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Abstract
The quasi-resonant tunneling energies and lifetimes of symmetrical triangular double-barrier nanostructures fabricated 
from GaAs-AlyGa1-yAs were investigated. The complex energy approach is used to calculate the resonant tunneling energy 
and its associated lifetime. The results show that decreasing the well width and increasing the aluminum concentration 
within the barrier material enhances the quasi-resonant tunneling energies for a fixed barrier thickness. Furthermore, 
increasing both the aluminum concentration and the barrier thickness results in longer resonant tunneling lifetimes. 
The current study's findings show that resonant tunneling energies and lifetimes closely match available data in the 
literature. 
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1. Introduction 
The development of sophisticated deposition techniques such 
as molecular beam epitaxy (MBE)1 and metal-organic chemical 
vapor deposition techniques2 made it possible to fabricate 
new materials based on ban-gap engineering with the required 
profiles and characteristics These technological man-made 
materials have enormous potential applications in high-speed 
and high-frequency devices3-5  Resonant tunneling phenomena in 
heterostructure materials have been widely used for studying the 
quasiresonant tunneling energy states and their corresponding 
lifetimes for rectangle double-barrier structures using different 
techniques like variational method6, Airy’s function approach7, 
transfer matrix approach8-10, and for rectangle triple-barrier 
heterostructures11-13  The effect of nonparabolicity on the resonant 
tunneling energies and resonant tunneling lifetimes of symmetric 
GaAs-AlxGa1-xAs rectangle double-barrier nanostructured 
has been reported14,15 Recently, Elkenany and Elabsy16 have 
addressed the effect of pressure on the resonant tunneling energy 
and resonant frequency tunneling on a rectangle double-barrier 
Ga1-xAlxAs-GaAs nanostructure. It has been noticed that the 
structural properties of different profiles affect the electronic and 
physical properties of novel devices such as quantum rings17,18, 
quantum dots19-21, quantum wells22-24, triangular double25,26 and 
multi-barriers27 Recently, triangular novel devices have a great 

considerable attention experimentally28-32 and theoretically25-27,33 
than other devices due to their large uniformity, low cost, and 
high production yield31 Most of the theoretical models rely on the 
transfer matrix method that determines the resonant tunneling 
energies from the peaks of the transmission coefficients data. 
In the mathematical manipulations of the triangular double-
barrier the wavefunctions propagating through the triangular 
barrier were taken to be two separate solutions of the two 
types of Airy’s functions one for each half of the triangle and 
applying the matching conditions at the bisector of the triangle 
and its base-vertices. In contrast, the current study employs a 
single wavefunction that travels through the barrier region of the 
triangle, and the complex-energy method is used to determine 
the quasi-resonant tunneling energies and their corresponding 
resonant tunneling lifetimes for an unbiased symmetric TDBN 
made up of GaAs-AlyGa1-yAs. 

2. Theory 
The present study uses atomic units, where m0=e= ℏ=1 (unless 
otherwise stated).  
Consider a symmetric TDBN composed of GaAs-AlyGa1-yAs as 
depicted in Fig. 1 of a potential energy barrier, V(z) in the form:  
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𝑉𝑉(𝑧𝑧) =  {
0;             0 ≤ |𝑧𝑧| ≤ 𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 |𝑧𝑧| > 𝑎𝑎 + 2𝑏𝑏
𝑉𝑉0
𝑏𝑏 (𝑧𝑧 − 𝑎𝑎);                       𝑎𝑎 < |𝑧𝑧|  ≤ 𝑎𝑎 + 𝑏𝑏
𝑉𝑉0
𝑏𝑏 (𝑎𝑎 + 2𝑏𝑏 − 𝑧𝑧);     𝑎𝑎 + 𝑏𝑏 < |𝑧𝑧|  ≤ 𝑎𝑎 + 2𝑏𝑏

        (1) 

Where a is the well half-width, b is the barrier half-thickness, V0 is the 

barrier height, z is the direction of growth, and the potential energy barrier 

V(z) is an even function of z. 

Solving Schrödinger equation for |𝑧𝑧|  > 0, one obtains even or odd bound 

state wavefunctions34. 

 

Fig. 1. Symmetric triangular double-barrier nanostructure composed of GaAs-AlyGa1-yAs 
with a barrier height V0, a well half-width, a, and a barrier half-thickness, b, with z-axis is 
taken as the growth direction. 

 
II.1. Even Solution 

The even wavefunction for the potential barrier given in eq. (1) in the 

(GaAs) well-region has the form: 
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Figure 1: Symmetric triangular double-barrier nanostructure composed of GaAs-AlyGa1-yAs with a barrier height V0, a well half-
width, a, and a barrier half-thickness, b, with z-axis is taken as the growth direction.

2.1 Even Solution 
The even wavefunction for the potential barrier given in eq. (1) in the (GaAs) well-region has the form: 

where,
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∗ 𝐸𝐸𝑛𝑛/ℏ                         (3) 

is the propagation wave vector in the GaAs region, 𝐴𝐴1 is a coefficient,  𝑚𝑚1
∗ is 

the electron effective mass in this region and 𝐸𝐸𝑛𝑛 is the allowed energy states. 

