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Abstract
In a multilayered 3D display (volumetric cube), the moiré effect creates visual corridors. These corridors are 
characterized by angles whose tangents are rational numbers; they connect "focus" points located on the axes. The study 
presents a detailed analysis of the face (front) view. The authors calibrated the view in arctangent units and derived 
formulas to determine the focus points and corridor parameters. Computer simulation, combined with Radon and Hough 
transforms, confirmed the corridors’ characteristic inclination angles. The authors explained how the corridors traverse 
the volume, analyzed the influence of geometric parameters, and formulated the conditions for the moiré patterns in a 
cubic lattice. The results may be applied in crystallography and in developing methods to minimize the moiré effect in 
volumetric LED 3D displays.
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1. Introduction
The moiré effect is an optical interaction between layers of periodic 
structure (grids, lattices) viewed in transmission. Moiré fringes 
are alternating dark and light regions. The effect is primarily 
considered in two dimensions, typically in coplanar layers [1,2]. 
Relatively rare, the moiré effect is studied in three dimensions, for 
example, on a plane plus a curved surface, in structures separated 
by a gap, in three-dimensional (3D) objects such as a rectangular 
parallelepiped (rectangular prism), wedge (triangular prism), and 

cylinder, as well as in measurements of 3D objects [3-14]. The 
moiré effect in essentially 3D structures was considered in [15,16].

In this work, we investigated a substantially 3D volumetric 
structure — a simple cubic lattice, which can alternatively be 
considered as a set of identical parallel untwisted layers in space; 
see Figure 1. Recently, the moiré effect in a cube was investigated 
[17]. Here, we present more detailed research, including multiple 
simulations and formulas. 

untwisted layers in space; see Figure 1. Recently, [17] investigated the moiré effect in a cube. 

Here, we present more detailed research, including multiple simulations and formulas.  

 

Figure 1. Layers of the volumetric cube and the local camera system. 

In the face (front) view, the local camera axis z’ (“main” longitudinal axis) is directed along 

the crystallographic direction with the Miller indices [100], which is perpendicular to the 

crystallographic plane (010); see References [18], [19], [20]. In such a layout, the Euler 

angles (α, β, γ) [21], [22] are (0, 0, 0). We call it a face view [17]. 

Figure 2(a) shows the face view of the voxel cube, with the cube contours drawn over the 

simulated view image. However, these contours are ambiguous; for clarity, Figure 2(b) shows 

a sketch view from a slightly deviated direction.  

(a)  (b)  

Figure 2. (a) Face view of the volumetric cube, (b) schematic sketch from a slightly deviated 

perspective. 

An image with moiré patterns, see, e.g., Figure 2(a), is not uniform. The visual interference of 

multiple layers in a regular volumetric lattice manifests itself as "empty" and “filled” areas. 

One can recognize multiple horizontal, vertical, or slanted “alternating dark and light areas” 

(cited by [1]). These areas comprise “corridors” with reduced voxel density [17].  

Based on the definition of the moiré effect [4], we associate these corridors with moiré 

Figure 1: Layers of the Volumetric Cube and the Local Camera System
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In the face (front) view, the local camera axis z’ (“main” longitudinal 
axis) is directed along the crystallographic direction with the Miller 
indices [100], which is perpendicular to the crystallographic plane 
(010); see References [18-20]. In such a layout, the Euler angles 
(α, β, γ) are (0, 0, 0); see Refs. [21,22]. We call it a face view [17].

Figure 2(a) shows the face view of the voxel cube, with the cube 
contours drawn over the simulated view image. However, these 
contours are ambiguous; for clarity, Figure 2(b) shows a sketch 
view from a slightly deviated direction. 

untwisted layers in space; see Figure 1. Recently, [17] investigated the moiré effect in a cube. 

Here, we present more detailed research, including multiple simulations and formulas.  
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multiple layers in a regular volumetric lattice manifests itself as "empty" and “filled” areas. 

One can recognize multiple horizontal, vertical, or slanted “alternating dark and light areas” 

(cited by [1]). These areas comprise “corridors” with reduced voxel density [17].  

Based on the definition of the moiré effect [4], we associate these corridors with moiré 

Figure 2: (a) Face View of the Volumetric Cube, (b) Schematic Sketch from a Slightly Deviated Perspective

An image with moiré patterns, see, e.g., Figure 2(a), is not uniform. 
The visual interference of multiple layers in a regular volumetric 
lattice manifests itself as "empty" and “filled” areas. One can 
recognize multiple horizontal, vertical, or slanted “alternating 
dark and light areas” (cited by Ref. [1]). These areas comprise 
“corridors” with reduced voxel density [17]. 

Based on the definition of the moiré effect given in [4], we associate 
these corridors with moiré patterns. Moiré corridors can be seen in 
a cubic lattice, in 3D displays, and in LED cubes [23-29].

This moiré effect in the volumetric cube is essentially multilayered 
[17]. It depends on the number of layers and appears only when n 
>5. see Ref. [20].

