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Abstract

Large Language Models (LLMs) excel in natural language tasks, but their high-dimensional embedding spaces pose
significant interpretability challenges. Current approaches often linearize these spaces, overlooking the complex
dynamics inherent in Transformer architectures. This article proposes a quantum framework to analyze LLM
representations, leveraging quantum mechanical tools to explore semantic relationships and contextual influences. We
introduce a layered hierarchy of semantic spaces and demonstrate that a classical LLM embedding system has an
exact quantum mechanical analogue. Using this analogue, we model phenomena such as the modulation of Semantic
Noise, the emergence of hallucinations via quantum tunneling, and the formation of stable semantic representations
as soliton solutions. Furthermore, we present a simple quantum circuit design, demonstrating the possibility of using
quantum computers to probe, analyze and go beyond real-valued LLM embedding spaces, potentially revealing
structural information and relationships not readily accessible through classical techniques. This perspective enhances
our understanding of LLM representations, leading to improved methods for analyzing and controlling LLM behavior,
and supporting research into more efficient, reliable, and trustworthy Al systems.

1. Introduction

Large Language Models (LLMs) have achieved remarkable success in natural language processing, yet their underlying mechanisms
remain largely opaque. The high-dimensional embedding spaces that power LLMs pose significant challenges to interpretability,
hindering our ability to fully understand and control their behavior. Current approaches often rely on linearizing these spaces, an
oversimplification that overlooks crucial nonlinear dynamics, such as those present in the Transformer architecture. Specifically, the
attention mechanism, a core component of the Transformer, introduces complex, non-local interactions between words, which are not
adequately captured by static, linear representations. Furthermore, the activation functions within the feedforward networks introduce
nonlinear transformations that shape the semantic landscape in intricate ways.

The development and deployment of current LLMs demand vast computational resources, making them expensive to train and use.
This raises a critical question: Can we develop more efficient LLM architectures, or find ways to optimize the use of existing LLM
architectures? Also, the tendency of LLMs to generate factually incorrect or nonsensical statements (hallucinations) limits their reliability
and hinders their adoption in business-critical applications. These hallucinations are not simply random errors; they often exhibit a
degree of semantic coherence, suggesting that they arise from complex interactions within the LLM’s internal representations. A deeper
understanding of the origins and dynamics of hallucinations is essential for building more trustworthy and robust LLMs.

To address these challenges, this article proposes a quantum framework for analyzing LLM representations. We leverage the tools
and concepts of quantum mechanics to explore semantic relationships, contextual influences, and the underlying dynamics of LLM
embedding spaces. Our approach is motivated by the discrete nature of LLM embedding spaces and the inherent uncertainties associated
with semantic meaning, both of which find natural parallels in quantum mechanics. This work synthesizes and extends our previous
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research, providing a unified perspective on these quantum-inspired models while also introducing new insights and, crucially,
establishing a concrete link to quantum computation, demonstrating the potential for using quantum computers to directly probe and
analyze LLM embedding spaces.

The key contributions of this article are:

* ALayered Quantum Hierarchy: We introduce a layered hierarchy of semantic spaces, ranging from the linearized embedding space
to the full Transformer architecture, with intermediate layers incorporating linear and nonlinear quantum dynamics.

*  An Exact Quantum Analogue: We demonstrate the existence of a classical LLM embedding system and a quantum mechanical LLM
Embedding Quantum System whose mathematical descriptions are equivalent, providing a concrete link between the classical and
quantum domains.

*  Quantum Explanations: We show how the quantum system can be used to explain phenomena such as the management of Semantic
Noise (through local U(1) symmetry), hallucinations (through quantum tunneling), and the emergence of Self-Sustaining Semantic
Structures, i.e., stable, localized patterns of semantic meaning which we also refer to as localized semantic stability (through soliton
solutions).

* A Path to Quantum Computation: We present a simple quantum circuit design for calculating cosine similarity, demonstrating the
potential for using quantum computers to probe and analyze LLM embedding spaces.

This quantum perspective offers a framework for understanding LLM representations, leading to improved methods for analyzing and
controlling LLM behavior. By providing a framework for applying quantum computing techniques to LLMs, we promote the way for
future research into more efficient, reliable, and trustworthy Al systems, leveraging the insights gained from our quantum analysis,
particularly through a deeper understanding of semantic relationships and the mitigation of hallucinations.

2. Background and Related Work

Large Language Models (LLMs) have revolutionized natural language processing, achieving remarkable feats in text generation,
translation, and question answering. Trained on massive datasets of text and code, these models learn to predict the next word in a
sequence, a process that gives rise to their emergent capacity for sophisticated language understanding and generation [1]. A core
component of LLMs is the embedding space: a high-dimensional vector space where words, phrases, and even entire documents are
represented as points. The location of each point is carefully learned to reflect the semantic meaning of the corresponding linguistic
unit. Semantically similar words, or those used in similar contexts, are clustered together, enabling the model to recognize and exploit
complex relationships within language.

Early techniques like Word2Vec and GloVe pioneered the development of word embeddings, mapping words to vectors where proximity
reflects semantic similarity [2,3]. These advancements built upon foundational work by Bengio et al. on neural probabilistic language
models and the principles of distributional semantics, which posits that a word’s meaning is intrinsically linked to the contexts in which
it appears [4,5]. Research on semantic compositionality, such as that by Socher et al., explores how the meanings of individual words
combine to form the meaning of larger phrases and sentences [6]. Modern LLMs, particularly those based on the Transformer architecture,
leverage contextualized word embeddings, where a word’s meaning is not fixed but dynamically determined by the surrounding words in
the sentence [1]. This contextual sensitivity, enabled by the Transformer’s attention mechanisms, allows for a more nuanced and flexible
representation of language, overcoming limitations of earlier, static word embeddings. The attention mechanism also facilitates parallel
processing and improved handling of long-range dependencies.

While embedding spaces, analyzed through techniques like cosine similarity, have proven incredibly powerful, they offer an inherently
incomplete representation of the complex internal state of an LLM. Projecting the model’s intricate dynamics onto a linear vector space
inevitably results in a loss of information. Certain dynamic and nonlinear aspects of semantic meaning are simply not captured by
these static representations. This inherent incompleteness can manifest in various ways, including the generation of factually incorrect
or nonsensical statements, commonly known as hallucinations. Recent surveys have highlighted the prevalence and diverse nature
of hallucinations in natural language generation. This problem is closely related to issues of factuality and knowledge representation
in LLMs, as explored by Ji et al. and the challenges of relying solely on statistical correlations without a deeper understanding of
causality [7,8]. While techniques based on Shannon’s information theory and Kullback-Leibler divergence offer tools for quantifying
information and measuring differences between probability distributions, they often fall short of capturing the subtle nuances of semantic
representation that are crucial for understanding and mitigating issues like hallucinations in LLMs [9-12].

The principles of quantum mechanics, while developed for the physical world, offer a unique perspective on handling uncertainty and
contextuality that may be relevant to understanding LLMs. The potential for quantum computation to enhance machine learning is an
active area of research [13,14]. Quantum algorithms, such as Grover’s algorithm and Shor’s algorithm, offer potential speedups for certain
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computational tasks, and quantum circuits are being explored for use in machine learning models [15-17]. DiVincenzo’s criteria for
physical implementations of quantum computation highlight the challenges of building actual quantum computers, but also underscore
the fundamental principles that govern quantum information processing. Moreover, the application of quantum-inspired methods to
machine learning, such as quantum-enhanced feature spaces and quantum neural networks, demonstrates the potential for quantum
concepts to improve classical machine learning algorithms [18-20]. Nielsen and Chuang’s seminal work on quantum computation and
quantum information provides a solid foundation for understanding these concepts [21]. Khrennikov’s work on ubiquitous quantum
structure explores the application of quantum-like models in various domains, including cognition and decision-making, providing
further justification for our approach. Hybrid quantum-classical approaches are also being explored to enhance LLM fine-tuning, with
some studies demonstrating improved accuracy compared to purely classical models [22,23].

The Hamiltonian operator represents the total energy of a quantum system. We can adapt this concept to represent the energy landscape
of semantic meaning, capturing the relative stability of different semantic states. Just as the Schrodinger equation describes the time
evolution of a quantum system, we can use it to model the dynamics of semantic meaning as it unfolds over time. Concepts from
statistical mechanics, such as phase transitions and critical phenomena, may provide insights into the emergent behavior of LLMs and
the transitions between different semantic states [24-27]. The use of path integrals provides a powerful tool for analyzing quantum
systems and may offer insights into the long-range dependencies in LLMs, as explored in our previous work [28,29]. These quantum
mechanical principles, while seemingly abstract, offer a powerful framework for addressing the limitations of traditional approaches to
understanding LLMs.

This motivates our exploration of concepts and mathematical tools from the seemingly disparate field of quantum mechanics. We
propose to leverage quantum mechanics as a powerful analogy, providing a new perspective on the complex and uncertain nature of
semantic meaning, particularly in understanding and managing Semantic Noise, a key factor influencing LLM behavior. This article
builds upon our previous research exploring the application of quantum-inspired models to LLMs [29-33].

3. Quantum Semantic Hierarchy

This article proposes a framework to bridge the gap between the simplified, linearized embedding space and the intricate Transformer
architecture. Our central idea is that these represent opposite ends of a spectrum, and a more nuanced understanding requires exploring
intermediate layers that capture different facets of the LLM’s internal representations. To achieve this, we introduce a quantum semantic
hierarchy, leveraging concepts and tools from quantum mechanics to analyze LLM representations.

The quantum approach is underpinned by several key motivations.