In the AlyGa1-yAs barrier-region, there are two independent solutions 

depends on the profile of the triangle: 
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is the propagation wave vector in the GaAs region, 𝐴1 is a coefficient, 𝑚1
∗ is the electron effective mass in this region and 𝐸𝑛 is the 

allowed energy states.
In the AlyGa1-yAs barrier-region, there are two independent solutions depends on the profile of the triangle:
i- The left hand side (LHS) region of the triangle or 𝑎<|𝑧| ≤𝑎+𝑏:
In this region, the time independent Schrödinger equation with 𝑚2

∗ is the electron effective mass, is given by

Where,

One can rewrite eq. (5) in the form,

or,
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Since

𝛽𝛽0 = 2 𝑉𝑉0 𝑚𝑚2
∗

𝑏𝑏 ℏ2                (8) 

Substitute with the parameter 

𝜁𝜁 = 𝛽𝛽 (𝑧𝑧 − 𝛼𝛼1)              (9) 

Then eq. (7) can be rewritten as 

𝑑𝑑2Ψ(𝜁𝜁)
𝑑𝑑𝜁𝜁2 − (𝛽𝛽0/𝛽𝛽3) 𝜁𝜁 Ψ(𝜁𝜁) = 0.                  (10) 

One can take 𝛽𝛽 as 

𝛽𝛽 = 𝛽𝛽0
1/3 =  (2 𝑉𝑉0 𝑚𝑚2∗

𝑏𝑏 ℏ2 )
1/3

.                  (11) 

By substituting the parameter 𝛽𝛽  given in eq. (11) into eq. (10), one gets 

𝑑𝑑2Ψ(𝜁𝜁)
𝑑𝑑𝜁𝜁2 −  𝜁𝜁 Ψ(𝜁𝜁) = 0.                   (12) 

The above equation is the Airy’s equation which has the outgoing  solution  

Ψ(𝜁𝜁) = 𝐴𝐴2 𝐴𝐴𝐴𝐴(𝜁𝜁)                                                                                       (13) 

Where,  

 𝜁𝜁 =   (2 𝑉𝑉0 𝑚𝑚2∗

𝑏𝑏 ℏ2 )
1
3 (𝑧𝑧 − 𝛼𝛼1),                   (14) 

and 𝐴𝐴2 is a coefficient. 

ii- The right hand side (RHS) region of the triangle or 𝑎𝑎 + 𝑏𝑏 < |𝑧𝑧|  ≤ 𝑎𝑎 + 2𝑏𝑏: 

𝛽𝛽0 = 2 𝑉𝑉0 𝑚𝑚2
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Similarly, as before eq. (19) can be rewritten in the form of Airy’s equation as

𝑑𝑑2Ψ(𝜂𝜂)
𝑑𝑑𝜂𝜂2 − 𝜂𝜂 Ψ(𝜂𝜂) = 0                    (20) 

Where, the parameter 𝛽𝛽 is the same as given in eq. (11), and 𝜂𝜂 is a function 

of z takes the expression, 

𝜂𝜂(𝑧𝑧) = − (2 𝑉𝑉0 𝑚𝑚2∗

𝑏𝑏 ℏ2 )
1
3 [𝑧𝑧 + 𝑏𝑏 𝐸𝐸𝑛𝑛

𝑉𝑉0
− (𝑎𝑎 + 𝑏𝑏)]                 (21) 

The solution of eq. (20) can be taken as 

Ψ[𝜂𝜂(𝑧𝑧)] = 𝐴𝐴3 𝐴𝐴𝐴𝐴[𝜂𝜂(𝑧𝑧)]                    (22) 

The general solution of the wavefunction inside the triangular barrier region 

can be taken as a combination of the solutions of the two equations given in 

equations (13) and (22) as 

Ψ(𝑧𝑧) = 𝐴𝐴2 𝐴𝐴𝐴𝐴[𝜁𝜁(𝑧𝑧)] + 𝐴𝐴3 𝐴𝐴𝐴𝐴[𝜂𝜂(𝑧𝑧)]                   (23) 

The above choice of the wavefunction inside the triangular barrier region is 

considered to ensure that it satisfies the concepts of quantum Physics that 

wavefunction must be continuous  and single valued. The coefficients 

𝐴𝐴2 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴3 can be determined from the continuity conditions of the 

wavefunctions and their slopes at the boundaries of the triangle. 

iii- The detector region behind the triangle i.e., |𝑧𝑧| > 𝑎𝑎 + 2𝑏𝑏: 
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𝑏𝑏 ℏ2 )
1
3 [𝑧𝑧 + 𝑏𝑏 𝐸𝐸𝑛𝑛

𝑉𝑉0
− (𝑎𝑎 + 𝑏𝑏)]                 (21) 

The solution of eq. (20) can be taken as 

Ψ[𝜂𝜂(𝑧𝑧)] = 𝐴𝐴3 𝐴𝐴𝐴𝐴[𝜂𝜂(𝑧𝑧)]                    (22) 

The general solution of the wavefunction inside the triangular barrier region 

can be taken as a combination of the solutions of the two equations given in 

equations (13) and (22) as 

Ψ(𝑧𝑧) = 𝐴𝐴2 𝐴𝐴𝐴𝐴[𝜁𝜁(𝑧𝑧)] + 𝐴𝐴3 𝐴𝐴𝐴𝐴[𝜂𝜂(𝑧𝑧)]                   (23) 

The above choice of the wavefunction inside the triangular barrier region is 

considered to ensure that it satisfies the concepts of quantum Physics that 

wavefunction must be continuous  and single valued. The coefficients 

𝐴𝐴2 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴3 can be determined from the continuity conditions of the 

wavefunctions and their slopes at the boundaries of the triangle. 

