z) of crust, say, o,
> ®,, then, a friction force F, . exists between C(r+dr, 0, z) and

N(r, z), such that F_ . blocks o.meanwhile drags o, until o = .
Similarly, the rotating angular velocity of a point of mantle is equal
to that of its neighbor.

2.6 Potential Energy inside the Earth
Potential energy is known as the capacity of doing work due to
object’s position static changing (with zero acceleration, because
the work done by acceleration is calculated in kinetic energy). If a
work w, done by a force F, moved from point f (1, z) to point g (r ,

.. g
z, ), then, it is calculated by

w= [F-ds =AE, =E, (&) - E,().  (2.6-1)

Where AE_denotes the change of potential energy; ds is the change
of position vector s.

2.6.1 Work Done by Gravity, Buoyancy, Lateral Buoyancy and
Centrifugal Force, for m and m_ Moving from f(r_, z ) to O (0,0)

The general component form of work done by multi-forces moving
from f(r, z,) to O (0,0), by (2.6-1) is:
w=AE, = [ XF.dr+ ['XF,dz (2.6-2)
the x under the Xx sign denote each term of the force components.
By hypotheses 2, the mantle is incompressible and continuously
distributed. No vacuum or overlap exists in mantle. When the masses
mpfand m_ move from f (r, z.) to O (0,0), at the same time, it must
have masses m and m  move from O to f. The potential energy is:

AB, = [*SFdr+ [CXFyedz+ [} X Frqdr+ ) T F,qdz, (2:6-3)

where F ,F ., F , and FzO, are components of forces F,and F,
respectively.

For the case of multiple forces due to gravity, buoyancy, centrifugal
force and lateral buoyancy

Fre = (mpe — mnf)[GMEHf_lrf + (’Jgrf] — (mpp —
my0)[GMp HG ro + wir | (2.6-4)

sz = (mpf - mnf) [GMEHf_l Zf] - (mpo - rnnO)[le[EI-I(_)1 20]7

(2.6-5)
Now, we prove the mass m = 0.
Proof: By (2.2-8),
— mpoMp -
Fou =—=—(rp - 0) = 0, (2.6-6)
(0]
due to symmetry assumption. Where
Hp =€3, (p, —0) = (e —€), €- 0. (2.6-7)
Using L’Hospital rule twice, if m_#0 Then, we have
(2.6-8)

mpoMp

FOM = % — 00,

Which conflicts to (2.26), therefore m = €"— 0. (n>1).
pO

Similarly, m ;= 0.

Substituting m =0 and m, ;= 0 into (2.6-4) and (2.6-5), we have:

Frf = (mpf - mnf) [leI[THf_1 (rf - O) + 005 (rf - 0)]:
(2.6-9)

Fur = (mpr — mpe) [GMo H ' (2 — 0)], (2.6-10)

Substituting (2.6-9) and (2.6-10) into (2.6-3), we have:

AE, = E,(0) —E,(f) =

(0] iy — 0] Cyy—
Mye{ [, [GMpH ¢ + wZre] dr + [ [ GMyHf "z dz},
0 -1 0 Y

—mye{f; [GMpH; "1 + wire|dr + [ [ GMyH; " z]dz},
(2.6-11)

In the following, mpfand m_ are simplified by m and m respectively.

3. Principle of Minimum Potential Energy (PMPE)

3.1 The potential energy inside the Earth

For point mass m_and m_moving from f (r, z) to O(0,0), the
potential energy of the system is shown in (2.6-11). i.e., (3.1-1):

AEp(mp'mn) = Ep(0) —Ep(f) = —E,(f) = —E, =

(0] 0
rnp{f [GMp H{ "1 + wfry] dr+J’ [GMpH; " zg|dz}
f f
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-m {ff [GM;H{  rp + w? rf]dr+ff [GM;Hf zf]dz}
(3.1-1)

Am, = Am,, (rg,z) = m, (T 2e) — m, (e, Zg), (3.1-2)

In SIN zone,

my, (I, 2¢) < My (T Ze), Am, <0, f(rs, zs) € N,
In BUO zone,

m, (e, z¢) > M, (rp2e), 1>Am, >0, f(rg,ze) €N,

3.2 PMPE

The PMPE states that the necessary and sufficient conditions of a

system in stable equilibrium is its potential energy at minimum.