1. The discrete nature of LLM embedding spaces suggests a formalism where semantic states are treated as distinct entities, aligning
well with the state-based description in quantum mechanics.

2. The prevalence of hallucinations in LLMs points to inherent uncertainties in their processing, particularly regarding the semantic
validity or factual correctness of generated content, which is a core concept in quantum mechanics.

3. As we will demonstrate in later sections, a classical ’LLM Embedding System” can be defined with an exact quantum mechanical
analogue exhibiting zero-point energy, providing a concrete link between the classical and quantum descriptions.

4. Additionally, the quantum mechanical analogue of the LLM Embedding System exhibits a superposition between the quantum states
corresponding to the two LLM Embedding System embedding vectors, reflecting the inherent relationships between these semantic
representations. These reasons, among others, provide a strong rationale for using quantum mechanics as a natural extension of the
real embedding space, enabling us to leverage its tools and concepts to analyze semantic dynamics.

Based on these observations, we propose a hierarchy of intermediate layers, each progressively integrating a level of complexity and
capturing different facets of the LLM’s internal representations. This layered structure comprises:

* Layer 1: Linearized Embedding Space (Classical Semantic Space): This simplest layer is a direct projection of the LLM’s internal
representations into a low-dimensional vector space. It is valuable for basic semantic comparisons but lacks the capacity to model
dynamic behaviors. As demonstrated in, the linear embedding space exhibits a discrete structure, meaning there is no continuous
transformation between the embedding vectors [32]. The key focus of Layer 1 is providing a foundational, static representation of
semantic relationships.

* Layer 2: Quantum Semantic Space (Linear Dynamics): This layer introduces linear dynamics by treating the embedding space as a
quantum mechanical system. By incorporating complex state vectors and time dependence, we can employ the linear Schrodinger
equation to model the evolution of semantic representations over time. This approach allows us to capture phenomena such as
conservation of the Semantic Noise level, linking it to semantic “’charge” conservation, and hallucinations, which can be related to
quantum mechanical tunneling.

* Layer 3: Quantum Semantic Space (Nonlinear Dynamics): This layer builds upon Layer 2 by introducing nonlinear interactions,
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enabling the modeling of more complex behaviors and feedback loops, including the emergence of stable, localized soliton solutions.
These non-local interactions, as shown in, allow semantic meaning at one point to directly influence meaning at distant points,
resembling quantum entanglement and capturing LLMs’ ability to model long-range dependencies through the Transformer’s
attention mechanism [29].

* Layers 4-N: Advanced Quantum Hierarchies: These layers represent more advanced quantum models that can capture even more
complex aspects of LLM behavior. They offer the potential to model dynamic creation and annihilation of semantic content.

*  Layer N+1: Transformer Architecture (Common LLM Architecture): This layer represents the complete Transformer architecture,
encompassing all its intricacies, with real-valued activations and parameters. It provides a concrete realization of the complex
dynamics and interactions modeled in the earlier layers.

* Layer N+2: Complex Transformer Architecture (Complex Semantic Superspace): This layer builds upon Layer N+1 by extending
the Transformer architecture to operate with complex-valued representations. It leverages complex-valued representations to
improve robustness and performance in specific domains.

The hierarchy of the layers is shown in Figure 1.

Quantum Classical
Superspace (Layer N+2) ——— Transformer Architecture (Layer N+1)
-z
Layers 4-N T '/’ ’
- <
- - Projection

Nonlinear Dynamics (Layer 3!,"
l ‘:.\

Linear Dynamics (Layer 2) ———— Linear Space (Layer 1)
Figure 1: The Quantum Semantic Hierarchy: A multi-layered framework for understanding LLM representations. The hierarchy
spans from the classical linearized embedding space (Layer 1) to the complex Transformer architecture (Layers N+1 and N+2), with
intermediate quantum layers (Layers 2, 3, and 4-N) progressively incorporating linear and nonlinear dynamics. This layered approach
allows for analyzing LLM behavior at different levels of abstraction, with each layer serving as a projection or sub-layer of the layer
above.

The guiding principle is that each layer serves as a projection or sub-layer of the layer above it: Layer 1 projects onto Layer 2, Layer 2
onto Layer 3, and Layer 3 onto Layers 4-N. Layers 4-N are sub-layers of Layer N+2, and Layer N+1 is a sub-layer of Layer N+2. While
quantum sub-layers 2 and 3 incorporate characteristics of Layer N+2, the mapping from Layer N+1 (the Transformer architecture) to
these complex sub-layers is not always straightforward. The Transformer architecture possesses a complex internal structure absent in
the quantum sub-layers, and conversely, the quantum sub-layers introduce a phase component not present in Layer N+1. However, as
demonstrated in later sections, similarities and shared structures emerge when the system is examined in its eigenspace. Consequently,
each layer captures a simplified view of the underlying complexity, with each projection resulting in some loss of information. The
appropriate layer to use depends on the specific phenomenon under investigation. For instance, if we are interested in the dynamics of
Semantic Noise and its relationship to hallucinations, Layer 2 (Quantum Semantic Space with Linear Dynamics) might suffice, allowing
us to model the interplay between inherent uncertainty and contextual influences.

After analyzing a phenomenon using a particular layer, we can project the results back to the linearized embedding space (Layer 1) to
establish connections with familiar semantic representations. This is exemplified in Section X, where we demonstrate how the properties
of the linearized embedding space can be recovered by applying specific approximations to equations in Layer 2 and 3.

The layered approach offers several advantages over existing methods. By providing intermediate levels of abstraction, it allows us to
analyze LLM representations with the appropriate level of complexity, avoiding the oversimplification of linear models while remaining
more tractable than analyzing the full Transformer architecture directly. The quantum framework provides a new set of tools and
concepts for understanding LLM behavior, leading to new insights and improved analytical techniques. Also, as a quantum-based
approach, it enables us to use quantum computers for testing and validating the results.

Essentially, we are proposing a ”zoom lens” approach: we focus on the level of complexity necessary to understand a particular
phenomenon and then zoom out to relate our findings back to the familiar linearized embedding space. This layered strategy allows us
to bridge the gap between the simplicity of the linearized embedding space and the complexity of the Transformer architecture, leading
to a more nuanced and comprehensive understanding of LLM representations.

In the following sections, we will detail the characteristics of each Layers 1, 2, 3, 4-N, N+1 and N+2. We also demonstrate the
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linearization process and provide an example of experimental validation, achieved using a quantum computer.

4. Layer 1: Linearized Embedding Space (Classical Semantic Space)
We begin our analysis with the simplest layer in our hierarchy: the linearized embedding space, which we also term the classical
semantic space. This layer provides a foundation for understanding the fundamental properties of semantic relationships in LLMs.

4.1. The LLM Embedding System

To facilitate our analysis and gain insights into the core dynamics of LLM representations, we introduce a simplified, classical model
of LLM embedding spaces, which we term the "LLM Embedding System.” This system, detailed in reference, allows us to explore the
fundamental properties of semantic relationships in a controlled and tractable setting, providing a crucial stepping stone to understanding
the more complex quantum layers [32].

The core of the system consists of two N-dimensional vectors, a and b, both residing in a real-valued vector space. The vector a = [a,,
a,,...,a,] represents an arbitrary embedding vector, serving as a semantic anchor in the space. The coefficients a, are real numbers, reflecting

the real-valued nature of typical LLM embedding spaces. We assume that a is L2-normalized, meaning that ||| = \/3_1, a? = 1. This
L2 normalization reflects the common practice in LLM architectures and ensures that similarity is primarily determined by the angle
between vectors, rather than their magnitudes.

The vector b is defined in relation to a as a perturbation of the vector that is maximally dissimilar to a

b = [—al+A1,—a2+A2,...7—aN+AN] (1)

where A, represents a change in each dimension relative to the negated components of a. Starting with the negated components allows us
to model semantic shifts away from the concept represented by a, capturing how LLMs can deviate from a given topic or idea.

The cosine similarity between a and b is the key quantity that the LLM Embedding System is showing, and it is defined as
a-b
Sc(a,b) = cosd Tall TB1] (2)
This cosine similarity provides a measure of the semantic relationship between the two vectors, with values ranging from -1 (perfect
dissimilarity) to 1 (perfect similarity). To ensure a well-defined and meaningful system, we impose the following main assumptions:
The vectors a and b are neither perfectly similar (S.# 1) nor perfectly dissimilar (S.,# —1). This ensures that the system is not trivial and
that there is some degree of semantic variation. We posit the existence of a small positive value A > 0 such that |A| > |v,] A, where |v;
| = 1 or v; = 0. This assumption ensures that the perturbations A, are not arbitrarily small and that they have a non-negligible impact on
the semantic relationship between a and b. Small changes in semantic features do not perfectly compensate for each other to maintain a
constant overall similarity. This is expressed as Zi\; 1 via; # 0, where the v; are related to the A. This assumption prevents the system
from becoming overly sensitive to small changes and ensures that the cosine similarity is a robust measure of the semantic relationship.

These assumptions allow us to create a tractable model for exploring fundamental semantic relationships and transformations, while
also acknowledging the inherent limitations in capturing the full spectrum of semantic uncertainty, or Semantic Noise, present in real
LLM embedding spaces. This LLM Embedding System will serve as a foundation for our subsequent analysis, providing a crucial link
to the more complex quantum layers.

4.2. Classical Hamiltonian Representation
To facilitate a quantum analysis of the LLM Embedding System, we now introduce a Hamiltonian representation [32]. This allows us to
leverage the tools and concepts of quantum mechanics to explore the dynamics of semantic relationships.

