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Abstract

In this paper, we continue investigating the moiré effect in a multilayered volumetric cube in detail. We calibrated the
two views (edge and vertex). The corridors appear at angles with rational tangents modified by square roots of integers.
The edge view resembles the face (front) view, whereas the vertex view is distinct. We derive formulas for the focus points
in both views. Non-radial corridors in the vertex view comprise a series of equilateral triangles that run parallel and
perpendicular to radial corridors. Formulas and illustrations are provided. These results can be used in crystallography
and to minimize the moiré effect in volumetric 3D LED displays.
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1. Introduction

The moiré effect occurs in layers of periodic structures (grids,
lattices) viewed in transmission, where alternating dark and light
regions appear. The effect is primarily considered in coplanar
layers [1,2]. The moir¢ effect is relatively rare in three dimensions

(a)

particularly in in measurements of three-dimensional (3D) objects
[3-9]. We consider the moiré effect in a volumetric display with
static voxels (small-radius spheres) at fixed locations of a simple
cubic lattice [10,11]. In the simulation, we use the view images
from a virtual camera; see Figure 1.

(b)

Figure 1: (a) Global System. (b) Local Camera System

We consider views along exact directions. Namely, three views
perpendicular to the planes with the Miller indices (100), (110),
and (111); see References [12-14]. The views are: the face (front)
view when the local camera axis z’ (“main” longitudinal axis) is
directed along the crystallographic direction [100], the edge view
(along [110]), and the vertex view (along [111]), as shown in Figure
2. The local camera axis z’is directed to the center of the cube. To

illustrate the absence of roll (rotation around the longitudinal axis),
Figure 2 shows the local camera axes as arrows.

The Euler angles (a, f, y) corresponding to the face, edge, and
vertex views are: (0, 0, 0), (arctan (1), 0, 0)) = (45°, 0, 0), and
(arctan (1), -arctan (V2/2), 0) = (45°, -35.3°, 0). Note that the local
camera axis x is always horizontal.
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Figure 2: Views and Crystallographic Planes. (a) Face (100), (b) Edge (110), (c) Vertex (111). Arrows Show the Virtual Camera's Local
Axes

Figures 3(a)-(c) show the three views with contours of the cube in these contours; therefore, for graphical clarity, Figure 3(d)
artificially drawn over view images. However, some lines coincide  shows sketches from a Slightly Deviated Perspectives directions.

(a) (b) (©)

(d)
Figure 3: Three Views of the Volumetric Cube: (a) Face [100], (b) Edge [110], (¢) Vertex [111], (d) Schematic Sketches from a Slightly
Deviated Perspective

In the current Part II, we investigate the edge and vertex views of 2. Materials and Methods
the volumetric cube, while Part I investigated the face view [15].  2.1. Calibration

We calibrated the edge and vertex views in ATU similarly to the
In volumetric displays moiré corridors may distract the observer's  face view (Part I [15]); see Appendix A. Figures 4 and 5 show the
attention from the useful displayed 3D structure. Therefore, we calibrated views.
should reduce this undesirable effect in 3D displays [16,17].

(a) (b)

Figure 4: Calibrated Views: (a) Edge and (b) Vertex
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Figure 5: Axes Calibrated in Three Views

Note that we calibrated the vertex view only in the vertical direction.  2.2. Coordinate System
Nevertheless, the calibrated values (including intermediate ones) We use the orthogonal Cartesian system (x, y) and the polar system
can be transferred to other axes and applied to any view and any (7, ¢), see Figure 6. The origin of the view image lies on the camera
direction, including the polar radius. The y-axis values containing axis [18,19]. We also use the angle 6 from the camera axis, as in
2 were taken from the calibration of the edge and vertex views. the spherical system [20].

Figure 6: Coordinate Systems

3. Results

3.1. Edge View

3.1.1. Structure of Corridors

Figure 7 shows the edge view with calibrated units.