iii- The detector region behind the triangle i.e., |𝑧𝑧| > 𝑎𝑎 + 2𝑏𝑏: 

𝑑𝑑2Ψ(𝜂𝜂)
𝑑𝑑𝜂𝜂2 − 𝜂𝜂 Ψ(𝜂𝜂) = 0                    (20) 

Where, the parameter 𝛽𝛽 is the same as given in eq. (11), and 𝜂𝜂 is a function 

of z takes the expression, 

𝜂𝜂(𝑧𝑧) = − (2 𝑉𝑉0 𝑚𝑚2∗

𝑏𝑏 ℏ2 )
1
3 [𝑧𝑧 + 𝑏𝑏 𝐸𝐸𝑛𝑛

𝑉𝑉0
− (𝑎𝑎 + 𝑏𝑏)]                 (21) 

The solution of eq. (20) can be taken as 

Ψ[𝜂𝜂(𝑧𝑧)] = 𝐴𝐴3 𝐴𝐴𝐴𝐴[𝜂𝜂(𝑧𝑧)]                    (22) 

The general solution of the wavefunction inside the triangular barrier region 

can be taken as a combination of the solutions of the two equations given in 

equations (13) and (22) as 

Ψ(𝑧𝑧) = 𝐴𝐴2 𝐴𝐴𝐴𝐴[𝜁𝜁(𝑧𝑧)] + 𝐴𝐴3 𝐴𝐴𝐴𝐴[𝜂𝜂(𝑧𝑧)]                   (23) 

The above choice of the wavefunction inside the triangular barrier region is 

considered to ensure that it satisfies the concepts of quantum Physics that 

wavefunction must be continuous  and single valued. The coefficients 

𝐴𝐴2 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴3 can be determined from the continuity conditions of the 

wavefunctions and their slopes at the boundaries of the triangle. 

iii- The detector region behind the triangle i.e., |𝑧𝑧| > 𝑎𝑎 + 2𝑏𝑏: 

𝑑𝑑2Ψ(𝜂𝜂)
𝑑𝑑𝜂𝜂2 − 𝜂𝜂 Ψ(𝜂𝜂) = 0                    (20) 

Where, the parameter 𝛽𝛽 is the same as given in eq. (11), and 𝜂𝜂 is a function 

of z takes the expression, 

𝜂𝜂(𝑧𝑧) = − (2 𝑉𝑉0 𝑚𝑚2∗

𝑏𝑏 ℏ2 )
1
3 [𝑧𝑧 + 𝑏𝑏 𝐸𝐸𝑛𝑛

𝑉𝑉0
− (𝑎𝑎 + 𝑏𝑏)]                 (21) 

The solution of eq. (20) can be taken as 

Ψ[𝜂𝜂(𝑧𝑧)] = 𝐴𝐴3 𝐴𝐴𝐴𝐴[𝜂𝜂(𝑧𝑧)]                    (22) 

The general solution of the wavefunction inside the triangular barrier region 

can be taken as a combination of the solutions of the two equations given in 

equations (13) and (22) as 

Ψ(𝑧𝑧) = 𝐴𝐴2 𝐴𝐴𝐴𝐴[𝜁𝜁(𝑧𝑧)] + 𝐴𝐴3 𝐴𝐴𝐴𝐴[𝜂𝜂(𝑧𝑧)]                   (23) 

The above choice of the wavefunction inside the triangular barrier region is 

considered to ensure that it satisfies the concepts of quantum Physics that 

wavefunction must be continuous  and single valued. The coefficients 

𝐴𝐴2 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴3 can be determined from the continuity conditions of the 

wavefunctions and their slopes at the boundaries of the triangle. 

iii- The detector region behind the triangle i.e., |𝑧𝑧| > 𝑎𝑎 + 2𝑏𝑏: 

Where, the parameter 𝛽 is the same as given in eq. (11), and 𝜂 is a function of z takes the expression,

The solution of eq. (20) can be taken as

The general solution of the wavefunction inside the triangular barrier region can be taken as a combination of the solutions of the 
two equations given in equations (13) and (22) as

The above choice of the wavefunction inside the triangular barrier region is considered to ensure that it satisfies the concepts of 
quantum Physics that wavefunction must be continuous and single valued. The coefficients 𝐴2 𝑎𝑛𝑑 𝐴3 can be determined from the 
continuity conditions of the wavefunctions and their slopes at the boundaries of the triangle.

The detector region behind the triangle i.e., |𝑧|>𝑎+2𝑏:

Solving Schrödinger equation in this region where V(z) = 0 is an outgoing plane wave in the form

Solving Schrödinger equation in this region where V(z) = 0 is an outgoing 

plane wave in the form 

Ψ(𝑧𝑧) = 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖                     (24) 

Where 𝐴𝐴4 is the transmission coefficient and 𝑘𝑘 is a propagation vector as 

given in eq. (2). 

To guarantee a current conservation at the boundaries of the triangle, the 

wavefunctions Ψ(𝑧𝑧) and their derivatives 1
𝑚𝑚𝑖𝑖

∗  
𝑑𝑑Ψ(𝑖𝑖)

𝑑𝑑𝑖𝑖  (𝑖𝑖 = 1 𝑜𝑜𝑜𝑜 2) in which 𝑖𝑖 = 1 

stands for well-GaAs and 𝑖𝑖 = 2 stands for barrier-AlyGa1-yAs layers; 

respectively must be continuous at the boundaries: z=a+(b/2) and 

z=a+(3b/2) at these points V(z)=V0/2.  