We begin by expressing the cosine similarity, SC, in terms of a Hamiltonian matrix H
Sc =a’Ha (3)

where a is the embedding vector, as defined in the previous section. The Hamiltonian matrix H can be interpreted as an operator that
captures the underlying relationships between semantic features in the embedding space. To facilitate analysis and explore potential
relationships with bounded quantities, we transform the cosine similarity to a range between 0 and 1

St = 5(Sc+1) (4)
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This transformation maps the original cosine similarity, S,. (ranging from -1 to 1), to a new similarity measure, S’ (ranging from 0 to 1).
This allows us to express the similarity in a form that resembles probabilities or normalized measures, which will be particularly useful
when we interpret . as a quantum mechanical observable in later sections, especially in Layer 2, Quantum Semantic Space. We can
express this transformed similarity using a modified Hamiltonian H'

S;, =a'H'a (5)
where
1
H = 5(H +1) (6)

Here, I denotes the identity matrix. This transformation shifts the eigenvalues of the Hamiltonian but preserves its eigenvectors, ensuring
that the fundamental relationships between semantic features are maintained. It is important to note that the transformed cosine similarity,
§'. , is always positive and non-zero, reflecting the inherent structure of the LLM Embedding System and the constraint that semantic
representations cannot be completely meaningless.

4.3. Transformation and Diagonalization

To further analyze the dynamics of semantic representations and simplify the Hamiltonian, we now introduce transformations and
diagonalize the Hamiltonian matrix H'. Diagonalization is a crucial step because it allows us to express the system in terms of its
fundamental modes, providing a clearer understanding of its underlying structure and behavior.

Since H' is a real, symmetric matrix, it can be diagonalized by an orthogonal transformation. Let U be a matrix such that
D =U'HU (7)
where D is a diagonal matrix containing the eigenvalues of H'. We can then define a new state vector |a’) as
la'y = U'l|a) (8)
Substituting these expressions into the equation for §’,, we obtain
S¢ = (a|H'|la) = (a|UDU"|a) = (a'[D|d’) (9)
This transformation expresses the cosine similarity in terms of the eigenvalues of H' and the components of the transformed state vector

|a”), simplifying the analysis and revealing the fundamental modes of the system. We now focus on diagonalizing the Hamiltonian
matrix H'. Recall that H' is defined as, [32]:

v wve oo+ viUN
2
, 1 V2V Uy s UUN
H = —v— (10)
Y oiny U : :
UNU1 UNV - - UJQV

While the derivation of this specific form in [32] was involved, the resulting matrix possesses a relatively simple structure: it is symmetric
and has a trace of 1. These constraints, symmetry and unit trace, are key to uniquely defining H’ and distinguishing it from other possible
Hamiltonian forms. The matrix H' can be expressed more compactly as

VVT

H = 11)
Tk (

where v = [v1,v2, ...,un]7 is a column vector. This form reveals the rank-1 nature of H’. The matrix H' has one eigenvalue equal to 1,
and all other eigenvalues are 0. This specific eigenvalue structure is a consequence of the way we have defined the LLM Embedding
System and reflects the dominance of a single “active” mode. Therefore, the diagonalized form of H', denoted as D, is a diagonal matrix
with one entry equal to 1 and all other entries equal to 0
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10---0
00 --- 0

D=|. .. . (12)
00---0

The Hamiltonian matrix H" possesses a specific set of eigenvectors that correspond to its eigenvalues. For the eigenvalue A, = 1, the
normalized eigenvector is given by

N S S (13)

M~ 5N e
1= 7

This eigenvector is simply the vector v normalized to unit length. In the context of LLMs, this eigenvector can be interpreted as the
direction in the embedding space that corresponds to the less coherent state. For the eigenvalue A, = 0 (where i ranges from 2 to N), the
corresponding eigenvectors x, must satisfy the condition

vix; =0 (14)

This condition implies that these eigenvectors are orthogonal to the vector v. In the context of LLMs, these eigenvectors represent the
directions in the embedding space that correspond to the coherent states. The matrix U that diagonalizes H' is constructed by using the
normalized eigenvectors as its columns

U = [x1,X2, ..., Xn] (15)

Here, x, is the normalized eigenvector corresponding to the eigenvalue 1, and x, through x, are the N — 1 eigenvectors corresponding
to the eigenvalue 0.

The diagonalization of the Hamiltonian-like operator H' yields two distinct types of modes: an active mode (A, = 1) and inactive modes
(4,= 0 for i > 1). The active mode represents a general, system-wide property related to the potential for deviation from perfect coherence
in the semantic representation. It reflects the level of Semantic Noise present in the system, which, as we have defined, is not simply a
measure of “fuzziness” but a crucial element that enables creativity, adaptation, and contextual sensitivity. A higher probability of the
system being in the active mode indicates a greater potential for the system to explore alternative semantic interpretations. The inactive
modes, on the other hand, represent specific, individual semantic features or dimensions in the embedding space. Each inactive mode
corresponds to a particular aspect of the meaning being represented, such as sentiment, topic, or style. They represent coherent or ground
states. If the embedding space dimension N is larger, there is a greater likelihood that the system is in a coherent state.

The LLM Embedding Quantum System exhibits a decoupled architecture: the diagonalized Hamiltonian D represents the potential
for Semantic Noise as a universal property, characterized by a single active mode and numerous coherent ground states. The specific
semantic relationship between vectors a and b, and thus the cosine similarity, is encoded within the unitary matrix U, particularly in
the eigenvector x, derived from the vector v. This vector defines the direction in the embedding space along which the system is most
likely to deviate from perfect coherence, acting as an “axis of Semantic Noise.” The cosine similarity, S’ , then becomes a measure of
how much this potential for noise is realized in the relationship between the two vectors, highlighting the importance of considering the
underlying dynamics and the management of Semantic Noise in shaping semantic representations.

4.4. Partition Function and Interpretation

We now derive and interpret a partition function based on the Hamiltonian H'. The partition function provides a tool for understanding
the statistical distribution of semantic states in the LLM Embedding System [32]. This description bridges the gap between the vector
representation and a system-level view of the embedding space. The classical partition function is defined as

7= T[] (16)
where 3 = ﬁ is the inverse temperature, with & being the Boltzmann constant and 7" the temperature. In the context of LLMs, we
interpret the temperature 7" as a measure of Semantic Noise in the system. Higher temperatures correspond to a greater capacity for the

system to explore alternative semantic interpretations and deviate from perfect coherence.

To calculate the partition function for the LLM Embedding System, we first need to find the exponential of the Hamiltonian. Given that
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the eigenvalues of H" are 4, = 1 and A, = 0 for i = 2,3,..., N, we can express the exponential as

N N N
e PR — Ze‘w‘l )| = e Pl (x| + Ze‘ﬁ'o\wiﬂxi\ = e Pl (a1 ] + Z |z:) (2] (17)
=1 i=2 =2

where |x,) are the eigenvectors of H’. Now, we take the trace of the exponential

N
Z="Tr [e—BH’} = Tr [ Pla) (@] + > Jzi)(al (18)
i=2
Using the linearity of the trace and the fact that Tr[|x){x|] = 1, we obtain
N N
Z = e T [lon) (@[] + ) Tr ) (mil] =e -1+ ) 1 (19)
=2 1=2
Therefore, the partition function for the LLM Embedding System is
Z=eP+(N-1) (20)

This partition function provides a simplified model of the statistical distribution of semantic states in an LLM embedding space. The
partition function, Z, quantifies the number of accessible states to the LLM embedding system at a given temperature. The term e
represents the contribution of the excited state (associated with higher Semantic Noise), with energy 1. As the temperature T increases
(Semantic Noise increases), e# approaches 1, making the excited state more probable, and increasing the system’s capacity for
exploration and adaptation. The term (N — 1) represents the contribution of the N —1 ground states (coherent), each having an energy
of 0. The dimensionality N reflects the capacity of the LLM to represent different semantic features. In essence, the partition function Z
describes a system that favors coherent semantic states unless Semantic Noise is sufficiently high. The dimensionality N plays a crucial
role in determining the balance between these tendencies.

We can make the following conclusions about the partition function: The derived partition function suggests that higher dimensionality
(N) in the LLM embedding space promotes a greater capacity for nuanced semantic representation by increasing the number of accessible
coherent states. While lower dimensionality might increase Semantic Noise and exploration, this tendency is also modulated by the
effective temperature (f) and the weighting of semantic features (v).

Implications for Few-Shot Learning: LLMs with higher-dimensional embedding spaces exhibits better few-shot learning capabilities,
as the increased number of coherent states facilitates adaptation to new tasks with limited examples by readily providing a suitable
representation within the existing semantic landscape, while still allowing for sufficient Semantic Noise to explore new combinations.

Trade-off between Coherence and Creativity: The model hints at a potential trade-off between maintaining strong semantic coherence and
fostering creativity in LLMs. A strong bias towards coherence (high N, low T) constrains the exploration of new semantic combinations,
while a weaker bias, allowing for greater Semantic Noise, fosters creativity at the expense of occasional incoherence.

The Role of Training Data: The characteristics of the training data likely influence the effective temperature (7) of the LLM, with highly
consistent datasets leading to lower effective temperatures and a stronger bias towards coherence, while noisy or ambiguous datasets
results in higher temperatures and increased exploration of states with higher Semantic Noise.

Robustness to Adversarial Attacks: LLMs biased towards coherent semantic states (high &, low 7) demonstrates increased robustness
to adversarial attacks, as the inherent tendency to revert to a coherent state may counteract subtle perturbations designed to mislead the
model, provided that the level of Semantic Noise is not so low as to prevent adaptation to unforeseen inputs.