Figure 7: Edge View of the Cube of Voxels with Calibrated Axes
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Figure 8 shows some (widest) radial corridors in the First Quadrant of the edge view.

Figure 8: Radial Corridors of Edge View (First Quadrant)

3.1.2. Corridors

The corridor structure in the edge view is similar to that in the
face view. We identified the corridors similarly to the face view:
using Radon/Hough transforms, calibration, and visual inspection
[21-24]. Table 1 lists the angles of the radial corridors observed
in the edge view. Mutually perpendicular corridors (inclined

perpendiculars) are highlighted in bold,

As in the face view parallel and perpendicular corridors to the
radial rays exist; however, we did not observe all of them in
practice [15].

p 0 |1 1 1 1 2 1 3 2 3
q 5 4 3 2 3 1 2 1 1 0
tan ¢ V2 | V2 | V2 | 2V2 | V2 | 3V2 | 2v2 | 3V2 | 42 | 5V2
4 3 2 3 2

0 [024 [035 [047 [0.71 [094 [1.41 [2.12 [2.83 [4.24 o
P 0 |13.2619.47 2524 3526|4331 |54.74 | 64.76 | 70.53 | 76.74 90
Inverse |- | -4.24 [ -2.83 | -2.12 |-1.41 [-1.06 |-0.71 | -0.47 |-0.35 | -0.24 0
negative 22 | N22 | N2/2 | -3\2/4 | 272 | 213 | 2/4 | \2/6

Table 1: Radial Corridors in Edge View

Note the values 0.71 and 1.41 (which have the same absolute value
but opposite signs), located at the corners of the square surrounding
the 43.31° angle, similarly to the radial corridors in the face view
around the angle 45° [15].

The angles of the radial corridors have tangents equal to rational
numbers multiplied by \2,

Q= tan_ls\/z (1)

where p, ¢ are integers 0, 1,2, 3, ...

This formula shows that the corridors contract toward the vertical
axis (ordinate). Note that the polar angle is measured from the
abscissa.

3.1.3. Focus Points

As in the face view, horizontal, vertical, and inclined lines intersect
at “focus” points on the x- and y-axes. Tables 2 and 3 list the focus
points.
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me |0 1 1 1 1 3 1
N 1 7 5 3 2 5 1
X (=) V2 | V2 | V2 [ V2 [3V2Z | V2 | 3V2 | 2v2 | 32 | 4V2 | 5V2
7 | 5 3 | 2 5 2
0.00020]028]047]0.71]0.85 ] 1.41

Table 2: Focus Points in Edge View on the Abscissa

m [0 |1 [1 [t [t |t |1 [3 |1
y 10 [8 [6 [5 |4 |3 [8 |2

Y () V2 | V2 [ V2| V2 [ V2| V2 [ 3V2 | V2
108 |6 |5 | 4| 3 | 8] 2

0.00 | 0.14 [ 0.18 | 0.24 | 0.28 [ 0.35 [ 0.47 [ 0.53 | 0.71

Table 3: Focus Points in Edge View on the Ordinate

The radial angles mostly have small p, ¢ < 3, while other angles 3.2. Vertex View

may have larger m, n > 4. However, we did not observe all 3.2.1. Structure of Corridors

combinations of m /n, m /n Figures 9 and 10 show the vertex view with calibrated units and
the wide corridors.

Figure 9: Vertex View of the Cube of Voxels with Calibrated Axes

Figure 10: Widest Radial Corridors in the First Quadrant
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3.2.2. Corridors
The polar angles of the radial corridors have tangents derived from rational numbers,

) =tan‘1§\/§ @)
m 0 1 1 2 1 5
n 9 3 3 1 3 0
wo |V V3 28| V5 |50
9 3 3 3
0 [0.19 (058 |[1.15 |1.73 |2.89 |
0 0 10.89 | 30.00 | 49.11 | 60.00 | 70.89 | 90
Inverse |- |-5.20 | -1.73 | -0.87 | -0.58 | -0.35 | 0
negative 3V3 | N3 | V32 | 33 | V3/5