After algebraic manipulation one obtains a transcendental equation for the 

allowed quasi-resonant tunneling even-energy eigenvalues of the form: 

𝑡𝑡𝑡𝑡𝑡𝑡(𝑐𝑐3) = 1
𝛿𝛿  [− 𝑅𝑅1 ∙𝐴𝐴𝑖𝑖

′(𝑐𝑐1)  + 𝑅𝑅2 ∙𝐴𝐴𝑖𝑖
′(𝑐𝑐2)

𝑅𝑅1∙𝐴𝐴𝑖𝑖(𝑐𝑐1) + 𝑅𝑅2∙𝐴𝐴𝑖𝑖(𝑐𝑐2) ]                  (25) 

Where, 

𝛿𝛿 =  𝑘𝑘𝛾𝛾 𝛽𝛽⁄ ,                      (26) 

𝑅𝑅1 = 𝑖𝑖𝛿𝛿𝐴𝐴𝑖𝑖(𝑐𝑐1) + 𝐴𝐴𝑖𝑖′(𝑐𝑐1)              (27a) 

𝑅𝑅2 = −𝑖𝑖𝛿𝛿𝐴𝐴𝑖𝑖(𝑐𝑐2) + 𝐴𝐴𝑖𝑖′(𝑐𝑐2)              (27b) 

Solving Schrödinger equation in this region where V(z) = 0 is an outgoing 

plane wave in the form 

Ψ(𝑧𝑧) = 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖                     (24) 

Where 𝐴𝐴4 is the transmission coefficient and 𝑘𝑘 is a propagation vector as 

given in eq. (2). 

To guarantee a current conservation at the boundaries of the triangle, the 

wavefunctions Ψ(𝑧𝑧) and their derivatives 1
𝑚𝑚𝑖𝑖

∗  
𝑑𝑑Ψ(𝑖𝑖)

𝑑𝑑𝑖𝑖  (𝑖𝑖 = 1 𝑜𝑜𝑜𝑜 2) in which 𝑖𝑖 = 1 

stands for well-GaAs and 𝑖𝑖 = 2 stands for barrier-AlyGa1-yAs layers; 

respectively must be continuous at the boundaries: z=a+(b/2) and 

z=a+(3b/2) at these points V(z)=V0/2.  

After algebraic manipulation one obtains a transcendental equation for the 

allowed quasi-resonant tunneling even-energy eigenvalues of the form: 

𝑡𝑡𝑡𝑡𝑡𝑡(𝑐𝑐3) = 1
𝛿𝛿  [− 𝑅𝑅1 ∙𝐴𝐴𝑖𝑖

′(𝑐𝑐1)  + 𝑅𝑅2 ∙𝐴𝐴𝑖𝑖
′(𝑐𝑐2)

𝑅𝑅1∙𝐴𝐴𝑖𝑖(𝑐𝑐1) + 𝑅𝑅2∙𝐴𝐴𝑖𝑖(𝑐𝑐2) ]                  (25) 

Where, 

𝛿𝛿 =  𝑘𝑘𝛾𝛾 𝛽𝛽⁄ ,                      (26) 

𝑅𝑅1 = 𝑖𝑖𝛿𝛿𝐴𝐴𝑖𝑖(𝑐𝑐1) + 𝐴𝐴𝑖𝑖′(𝑐𝑐1)              (27a) 

𝑅𝑅2 = −𝑖𝑖𝛿𝛿𝐴𝐴𝑖𝑖(𝑐𝑐2) + 𝐴𝐴𝑖𝑖′(𝑐𝑐2)              (27b) 

Solving Schrödinger equation in this region where V(z) = 0 is an outgoing 

plane wave in the form 

Ψ(𝑧𝑧) = 𝐴𝐴4 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖                     (24) 

Where 𝐴𝐴4 is the transmission coefficient and 𝑘𝑘 is a propagation vector as 

given in eq. (2). 

To guarantee a current conservation at the boundaries of the triangle, the 

wavefunctions Ψ(𝑧𝑧) and their derivatives 1
𝑚𝑚𝑖𝑖

∗  
𝑑𝑑Ψ(𝑖𝑖)

𝑑𝑑𝑖𝑖  (𝑖𝑖 = 1 𝑜𝑜𝑜𝑜 2) in which 𝑖𝑖 = 1 

stands for well-GaAs and 𝑖𝑖 = 2 stands for barrier-AlyGa1-yAs layers; 

respectively must be continuous at the boundaries: z=a+(b/2) and 

z=a+(3b/2) at these points V(z)=V0/2.  