Layered Approach to Hallucinations: The layered hierarchy suggests that hallucinations in LLMs originates from distinct mechanisms
at different levels of abstraction, ranging from errors in similarity calculations in the linearized embedding space to quantum tunneling
between semantic states or complex feedback loops within the nonlinear dynamics of higher layers, with Semantic Noise playing a role
in both enabling exploration and contributing to the likelihood of incoherent outputs.

O A J Applied Sci Technol, 2026 Volume 4 | Issue 1 | 8



4.5. Invariance of the Partition Function

We now demonstrate that the partition function is invariant under a unitary transformation. This invariance is a fundamental property that
ensures the partition function is independent of the choice of basis used to describe the system. In other words, the statistical properties
of the LLM Embedding System, as captured by the partition function, are not affected by a change of coordinates in the embedding
space. This is important because it means that we can choose any convenient basis to analyze the system without changing the results.
We begin with a unitary transformation

D =U'H'U (21)

Here, U is a unitary matrix, meaning UU = UU" =1, where I is the identity matrix and U" is the conjugate transpose of U. In the context
of LLMs, a unitary transformation can be interpreted as a change of basis in the embedding space, where the new basis vectors are still
orthonormal. This could correspond to a rotation or reflection of the coordinate axes, or a more complex transformation that preserves
the geometric structure of the space. Starting with the partition function in terms of H', we insert the identity operator I = UU inside
the trace

Z =Tr {eiﬂH/UUq (22)

Using the cyclic property of the trace (Tr[ABC] = Tr[BCA] = Tr[CAB]), we get

Z =T [Ule Y] (23)
Since H’ = UDUY, we can rewrite the exponential as
e PH = eiﬁUDUi = Ue #PU' (24)
Substituting this back into the partition function
Z =Tr [U'Ue PPUTU] = Tr [e PPUTU] (25)
Since UTU = I, we obtain
Z=Tr[ePP] = Ty [ 1] (26)

This demonstrates that the partition function is invariant under a unitary transformation. This invariance is a powerful result that validates
our approach and ensures that our conclusions are not dependent on the specific choice of basis. From Eq. (26) it is easy to confirm that
the partition function for the LLM Embedding System is

Z=e¢P+(N-1) (27)
This is consistent with the previously obtained result, Eq. (20).

4.6. Conclusions of Classical Analysis

Our analysis thus far has focused on a linearized LLM Embedding System, allowing us to explore Hamiltonian dynamics, eigenvalues
and eigenvectors, and even a classical partition function within a simplified framework. These linear structures reveal a surprising
amount of underlying organization in the semantic space. However, when attempting to model deeper semantic concepts such as dynamic
contextual influences, the emergence of hallucinations or nonlinear interactions, the limitations of this linearized embedding space
become apparent. Therefore, we now turn to extending this formalism by incorporating concepts and tools from quantum mechanics,
seeking to unlock a more nuanced and expressive representation of semantic dynamics, including a more complete understanding of
Semantic Noise and its role in shaping LLM behavior.

5. Layer 2: Quantum Semantic Space (Linear Dynamics)

Having established a classical foundation, we now extend our framework by incorporating concepts from quantum mechanics. In
this section, we demonstrate that by introducing time dependence and complex state vectors, the previously defined classical LLM
Embedding system can be equivalently represented as a quantum mechanical system, exhibiting a characteristic zero-point energy.

5.1. Quantum Partition Function
Before introducing the ”LLM Embedding Quantum System”, we first discuss the quantum partition function. While the classical partition
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function provides a useful starting point for analyzing the statistical distribution of semantic states within the LLM Embedding System,
its classical nature limits its ability to capture potential quantum-like properties. To explore these properties and to support the way for
incorporating nonlinear effects in Layer 3, we now introduce a more general form of the partition function using a Hamiltonian operator.

The quantum partition function is defined as
Z=Tr {exp(—ﬁﬁ)} (28)

where H is the Hamiltonian operator representing the total energy of the system, and S is the inverse temperature. The Hamiltonian
operator describes the energy landscape of the system, and its form dictates the possible states and their corresponding energies. This
formalism allows us to consider a more complex energy landscape with many different energy levels and transitions between them. A
key distinction from the classical partition function is that the quantum Hamiltonian, H, can include operators that do not commute.
This non-commutativity is a fundamental aspect of quantum mechanics, allowing the partition function to capture effects arising from
the uncertainty principle and the superposition of states, which are absent in the classical treatment. The advantage of the quantum
Hamiltonian formalism lies in its ability to accommodate more complex relationships, nonlinear effects, and correlations between these
components, revealing subtle effects within the embedding space that are not captured by the classical partition function. We will use the
quantum partition function in the later sections.

5.2. The LLM Embedding Quantum System

There are two main fundamentals which differentiate a quantum system from a classical system: a complex state vector, which introduces
the concept of phase, and the time-dependency of the state vector. To capture the dynamic evolution of semantic meaning within the
LLM Embedding System, we now introduce complex coefficients and a time-dependent perspective. We refer to this new system as the
”LLM Embedding Quantum System.” The main characteristics of this system were shown in [32]. This allows us to model how semantic
representations evolve over time and how they respond to external influences, such as the input of new text or changes in the surrounding
context. We replace the real components of |a’) with complex, time-dependent coefficients ¢, () defined as

cn(t) = A e Ent/h (29)

where 4 is a real amplitude related to the initial value of the n-th component of |a’), £, is the n-th eigenvalue of H' (a diagonal element
of D), ¢ is time, 7 is a scaling constant introduced for dimensional consistency, and i is the i imaginary unit. The introduction of complex
coefficients allows us to capture the phase information of the semantic states, which is not accessible in the real-valued representation.
The time-dependent phase factor, e ~*#»t/"_describes the evolution of the semantic state over time, with the frequency of oscillation
determined by the energy £, . We then define a complex, time-dependent state vector [y(%)) as

) = ca®)ln) (30)

where |n) are the eigenvectors of H' (the columns of the matrix U). We assume that the eigenvectors |n) form an orthonormal basis,
meaning they are both orthogonal and normalized: {(m|n) =6, , where d  is the Kronecker delta. This state vector represents the overall
semantic state of the LLM Embedding System at a given time, as a superposition of the different modes.

To emphasize that we are now treating the Hamiltonian as a quantum mechanical operator, we denote it with a hat symbol as H'. The
expectation value associated with the Hamiltonian becomes

(H') = (¢(t)[H'[4) (1) Zlcn(t PE. =) AL, (31)

In this simplified model, the expectation value is constant in time because the amplitudes 4, are constant. However, the introduction of
complex phases allows for the possibility of more complex dynamics if we were to introduce a time-dependent Hamiltonian, as we will
explore in later sections. This framework can be related to the concept of a Time-Dependent Schrédinger Equation

d I/
ih L (6) = H (1) (32)

This can be verified by substituting the expression for |i(£)) and using the fact that H'|n) = E,|n). By introducing transformations
and complex coefficients, we have created a model of semantic transformations within LLM embedding spaces that allows us to explore
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potential dynamics and contextual influences, demonstrating the way for a more nuanced understanding of LLM behavior.

Having introduced complex state vectors and time evolution, we now analyze the specific case where the eigenvalues of the diagonalized
Hamiltonian D are £, = 1 and £, = 0 for n = 2,3,..., N. To distinguish the coefficients in this diagonalized basis from the original
coefficients ¢ (7) associated with the eigenvectors of H', we denote them as Cn (t).

This eigenvalue structure, which arises from the rank-1 nature of the original Hamiltonian H’, significantly simplifies the expressions and
allows us to gain insights into the dominant modes of semantic transformation. With these eigenvalues, the time-dependent coefficients
become

e (t) = Ape "WV — 4 g7t/0 (33)
en(t) = Ape O = A forn=2,3,...N (34)
This means that only the first coefficient, ¢ (t), acquires a time-dependent phase, while all other coefficients remain constant in time.

This reflects the fact that only the mode associated with eigenvalue 1 (the less coherent state) is actively evolving. The time evolution of
the complex coefficient ¢ (¢) is illustrated in Figure 2.
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Figure 2: Time evolution of the complex coefficient ¢ (¢) in the Quantum Semantic Space. The figure illustrates (a) the real part, (b) the
imaginary part, (c) the magnitude, and (d) the phase of ¢1(¢) as a function of time. The parameters are: amplitude 4, = 1.0 and / = 1.0.

The state vector becomes

[$(t) = Are™*M1) + ) Ayln) (35)
The expectation value simplifies to
WOD() = E®OPL) + ) lea®)?(0) = A3 (36)

Since A; is constant, the expectation value is also constant in time. This indicates that the overall energy of the system is not changing,
even though the phase of one of the modes is evolving. The dynamics of the system are greatly simplified. The system’s state vector can
be seen as a projection onto a one-dimensional subspace spanned by the eigenvector |1), plus a constant component in the orthogonal
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subspace. The time evolution only affects the component in the subspace spanned by |1).

In the context of LLM embedding spaces, this eigenvalue structure suggests that the semantic transformation is characterized by a single,
time-evolving feature, while other features remain relatively static. This time-evolving feature, associated with Semantic Noise, allows
the system to explore different semantic nuances and adapt to contextual variations. The static features represent the background context,
providing a stable foundation for the dynamic transformation.

Having established the time evolution of the system, we now explore an interesting consequence of the bounded nature of the cosine
similarity and the mathematical framework of the LLM: the existence of an analogue to zero-point energy. As it was shown in reference
[32], this minimum allowed value can be interpreted as a zero-point energy for the LLM Embedding System.