Table 4: Radial Corridors in Vertex View

Two angles are exactly equal to 30° and 60°. These angles create There are “focus” points on the x- and y-axes with intersecting

the triangular symmetry [20]. horizontal and inclined lines. However, the vertex view has no
vertical corridors except for the ordinate. Table 6 is technically

Note the values 0.58 and 1.73 (with the same absolute value but divided into 2 parts (for negative and positive y).

opposite signs), located at the corners of the square surrounding

the 49.11° angle, similarly to the Table 1

3.2.3. Focus Points

mx 0 1 1 1 1 1

nx 1 12 9 6 5 3
YO [0 (B B[ 8 [ B85
12 9 6 5 3 2

0.000.14 |0.19 [0.29 | 035 |0.58

Table 5: Focus Points in Vertex View on the Abscissa

my -1 2 -1 -1 2 -1 -1 -1
ny 1 5 3 4 11 7 10 |13

Y(<0) | —/2 22| N2 | V2| 22| 2| N2 | 2
5 3 4 11 7 10| 13

-0.57 |-0.47 [-035 [-026 [-0.20 [-0.14 | -0.11

Table 6: Focus Points in Vertex View on the Ordinate. (fo be Continued Below)
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my 1 1 1 1 1 2 1 1 2
ny .. |0 11 8 7 5 4 7 3

B
Ei

Y (=0) 0 V2 | V2 | V2 | V2 | V2 | 242 2V2
11 8 7 5 4 7 3 2
0.0 |0.13 0.18 |10.20 |0.28 0.35 [ 040 |0.47 |0.71 |2.83
Table 6: (continued). Focus Points in Vertex View on the Ordinate
3.2.4. Triangles y-axis, with bases parallel to the abscissa. Appendix B gives more

The non-radial corridors comprise equilateral triangles centered at  examples. These triangles come in sizes in the ratios 1:2 and 4:5.
the origin. Figure 11 shows triangles symmetric with respect to the ~ An up-triangle is inscribed in a down-triangle, and vice versa.

Figure 11: Symmetric Triangles

The sides of the up-triangles are perpendicular to the rays -90°,30°, ¢ = 3 4 21 ()
and -30°, and the sides of the down-triangles are perpendicular to

90°, 30°, and -30°. Based on calibration, the side of the triangle is i=0,1ands=1,2; so, the triangle can be twice as large, depending

\/g ons.
r 3)

There are also several pairs of asymmetric triangles (centered at
the origin too) with their bases inclined from the abscissa (and
extensions of their sides) [20]. Figure 12 shows some observed
asymmetric triangles. More examples can be found in Appendix B.
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Figure 12: Asymmetric Triangles with the Base Angle 14°

Note that the up-triangle is inscribed in the down-triangle and vice
versa, so their sides are in the ratio 1:2.

The side of such a triangle (basic 1):

t—3
S—
t2+3

21'—1\/6
=5
V2272 4 3 %201 4 3

y =

)

where s = 1/2, 1, 2, so triangles can be twice as small or large
(symbolically; 0.5x, 1x, and 2x). No up-triangles (1x) were
observed, but down-triangles (0.5x and 2x) were noted.

The inclination angle of the base of the asymmetric triangles is

B3

-1 _ —
— =tan .
t 3+ 2

Yy = tan (©6)

where ¢ is the same function as in Equation (4), buti=0, 1, 2, 3.

When i — oo,

2i—1\/8 2i—1\/8
lima, = lims =s———=sv6 (1
Do e o224 34 0i-1 43 2
V3
limy = lim tan™?! =0 ®)

i—oo i—oo 3 =+ 2i

Comparing formulas for the side and focus points (Appendix C),
one may conclude that the symmetric triangles with y = 0 can be
considered as a limiting case of asymmetric ones, although with

different s.