The actually distributed mantle density must be that which makes the
potential energy to be minimum. We focus on necessary condition.

Now, PMPE is expressed:

min
mp‘mn

—E, (mp'mn) = mrgilg -

n

mp{ffO[GMIjH re + w? rf]dr+ff GM, H; 'z¢|dz}

Of ~n r o 0 N
mn{ff [GMp Hytre + mgrf]dr + ff [ GM Hf *z¢]dz},

(3.2-1)

Where E is considered as functions of two independent variables

m_ and m
P n

Subject to

Vs vy, _
fo Pp (re,ze)dvg + fO b Pp (rs,zp)dVy, = Mp ~ Mp,

(3.2-2)

Vg vy _
fo Pn (T, 20)d Vs + fo ’ Pu(TZe)dV, = My =~ My,

(3.2-3)

neu[pp(rf: Zf) + pn(rf: Zf)] dV1‘1eu = Mneu = 0,
(3.2-4)
Mmant = My + My, + My, (3.2-5)

Where Vg, V7, M. M, and M, are the volume and
mass group, of SIN zone, BUO zone, NEU zone and the mantle,

respectively. where point f(r,, z) has not been included.

Egs. (3.2-1) --- (3.2-5) form a constraint optimization problem. Using
method of Lagrange multipliers to transmit it to un-constraint

optimization problem [9]. Constructing a new variable Y:

Ep[m,, (re,ze), m (vp,2¢)] =

Vs Vb
Y = —E,[m,,m,] + KlU pp dVs +f pp dVi, — Mg}
0 0

Vs N
+K, U ppdV; + f ppdVy, — M;}
0 0

+K3 [foveur(pp + pn) dVeur - Meur >

Where multipliers K, K, K.are independent constants.
The necessary conditions of Y to be minimum are:

(3.2-6)

oY _ OB LK + + 0 520
dmp dmp dv )

oY _O0Fp Ky Ko, Kg _ (3.2-8)
amy, - om, + dv  dv  dv 0,

aY _ Vi Vp _ (3.2-9)
0_K1_f0 ppdV5+f0 ppdVp =My =0,
E - fvs Pn dV + f Pn dVb M, =0, (3.2-10)
dY Vneu
oK, Jy "(pp + Pn) dVpey — Mpey =0, (3.2-11)

Substituting (3.2-1) --- (3.2-5) into (3.2-6), subtracting (3.2-8) from
(3.2-7), and adding (3.2-7) and (3.2-8), we have:

_P_ _ 9% _ =0, (3.2-12)
dmy, dmy,

And K, + K, +K,Since K ,K,and K, are independent to each other,
then, we have K = K .= K,=0. From (3.2-12), we have

aEp _ 6Ep 6mp am
om, ~ am, | or; Y %z de]
1Pf[om; [H7t = 3e2(F + 22) Viy-2 |+ 02] dry + GM; [B7t -

1/2

3Zf (rf + Zf) Hf ] de}dr + f {GM Hf 3rf (I‘f + Zf)

1/2

—3z7(rf +2z¢) ""Hy 2] dzf} dz =0, (3.2-13)

o = = I e{[am [

GM, [ — 3%f (rf + Zf)

dr+ {GM, [H7!

—3rf(rf + Zf)l/z ] + mg] dr +
2y

H72] dzghydr + ¢
(oM [H7? = 3r2(r? + 22)"*uf 2] dre + GMG [H — 327(x +

12 _
z8)"*Hi2)dzeydz = 0, (3.2-14)
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Since f (r,, z,) can be arbitrary chosen, by Newton-Leibniz formula,
the integrand of (3.2-13) and (3.2-14) must be zero. Then, we have:

1/2

{[oM; [H7t = 312 (rf +22) " H7? ] + 02 | dr + GM; [H! -

322(r? +22) *Hy*Jaz } = o, (3.2-15)

{GM; [H7* = 317 (e +2)"*H7?] + w?)dr; + GMZ [H! -
32 (1? +22) """ 17 ?da) = 0, (3.2-16)