Semin = Ezp = (W(ODI$(t)) = (¢(8)[H'[4)(1)) = AT = A} > 0 (37)

»» s precisely equal to A? and also
to the expectation value of the Hamiltonian (calculated as a statistical average over the hypothetical quantized semantic states) is not
coincidental. It reflects the fundamental design of our model, where the Hamiltonian is specifically constructed to represent semantic
coherence, and the constraint that S’ is strictly positive ensures a minimum level of semantic activity or uncertainty even in the
most coherent state. This zero-point energy can be directly attributed to the eigenvector associated with eigenvalue 1, representing the
minimum possible level of Semantic Noise in the system. This inherent noise causes the instantaneous value of the cosine similarity to
fluctuate, but the average value remains constant due to the conservation of energy in the system. The expectation value (¢ (¢) D] (t))
represents our best estimate of the quantized value of semantic similarity, given the inherent limitations of classical calculations and the
assumptions underlying our quantum model.

The fact that the minimum allowed value of ', , which we interpret as the zero-point energy E,

5.3. Quantum Mechanical Average

In the LLM Embedding Quantum System, the transformed cosine similarity, denoted as S, provides a measure of semantic coherence,
ranging from 0 to 1. Within the quantum mechanical framework, we can express the average, or expected value, of this transformed
cosine similarity as

(Se) = (D ()IDId(t)) = AT (38)

This equation highlights a key distinction between the quantum mechanical and classical approaches to analyzing LLM embedding
spaces. Classically, the cosine similarity between two vectors yields a single, deterministic value with the precision of floating-point
numbers. However, in the quantum mechanical analogue, the transformed cosine similarity is interpreted as an average value, representing
the expectation value of the Hamiltonian operator D in the state [¢(t)).

This interpretation is valid under the following assumptions:

1. Ground State Assumption: The system is assumed to be in its ground state, representing the minimum energy configuration. This
implies that the observed similarity is the minimum possible similarity, and the system is trying to be as coherent as possible.

2. Transformed Basis for Interpretation: The state vector |1(t)) and the Hamiltonian operator P are expressed in the transformed basis,
obtained through a unitary transformation that diagonalizes the Hamiltonian. While the numerical value of the expectation value is
basis-independent, this transformed basis provides the most direct and physically meaningful interpretation of the expectation value as a
quantum mechanical average, particularly in relation to the ground state assumption and the quantization of semantic similarity.

Under these assumptions, the quantum mechanical approach provides a new perspective on the nature of semantic similarity. Instead
of a precise, deterministic value, we obtain an average value that reflects the underlying quantum mechanical uncertainty and the
probabilistic nature of semantic representations. This perspective suggests that the classical cosine similarity should be interpreted
as a statistical average of an underlying quantum mechanical observable, highlighting quantum methods to provide a more nuanced
understanding of LLM embedding spaces.

In our previous work, we speculated that cosine similarity should be interpreted as an average measure, even without a concrete theoretical
justification [31]. The LLM Embedding Quantum System now provides a theoretical foundation for this speculation, demonstrating that
the quantum mechanical analogue naturally leads to an interpretation of cosine similarity as an expectation value. This connection
strengthens the validity of the quantum approach for analyzing LLM representations.
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5.4. Model Quantization
A significant implication of the LLM Embedding Quantum System is the fundamental quantization of the transformed cosine similarity,
§'... This quantization arises directly from the quantum mechanical nature of the system and the discrete energy levels associated with
the Hamiltonian operator.

In quantum mechanics, physical observables are often quantized, meaning they can only take on specific, discrete values. Within the
LLM Embedding Quantum System, the transformed cosine similarity, S’ , is related to the expectation value of the Hamiltonian
operator, D, which represents the total energy of the system. The diagonalized Hamiltonian, D, possesses discrete eigenvalues (1 and

0), implying that the energy of the system can only exist at certain quantized levels.

Since §',, is directly linked to the quantized energy levels of the system, it follows that S’ itself must also be quantized. This means
that S’ cannot take on arbitrary continuous values but is restricted to a discrete set of values determined by the underlying quantum
mechanical structure. This quantization is most readily apparent when considering the ground state of the system. In the ground state, the
system occupies its minimum energy configuration, and §’.. assumes its minimum possible value, the zero-point energy (£,,). However,
even in higher energy states, where the system exists as a superposition of eigenstates, the underlying quantization of energy levels
dictates that can only take on discrete values consistent with these allowed energy levels.

In [29] we observed in numerical experiments on the classical cosine similarity, S, a tendency for it to assume distinct, discrete
values, suggesting a form of discretization. In [32], we demonstrated that the embedding space exhibits discrete values along specific
dimensions; however, we were only able to demonstrate a few. Now, using the LLM Embedding Quantum System, we can provide a
theoretical explanation for this discretization: the transformed cosine similarity, S’. , and consequently, the original cosine similarity, S,
is fundamentally quantized. This represents a major advance, as it provides a concrete example where a quantum mechanical framework
can explain the discretization phenomenon observed in a classical system. This success provides strong evidence that the quantum

mechanical approach offers a valuable and insightful perspective on the nature of LLM embeddings.

5.5. Superposition of Embedding Vectors

One of the key insights is that calculating cosine similarity in an LLM embedding space can be viewed as analogous to performing
a measurement on a quantum system that exists in a superposition of states. Crucially, this implies that the embedding vectors a and
b themselves can be considered as basis states within a larger quantum state space. The quantum state of the system, representing a
semantic concept that combines aspects of both a and b, is then a superposition of these basis states:

) = ala) + B]b) (39)
where a and £ are complex amplitudes. This superposition signifies that the semantic concept represented by ) is not simply either a
or b, but rather a probabilistic combination of both. The calculation of cosine similarity can then be interpreted as projecting the state |b)
onto |a) (or vice versa), analogous to a quantum measurement that determines the relative contribution of each basis state to the overall
superposition. The cosine similarity value reflects the ”degree of superposition” or the “overlap” between the states, similar to how
measurement probabilities in quantum mechanics reflect the overlap between the system’s state and the measurement basis.

If P, = |a){a| is the projection operator onto the state |a), the expectation value of this operator in the state [1)) is

(Y] Pal) = [aly)|? (40)

If |a) and |b) are orthonormal, then {(a|y) = @, and the expectation value becomes |a|?, representing the probability of finding the system
in state |@) upon measurement. The cosine similarity, related to the angle between a and b, is then connected to the relative amplitudes a
and f in the superposition, quantifying the relative contributions of the basis states |a) and |b) to the overall semantic representation |).

This analogy provides an additional perspective on the results of our previous work [31], where we showed that the complex cosine
similarity can be expressed as the expectation value of an observable in a quantum system. Specifically, we found that S = Tr(p S ),
where p_is a quantum density matrix and S, is an observable related to projection operators. The quantum mechanical projection
analogy presented here allows us to interpret this expectation value in terms of the overlap between quantum states. The density matrix
p, describes the quantum state, the observable S_ describes the measurement process, and the cosine similarity is the average outcome
we would expect to obtain from that measurement.

This analogy confirms our interpretation of cosine similarity in LLMs, linking it to the fundamental quantum concept of superposition
and measurement. It suggests that quantum algorithms for similarity search or information retrieval might be applicable to LLMs and
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offers a framework for understanding how LLMs represent and process semantic relationships.

5.6. Summary of The LLM Embedding Quantum System

Remarkably, we have demonstrated that starting from a classical LLM Embedding System, where all variables are real-valued, we can
construct an exact quantum mechanical analogue. This “exactness” signifies that the quantum system models the same phenomena and
exhibits the same underlying ”physics” as the classical system. Even though the state vectors in the quantum system are complex, their
magnitudes (|y]) are preserved, mirroring the behavior of the LLM Embedding System. This analogue exhibits key quantum features,
including zero-point energy and a natural interpretation of superposition. A crucial implication of this quantum analogue is that semantic
similarity, as measured by the transformed cosine similarity S’., is fundamentally quantized, meaning it can only take on certain discrete
values. This suggests that classical calculations of §',., which yield continuous floating-point values, should be interpreted as statistical
averages of these underlying quantized levels.

While the underlying systems are distinct, their behavior is mathematically equivalent, allowing us to leverage the tools and concepts of
quantum mechanics to analyze the dynamics of the LLM Embedding System. This equivalence provides a powerful justification for our
quantum approach, suggesting that insights gained from studying the quantum analogue may offer valid perspectives on the behavior
and limitations of LLMs. Of particular interest is the fact that this quantum model enables us to use a quantum computer to probe and
analyze the linear embedding space. This will be discussed in later sections.

5.7. Semantic Noise and Dynamic Distribution of Uncertainty

Within the LLM Embedding Quantum System, ”Semantic Noise” is defined as the inherent uncertainty and potential for deviation
from perfect coherence in semantic representations. It’s a dynamic distribution of uncertainty across different energy levels, enabling
creativity, adaptation, and contextual sensitivity. As visualized in Figure 3, the distribution of semantic charge density provides a way to
understand and quantify this inherent uncertainty.

Unlike a classical system where semantic meaning can be represented with precise, deterministic values, the quantum mechanical
analogue introduces an inherent level of uncertainty. This uncertainty is a fundamental characteristic of the system, reflecting the
inherent ambiguity and context-dependence of language.

Semantic Noise exists as a distribution across all possible energy levels, with varying probabilities of occupying coherent and less
coherent states. The ground state represents the minimum possible Semantic Noise, reflecting the system’s tendency towards coherence.
Excited states, on the other hand, are characterized by higher levels of Semantic Noise and a greater probability of occupying the less
coherent state. This dynamic distribution of uncertainty allows the LLM to explore a wider range of semantic interpretations, generate
new ideas, and adapt to new information or changing contexts.