Other parameters of asymmetric and symmetric triangles (lines of
intersection of their sides) on the y-axis can be obtained analytically
from formulas for the side and the base angle [20]. For instance,
the angle between the side and the ordinate:

_ t—3 212
siny = =
PN V22i-1 4 3% 20-1 4 3 ©
The focus points are:
YFAR = svV2 (10)
t—31 2i1
YNEAR = S 5282"+3\/§ (11)
t—3 2
yMID=St+3\/§=SZl-+6\/§ (12)

For symmetric triangles, the mid focus coincides with the far
focus, and the near focus is half the far focus because the base
angle is zero. Note that for asymmetric triangles, the near focus of
the down-triangle is equal to the mid focus of the up-triangle with
the next i.

The ratios of the far focus point and near and mid focus points (for
i=0,...,3)are

YFAR 7 11
=8I SI_I_
YFAR 2" 4 (1)
YFAR 57
= 7; 41_)_
Yumip 2°4 (14

Appendix C provides numerical values. Appendix D provides
numerical values and formulas for the distances from the origin.

Figure 13 shows some symmetric triangles and asymmetric
triangles with positive and negative focus points. Appendix B
gives more examples. Note how they cross the symmetric triangles
in the middle of their sides and touch their vertices.
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Figure 13: Symmetric and Asymmetric Triangles

4. Discussion
Figure 14 shows the corresponding corridors in the three views.

(a)

(b) (©)

Figure 14: (a) Face View Corridor Arctan (1/2) and Some of its Neighbors Transformed to other Views: (b) Edge View, (c) Vertex View

The moiré effect in cubic configurations can be modeled as a
parallelepiped that preserves the viewing direction but features
an alternative arrangement (a rectangular parallelepiped is always
positioned perpendicular to the camera axis), as suggested in
[25]. Specifically, when viewed from the face, the layers remain
unchanged (i.e., they form a square lattice with side length @), and
the interplanar spacing is a. However, to simulate the edge view
in the parallelepiped, each layer is characterized by an aspect ratio
of 2, and alternating pairs of layers (with phase shifts of 0 and

) have an interplanar spacing of a/\N2. Similarly, to simulate the
vertex view, each layer forms a triangular lattice with side length
a\2, and alternating triplets of layers (with phase shifts of 0, 7/3,
and 27/3) have an interplanar spacing of a/v3.

Figure 15 presents simulation results for two viewpoints within
the framework of an alternative configuration; compare the images
below with the corresponding images from Sections 3.1 and 3.2.
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(a)

Figure 15: Moiré Corridors of the Two Cameras Obtained in the Alternative Layer Layouts. Reproduced from the digital PDF version
of [25] Under the Terms of the Creative Commons Attribution-Non-Commercial 4.0 License (CC BY-NC 4.0)

The main corridors observed in the basic layout in the same object
but different camera axes (shown in Figures 7 and 9) and in the
alternative layouts (the parallelepiped with different layers but the
same camera) are practically identical. The few differences are not
significant [25].

5. Conclusion

We investigated the moiré effect in the multilayered cubic lattice
observed from a finite distance along the [001], [110], and [111]
directions and found the moiré corridors. The illustrations show the
crystallographic planes. We calibrated the edge and vertex views
in angular units and derived formulas for corridor angles and axial
focus points. The edge view is mostly similar to the face view, but
the vertex view differs significantly. We identified several series
of symmetric and asymmetric triangles (arranged in pairs). We
derived formulas for triangles (sizes, distances, base angles, and
far/near focus points) accompanied by multiple illustrations. As
with moiré angles in barrier displays, the characteristic angles of
moiré corridors in a simple cubic lattice (edge and vertex cameras)
have rational tangents modified by square roots of integers. This
study provides direct observation of crystallographic planes, which
may be useful for crystallography. These conditions can minimize
the moir¢é effect in volumetric displays with fixed voxel positions,
such as static LEDs.
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Appendix A: Calibration

Al. Calibration of the Edge View

Al.1. Horizontal Angles

Consider a layer parallel to the horizontal plane (001) viewed from the direction slightly deviated from [100]; see Figure A1.

