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Abstract
Riemann integrals of the trigonometric functions sinx and cosx have been computed directly from the appropriate
Riemann sums.

1. Introduction
Let us remind the two fundamental theorems of integral calculus. Let F(x) be the area under the plot of f{x) between the line x = a, x
coordinate line and the Ox axis. By looking at the Figure 1. we can see that

Aim F(e+Az) = F(z) = lim f(z+ Az)Az 1)

Dividing the above equation by Ax we arrive at

Fla)= Jim TELEDZTE_ p, @)

F'(x) is the derivative of F(x). F(x) is being called the primary function of F'(x) = f (x).

The first theorem of integral calculus states that the area derivative F” (x) is equal to the function f'(x) under the plot of which the area
F (x) is being computed.

From Figure 2. we see that

F(z1) = F(zo = a) = f(21)Azq (3)
F(ch) — F(l‘l) = f(l‘Q)Al‘g

Fley—1) — F(zn—2) = f(xn_1)AzNn_1
F(zy =b) — F(zn-1) = f(zn)Azy

where Ax, = x, —x,~1 fork=1,2,...,N.
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Figure 1: F(x) is the measure of area under the plot of f{x)

Figure 2: Illustration of the Riemann Integral Computation

Adding all above equations by sides we notice that certain terms cancel out and we arrive at the second theorem of integral calculus

N
F(b) ~ F(a) = lim 3" flay)Aay (4)
k=1

Awk—>

The above equation on the right hand side has the (upper) Riemann sum for the function f{(x).

2. Computations
The Riemann sum of sin(x) and cos(x) we compute for

Az =Az = (b—a)/N (5)
for k=1,2,...,N and choose it as
N N
Ailkrri)oz flzp)Axy = AI;IEOZ f(kAz)Ax (6)
k=1 k=1
with x, = kAx for k=1,2,...,N so we have
F(b) — F(a) = F(NAz) — F(0) (7)

In order to compute the Riemann sums of sinx and cosx we use the formula for the sum of the geometric series as presented in [1].

N N
Z eik¢ — Z cos k¢) + ¢sin k'¢ (8)
k=1 k=1
inN¢/2 inN¢/2
= cos((N + 1)¢/2)Ssinq% +isin((NV 4+ 1)¢/2)Ssin¢(%
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where 7 =—1.
We notice that

1
cosasin 8 = E(Sin(a + B) —sin(a — ) (9)
1
sinasin§ = —i(cos(oz + ) — cos(a — fB)) (10)
and we can substitute
a=(N+19/2 §=N¢/2 (11)
a+B=Nop+¢/2 a—-pB=0¢/2 (12)
After computations we arrive at
al 1 1
’;Sinkqﬁz —i(cos(N¢+¢/2) _COS¢/2)sin¢/2 (13)
al 1 1
; cos k¢ = - (sin(N¢ + ¢/2) — sin ¢>/2)m (14)
Now we calculate the Riemann sums of sinx and cos x
N
) cos(NAz + Azx/2) Az cos Az/2 Ax
kAz - Ax = — = it 15
’;sm e sin Az /2 2 sin Az/2 2 (15)
N . .
NAz + Az/2) A Azx/2 A
ZcoskA:coA:czsm( - 2+ Az/ )ifsm v/2 A2 (16)
P sin Az /2 2 sin Axz/2 2
We obtain
N
) . L cos(NAz + Ax/2)  cosAx/2
AI;IEO sinkAz - Az = AliIEO o sin Az /2 sin Az /2 (17)
k=1 Ax/2 Ax/2
N
) . sin(NAz + Az/2) sinAx/2
Aligo Z coskAz - Az = AliIEO sin Az /2 T Az/2 (18)
k=1 Ax/2 Az/2
3. Conclusion
The limits of the expressions
sin Az /2
lim —— =1 1
Az530 Ax/2 (19)
and the Riemann sums for sinx and cosx are
N
. . . _ N _ z=NAz
A1316130 kz_l sin kAz - Ax Alglcrgo[ cos z|i=; (20)
N
. . — 1 . rz=NAzx
Jim Z coskAz- Az = lim [sina];= (21)
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We can check that our results are correct. The derivative of —cosx is equal to the primary function sinx and the derivative of sinx is equal
to the primary function cosx.
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