After algebraic manipulation one obtains a transcendental equation for the 

allowed quasi-resonant tunneling even-energy eigenvalues of the form: 

𝑡𝑡𝑡𝑡𝑡𝑡(𝑐𝑐3) = 1
𝛿𝛿  [− 𝑅𝑅1 ∙𝐴𝐴𝑖𝑖

′(𝑐𝑐1)  + 𝑅𝑅2 ∙𝐴𝐴𝑖𝑖
′(𝑐𝑐2)

𝑅𝑅1∙𝐴𝐴𝑖𝑖(𝑐𝑐1) + 𝑅𝑅2∙𝐴𝐴𝑖𝑖(𝑐𝑐2) ]                  (25) 

Where, 

𝛿𝛿 =  𝑘𝑘𝛾𝛾 𝛽𝛽⁄ ,                      (26) 

𝑅𝑅1 = 𝑖𝑖𝛿𝛿𝐴𝐴𝑖𝑖(𝑐𝑐1) + 𝐴𝐴𝑖𝑖′(𝑐𝑐1)              (27a) 

𝑅𝑅2 = −𝑖𝑖𝛿𝛿𝐴𝐴𝑖𝑖(𝑐𝑐2) + 𝐴𝐴𝑖𝑖′(𝑐𝑐2)              (27b) 

Where 𝐴4 is the transmission coefficient and 𝑘 is a propagation vector as given in eq. (2).
To guarantee a current conservation at the boundaries of the triangle, the wavefunctions Ψ(𝑧) and their derivatives 1/𝑚𝑖

∗ 𝑑Ψ(𝑧)/𝑑𝑧
(𝑖=1 𝑜𝑟 2) in which 𝑖=1 stands for well-GaAs and 𝑖=2 stands for barrier-AlyGa1-yAs layers; respectively must be continuous at the 
boundaries: z=a+(b/2) and z=a+(3b/2) at these points V(z)=V0/2.

After algebraic manipulation one obtains a transcendental equation for the allowed quasi-resonant tunneling even-energy eigenvalues 
of the form:

Where,

𝑐𝑐1 =  𝛽𝛽(𝑏𝑏
2 − 𝛼𝛼0 );  𝛼𝛼0 = 𝑏𝑏 𝐸𝐸𝑛𝑛 𝑉𝑉0⁄                   (28) 

𝑐𝑐2 =  𝛽𝛽(3 𝑏𝑏
2 − 𝛼𝛼0 )                     (29) 

II.2. Odd Solution 

The odd wavefunctions for the potential energy barrier given in eq. (1) can 

be taken as 

Ψ(𝑧𝑧) = 𝐴𝐴5 sin(𝑘𝑘𝑧𝑧) ;  0 ≤ |𝑧𝑧| ≤ 𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 |𝑧𝑧| > 𝑎𝑎 + 2𝑏𝑏               (30) 

Where 𝐴𝐴5 is the incident coefficient and 𝑘𝑘 is the propagation wave vector as 

given in eq. (3). 

The solutions of Schrödinger equation in the triangular barrier-AlyGa1-yAs 

layer will be the same as those given in equations (13) and (22).  

Similarly, the solution in the detector region will be the same as given by eq. 

(24). Applying the matching conditions of the wavefunctions and considering 

the odd solution of eq. (31) at the boundaries z=a+(b/2) and z=a+(3b/2), one 

obtains a transcendental equation for the allowed quasi-resonant tunneling 

odd-energy eigenvalues of the form, 

 𝑐𝑐𝑐𝑐𝑐𝑐(𝑐𝑐3) = − 1
𝛿𝛿  [− 𝑅𝑅1 ∙𝐴𝐴𝑖𝑖

′(𝑐𝑐1)  + 𝑅𝑅2 ∙𝐴𝐴𝑖𝑖
′(𝑐𝑐2)

𝑅𝑅1∙𝐴𝐴𝑖𝑖(𝑐𝑐1) + 𝑅𝑅2∙𝐴𝐴𝑖𝑖(𝑐𝑐2) ]                  (31) 
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2.2 Odd Solution 
The odd wavefunctions for the potential energy barrier given in eq. (1) can be taken as 

𝑐𝑐1 =  𝛽𝛽(𝑏𝑏
2 − 𝛼𝛼0 );  𝛼𝛼0 = 𝑏𝑏 𝐸𝐸𝑛𝑛 𝑉𝑉0⁄                   (28) 

𝑐𝑐2 =  𝛽𝛽(3 𝑏𝑏
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The odd wavefunctions for the potential energy barrier given in eq. (1) can 

be taken as 
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Where 𝐴𝐴5 is the incident coefficient and 𝑘𝑘 is the propagation wave vector as 

given in eq. (3). 

The solutions of Schrödinger equation in the triangular barrier-AlyGa1-yAs 

layer will be the same as those given in equations (13) and (22).  

Similarly, the solution in the detector region will be the same as given by eq. 

(24). Applying the matching conditions of the wavefunctions and considering 

the odd solution of eq. (31) at the boundaries z=a+(b/2) and z=a+(3b/2), one 

obtains a transcendental equation for the allowed quasi-resonant tunneling 

odd-energy eigenvalues of the form, 

 𝑐𝑐𝑐𝑐𝑐𝑐(𝑐𝑐3) = − 1
𝛿𝛿  [− 𝑅𝑅1 ∙𝐴𝐴𝑖𝑖

′(𝑐𝑐1)  + 𝑅𝑅2 ∙𝐴𝐴𝑖𝑖
′(𝑐𝑐2)

𝑅𝑅1∙𝐴𝐴𝑖𝑖(𝑐𝑐1) + 𝑅𝑅2∙𝐴𝐴𝑖𝑖(𝑐𝑐2) ]                  (31) 

𝑐𝑐1 =  𝛽𝛽(𝑏𝑏
2 − 𝛼𝛼0 );  𝛼𝛼0 = 𝑏𝑏 𝐸𝐸𝑛𝑛 𝑉𝑉0⁄                   (28) 

𝑐𝑐2 =  𝛽𝛽(3 𝑏𝑏
2 − 𝛼𝛼0 )                     (29) 

II.2. Odd Solution 

The odd wavefunctions for the potential energy barrier given in eq. (1) can 

be taken as 

Ψ(𝑧𝑧) = 𝐴𝐴5 sin(𝑘𝑘𝑧𝑧) ;  0 ≤ |𝑧𝑧| ≤ 𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 |𝑧𝑧| > 𝑎𝑎 + 2𝑏𝑏               (30) 

Where 𝐴𝐴5 is the incident coefficient and 𝑘𝑘 is the propagation wave vector as 

given in eq. (3). 