We sometimes increased or decreased the number of voxels in 
the cube, but the minimum thickness was 4 voxels (otherwise the 
corridors would not be displayed) [17]. We also investigated the 
the influence of distance and size.

In a volumetric display, moiré corridors distract the observer's 
attention from the useful 3D structure. Therefore, we should 
reduce, and ideally eliminate, this undesirable effect in volumetric 
3D displays [30,31]. 

2. Materials and Methods
In our research, we position the global axes as shown in Figure 3. 
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Figure 3. Global axes for the rest of the paper. 

To simulate the visual effect of the 3D structure from a finite distance, we used the Java 

version of Web VPython [32].  

 

2.1. Number of Layers 

Surprisingly, the corridors do not disappear at large values of layers. Fewer layers mean less 

detail; however, the corridors permeate the entire cube regardless of the number of layers 

(even when it is large) [17]; see Figure 4, which shows the robustness of the moiré corridor 

structure. 

Figure 3: Global Axes

To simulate the visual effect of the 3D structure from a finite 
distance, we used the Java version of Web VPython [32]. 

2.1. Number of Layers
Surprisingly, the corridors do not disappear at large values of 

layers. Fewer layers mean less detail; however, the corridors 
permeate the entire cube regardless of the number of layers (even 
when it is large) [17]. Figure 4 shows the robustness of the moiré 
corridor structure [17].
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(a) (b)  

(c) (d)  

Figure 4. Face view with different numbers of layers: 5, 10, 20, 50 in (a)–(d), resp. 

Figure 5 shows voxels in the widest radial corridors and illustrates how the corridors 

penetrate the cube volume. The planes of the corridors are (011), (001), (01̅1), and (010). 

 

Figure 5. Voxels in radial corridors -45°, 0, +45°, and +90° penetrate the volume of the cube 

(slightly deviated face view). 
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Figure 5 shows voxels in the widest radial corridors and illustrates how the corridors penetrate the cube volume. The planes of the 
corridors are (011), (001), (01 ̅1), and (010).
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Figure 5. Voxels in radial corridors -45°, 0, +45°, and +90° penetrate the volume of the cube 

(slightly deviated face view). 

 

Figure 5: Voxels in Radial Corridors -45°, 0, +45°, and +90° Penetrate the Volume of the Cube (Slightly Deviated Face View)

2.2. Camera Displacement
The structure of the view image does not depend on parallel 
camera displacement (when the camera axis remains parallel to 

itself). Compare the overall corridor structure in Figures 6 and 7 
with that in Figure 2(a).
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2.2. Camera Displacement 

The structure of the view image does not depend on parallel camera displacement (when the 

camera axis remains parallel to itself). Compare the overall corridor structure in Figures 6 

and 7 with that in Figure 2(a). 

(a) (b)  

Figure 6. Face view with camera moved horizontally (a) along y’ vertically up, (b) along x’ to 

the right. 

(a) (b)  (c)  

     Figure 7. Different distances (camera moved along z’ to the center of the cube). 

Some details may appear/disappear in each particular position, but the overall structure, 

including the relative locations of corridors and their intersections, remains unchanged. So, 

parallel camera displacement is not essential. 

 

2.3. Calibration 

The angles of the widest corridors in the face view can be found by exploring the top facet of 

the cube or a layer parallel to the horizontal plane (001) viewed from a direction slightly 

deviated from [100]. This is called calibration. 
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The angles of the widest corridors in the face view can be found by exploring the top facet of 

the cube or a layer parallel to the horizontal plane (001) viewed from a direction slightly 

deviated from [100]. This is called calibration. 

Figure 6: Face View with Camera Moved Horizontally (a) Along y’ Vertically Up, (b) Along x’ to the Right

Figure 7: Different Distances (Camera Moved Along z’ to the Center of the Cube)

Some details may appear/disappear in each particular position, but 
the overall structure, including the relative locations of corridors 
and their intersections, remains unchanged. So, the parallel camera 
displacement is not essential.

2.3. Calibration
The angles of the widest corridors in the face view can be found 
by exploring the top facet of the cube or a layer parallel to the 
horizontal plane (001) viewed from a direction slightly deviated 

from [100]. This is called calibration.

Particularly, the voxels in the top layer are arranged in a regular 
square grid. The camera looks slightly above the plane, almost 
along the grid axis. The picture resembles Euclid’s orchard [33]. 
Three corridors are clearly visible: one radial corridor in the 
middle and two symmetric lateral corridors, parallel to the radial 
one; see Figure 8. 

Particularly, the voxels in the top layer are arranged in a regular square grid. The camera 

looks slightly above the plane, almost along the grid axis. The picture resembles Euclid’s 

orchard [33]. Three corridors are clearly visible: one radial corridor in the middle and two 

symmetric lateral corridors, parallel to the radial one; see Figure 8.  

 

Figure 8. Three corridors in plane (001) 

Figure 9 shows how the nearest voxels are “connected” along the lateral corridor.  

 

Figure 9. Two corridors in the top layer with the horizontal angles 0 and 27° (= arctan(1/2)) 

from the camera axis. 