Since dr,and dz, are independently chosen, from (3.2-15), we have

[0t - 322(r2 +22) "B = 0. (3.2-17)
and
GM: [Hf —3rf(rf +zf2) “Hf ]-I—wz =0, (3.2-18)
Eq. (3.2-17) gives:
—2z5 =0, (3.2-19)
Or
tana, = iz = \/i? a, = 35°15', (3.2-20)
Eq. (3.2-18) gives:
My = ot H (3.2-21)

)
G Hf—3r?(r?+2?)1/ ’

From (3.2-16), we have the same (3.2-17) and (3.2-18), but Mg
is replaced by M . That is
_ o Hf (3.2-22)

n=

G Hf—Sr? (r? +z? )1/2’

All necessary conditions are satisfied by (3.2-19) --- (3.2-22) and
where the (r,, z,) is denoted by (r,, 7, ).

Substituting (3.2-19) into (3.2-21) and (3.2-22), we have
P = —3x/§‘”§z3,

=33% 25 =My,

Now, for a system with minimum potential energy, all necessary

conditions shown in (3.2-7) --- (3.2-11) are satisfied by (3.2-19) ---
(3.2-24).

(3.2-23)

(3.2-24)

3.3 The Determination of the boundary of NEU zone X

In NEU zone X, m, =m,, Eq.(3.2-19) or (3.2-20) must also be
satisfied, we have:
tan oy = Zpey/Tnew = 1/‘/2 (3.3-1)

Eq. (3.3-1) represents a straight line with apex at O (0,0) inclined
angle a,= 35°15', revolving around the z-axis by hypotheses 2.

Since by (3.2-6), M = 0. and

vV =0,

neu

(3.3-2)

Eq (3.3-1) and (3.3-2) show that the boundary of ¥y is a cone, apex at
0 (0,0), with cone angle 2 = 2(90° - 35°15") = 109°30.

The sufficient conditions of a minimum potential energy of mantle
density distribution is obvious and not to discuss here.

3.5 Equations of static mantle density distribution
Summary the above, the equations of static density mantle distribution

f pps(rfazf) dvs +f ppb(rffzf)dvb =M, = 3\/_—20»
(3.5-1)

Subjected to rf2 — szz =0. (3.5-2)

A A\ _ 2
fo pns(rffzf) dVS + fO P Pnb (I'f, Zf)dvb = Mn =3 3%25’»
(3.5-3)

Subjected to er — szz =0

2
Mpane = Mp + My = My + My =6437523, 354
In the above equations, there are four unknown functions P (rp
p,. (t» ), in SIN zone; Poo (rf, z), p,, (r, Z), in BUO zone
together with three constralnts (3.5-1) --- (3 5-4). Complementary
condition is needed for solving these equations.

3.6 Complementary equations
3.6.1 Complementary equations 1--- The integration of P, [(r,2),
P, (rpz),p, (r,z)andp  (r,z),(3.6.1-1) --- (3.6.1- 7)

constant belongs to Fredholm type; while limit being a variable
belongs to Volterra type . If limits being to both, then it belongs to
Volterra/Fredhom type.

Since (3.5-2) relates two independent variables r, and z,, then the
equations (3.5-1), (3.5-3) are reduced to 1-D integral equations with

one variable z, =z . That is:

Eq. (3.5-1), for positive mass in SIN zone, the is: M} is:

2
2m [0 pp(rozdrfldz = Mp,, 3.6.1-1)

Where

A(r,, z,) is the intersection point of line 1y = \/Z Z¢ and
boundary

equation (2.1-1) rf = RZ — (R /RZ)Zf,
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Ia =2z,

(3.6.1-2)
_ _ReRp
Zp = .
2R3 +R2 (3.6.1-3)

f(r,, z,) is the intersection of horizontal line z= z, and vertical line

r=r,. Where It =rg + T4, Iy =225, 1f = (15 +1y)* = 227 +

2 —
242zrq + 12, 2y =2, Tp < ST

C (r,, z ) is the intersection point of horizontal line at z = z, and the

boundary equation (2.1-1), where z.= z,,
Re
RZ — (Rp) zZ,

The, Ml; for positive mass, in BUO zone of (3.5-1) is:

(3.6.1-4)

Za r 2 Rp r2 2 _
0 fJrz PpUfaf f 7 fJo PpUf4f ff— "ipb>
21T{f dszp(r z¢) dr +ff dze [ “p,(r z)dr}—M
(3.6-1-5)

\/_Zf and

Where B(r,, z, ) is the intersection point of line ry =

. . _ g
vertical line atr,. Wherer, =1, zp = 5= Zs.