The solutions of Schrödinger equation in the triangular barrier-AlyGa1-yAs 

layer will be the same as those given in equations (13) and (22).  

Similarly, the solution in the detector region will be the same as given by eq. 

(24). Applying the matching conditions of the wavefunctions and considering 

the odd solution of eq. (31) at the boundaries z=a+(b/2) and z=a+(3b/2), one 

obtains a transcendental equation for the allowed quasi-resonant tunneling 

odd-energy eigenvalues of the form, 

 𝑐𝑐𝑐𝑐𝑐𝑐(𝑐𝑐3) = − 1
𝛿𝛿  [− 𝑅𝑅1 ∙𝐴𝐴𝑖𝑖

′(𝑐𝑐1)  + 𝑅𝑅2 ∙𝐴𝐴𝑖𝑖
′(𝑐𝑐2)

𝑅𝑅1∙𝐴𝐴𝑖𝑖(𝑐𝑐1) + 𝑅𝑅2∙𝐴𝐴𝑖𝑖(𝑐𝑐2) ]                  (31) 

𝑐𝑐1 =  𝛽𝛽(𝑏𝑏
2 − 𝛼𝛼0 );  𝛼𝛼0 = 𝑏𝑏 𝐸𝐸𝑛𝑛 𝑉𝑉0⁄                   (28) 

𝑐𝑐2 =  𝛽𝛽(3 𝑏𝑏
2 − 𝛼𝛼0 )                     (29) 

II.2. Odd Solution 

The odd wavefunctions for the potential energy barrier given in eq. (1) can 

be taken as 

Ψ(𝑧𝑧) = 𝐴𝐴5 sin(𝑘𝑘𝑧𝑧) ;  0 ≤ |𝑧𝑧| ≤ 𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 |𝑧𝑧| > 𝑎𝑎 + 2𝑏𝑏               (30) 

Where 𝐴𝐴5 is the incident coefficient and 𝑘𝑘 is the propagation wave vector as 

given in eq. (3). 

The solutions of Schrödinger equation in the triangular barrier-AlyGa1-yAs 

layer will be the same as those given in equations (13) and (22).  

Similarly, the solution in the detector region will be the same as given by eq. 

(24). Applying the matching conditions of the wavefunctions and considering 

the odd solution of eq. (31) at the boundaries z=a+(b/2) and z=a+(3b/2), one 

obtains a transcendental equation for the allowed quasi-resonant tunneling 

odd-energy eigenvalues of the form, 

 𝑐𝑐𝑐𝑐𝑐𝑐(𝑐𝑐3) = − 1
𝛿𝛿  [− 𝑅𝑅1 ∙𝐴𝐴𝑖𝑖

′(𝑐𝑐1)  + 𝑅𝑅2 ∙𝐴𝐴𝑖𝑖
′(𝑐𝑐2)

𝑅𝑅1∙𝐴𝐴𝑖𝑖(𝑐𝑐1) + 𝑅𝑅2∙𝐴𝐴𝑖𝑖(𝑐𝑐2) ]                  (31) 

Where 𝐴5 is the incident coefficient and 𝑘 is the propagation 
wave vector as given in eq. (3).
The solutions of Schrödinger equation in the triangular barrier-
AlyGa1-yAs layer will be the same as those given in equations 
(13) and (22).
Similarly, the solution in the detector region will be the same 

as given by eq. (24). Applying the matching conditions of the 
wavefunctions and considering the odd solution of eq. (31) 
at the boundaries z=a+(b/2) and z=a+(3b/2), one obtains a 
transcendental equation for the allowed quasi-resonant tunneling 
odd-energy eigenvalues of the form,

Solving the transcendental eq. (25), one gets the allowed qua-
si-resonant tunneling even energy states 𝐸𝑛 (𝑛 = 1, 3, 5, … ) and 
the allowed quasiresonant tunneling odd energy (𝑒𝑥𝑐𝑖𝑡𝑒𝑑) states 
𝐸𝑛 (𝑛 = 2, 4, 6, … ) by solving eq. (31), since (𝑛 = 1) is related 
to the lowest (ground) even-energy state. 

The roots of equations (25) and (31) as functions of V0, a, and 
b were computed numerically by using MATLAB language35. 
It is noticed that all roots were complex values with negative 
imaginary parts8. 

The concepts of quasi-resonant tunneling stationary energy 
states is introduced for tunneling mechanism36. The real part of 
the root is corresponding to  the quasi-resonant tunneling energy 
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3. Results
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Figure 2: Variation of the resonant tunneling lowest energy, E1, given in meV with the well half-width, a, for a TDBN of GaAs-
AlyGa1-yAs at V0=0.50 eV, a=2.5 nm, b=1.0 nm and different effective masses of 𝑚1

∗ =0.067 and 𝑚2
∗ =0.1085.