In the view perpendicular to the (001) plane (along [001]), Figure 10 shows the voxel grid. 

Figure 8: Three Corridors in Plane (001)
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Figure 9 shows how the nearest voxels are “connected” along the lateral corridor.
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looks slightly above the plane, almost along the grid axis. The picture resembles Euclid’s 

orchard [33]. Three corridors are clearly visible: one radial corridor in the middle and two 

symmetric lateral corridors, parallel to the radial one; see Figure 8.  
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Figure 9 shows how the nearest voxels are “connected” along the lateral corridor.  

 

Figure 9. Two corridors in the top layer with the horizontal angles 0 and 27° (= arctan(1/2)) 

from the camera axis. 

In the view perpendicular to the (001) plane (along [001]), Figure 10 shows the voxel grid. 

Figure 9: Two Corridors in the Top Layer with the Horizontal Angles 0 and 27° (= arctan (1/2)) From the Camera Axis

In the view perpendicular to the (001) plane (along [001]), Figure 10 shows the voxel grid.

 

Figure 10. Zigzag line in the (001) plane and lengths of legs. 

Figure 10 shows the number of voxels in each leg on the right side. Counting the grid voxels 

along the legs of the zigzag line in Figure 10 indicates that the arctangent of this angle equals 

½. Based on that, we found that the angle of each side corridor is arctan(1/2) from the camera 

axis [17]. So, in angular units, the distance between the corridors is ½.  

Symmetry implies that lines also run at the angle of -arctan(1/2). Therefore, it is reasonable to 

measure the view images in angular units, the arctangent units (ATU); see Figure 11.  

 

Figure 11. Face view calibrated in arctangent units (ATU). 

There are several "focus" points on the axes — locations where non-radial corridors intersect 

the axes. Calibration makes it possible to obtain numerical values for these points. 

Although we obtained only two points during calibration, we can apply the calibration results 

to any values, including intermediate ones, as well as to any view and any direction, 

including the polar radius.  

Figure 10: Zigzag Line in the (001) Plane and Lengths of Legs

Figure 10 shows the number of voxels in each leg on the right side. 
Counting the grid voxels along the legs of the zigzag line in Figure 
10 indicates that the arctangent of this angle equals 1/2. Based 
on that, we found that the angle of each side corridor is arctan 
(1/2) from the camera axis [17]. So, in angular units, the distance 

between the corridors is 1/2. 

Symmetry implies that lines also run at the angle of -arctan (1/2). 
Therefore, it is reasonable to measure the view images in angular 
units, the arctangent units (ATU); see Figure 11. 
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including the polar radius.  

Figure 11: Face View Calibrated in Arctangent Units (ATU)
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There are several "focus" points on the axes — locations where 
non-radial corridors intersect the axes. Calibration makes it 
possible to obtain numerical values for these points.

Although we obtained only two points during calibration, we can 
apply the calibration results to any values, including intermediate 
ones, as well as to any view and any direction, including the polar 
radius. 

2.4. Coordinate System
After calibration, we can use the orthogonal Cartesian system (x, y) 
based on the arctangent of the angle in the horizontal and vertical 
directions or the equivalent polar system (r, φ) with the angle φ 
measured from the abscissa; see Figure 12. The origin of the view 
image is on the camera axis.

 

2.4. Coordinate system 

After calibration, we can use the orthogonal Cartesian system (x, y) based on the arctangent 

of the angle in the horizontal and vertical directions or the equivalent polar system (r, φ) with 

the angle φ measured from the abscissa; see Figure 12. The origin of the view image is on the 

camera axis. 

 

Figure 12. Coordinate systems. 

Mostly we use Cartesian coordinates between -½ and +½ ATU. The corresponding angular 

range of θ is (-27°, 27°), which means a “normal” camera lens (neither telephoto nor fisheye). 

The Cartesian coordinates x and y correspond to the Euler angles α and β; the angle φ 

corresponds to the Euler angle γ [21], [22]. 

We also use the angle θ from the camera axis, as in the spherical system. Note that the ray at 

θ is the diagonal of the rectangle built on the camera axis and the polar radius. Note also that 

the local x’-axis is horizontal. 

 

3. Results 

3.1. Structure of corridors 

Figure 13 shows the face view with axes calibrated in ATU units. 

Figure 12: Coordinate Systems

Mostly we use Cartesian coordinates between -1/2 and +1/2 ATU. 
The corresponding angular range of θ is (-27°, 27°), which means 
a “normal” camera lens (neither telephoto nor fisheye).

The Cartesian coordinates x and y correspond to the Euler angles α 
and β; the angle φ corresponds to the Euler angle γ [21,22].

We also use the angle θ from the camera axis, as in the spherical 
system. Note that the ray at θ is the diagonal of the rectangle built 
on the camera axis and the polar radius. Note also that the local 
x’-axis is horizontal.

3. Results
3.1. Structure of Corridors
Figure 13 shows the face view with axes calibrated in ATU units.

 

Figure 13. Face view of the voxel cube with calibrated axes.  