Figure Al: Plane (001) in Cube

One corridor is clearly visible in the middle, with two pairs of symmetric lateral corridors. Figure A2 shows the grid lines and voxel
connections in the lateral corridors.

Figure A2: Plane (001) with a Grid of Voxels

Figure A3 shows the voxel grid on this plane in the [100] direction. The voxel counts for each leg are shown on the right.
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Figure A3: Plane (001) with Corridors

Counting voxels along zigzag lines gives the angles of the corridors from the axis: atan(1/5) and arctan (1/3).

A1.2. Vertical Angles
Consider the vertical diagonal plane (110) observed from the edge, as shown in Figure A4.

Figure A4: Plane (110) in Cube
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The clearly visible corridors are in the middle, with two pairs of symmetric lateral ones above and below.

Connections of voxels in lateral corridors are shown in Figure AS.

Figure A5: Plane (110) with a Grid of Voxels

Figure A6 shows the voxel grid from a direction [110] perpendicular to the diagonal plane. The voxel counts along the zigzag lines are
shown on the right side.

Figure A6: Plane (110) with Corridors
The voxel counts show that the angles of the side vertical corridors are arctan(1/2\2) = arctan (V2/4) and arctan (2/3V2) = arctan (V2/3).

Figure A7 shows the edge view calibration result.

Figure A7: Edge View Calibrated in Arctangent Units (ATU)
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A2. Calibration of the Vertex View

Consider the same plane (110) viewed from a different direction [111], see Figure AS.

Figure A8: Plane (110) in Cube from Another Direction

Only vertical angles appear in this case. The clearly visible corridors are: one in the middle and two asymmetric corridors above and
below it. Connection of voxels in asymmetric corridors is shown in Figure A9.

Figure A9: Plane (110) with Grid of Voxels

In the perpendicular view (direction [110]), the voxel grid is shown in Figure A10. The angles of the side corridors are arctan (1/ (2V2))
and arctan (2/\2).
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Figure A10: Plane (110) with Corridors

However, we need the differences from the camera axis at arctan (1/v2). The difference between arctangents is known from trigonometry;
therefore,

1 1
1 1 2—1 V2
tan!——tan"! — = tan ! == V2 22 = tan~! (—ﬁ) =tan" ' — (A1)
222
1_2
1 2 1-2
tan"!— —tan"!— = tan™?! N2 V2 =tan™! (—\/E) = —tan 1 — (A2)
7T i e
Vv

Figure A11 shows the corridor locations and their angles.

Figure A11: Plane (110) in Cube with Corridor Angles
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Figure A12 shows the calibration results.

Figure A12: Vertex View Calibrated in Arctangent Units (ATU)

Appendix B: Detailed Images of Symmetric and Asymmetric Triangles in Vertex View

Figure B1 shows the symmetric triangles centered at the origin. Figures B2-B5 show pairs of asymmetric triangles (also centered at the
origin), with their bases inclined from the abscissa by 9°-23° (and extensions of their sides). Figures B6 and B7 show asymmetric up-
triangles; Figure B8 shows asymmetric down-triangles.

Figure B1: Symmetric Triangles with Bases Parallel to the Abscissa (angle 0°)
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Figure B2: Asymmetric Triangles with Angle 9°

Figure B3: Asymmetric Triangles with Angle 14°
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Figure B4: Asymmetric Triangles with Angle 19°

Figure BS: Asymmetric Triangles with Angle 23°
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Figure B6: Asymmetric Up-Triangles with Positive Focus 212 (2x) and Symmetric Up-Triangles

Figure B7: Asymmetric Up-Triangles with Positive Focus V2/2 (0.5x) and Symmetric Up-Triangles (Magnified)
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Figure B8: Asymmetric Down-Triangles with Negative Focus -2 (all 1x) and Symmetric Up-Triangles