Figure 2 shows the dependence of the lowest resonance 
tunneling energy E1 on the half well width, a, for the GaAs-
AlyGa1-yAs TDBN with a barrier height of 0.50 eV and different 
effective electron masses within the well and barrier regions. The 
decreasing tendency in the lowest energy with increasing width 
is in accordance with the principles of quantum physics36. It is 
also seen the pronounced  discrepancy between the same masses 

and the mass mismatch condition which is  very important when 
studying hetero nanostructures. By comparing the resonant 
tunneling energies of the present study with those of Ref.27, we 
found good agreement as seen in Table 1. 

Table 1 also presents the associated lifetimes 𝜏1 and 𝜏2 in fs. 

a=2.5 nm, b=1.0 nm and different effective masses of 𝑚𝑚1
∗ =0.067and 

𝑚𝑚2
∗ =0.1085. 

 

Figure 2 shows the dependence of the lowest resonance tunneling energy 

E1 on the half well width, a, for the GaAs-AlyGa1-yAs TDBN with a barrier 

height of 0.50 eV and different effective electron masses within the well and 

barrier regions. The decreasing tendency in the lowest energy with 

increasing width is in accordance with the principles of quantum physics36. It 

is also seen the pronounced  discrepancy between the same masses and 

the mass mismatch condition which is  very important when studying hetero 

nanostructures. By comparing the resonant tunneling energies of the present 

study with those of Ref.27, we found good agreement as seen in Table 1. 

Table 1 also presents the associated lifetimes 𝜏𝜏1 and 𝜏𝜏2 in fs. 

Table 1. Comparison between the resonant tunneling lowest, E1, and first excited, E2, energies given in 
meV and their associated resonant tunneling lifetimes 𝜏𝜏1 and 𝜏𝜏2 given in fs, for a TDBN of GaAs-AlyGa1-yAs 
with 𝑚𝑚1

∗ =0.067 a.u, 𝑚𝑚2
∗ =0.1085, a=2.5 nm, b=1.0 nm and V0=0.50 eV. 

E1 (meV) E2 (meV) 𝜏𝜏1  𝜏𝜏2  
P.W.  [eq. 25] Ref.27  P.W. [eq. 31] Ref.27 P.W. [eq. 38] P.W. [eq. 38] 

64.8 65.5 293.6 298.6 43.78 8.17 

                                                  

It must be mentioned that the present study performed the computations for 

well half-width, in contrast with the other published data in which the well full 

width was used. 

                                                 

Table 1: Comparison between the resonant tunneling lowest, E1, and first excited, E2, energies given in meV and their 
associated resonant tunneling lifetimes 𝜏1 and 𝜏2 given in fs, for a TDBN of GaAs-AlyGa1-yAs with 𝑚1

∗ =0.067 a.u, 𝑚2
∗ =0.1085, 

a=2.5 nm, b=1.0 nm and V0=0.50 eV.

It must be mentioned that the present study performed the computations for well half-width, in contrast with the other published data 
in which the well full width was used.

 
Fig. 3. Variation of the resonant tunneling lowest lifetime, 𝜏𝜏1,  given in fs, with 
the well half-width, a,  for a TDBN of GaAs-AlyGa1-yAs at V0=0.50 eV, a=2.5 
nm, b=1.0 nm and different effective masses of 𝑚𝑚1

∗ =0.067and 𝑚𝑚2
∗ =0.1085. 

Figure 3 presents the dependence of the resonant tunneling lowest 

lifetime, 𝜏𝜏1, upon the well half-width, a, at a barrier height of 0.50 eV, a barrier 

half-thickness of 1.0 nm, and different electron effective masses interior to 

the well and the barrier regions. In Fig. 3 the increase in the resonant 

tunneling time by expanding the well width is in accordance with the physical 

concept that widening the well diminishes the resonant energy and 

subsequently increases the tunneling time of electrons. 

Figure 4 depicts the dependence of the quasi-resonant tunneling energies 

for both lowest, E1 and first excited, E2 energy states on the aluminum 

concentration, y at constant well half-width of 2.5 nm and barrier half-

thickness of 1.0 nm for considering the electron’s effective mass mismatch 

condition, 𝑚𝑚2
∗ = 𝑚𝑚2

∗(𝑦𝑦) and ignoring it, 𝑚𝑚2
∗  =𝑚𝑚1

∗ = 0.067.  

Figure 3: Variation of the resonant tunneling lowest lifetime, 𝜏1, given in fs, with the well half-width, a, for a TDBN of GaAs-
AlyGa1-yAs at V0=0.50 eV, a=2.5 nm, b=1.0 nm and different effective masses of 𝑚1

∗ =0.067 and 𝑚2
∗ =0.1085.

Figure 3 presents the dependence of the resonant tunneling lowest 
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lifetime, 𝜏1, upon the well half-width, a, at a barrier height of 
0.50 eV, a barrier half-thickness of 1.0 nm, and different electron 
effective masses interior to the well and the barrier regions. In 
Fig. 3 the increase in the resonant tunneling time by expanding 
the well width is in accordance with the physical concept 
that widening the well diminishes the resonant energy and 
subsequently increases the tunneling time of electrons. 

Figure 4 depicts the dependence of the quasi-resonant tunneling 
energies for both lowest, E1 and first excited, E2 energy states 
on the aluminum concentration, y at constant well half-width of 
2.5 nm and barrier halfthickness of 1.0 nm for considering the 
electron’s effective mass mismatch condition, 𝑚2

∗=𝑚2
∗(𝑦) and

ignoring it, 𝑚2
∗ =𝑚1

∗=0.067.