In the face view image, the most noticeable features are the radial rays (corridors). Due to 

symmetry, all 4 quadrants are identical. Figure 14 shows the widest radial corridors in the 1st 

quadrant. 

 

Figure 14. Radial corridors (1st quadrant). 

 

3.2. Radial Corridors 

The angles of corridors can be identified in several ways: using the Radon and Hough 

transforms [34], [35], [36], as well as visually (based on the calibrated focus points) [17]. 

The dots in the sinogram (the result of the Radon transform) show the corridor locations; 

cross-sections of the sinogram show details, as shown in Figure 15. 

Figure 13: Face View of the Voxel Cube with Calibrated Axes
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In the face view image, the most noticeable features are the radial 
rays (corridors). Due to symmetry, all 4 quadrants are identical. 

Figure 14 shows the widest radial corridors in the first quadrant.

 

Figure 13. Face view of the voxel cube with calibrated axes.  

In the face view image, the most noticeable features are the radial rays (corridors). Due to 

symmetry, all 4 quadrants are identical. Figure 14 shows the widest radial corridors in the 1st 

quadrant. 

 

Figure 14. Radial corridors (1st quadrant). 

 

3.2. Radial Corridors 

The angles of corridors can be identified in several ways: using the Radon and Hough 

transforms [34], [35], [36], as well as visually (based on the calibrated focus points) [17]. 

The dots in the sinogram (the result of the Radon transform) show the corridor locations; 

cross-sections of the sinogram show details, as shown in Figure 15. 

Figure 14: Radial Corridors (First Quadrant)

3.2. Radial Corridors
The angles of corridors can be identified in several ways: using 
the Radon and Hough transforms, as well as visually (based on the 
calibrated focus points) [17,34-36].

The dots in the sinogram (the result of the Radon transform) show 
the corridor locations; cross-sections of the sinogram show details, 
as shown in Figure 15.

(a)  

(b) (c) (d)  

(e) (f)  

Figure 15. (a) Radon sinogram and (b)-(f) its “horizontal” cross-sections at particular angles 

0°, 14°, 18.5°, 33.5°, 44.5°. 

The following Table 1 lists the corridor angles identified using the Radon transform. 

Table 1. Angles from the Radon transform. 

 

0 206 251 303 321 372 400 426 463 484 502 512 595
-50.81 -45.00 -38.29 -35.96 -29.38 -25.76 -22.40 -17.63 -14.91 -12.59 -11.30 -0.58 radon

-45.00 -33.69 -26.57 -21.80 0.00 expect
0.0% 6.3% 3.1% 2.7%

14.04 181 186 262 434 599
-54.04 -53.39 -43.58 -21.37 -0.06

-44.13 -25.88 0
1.3% 21.1%

18.43 163 173 181 184 380 490 596
-56.36 -55.07 -54.04 -53.65 -28.34 -14.14 -0.45

-51.67 -32.31 0
3.7% 14.0%

33.69 159 167 172 192 213 222 411 503 599
-56.88 -55.85 -55.20 -52.62 -49.91 -48.74 -24.34 -12.46 -0.06

-47.9689 -29.0171 0
1.6% 19.2%

45 140 156 162 178 192 208 230 236 275 355 405 436 477 501 593
-59.33 -57.27 -56.49 -54.43 -52.62 -50.55 -47.71 -46.94 -41.90 -31.57 -25.11 -21.11 -15.82 -12.72 -0.84

-54.74 -35.26 0
0.6% 11.7%

Figure 15: (a) Radon Sinogram and (b)-(f) its “Horizontal” Cross-Sections at Particular Angles 0°, 14°, 18.5°, 33.5°, 44.5°
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The following Table 1 lists the corridor angles identified using the Radon transform.

(a)  

(b) (c) (d)  

(e) (f)  

Figure 15. (a) Radon sinogram and (b)-(f) its “horizontal” cross-sections at particular angles 

0°, 14°, 18.5°, 33.5°, 44.5°. 

The following Table 1 lists the corridor angles identified using the Radon transform. 

Table 1. Angles from the Radon transform. 

 

0 206 251 303 321 372 400 426 463 484 502 512 595
-50.81 -45.00 -38.29 -35.96 -29.38 -25.76 -22.40 -17.63 -14.91 -12.59 -11.30 -0.58 radon

-45.00 -33.69 -26.57 -21.80 0.00 expect
0.0% 6.3% 3.1% 2.7%

14.04 181 186 262 434 599
-54.04 -53.39 -43.58 -21.37 -0.06

-44.13 -25.88 0
1.3% 21.1%

18.43 163 173 181 184 380 490 596
-56.36 -55.07 -54.04 -53.65 -28.34 -14.14 -0.45

-51.67 -32.31 0
3.7% 14.0%

33.69 159 167 172 192 213 222 411 503 599
-56.88 -55.85 -55.20 -52.62 -49.91 -48.74 -24.34 -12.46 -0.06

-47.9689 -29.0171 0
1.6% 19.2%

45 140 156 162 178 192 208 230 236 275 355 405 436 477 501 593
-59.33 -57.27 -56.49 -54.43 -52.62 -50.55 -47.71 -46.94 -41.90 -31.57 -25.11 -21.11 -15.82 -12.72 -0.84

-54.74 -35.26 0
0.6% 11.7%

Table 1: Angles from the Radon Transform

The Hough transform shows the corridors in a different form. Figure 16 shows the Hough angles.