Appendix C: Numerical Characteristics of Triangles

Tables C1-C3 give the numerical values for symmetric triangles and asymmetric pairs of triangles, including the observed far focus
point (an optional “basic” value is provided for calculations). Specifically, Table C1 contains the triangle side lengths. Tables C2-C4
contain the far, mid, and near focus-point values. The logically corresponding values are encircled. The numerical data were calculated

using Equations (6), (10)-(12).
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i t tan |y Basic | Ix 2x 0.5x | Ix 2x
s=1 §=2 s=1/2 | s=1 §=2
Asymmetric triangles down (VYY) [up(AA)
0 |4 \/_§ +23.4° 6 0.56 1.12
4 19
1 |5 ﬁ +19.1° 6 0.93 0.47 1.86
> 7
2 |7 ﬁ +13.9° 6 1.36 0.68
7 213
3 |11 ﬁ +8.9° 6 0.88
11 4137
0 0 NG 1.23
Symmetric triangles down (V) up (A)
0 |4 0 NG 0.61 1.23
4
1 |5 0 NG 0.98 0.49
5
Table C1: Sides of Triangles
i |t Basic | Ix 2x 0.5x | 1x 2x
Asymmetric down (VY V) up (A A)
0 (4 V2 | -1.41 2.83
1 |5 V2 | -141 0.71 2.83
2 17 V2 | -1.41 0.71
3 |11 V2 0.71
Symmetric down (V¥ A)
0 |4 V2 4035 0.71N
4
1 |5 V2 -0.57 028 |~ '
5

Table C2: Far Focus Points of Triangles
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i |t Basic | 1x 2x 0.5x | Ix 2X
Asymmetric down (V¥ V) up (A A)
0 |4 V2 [-0.20 0.40
4 N\
1[5 V2 |-035 0.18 \ 0.71
T )
2 |7 V2 | -0.57 0.28
g |
3 |11 V2 \ 0.40
7
Symmetric down (V) up (A)
0 |4 V2 1-035 0.71
4
1 |5 V2 -0.57 0.28
5
Table C3: Mid Focus Points of Triangles
i |t Basic | 1x 2x 0.5x Ix 2x
Asymmetric down (VV) [up(AA)
0 |4 N K).ls\ -0.35
8
1 |5 V2 |1]0.28 -0.14 -0.57
5
2 |7 V2 1 0.40 -0.20
‘7
3 |11 V2 -0.26
11
Symmetric down g ) J R -up (A)
0 [4 [ vz 018 2035~ \
8 [ y
1|5 V2 |T~._]0.28 014 | _.--7
o | e

Table C4: Near Focus Points of Triangles
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Appendix D: Distance of Triangles from the Origin
The distance from the origin to the nearest side of symmetric triangles:

= =a—=S——=—-—"— (Dl)

The distance from the origin for asymmetric triangles (basic 2):

V3 t—3 V3 t—3 V2 212
—=s———V6=s———=5
6 Vtz+36 Vt2+3 2 [p2i-2 4 34201 43
202 2732 2
5

lim d, = li 2=s—— =5+ D3
ng Y il»r?os\/zzi—2+3*2i—1+3 S 211 S 2 (D3)

V2 (D2)

dy=a

where s =1/2, 1, 2.

i t Basic 1x 2x 0.5x 1x 2X

2 s=1 s=2 | s=1/2 | s=1 s=2
Asymmetric down (VV) |up(AA)
0 |4 1 [ 0.16 0.32
2./19
1 5 1 [ 0.27 0.13 0.53
2.7
2 |7 ) 0.39 0.20
13
3 11 , ) 0.25
31
0 V2 0.35
2
Symmetric down (V) up (A)
0 |4 V2 |0.18 0.35
8
1 5 \2 0.28 0.14
10

Table D1: Distance from the Origin to the Nearest Side of Triangles
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