 

Fig. 4. Variation of the resonant tunneling lowest, E1 (solid curves)  and first 
excited, E2 (dashed curves) energies given in meV with the aluminum 
concentration, y, for a TDBN of GaAs-AlyGa1-yAs at constant a=2.5 nm and 
b=1.0 nm for mass mismatch (black curves) and same masses (red curves). 

The enhancement of both quasi-resonant energies by increasing the 

aluminum mole fraction (concentration), y in the barrier region illustrated in 

Fig. 4, is dependent on the rise in y which leads to an increase in the barrier 

height, V0  and in turn, increases the quasi-resonant energy. 

 

Fig. 5. Variation of the quasi-resonant tunneling lowest, E1 (solid curve) and 
first excited, E2 (dashed curve) energies given in meV with the barrier half-
thickness, b (nm) for a TDBN of GaAs-AlyGa1-yAs at constant aluminum 
concentration, y=0.30, well half-width  a=2.5 nm.   
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Figure 4: Variation of the resonant tunneling lowest, E1 (solid curves) and first excited, E2 (dashed curves) energies given in meV 
with the aluminum concentration, y, for a TDBN of GaAs-AlyGa1-yAs at constant a=2.5 nm and b=1.0 nm for mass mismatch (black 
curves) and same masses (red curves).

The enhancement of both quasi-resonant energies by increasing 
the aluminum mole fraction (concentration), y in the barrier 
region illustrated in Fig. 4, is dependent on the rise in y which 

leads to an increase in the barrier height, V0 and in turn, increases 
the quasi-resonant energy.

Figure 5: Variation of the quasi-resonant tunneling lowest, E1 (solid curve) and first excited, E2 (dashed curve) energies given in 
meV with the barrier half-thickness, b (nm) for a TDBN of GaAs-AlyGa1-yAs at constant aluminum concentration, y=0.30, well 
half-width a=2.5 nm.

Figure 5 exhibits the variation of the quasi-resonant tunneling 
energies for lowest, E1 and first excited states, E2 as functions of 
the barrier halfthickness, b for a TDBN of GaAs-AlyGa1-yAs at 
a constant aluminum concentration (content), y = 0.30 and well 
half-width a = 2.5 nm. Both  quasiresonant tunneling energies 
decrease as the barrier becomes thicker which in turn lowers the 

quasi-resonant tunneling energies. 

Figure 6 illustrates the dependence of the quasi-resonant 
tunneling lifetimes of the lowest state, 𝜏1 and the first excited state. 
𝜏2 on the halfthickness of the barrier, b for a TDBN composed 
of GaAs-AlyGa1-yAs at fixed  aluminum concentration, y of 0.30, 
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and well half-width, a of 2.5 nm. It is observed that as the barrier 
thickness increased, the quasi-resonant tunneling lifetimes for 
both states also increased, resulting in an enhancement of the 
quasi-resonant tunneling lifetimes. The exponential tendency 
of increasing lifetimes means that the full energy bandwidth of 

resonant energy peak at half maximum becomes smaller and the 
wavefunction is sharper. The results of the present study are in 
good agreement with the experimental data37 that the tunneling 
time through a barrier amounted to 1.0 ps. 

 

Fig. 6. Variation of the quasi-resonant tunneling lifetimes for lowest, 𝜏𝜏1 (solid 
curve) and first excited states, 𝜏𝜏2 (dashed curve) given in ps with the barrier 
half-thickness, b (nm) for a TDBN of GaAs-AlyGa1-yAs at fixed aluminum 
concentration, y=0.30 and well half-width  a=2.5 nm. 

                                                              
IV. Conclusion 

     This study utilizes the complex energy method, where the roots of the 

transcendental equations for resonant tunneling energy states, both even 

and odd, are complex. The real part is attributed to the quasi-resonant 

tunneling energy state, while the imaginary part is linked to the quasi-

resonant tunneling lifetime, in accordance with the energy-time uncertainty 

principle. The computed resonant tunneling energies and lifetimes of the 

P.W. were compared to the relevant published data, and the results showed 

excellent agreement. This study highlights the significant impact of mass 

mismatch on the computation of quasi-resonant tunneling energies and their 

associated lifetimes in hetero-nanostructure devices. In addition, the 

Figure 6: Variation of the quasi-resonant tunneling lifetimes for lowest, 𝜏1 (solid curve) and first excited states, 𝜏2 (dashed curve) 
given in ps with the barrier half-thickness, b (nm) for a TDBN of GaAs-AlyGa1-yAs at fixed aluminum concentration, y=0.30 and 
well half-width  a=2.5 nm.

4. Conclusion 
This study utilizes the complex energy method, where the 
roots of the transcendental equations for resonant tunneling 
energy states, both even and odd, are complex. The real part is 
attributed to the quasi-resonant tunneling energy state, while the 
imaginary part is linked to the quasiresonant tunneling lifetime, 
in accordance with the energy-time uncertainty principle. The 
computed resonant tunneling energies and lifetimes of the P.W. 
were compared to the relevant published data, and the results 
showed excellent agreement. This study highlights the significant 
impact of mass mismatch on the computation of quasi-resonant 
tunneling energies and their associated lifetimes in hetero-
nanostructure devices. In addition, the physical properties 
of the nanostructure materials can be adjusted to regulate the 
performance of their devices. 
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