The Hough transform also shows the corridors in a different form. Figure 16 shows the 

Hough angles. 

 

Figure 16. Hough transform (one option). 

Table 2 shows the recognized angles. 

Table 2. Angles from Hough transform. 

Hough 1 0 ¼ 1/3 ½  2/3 3/4   1 

Hough 2     3/5   4/5 5/6  

 

Thus, the radial corridors begin at the origin and extend along polar angles that have rational 

tangents, 

𝜑𝜑 = tan−1 𝑝𝑝𝑞𝑞 (1) 

where p, q are integers 0, 1, 2, 3, … 

 

 

 

Table 3 lists the polar angles φ of the visually observed radial corridors.  

Figure 16: Hough Transform (One Option)

Table 2 shows the recognized angles.

Hough 1 0 1/4 1/3 1/2 2/3 3/4 1
Hough 2 3/5 4/5 5/6

Table 2: Angles from Hough transform

Thus, the radial corridors begin at the origin and extend along 
polar angles that have rational tangents,

The Hough transform also shows the corridors in a different form. Figure 16 shows the 

Hough angles. 

 

Figure 16. Hough transform (one option). 

Table 2 shows the recognized angles. 

Table 2. Angles from Hough transform. 

Hough 1 0 ¼ 1/3 ½  2/3 3/4   1 

Hough 2     3/5   4/5 5/6  

 

Thus, the radial corridors begin at the origin and extend along polar angles that have rational 

tangents, 

𝜑𝜑 = tan−1 𝑝𝑝𝑞𝑞 (1) 

where p, q are integers 0, 1, 2, 3, … 

 

 

 

Table 3 lists the polar angles φ of the visually observed radial corridors.  

where p, q are integers 0, 1, 2, 3, …
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Table 3 lists the polar angles φ of the visually observed radial corridors. 

p 0 1 1 1 1 2 1 3 2 3 4 5
q 5 4 3 2 3 1 2 1 1 1 1 0
tan φ  1/5  1/4  1/3  1/2  2/3 1    1 1/2 2    3    4    5    

0 0.20 0.25 0.33 0.50 0.67 1.00 1.50 2.00 3.00 4.00 5.00 ∞
φ 0 11.31 14.04 18.43 26.57 33.69 45.00 56.31 63.43 71.57 75.96 78.69 90
negative Inverse -∞ -5.00 -4.00 -3.00 -2.00 -1.50 -1.00 -0.67 -0.50 -0.33 -0.25 -0.20 0

-5    -4    -3    -2    -1 1/2 -1  -2/3  -1/2  -1/3  -1/4  -1/5

Table 3: Visually Observed Radial Corridors

Note the values 0.67 and 1.50 (which have the same absolute value 
but opposite signs), located at the corners of the square surrounding 
the 45° angle.

3.3. Parallel and Perpendicular Corridors
Other corridors are parallel to the radial rays; some are 

perpendicular. Each radial corridor has at least one parallel and 
one perpendicular neighbor displaced from the origin. Some 
perpendiculars are indicated in Table 3 in bold font.

Figure 17 illustrates the parallel and perpendicular corridors.

Table 3. Visually observed radial corridors. 

p 0 1 1 1 1 2 1 3 2 3 4 5 
 

q 
 

5 4 3 2 3 1 2 1 1 1 1 0 

tan φ 

  

 
 1/5  1/4  1/3  1/2  2/3 1     1 1/2 2     3     4     5      

0 0.20 0.25 0.33 0.50 0.67 1.00 1.50 2.00 3.00 4.00 5.00 ∞ 

φ 0 11.31 14.04 18.43 26.57 33.69 45.00 56.31 63.43 71.57 75.96 78.69 90 

negative 

Inverse 

-∞ -5.00 -4.00 -3.00 -2.00 -1.50 -1.00 -0.67 -0.50 -0.33 -0.25 -0.20 0 
 

-5     -4     -3     -2     -1 1/2 -1  -2/3  -1/2  -1/3  -1/4  -1/5 
 

 

Note the values 0.67 and 1.50 (which have the same absolute value but opposite signs), 

located at the corners of the square surrounding the 45° angle. 

 

3.3. Parallel and Perpendicular Corridors 

Other corridors are parallel to the radial rays; some are perpendicular. Each radial corridor 

has at least one parallel and one perpendicular neighbor displaced from the origin. Some 

perpendiculars are indicated in Table 3 in bold font and by arrows. 

Figure 17 illustrates the parallel and perpendicular corridors. 

(a)  (b)  

Figure 17. Corridors of the face view: (a) parallel and (b) perpendicular to the radial 

corridors. 

Figure 18 shows how perpendicular corridors penetrate the volume along the facets of 

pyramids. 