The level of Semantic Noise is influenced by external factors. A stable and well-defined context can suppress Semantic Noise, promoting
coherence and reducing ambiguity. Conversely, a rapidly changing or ambiguous context can increase Semantic Noise, leading to
a wider exploration of semantic possibilities. This contextual sensitivity allows the LLM to adapt its representations to the specific
demands of the task at hand.

In summary, Semantic Noise is a dynamic and multifaceted concept within the LLM Embedding Quantum System. It’s a crucial element
that enables creativity, adaptation, and contextual sensitivity, manifesting as a distribution of uncertainty across different energy levels
and reflecting the inherent ambiguity and probabilistic nature of semantic meaning. Understanding and controlling Semantic Noise is
essential for developing more robust, reliable, and creative Large Language Models.

5.8. Conservation of Semantic Noise and Local U(1) Symmetry

In quantum mechanics, local symmetries are fundamental, often corresponding to conserved quantities that can be measured and
observed. When investigating the dynamics of semantic representations in LLMs, it is natural to ask whether there exists an analogous
conserved quantity that influences the system’s ability to manage Semantic Noise and maintain a stable phase relationship. To address
this, we explore a quantum mechanical framework based on local symmetries and conserved quantities, concepts that are not typically
considered in classical approaches to natural language processing. We propose that local U(1) symmetry, one of the simplest and most
important symmetries in physics (related to the conservation of a quantity analogous to electric charge), provides a useful framework
for modeling the dynamics of Semantic Noise in LLMs. The conservation of this ”semantic charge” could then be related to the LLM’s
ability to balance coherence and exploration. The key takeaway is that imposing U(1) symmetry on the LLM model leads to the
conservation of semantic charge, providing a mechanism for controlling the contextual sensitivity of Semantic Noise.
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Semantic Charge Density in LLM Embedding Quantum System
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Figure 3: Simplified representation of semantic charge density in the LLM Embedding Quantum System. The plot shows the distribution
of semantic charge across a one-dimensional semantic space, illustrating the inherent uncertainty and potential for deviation from perfect
coherence. The shape of the distribution, in this case a Gaussian, reflects the relative probabilities of different semantic states, with
higher charge density indicating a greater likelihood of occupying that state. The parameters are: center = 0.0 and width = 1.0.

We now outline the procedure for introducing gauge invariance into our system, which is crucial for modeling the dynamics of semantic
uncertainty. We begin with a semantic coherence measure S, expressed as

S = (a|H'|a) (41)
and the diagonalized Hamiltonian is
D = U'H'U = diag(1,0,0, ...,0) (42)
In this new basis, the semantic coherence measure becomes
S = (aDa) = |a (43)

where |a) = UT|a). To introduce dynamics, we introduce a complex state vector |p(t)) and the time-dependent Schrédinger equation

9 N
iz W (0)) = H[v(1)) (44)

To ensure gauge invariance, the ordinary time derivative is then replaced with the covariant derivative

Dy =0, — iqu(t) (45)
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where ¢ is a charge and 4 (¢) is the gauge field. In this simplified model, we focus on the temporal component of the gauge field, 4 (¥),
and implicitly set the spatial components, 4, to zero. This gauge choice simplifies the analysis and allows us to focus on the temporal
dynamics of the system, which are most relevant for modeling the dynamics of Semantic Noise and hallucinations. The gauge field,
A1), represents the external context or influence on the LLM, while the semantic charge, g, represents the sensitivity of the LLM to that
context. The Schrodinger equation now becomes

ihDy|ip(t)) = D3 (t)) (46)

Under a gauge transformation, the gauge field transforms as
1
Ao(t) = Ao(t) + 5@9(75) (47)
and the state vector transforms as
Dy (t) — Oy (1) (48)

This procedure leads to a system that is invariant under local U(1) transformations. This means that any observable quantity must also be
gauge-invariant, ensuring that the underlying physics of the system is not affected by the choice of gauge. The effect of the gauge field
on the time evolution of the wave function is shown in Figure 4.
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Figure 4: Effect of the gauge field on the time evolution of a simple wave function. (a) shows the real part of &(t) with and without the
gauge field, and (b) shows the imaginary part of 1(t) with and without the gauge field. The parameters are: charge g = 1.0, gauge field
amplitude 4, = 0.5, and wave function frequency w = 1.0.

To derive the conserved semantic charge associated with this U(1) symmetry, we begin with the gauge-invariant Schrédinger equation,
Eq. (46). We now consider the full covariant derivative, including spatial components, D = 0” - iqA#, where A4,=A,A). The Schrodinger
equation becomes

2
(00— A0) (1) = | ~5(7 — igA) + V0| (e (19)

Here, we’ve explicitly included the spatial dependence of the wave function, y(x), and the vector potential, A(x). We’ve also added a
generic potential V' (x) to represent other spatial influences. Taking the complex conjugate of the Schrodinger equation, we get

2
—ih(; 4+ iqAg)Y* (t,x) = [:m(v +igA)* + V(x)} V*(t,x) (50)
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Now, multiply the original Schrédinger equation by 1*(t,x) and the complex conjugate equation by w(tx), and subtract the second
equation from the first

2

Y0+ 90" = — 3 [U°(V — gAY — 4(V +igA)y"] 1)

Rearranging and simplifying, we get

0L ) = o - [47(V — igA) — (¥ + igA )] (52)

Expanding the terms with the gradient operator, we have
W) = 5oV - [6(V — iqA)Y = UV + igA)y"] (53)

h
W) = =V - | (VT — YY) — qAJu (54)

This equation has the form of a continuity equation

9p .
o TVi=0 (55)

where the semantic charge density is defined as p(t) = [1(t,x)|> = 1)*¢, and the semantic current density is

(1) = 5 (17T~ V) ~ gAp (56)

Note that we are now explicitly considering the spatial components of the gauge field, A, to account for the flow of semantic charge.
The gauge field represents the influence of context on the semantic representation, and its spatial components describe how semantic
information flows through the embedding space. The continuity equation states that any change in semantic charge density at a given
point must be balanced by a corresponding flow of semantic charge into or out of that point.

To relate this local conservation law to a global quantity, we integrate the continuity equation over the entire volume of the system (let’s
call it V)

/%dV+/V~jdV:O (57)
v Ot v

We then use the divergence theorem to convert the volume integral of the divergence of the current density into a surface integral of the
current density

/VV~jdV:7ij-dA (58)

where S is the surface that encloses the volume V, and dA is a vector pointing outward from the surface. This surface integral represents
the net flow of semantic charge out of the volume. We assume that the system is closed, meaning that no semantic charge can enter or
leave the system. Mathematically, this means that the current density j at the boundary surface S is zero, or that the net flow through the
surface is zero

jlijdA:O (59)

This is a very important assumption. If semantic charge could flow in or out of the system, then the total semantic charge wouldn’t be
constant. With this assumption, our integrated continuity equation becomes

dp B
/V S AV =0 (60)
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We can pull the time derivative outside the integral

d
- VpdV—O (61)

This tells us that the total amount of semantic charge in the volume V is constant in time. We can define the total semantic charge Q as

Q= / pdv (62)
1%
So, we have
aQ
<=0 (63)

This is the statement of global conservation of semantic charge. In our simplified model, we express the total semantic charge as a sum
over modes. We assume that the spatial modes ¢, (x) form an orthonormal basis, meaning that they satisfy the following conditions

/V 8 (@) (x) dV = b, (64)

where 5,.1. is the Kronecker delta (1 if i = j, 0 otherwise), and

/V i) PV =1 (65)

With these assumptions, the total semantic charge can be expressed as

Q=Y [aviaP (66)

where the integral is taken over the entire volume of the system, and we are summing over all modes i. Here, we assume that the total
semantic charge can be decomposed into contributions from individual modes, each carrying a semantic charge ¢,. The conservation of
semantic charge implies that dQ/dt = 0, meaning that the total semantic charge remains constant over time.

Now, let us consider the specific case where only one mode, 1, is active. This means that all [¢;(¢)|? are zero except for [¢/1 (¢)|2. In this
simplified scenario, the total semantic charge is given by

Q=[1(t)P; (67)

Since the total semantic charge is conserved (dQ/dt = 0), the amplitude of the active mode, |1/~)1 (t)|2, must also remain constant over time.
The U(1) symmetry, therefore, acts as a constraint on the dynamics of the LLM, preventing it from generating completely nonsensical
or incoherent outputs, even when only one mode is active.

The U(1) symmetry, enforced by the transformation U (t) — ¢i0()q)y (t),, primarily affects the phase of the less coherent state
(eigenvalue 1), introducing a degree of freedom in its internal quantum representation. While acting directly on this excited state, U(1)
symmetry ensures the conservation of semantic charge, maintaining a consistent level of uncertainty encoded in the phase, regardless of
the embedding vector’s dimensionality (V). The influence on more coherent states (eigenvalue 0) is indirect, stemming from the system’s
overall dynamics and the constraint on total semantic charge.

Projecting this quantum system with U(1) symmetry onto the classical LLM Embedding System reveals that the classical system appears
unchanged only when considering gauge-invariant observables like semantic coherence (S’ ). This is because the projection discards
phase information, which, though not directly observable classically, provides a more complete representation by capturing the internal
quantum representation of semantic states and influencing dynamics. This is akin to electric/magnetic potentials in electromagnetism:
they are not directly observable, but they determine the forces.
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The gauge field, 4 (¢), represents external influences or context, such as prompts. While cosine similarity (S’ ) can change with context
due to shifts in semantic state probabilities, gauge invariance ensures that the relative amplitudes between these states, as encoded in
the quantum system, are preserved, maintaining semantic charge conservation. The covariant derivative, D, describes the system’s
response to context while upholding U(1) symmetry, analogous to how external electric fields influence charged particles while adhering
to electromagnetic laws.