Now, Eq. (3.5-1) becomes:

2 2
2m [ M [ pp (rp z0)drf]dz; +2m {f* dz [ pp(reze) drf +

R, r¢ _ _ _ 2
fzfp defoc pp(l'f, Zf) dr?] = Mps + Mpb = Mp = 6\/5%23

(3.6-1-6)
Eq. (3.5-3), for negative mass, similar to (3.6.1-6), we have:

2 2
2 [0 115 pu (v 2)dr)dze 42 { [ dze [P po(rszo) drf +

3@%23,
(3.6-1-7)

R 2 _ - -
J'Zf]) de f;c Pn (rf' Zf) dr‘fz} - Mns + Mnb =M
3.6.2 Volume of Vg, V},.
v, = fVSdV —21'erAdsz drf—Zn{RzzA——[2+ ]Zf;},
(3.6.2-1)

Vp Za r Ry rZ
V, =] dV, =27 f dsz drfz-l—f dsz drit=
0 0 0 za 0

2z} + Re[R, — 2] 2 ()[R - 22]) (3.622)

3.6.3 Volume of V andV

zr Zp i r
Vo =2m U dzf+f dzf] f drf +f drf
0 zt r 2t

— za 22 2 _ .2 1 RE
= Z‘rlrfZf dszr? drf = 2m|(R2 —r3)(zs — %) — Sl +R_§

(23 — 2f) — V2ra(z —zf)] (3.63-1)

Where

f dzf+f+dzf f dz, and z; =z; — 77 .

f dr +f2+d2 fdrf,andrf—rf—rf

point f (r, z,) has not been included in the integral.

Similarly,

Vi za r§ Rp ré
Vo= dy, = Zn{f dsz drf +f dsz dr} = 2mf
0 0 Zf r?

2(z—2)+ (R—rd)[R, — 2] —2(2

2
+]§_§)[R3_Zf]_

V2ra(R; - 20)} (3.63-2)

Where point f (r,, z.) has not been included in the integral.

£ f
4. Method of match-trying

Since integration can be carried only for known functions, therefore
one can not integrated an integral equation including unknown
function directly. Usually, at first, assuming a given function, then,
substituting it to the equation and get the outcome. If the outcome
matches to the condition provided by the equation, then, it is the
solution; otherwise, using the outcome as a given function, repeating
the process, until the outcome is converged (if the iteration is
convergence).

Here, we use the method of match-trying, a foolish method, to solve
the problem. That is: guess a solution, to see whether it satisfies the
provided conditions or not. If it does, then, it is the solution. If not,
guess another function, trying again. We have tried many methods.
Finally, only the following guess works.

Suppose that: in SIN zone, for positive mass,
pps(rt, z.)=C,, (C, = const), (4.4-1)

Substituting (4.4-1) into (3.6.1-1), we have:

anZA[f C, drf]dz = 2nC, [ ZA[RZ (1+ )zf]dzf

1 RZ
2mC, [(Rf_, — 1)z — %) —5(1 + E)
p
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4.4-2)
(Zi—zf) V2ry(z3 — zf)] M., (
Suppose that: in BUO zone, for positive mass,
Py (r,2,)=C,, (C,= const), (4.4-3)

Substituting (4.4-3) into (3.6.1-5), we have:

2mC UZA dz frzB dr? + [*Pdz fr% drz} =
2 0 f 0 f 7t f I'F f{—

: (1 +

3

RE

)[Ry — ] + (R2 -

Adding (4.4-4) and (4.4-2), we have:

2mC, {233. +
)R, = 20) + V2o (8~ 0)) = M,
(4.4-4)

Zn{[(Rﬁ —13) (24 —2¢) — %(1 + i—g’) (z3 —z8)—Vary(z2 -
D] € Bt (14 5) (R —a) + (R = 1) (R, —20) -

VEry(R = 22)]Ca) = Mj = 3y3223 (44-5)
Simplifying (4.4-5), we have:
Alzf + Ayzf + Ayze + A, =32—‘/_?zo, (4.4-6)
A, = §(1 + ﬁ—:) (C,+C,), 4.4-7)
A, =2ry(C, +Cy), (4.4-8)
A; = —(R2 = 13)(C; +Cy), (4.4-9)
Ay = (RE=12)(2C, + R,C,) — %[(1 + }‘:—;) (23C, + RC,) —
V2ry(z3C, + R3C,), (4.4-10)
Similarly, for negative mass,, we have:
Pus(rp,Ze) = C;,  (C5; = const) (4.4-11)
p(pz) = Cy (Cy=consy (4412

2m {[(Rﬁ —1r3)(za — 2¢) —i(l + R—E) (23 —zf) — V2ra(zi -

zf)]c3 + [gzg+§(1+§—§) (RS —z3) + (RZ — 2) (R, —z) —

VEra(R = 7)]Ca} = My = =3v3 %53 (4.4-13)
Simplifying (4.4-13), we have:
2
Aszi + Az + Aszi+ Ag = %%zg, (4.4-14)
1 RZ
A5 =;(1+R_12))(C3+C4), (4.4_15)

As =V2rg(C5 +Cy), (4.4-16)

=—(RZ-12)(Cs +C,), (4.4-17)
RZ
Ag = (R2—12)(z,C5+R,C,) —%[(1 + R—%) (z3Cs +R3C,) —

V2ra(22C5 + REC,), (4.4-18)

Substituting (4.4-5), (4.4-13) into (3.5-4), we have:

Mpane = (A; + AS)Zf (A, + Ac)zfz + (A; +A)ze+ (A, +Ag) =
ﬂm_%z3 (4.4-19)
2nt G 0>

We need complementary boundary conditions for solving unknowns.

4.5 Complementary equations 2--- The boundary conditions
The boundary condition in SIN zone, is:
p,(r,,z)=0, andp (r,,z,) 70, (4.5-1)

where p_ (r,,7,) = 0 means no negative mass exists, while positive
mass exists. The bounder is dividing positive mass and negative mass

from mixture of p, (T z,)and p, (r,, z;) in SIN zone,

f’t f’f

At the bounder, the forces acting on positive mass P, (rb, .
negative mass p, (r, , z,) must be in equilibrium. That is:

z.) and on

YF. =Fp +Fy =0, (4.5-2)

LF, =F,p+F,n=0, (4.5-3)

Fop + Fon = {mp [GM7H5 + 2]}, — {ma [GMH; ™ + 02},

= {m, [GMy H5! + w?] — m,[GMzH;! + w?]}r, =0, (4.5-3)

F,p + Fun = {{[GmM;H; | — [Gm M Hy |}z, = 0, (4.5-4)
From (4.5-3), we have:

(4.5-5)

1 {m,[GM;H;' + w?]} =0, (m, =0, m, = 0), ie,

By = (2 +23)"" = —2h = Lo

GMp  3V3 (4.5-6)

From (4.5-4), we have:

(4.5-7)

Or {[Gm,M;H;!] — [Gm,M;H; ]} = 0, (m, = 0,m,, # 0), ie.,

Hgl =0,i.e.,Hy = oo, (4.5-8)
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Since (4.5-6) conflicts to (4.5-8), therefore, the only choice is (4.5-
5) and (4.5-7). They can satisfy both requirements of (4.5-3) and
(4.5-4).

tana, = 7,/ = 0/0 = 1/4/2, oy, = 35°15', (4.5-9)
This means that points on inclined line I'v = \/Zzb do not exist
negative mass, while positive mass exists.