Figure 17: Corridors of the Face View: (a) Parallel and (b) Perpendicular to the Radial Corridors

Figure 18 shows how perpendicular corridors penetrate the volume along the facets of pyramids.

(a)      (b)  

Figure 18. (a) Corridors perpendicular to rays 0 and 90° at two angles θ penetrate through the 

volume of the cube; (b) schematically, slightly deviated face view. 

The perpendiculars cross the radial rays at certain distances from the origin (along the polar 

radius, that is, at a certain angle θ from the camera axis). This is visible in cross-sections of 

the Radon sinogram. The following formula describes θ as the product of a constant 1/√s and 

a rational number K, which depends on the polar angle (or, equivalently, on integers p and q), 

𝜃𝜃 = tan−1 𝐾𝐾
√𝑠𝑠

= tan−1 𝐾𝐾√𝑠𝑠𝑠𝑠 (2) 

where  

𝐾𝐾 = 𝑚𝑚2
𝑚𝑚3

= 0, 15 ,
1
4 ,
1
3 ,
1
2 , 1,2, … (3) 

𝑠𝑠 = √𝑝𝑝2 + 𝑞𝑞2 (4) 

and p, q are from the definition of the angle φ. 

The Appendix provides examples of angles φ. Note that K is such that angle θ remains within 

the range of approx. 13° – 27°. (Recall the “normal” camera lens.) 

 

3.4. Focus Points 

The corridors connect the “focus” points on the axes. The calibration shows these focus 

points. The coordinates of the focus points can be described in rational numbers, 

Figure 18: (a) Corridors Perpendicular to Rays 0 and 90° at Two Angles θ Penetrate Through the Volume of the Cube; (b) Schematically, 
Slightly Deviated Face View
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The perpendiculars cross the radial rays at certain distances from 
the origin (along the polar radius, that is, at a certain angle θ from 
the camera axis). This is visible in cross-sections of the Radon 
sinogram. The following formula describes θ as the product of a 
constant 1/√s and a rational number K, which depends on the polar 
angle (or, equivalently, on integers p and q),

(a)      (b)  

Figure 18. (a) Corridors perpendicular to rays 0 and 90° at two angles θ penetrate through the 

volume of the cube; (b) schematically, slightly deviated face view. 

The perpendiculars cross the radial rays at certain distances from the origin (along the polar 

radius, that is, at a certain angle θ from the camera axis). This is visible in cross-sections of 

the Radon sinogram. The following formula describes θ as the product of a constant 1/√s and 

a rational number K, which depends on the polar angle (or, equivalently, on integers p and q), 

𝜃𝜃 = tan−1 𝐾𝐾
√𝑠𝑠

= tan−1 𝐾𝐾√𝑠𝑠𝑠𝑠 (2) 

where  

𝐾𝐾 = 𝑚𝑚2
𝑚𝑚3

= 0, 15 ,
1
4 ,
1
3 ,
1
2 , 1,2, … (3) 

𝑠𝑠 = √𝑝𝑝2 + 𝑞𝑞2 (4) 

and p, q are from the definition of the angle φ. 

The Appendix provides examples of angles φ. Note that K is such that angle θ remains within 

the range of approx. 13° – 27°. (Recall the “normal” camera lens.) 

 

3.4. Focus Points 

The corridors connect the “focus” points on the axes. The calibration shows these focus 

points. The coordinates of the focus points can be described in rational numbers, 

where 

(a)      (b)  

Figure 18. (a) Corridors perpendicular to rays 0 and 90° at two angles θ penetrate through the 

volume of the cube; (b) schematically, slightly deviated face view. 

The perpendiculars cross the radial rays at certain distances from the origin (along the polar 

radius, that is, at a certain angle θ from the camera axis). This is visible in cross-sections of 

the Radon sinogram. The following formula describes θ as the product of a constant 1/√s and 

a rational number K, which depends on the polar angle (or, equivalently, on integers p and q), 

𝜃𝜃 = tan−1 𝐾𝐾
√𝑠𝑠

= tan−1 𝐾𝐾√𝑠𝑠𝑠𝑠 (2) 

where  

𝐾𝐾 = 𝑚𝑚2
𝑚𝑚3

= 0, 15 ,
1
4 ,
1
3 ,
1
2 , 1,2, … (3) 

𝑠𝑠 = √𝑝𝑝2 + 𝑞𝑞2 (4) 

and p, q are from the definition of the angle φ. 

The Appendix provides examples of angles φ. Note that K is such that angle θ remains within 

the range of approx. 13° – 27°. (Recall the “normal” camera lens.) 

 

3.4. Focus Points 

The corridors connect the “focus” points on the axes. The calibration shows these focus 

points. The coordinates of the focus points can be described in rational numbers, 

and p, q are from the definition of the angle φ.

The Appendix A provides examples of angles φ. Note that K is 
such that angle θ remains within the range of approx. 13° – 27°. 
(Recall the “normal” camera lens.)