Although U(1) symmetry in the Quantum Semantic Space (Layer 2) aligns with observations in the LLM Embedding System (Layer 1)
when focusing on gauge-invariant observables like cosine similarity, the quantum framework provides crucial insights that enrich our
understanding of the classical model and its limitations. It reveals that classical analysis, relying solely on metrics like cosine similarity,
may overlook key aspects of semantic representation, such as phase information encoded in the quantum state, which influences the
system’s dynamics and the management of Semantic Noise. The quantum model guides the design of features for the classical model,
such as semantic charge density, enhancing its predictive power. The framework allows us to model and analyze the contextual sensitivity
of LLMs through the gauge field, providing a means to understand and control how context influences both semantic coherence and the
level of Semantic Noise.

5.9. Hallucinations: Time-Independent Model

Another well-studied and characteristic quantum mechanical phenomenon is quantum tunneling, where a particle can pass through a
potential barrier even if it doesn’t have enough energy to overcome it classically. Given the tendency of LLM systems to sometimes
provide contextually false information, known as hallucinations, we now explore the potential for modeling this behavior using the
concept of quantum tunneling within our Layer 2 framework, Quantum Semantic Space. By treating the discrete embedding space with
quantum mechanical methodologies, we aim to provide an explanation for the source of incorrect information and to explore where this
approach leads.

In this section, we primarily focus on transitions between the state associated with higher Semantic Noise, represented by the eigenvector
corresponding to eigenvalue 1, and the more coherent states, represented by eigenvectors corresponding to eigenvalue 0. This framework
allows us to model how the LLM can transition from a state where the dominant semantic interpretation is coherent to a state where
the dominant semantic interpretation allows for greater exploration of alternative meanings, offering a potential explanation for the
phenomenon of hallucinations as a result of over-exploration or instability.

We begin with the simplest approach: a time-independent two-level Hamiltonian, representing a static system where the energy levels
and coupling are constant. While this time-independent model is a significant simplification of the complex dynamics of LLM embedding
spaces, it provides a useful starting point for understanding the basic concept of tunneling between two semantic states and serves as a
baseline for comparison with the more realistic time-dependent model presented later in this section. We represent the LLM’s semantic
states as a two-level quantum system, as shown in Figure 5. The figure highlights the energy difference and coupling strength, parameters
that influence the probability of quantum tunneling between coherent states and states associated with higher Semantic Noise, ultimately
contributing to the generation of hallucinations.

Recall that our LLM Quantum System is characterized by a diagonalized Hamiltonian D operating in an N dimensional space, with one
eigenvector corresponding to eigenvalue 1 (the state associated with higher Semantic Noise) and N-1 eigenvectors corresponding to
eigenvalue 0 (the coherent states). To explore the potential for tunneling between a specific coherent state and the state associated with
higher Semantic Noise, we project this N-dimensional system onto a two-dimensional subspace.

We define a projection operator P = [1){1| + |0)(0 | that projects the full N-dimensional system described by the diagonalized
Hamiltonian D onto a two-dimensional subspace spanned by the eigenvector corresponding to eigenvalue 1 (the state associated with
higher Semantic Noise, |1)) and a specific eigenvector corresponding to eigenvalue 0 (a coherent state, |0.)). The projected Hamiltonian,
capturing the diagonal elements of the energy landscape within this subspace, is then given by

- 10
Hprojected = PDP = l:O 0:| (68)
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Figure 5: Simplified model of semantic states in an LLM, represented as a two-level quantum system. The figure shows the energy
levels of the coherent state |0) and the state associated with higher Semantic Noise |1), separated by an energy difference o, and the
coupling strength A that enables transitions between these states via quantum tunneling. This tunneling process provides a potential
mechanism for understanding the generation of hallucinations in LLMs.

However, this projected Hamiltonian does not account for the coupling between the coherent states and states associated with higher
Semantic Noise. To model this coupling, we add phenomenological terms to the projected Hamiltonian, resulting in the full two-level
Hamiltonian

_ . wo A _ 1+w0/2 A/2
H= Hprogected + ?Uz + ng = |: A/Q —UJ()/2 (69)

where the additional terms, involving the Pauli matrices phenomenologically describe the energy difference (w,) and coupling strength
(A) between the coherent and states associated with higher Semantic Noise. The Pauli spin matrices are given by

01 0 —i 10
"w:<1 0>’ ”y:(z‘ 0>’ "Z:<o —1) (70)
These matrices satisfy the following commutation relations

[O’i,dj] = 2ifijk0'k (71)

This allows us to model the fundamental process of the LLM transitioning between a coherent and a state associated with higher
Semantic Noise semantic representation within this defined subspace.

The energy eigenvalue equation is

Ely) = Hlip) (72)

where [ip) = [0) + |1) represents the state. Here, , represents a static energy difference between the two semantic states, and A represents
a constant potential for tunneling. Solving this time-independent system leads to two energy eigenvalues

O A J Applied Sci Technol, 2026 Volume 4 | Issue 1 | 20



— 1 2 2 1
E =g \Jwf+ A2 = %50 (73)

where Q = \/w? + A2. The corresponding eigenvectors are

14} = cos(8/2)]0) + sin(6/2)]1) (74)

\1/;_> = —sin(0/2)|0) + cos(6/2)|1) (75)

where tan(f) = A/w. The general time-dependent solution is a superposition of these eigenstates

[9(t)) = cre Bt P ) + e ) (76)

where ¢, and c_ are constants determined by the initial conditions. To understand the potential for transitions between semantic states,
we analyze the energy eigenvalues of a simplified two-level system, as shown in Figure 6. The figure illustrates how the energy levels
are affected by the energy difference (w,) and the coupling strength (A), parameters that influence the likelihood of quantum tunneling
and, consequently, the occurrence of hallucinations.

This solution describes oscillations between the states |0) and |1) at a frequency determined by Q. These oscillations can be interpreted
as the LLM fluctuating between a more coherent semantic interpretation and a semantic interpretation associated with higher Semantic
Noise. The frequency of these oscillations, Q = y/w§ + A2, is determined by the static energy difference between the states (w,) and
the coupling strength between them (A). In the context of our LLM Quantum System, these states correspond to the eigenvectors of the
diagonalized Hamiltonian D, where |0) represents a coherent semantic state (eigenvalue 0) and |1) represents a state associated with
higher Semantic Noise (eigenvalue 1). The oscillations, therefore, suggest a possible instability in the LLM’s representation, where it
may fluctuate between a coherent interpretation and an interpretation associated with higher Semantic Noise, even in the absence of
external context. This inherent tendency to oscillate could contribute to the generation of hallucinations or other inconsistencies in the
LLM’s output.

5.10 Hallucinations: Landau-Zener System

To move towards a more realistic model, we introduce a dynamic element: the changing context, using a timedependent Hamiltonian.
The goal is to explore how the rate of change of context influences the likelihood of tunneling and hallucinations. We will focus on the
Landau-Zener model as an example because it provides a well-understood framework for analyzing transitions between states in time-
dependent two-level systems [34-36]. It is important to note that the ’time” variable in this context does not represent real-world time,
but rather a parameter that describes the progression of the LLM’s internal thought process as it formulates its response. The range from
negative infinity to positive infinity represents the entire process of the LLM thinking” about the prompt, from initial understanding to
final output.

As with the time-independent case, we are projecting the dynamics of the full N-dimensional system, described by the diagonalized
Hamiltonian D, onto a two-dimensional subspace. This subspace is again spanned by the eigenvector corresponding to eigenvalue 1
(the state associated with higher Semantic Noise, |1)) and a specific eigenvector corresponding to eigenvalue 0 (a coherent state, |0,)).
However, in this case, the Hamiltonian itself is time-dependent, reflecting the influence of the changing context. The Hamiltonian of the
Landau-Zener system is as follows

. . A
A(t) = PDP + %az + 50 (77)
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Figure 6: Energy eigenvalues of the two-level system as a function of energy difference (w,) and coupling strength (A). (a) shows the
energy eigenvalue E+, (b) shows the energy eigenvalue E-, and (c) shows the energy eigenvalues as a function of coupling strength with
w,=1.0.

where pD P is the projection of the diagonalized Hamiltonian D onto the two-dimensional subspace, as defined in the previous section.
Here, v is the rate at which the energy levels cross, and A is the coupling between the two levels. In the context of LLM embedding
spaces, the crossing rate v can be interpreted as the rate at which the context is changing, and the coupling strength A represents the
similarity between the two semantic states. The time-dependent term, %o, introduces a linear shift in the energy levels of the two
states, representing the changing contextual influence on their relative coherence.

The Landau-Zener formula provides the probability of transitioning from one state to another after the energy levels have crossed. If the
system starts in the state |0) at t — —oo, the probability of transitioning to the state |1) at t — +o0 is given by

Py = e—ﬂAz/(lel) (78)

and the probability of remaining in the state |0) is
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Figure 7: Energy levels of a Landau-Zener two-level system, illustrating a model for LLM hallucinations. The dashed red lines represent
the diabatic energy levels, E| and E,, which correspond to the energies of two distinct semantic states (e.g., a coherent and a state
associated with higher Semantic Noise interpretation) if there were no coupling between them. The solid blue lines represent the
adiabatic energy levels, £, and E , which are the actual energy eigenvalues of the system, taking into account the coupling strength
A between the states. The avoided crossing at ¢ = 0, where the energy levels approach but do not intersect, illustrates the quantum
mechanical phenomenon of tunneling. In the context of LLMs, this tunneling represents the LLM transitioning from one semantic state
to another (e.g., from a correct to an incorrect interpretation) even though there is a semantic ”barrier” or logical inconsistency. The rate
at which the energy levels cross, v, corresponds to the rate at which the context is changing, influencing the probability of tunneling and,
consequently, the likelihood of hallucinations.