The boundary condition in BUO zone is:
P, (r,,z)=0,andp (r,,z)#0, (4.5-10)
where no positive mass exists, while negative mass exists. Similarly
as calculation as above, we have:

1
H,=(@2+22)%2 = FEZS’ (4.5-11)
2. =0, (4.5-12)
=(2+0)%2=r= 3\/_ (4.5-13)
tana, =z,/r, =0, o, =m/2, (4.5-14)

This means that points on vertical line, the z-axis, do not exist
positive mass, while negative mass exists.

4.6 Determination of four constants C, C,, C,, C,.
Now, we can use the boundary conditions to final determine constants

Py (10:2) =C,, p,, (1, 2) =C,, p, (1,,2) = C,, p,, (1, 2) = C,.
By (4.5-9), we have

Pus (' 2e) = C3 =0, (0 <ap, <35°15"), (4.6-1)
By (4.5-11), we have
P (152 = C, = 0, (35°15 <, <2), (4.6-2)

Now, remainders C , C, need to be determined.

Rewritten (4.4-8), hidden the right hand side l—% Z3

temperately,

Azl +Azi+ Az +A, =0, (4.6-3)
(4.6-3) is a three order algebraic equation. It can be solved by Cardan
formula [9]. Suppose that the real solution is z_ (at least one real
solution). Then

3V3wd 5

C,z3,.,, =——z
reall = 5. 5 “0°

C, is determined by (4.6-5).

(4.6-4)

Now, all four unknowns P, (r,z)=C,, [ (r,,z)=C,, p, (r.,Z)
=C,,p,,(r;,z) = C, have been calculated.

5. Discussion

What is the difference between Mp and M; ,orV and V7?7
- _ Vsip _

Answer: Vg =V — f(rpzp), My = [ p dV5, = My, — f(rpzp).

That is: Vs is equal to V_minus a point f (r,, z,); M7 equals M,

minus a point f (r,, z,).

Why we need to introduce the concept of M~ and V_?

Answer: Although the difference between M~ and M , Y, or and
VS is small but introducing the concept of M~ and VS is very
important. If the left hand side of equation (3.5- 1) is:

Vg \%
Sy S pp(eze) dVs + [P py (1,20 AV, = M, = 3v32 —zo,
(5-1)

then, the left hand side is a fixed value, because all the limits of the
two integrals are fixed, the equation is a Fredholm equation, so that
the left hand side is a constant, no matter what p, (T z.) is. But the
right hand side is a variable z,. That means (5- 1) is unable hold. Or
(5-1) has no solution.

Therefore, the outcome of left hand side must be a variable, if we
hope that (5-1) holds. So that we introduce M7 and V7, in order to
change some of the limit to be variable. This can be achieved by
moving out the point f' (r,, z,) from the integration (this can be seen
e.g., from comparing (4.2-1) with (4.3-1), where V_is a constant,
while V_is a variable). Thus, the equation becomes to a Fredlom/
Volterra type and it can have solution.

6 Results and conclusion

Using Archimedes Principle of Sink or Buoyancy (APSB), Newton’s
universal gravity, buoyancy, lateral buoyancy, centrifugal force and
Principle of Minimum Potential Energy (PMPE), this paper improves
the derivation of equation of static mantle density distribution. It is
a set of mutual related 2-D integral equations of Volterra/Fredholm

type.

Using method of match-trying, we find the solution by assumption
of constant density distribution. Then, the integration can be carried
out and translated the integral equation to algebraic equation and
solved by Cardan formula.

Some new results are: (1) The mantle is divided into sink zone,
neural zone and buoyed zone. The sink zone is located in a region
with boundaries of a inclined line, angle o, = 35° 15', with apex at
0(0,0) revolving around the z-axis, inside the crust involving the
equator. Where no negative mass exists, while positive mass is
uniformly distributed. The buoyed zone is located in the remainder
part, inside the crust involving poles. Where no positive mass exists,
while negative mass is uniformly distributed. The neural zone is the
boundary between the buoyed and sink zones. The shape of core
(in sink zone) is not a sphere. (2) The total positive mass is equal to
the total negative mass. (3) The volume of BUO zone is near twice
the volume of SIN zone.(4) No positive mass exists in an imagine
tunnel passing through poles (the z-axis).
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