3.4. Focus Points
The corridors connect the “focus” points on the axes. The 
calibration shows these focus points. The coordinates of the focus 
points can be described in rational numbers,

𝑋𝑋𝑚𝑚𝑚𝑚 =
𝑚𝑚𝑥𝑥
𝑚𝑚𝑦𝑦

(5) 

𝑌𝑌𝑚𝑚𝑚𝑚 =
𝑚𝑚𝑥𝑥
𝑚𝑚𝑦𝑦

(6) 

Tables 4 and 5 list the observed focus points on the x- and y-axes. 

Table 4. Focus points on the abscissa. 

mx 0 1 1 1     1 2 1 3 2 3 4 5 

nx 1 5 4 3     2 3 1 2 1 1 1 1 

X (±) 0      1/5  1/4  1/3  1/2  2/3 1     1 1/2 2     3     4     5     
 

0.20 0.25 0.33 0.50 0.67 1.00 1.50 2.00 3.00 4.00 5.00 

 

Table 5. Focus points on ordinate. 

my 0 1 1 1     1 2 1 2 

ny 
 

5 4 3     2 3 1 1 

Y (±) 0      1/5  1/4  1/3  1/2  2/3 1     2     
 

0.20 0.25 0.33 0.50 0.67 1.00 2.00 

 

Note that most integer values in Tables 4 and 5 are ≤ 5, and rational numbers p/q and m/n in 

neighboring cells of the three Tables differ by less than a factor of two.  

In principle, there are many combinations of rational angles for all possible corridors 

connecting all focus points on the two axes, from 1/5 to 2. However, in practice, we observed 

very few angles, and these had m = 1 or n = 1 with a couple of exceptions. Actually, they are 

listed in Table 3. 

 

4. Discussion 

The conditions for moiré fringes to appear in a cubic lattice are identical layers with identical 

spatial orientation (non-twist), a voxel size √2 times smaller than the period, and over four 

layers [17]. Thus, to reduce moiré patterns in a volumetric 3D cube, one could increase the 

voxel diameter. However, to observe larger-diameter voxels, the observation distance should 

Tables 4 and 5 list the observed focus points on the x- and y-axes.

mx 0 1 1 1    1 2 1 3 2 3 4 5
nx 1 5 4 3    2 3 1 2 1 1 1 1
X (±) 0     1/5  1/4  1/3  1/2  2/3 1    1 1/2 2    3    4    5    

0.20 0.25 0.33 0.50 0.67 1.00 1.50 2.00 3.00 4.00 5.00

Table 4: Focus Points on the Abscissa

my 0 1 1 1    1 2 1 2
ny 5 4 3    2 3 1 1
Y (±) 0     1/5  1/4  1/3  1/2  2/3 1    2    

0.20 0.25 0.33 0.50 0.67 1.00 2.00

Table 5: Focus Points on the Ordinate

Note that most integer values in Tables 4 and 5 are ≤ 5, and rational 
numbers p/q and m/n in neighboring cells of the three Tables differ 
by less than a factor of two. 

In principle, there are many combinations of rational angles for 
all possible corridors connecting all focus points on the two axes, 
from 1/5 to 2. However, in practice, we observed very few angles, 
and these had m = 1 or n = 1 with a couple of exceptions. Actually, 
they are listed in Table 3.

4. Discussion
The conditions for moiré fringes to appear in a cubic lattice are 
identical layers with identical spatial orientation (non-twist), a 
voxel size √2 times smaller than the period, and over four layers 
[17]. Thus, to reduce moiré patterns in a volumetric 3D cube, one 

could increase the voxel diameter. However, to observe larger-
diameter voxels, the observation distance should increase [37].

So-called "anchor points" are not located at the vertices of a cube, 
as suggested in [17], but rather at the intersections of corridors—
positioned at specific horizontal and vertical angles relative to the 
camera axis. For this reason, we performed a rigorous calibration 
in the current paper and do not use the term "anchor point.", 
although its definition could be refined.

If an observer has a preferred hemisphere, e.g., the wall behind 
blocks a full 360° view, the voxel size can vary along the z-axis 
[38,39]. Figure 19 shows the face view with different voxel 
diameters.
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increase [37]. 

So-called "anchor points" are not located at the vertices of a cube, as suggested in [17], but 

rather at the intersections of corridors—positioned at specific horizontal and vertical angles 

relative to the camera axis. For this reason, we performed a rigorous calibration in the current 

paper and do not use the term "anchor point.", although its definition could be refined. 

If an observer has a preferred hemisphere, e.g., the wall behind blocks a full 360° view, the 

voxel size can vary along the z-axis [38], [39]. Figure 19 shows the face view with different 

voxel diameters. 

(a) (b)  

(c) (d)  

(e)  

Figure 19. Image of the face view with different voxel sizes in (a)-(e):  0.2, 0.3, 0.4, 0.5, 1. 

No corridors remain at d = 1, but no image is possible, except for a planar 2D image in the 

nearest plane! Figure 20 shows an example with the voxel size increased by 0.1% at each step 

along z. The corridors in the central part of the view almost disappear, except for the widest 

Figure 19: Image of the Face View with Different Voxel Sizes in (a)-(e):  0.2, 0.3, 0.4, 0.5, 1

No corridors remain at d = 1, but no image is possible, except for a planar 2D image in the nearest plane! Figure 20 shows another 
example with the voxel size increased by 0.1% at each step along z. The corridors in the central part of the view almost disappear, except 
for the widest ones at 0 and 45°.

ones at 0 and 45°.  

 

Figure 20. Non-identical (increased) size of voxels along the z-axis. 

In the next visual experiment, we randomized the locations of voxels to minimize the moiré 

effect as in [40]; see Figure 21. 

(a) (b)  

(c) (d)  

Figure 20: Non-Identical (increased) Size of Voxels Along the z-Axis

In the next visual experiment (see Figure 21), we randomized the locations of voxels to minimize the moiré effect as in [40].
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ones at 0 and 45°.  

 

Figure 20. Non-identical (increased) size of voxels along the z-axis. 

In the next visual experiment, we randomized the locations of voxels to minimize the moiré 

effect as in [40]; see Figure 21. 

(a) (b)  

(c) (d)  

Figure 21: (a), (b) Random x -Locations (Randomization 0.5 and 1.0 of Cell Size). (c), (d) Random xy -Locations (0.5, 1.0 Size)

5. Conclusion
We investigated the visual moiré effect in a simple cubic lattice 
when viewed from a finite distance. This is the first part of the 
study, where we examined the face view (along the [100] axis) 
in detail. We showed that parallel camera displacement has no 
significant effect on the visual image (except for minor details). 
The characteristic angles of the "corridors" are independent of 
the lattice constant and the distance to the camera; consequently, 
these corridors permeate the entire volume of the cube regardless 
of the number of layers (we provided a graphical illustration of 
radial and perpendicular corridors). This moiré effect is inherently 
multilayered: observing these patterns requires at least four or five 
layers. Detailed computer simulation based on Radon and Hough 
transforms confirms the moiré angles in the face view. The tangents 
of the radial corridors' inclination angles are rational numbers. 
Other corridors connect focus points (with rational coordinates) 
on the axes and run parallel and perpendicular to radial corridors. 
We derived equations for the focus points and perpendicular 
corridors and formulated the conditions for the emergence of 
moiré patterns in a multilayered 3D object. The results may apply 
to crystallography and to volumetric displays with static LEDs 
(with a mechanically fixed arrangement of voxels), where varying 
voxel size or using random voxel placement can minimize the 
moiré effect.
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Appendix A: Parameters of Perpendicular Corridors

A1. Crystallographic Plane (001)
The plane's numerical parameters: p = 0, φ = 0; s = 1, √s = 1.
This is the case of perpendiculars to the abscissa (ray φ = 0). So, 

their distances from the origin θ are actually the abscissas of the 
focus points with K = mx/nx; see Table A1. The cross-section of 
the cube along φ = 0 and perpendiculars in this cross-section are 
shown on the right side of Figure A1.

Coefficient K  1/5 1/4  1/3  1/2
tan θ 0.20 0.25 0.33 0.50
angle θ, deg 11.31 14.04 18.43 26.57

Table A1: Perpendiculars in Plane (001)
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Figure A1. Corridors perpendicular to the abscissa and the cross-section φ = 0.  

A2. Crystallographic Plane (011) 

The numerical parameters of the plane: p/q = 1/1, φ = 45°; s = 2, √s = 1.41. The angles of the 

perpendiculars are listed in Table A2. Figure A2 shows a graphical illustration. 

Table A2. Perpendiculars in plane (011). 
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√2
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angle θ, deg 19.47 35.26 

  

Figure A1: Corridors Perpendicular to the Abscissa and the Cross-Section φ = 0

A2. Crystallographic Plane (011)
The numerical parameters of the plane: p/q = 1/1, φ = 45°; s = 2, √s = 1.41. The angles of the perpendiculars are listed in Table A2. Figure 
A2 shows a graphical illustration.
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Figure A2. Perpendiculars to the ray φ = 45° and the cube cross-section. 

A3. Crystallographic Plane (012) 

The numerical parameters of the plane: p/q = ½, φ = 26.6°; s = 5, √s = 2.24. The angles of 

perpendiculars are listed in Table A3. Figure A3 is a graphical illustration. 

Table A3. Perpendiculars in plane (012). 
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Figure A3. Perpendiculars and cross-section for φ = arctan(1/2). 

A4. Crystallographic Plane (013) 

The numerical parameters of the plane: p/q = 1/3, φ = 18.4°; s = 10, √s = 3.16. The angles of 

the perpendiculars are listed in Table A4. Figure A4 shows a graphical illustration. 
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A4. Crystallographic Plane (013)
The numerical parameters of the plane: p/q = 1/3, φ = 18.4°; s = 10, 

√s = 3.16. The angles of the perpendiculars are listed in Table A4. 
Figure A4 shows a graphical illustration.
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Figure A4. Perpendiculars and cross-section for φ = arctan(1/3). 

A5. Crystallographic Planes (023) and (014) 

The numerical parameters of plane (023) are: p/q = 2/3, φ = 33.7°;  s = 13, √s = 3.61. The 
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