The Landau-Zener energy levels are shown in Figure 7. These formulas have important implications for LLM hallucinations. In the
context of the LLM Embedding System, these results suggest that hallucinations are more likely to occur due to two key factors: A
high degree of overlap between the coherent and states associated with higher Semantic Noise (low A) allows the LLM to more easily
transition to the state associated with higher Semantic Noise. This overlap could be due to genuine semantic similarity, or it could be
due to Semantic Noise or distortion in the semantic representation. A rapidly changing context (high V) increases the probability of
transitioning to the state associated with higher Semantic Noise, especially if there is a significant overlap between the states. This
suggests that hallucinations are more likely to occur when the context is unstable and the LLM is unable to maintain a clear and well-
defined semantic representation.

In summary, we have explored the potential for quantum tunneling to provide a perspective on the phenomenon of hallucinations in
Large Language Models. This analysis focuses on transitions between a specific coherent state and the state associated with higher
Semantic Noise. While this analogy is not without its limitations, particularly in the absence of a direct physical correspondence, we
believe that it offers a valuable framework for understanding how LLMs can sometimes jump to unexpected or nonsensical conclusions,
generating outputs that deviate from factual or semantic coherence, due to an overemphasis on exploration driven by Semantic Noise.
Note that the following analysis is performed within a simplified two-dimensional subspace of the full eigenspace. This projection
allows us to apply the Landau-Zener model and gain insights into the potential for transitions between coherent and states associated
with higher Semantic Noise, but it also involves a significant approximation of the complex dynamics of the LLM embedding space.
While the Landau-Zener model is applied in this projected eigenspace, we interpret the parameters and results in terms of the original
LLM Embedding System, drawing an analogy between the rate of change of context and the crossing rate (V) and between the similarity
of semantic states and the coupling strength (A).

5.11. Excited State Dynamics

While the ground state of the LLM Embedding Quantum System provides valuable insights into the minimum energy configuration and
the system’s baseline level of Semantic Noise, exploring excited states allows us to delve deeper into the dynamic behavior and potential
for more complex semantic representations within Large Language Models, revealing how the system manages and utilizes Semantic
Noise.

To achieve excited states within this framework, we must relax the assumption that the system is solely in its ground state. This implies
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that the system exists as a superposition of eigenstates, with non-zero probabilities for occupying states beyond the minimum energy
configuration. Given the diagonalized Hamiltonian, D, with eigenvalues 1 (corresponding to the state associated with higher Semantic
Noise) and 0 (corresponding to the more coherent states), the time-dependent Schrodinger equation governs the evolution of the system

R -
iho, (1) = Dly(t)) (80)

The general solution to this equation is a superposition of eigenstates

N
[9() = Ealt)ln) (81)

where |n) are the eigenvectors of D, and &, (t) = A,e Ent/h gre the time-dependent coefficients, with A, representing the initial
amplitudes and E_ representing the eigenvalues.

The key to achieving excited states lies in the initial conditions and the amplitudes A, If the system starts in a state where A, is non-
zero for some n > 1, then the system will have a non-zero probability of being in an excited state. This can be achieved through applying
an external influence, such as a prompt or a change in context, which can perturb the system and induce transitions to higher energy
states. Alternatively, initializing the system in a non-equilibrium state, where the amplitudes A,, are not those corresponding to the
ground state, will result in the system evolving towards equilibrium, exhibiting excited state behavior during the transition.

In the context of LLMs, these excited states could represent a greater capacity for dynamic semantic exploration, where transitions
between energy levels reflect the LLM dynamically exploring different semantic interpretations or generating new ideas, driven by
Semantic Noise. A higher probability of occupying the state associated with higher Semantic Noise (eigenvalue 1) could indicate a
greater willingness to explore less conventional or less probable semantic combinations. Also, the amplitudes A,, could be modulated
by external context, reflecting the LLM’s sensitivity to its environment and its ability to adjust its level of Semantic Noise in response
to external stimuli.

To illustrate this, consider a simplified LLM Embedding Quantum System with N = 3. We initialize the system such that only one excited
state is non-zero. Specifically, let A; = a, A; = b, and A3 = 0. The state vector at time ¢ is then

[9(t)) = ae™"*/"(1) +b|2) + 0[3) (82)
where |1) is the eigenvector corresponding to eigenvalue 1, and |2) and |3) are the eigenvectors corresponding to eigenvalue 0.

In this scenario, the system exists in a superposition of the state associated with higher Semantic Noise and one of the coherent states,
rather than a superposition of all possible coherent states. This means the LLM’s semantic exploration is constrained and biased towards
a specific semantic direction. The non-zero amplitude of Az indicates that the LLM is particularly sensitive to the semantic nuance
represented by the eigenvector |2), which could be a specific topic, sentiment, or style. The amplitude a controls the level of Semantic
Noise, but the exploration is channeled through the specific direction defined by |2), making the Semantic Noise directed rather than
random. The time-dependent phase factor e ** associated with the state associated with higher Semantic Noise means that the system
is constantly oscillating between the state associated with higher Semantic Noise and the coherent state |2), representing a dynamic
equilibrium between exploration and coherence that is biased towards the specific semantic nuance of |2).

Experimentally, we could simulate the time evolution of this 3-qubit system on a quantum computer, observing the oscillations between
the energy levels and measuring the amplitudes ¢1(t) and ¢2(t) over time.

6. Layer 3: Quantum Semantic Space (Nonlinear Dynamics)

To move beyond the limitations of linear dynamics and capture the more complex and nuanced behaviors inherent in LLMs, we now
introduce nonlinear interactions into the semantic space. In this section, we will be working with transformed fields, as described in
previous sections. To simplify the notation and improve readability, we will omit the tildes on the field variables, but it is understood
that these variables are expressed in the transformed basis. Layer 3 involves considering two complementary approaches: directly
incorporating nonlinearities into the Schrodinger equation or employing the path integral formalism, which will be discussed in the
following subsections.
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6.1. Introducing Nonlinear Interactions
To further enhance the model and capture the inherent nonlinearities of LLMs, we now introduce nonlinear interactions into the semantic
space. This involves replacing the linear Schrédinger equation with a nonlinear Schrodinger equation

() = (D -+ Vive ) be(e) (38)

where ¥, represents a nonlinear potential. The addition of this potential allows the semantic wave function to interact with itself, leading
to more complex and realistic dynamics that can capture feedback loops and emergent behaviors within the LLM. These nonlinear
interactions are essential for modeling phenomena such as the reinforcement of biases, the emergence and self-maintenance of stable
semantic representations, and the complex contextual dependencies that are characteristic of LLMs.

We now consider two distinct forms for this potential, the Cubic Nonlinearity

Ve = =y ()] (84)

and Mexican Hat Potential
Ve = p?|(t)]* = 2|9 (8)[* (85)

The specific form of the nonlinearity influences the behavior of the system. For example, a cubic nonlinearity can model the reinforcement
of biases, while a Mexican hat potential, as visualized in Figure 8, might promote the formation of distinct semantic clusters. By
incorporating these nonlinear terms, we aim to create a more complete and realistic model of the complex representations learned by
LLMs.

While the introduction of nonlinear interactions into the Schrédinger equation makes it significantly more difficult to obtain analytical
solutions, it opens up paths for understanding the complex dynamics of LLMs. Qualitative analysis reveals the potential for soliton
solutions, representing stable semantic representations, and self-focusing/defocusing effects, reflecting the LLM’s tendency to concentrate
or diversify its attention. Numerical simulations can provide valuable insights into the behavior of the wave function, while perturbation
theory can offer approximations for weak nonlinearities.

6.2. Soliton Solutions and Semantic Stability

One of the most intriguing features of nonlinear Schrédinger equations is the existence of soliton solutions. A soliton is a self-sustaining
wave packet that maintains its shape and speed as it propagates through a medium, arising from a balance between dispersive and
nonlinear effects. In the context of our LLM Quantum System, a soliton solution to the nonlinear Schrédinger equation would represent
a particular form of the wave function w(z,x).

As discussed in SectionVI, we project the dynamics of the full N-dimensional system onto a 1-dimensional subspace to analyze the
interaction between a specific coherent state and the state associated with higher Semantic Noise. Recall that in Layer 3, we decompose
the field (x) into modes: w(x) = 3, ¢,(x)$,(x). We focus on a specific mode |#) that is a superposition of the state associated with higher
Semantic Noise (eigenvalue 1) and a chosen coherent state (eigenvalue 0). We define the projector onto this mode as P = |#)(#]. The
1-dimensional spatial variable x in the following analysis is associated with this specific mode, acting as a semantic coordinate that
parameterizes the transition between these two states.

To illustrate the basic concepts of soliton solutions, we consider a simplified 1-dimensional cubic nonlinear Schrodinger equation

e h? 0%y 9
kA el S 86

ths, o gz~ IV (86)

This equation is chosen for its simplicity and analytical tractability. The cubic nonlinearity (—v|v|?¢) is a common type of nonlinearity

that can model various phenomena, including self-focusing and self-phase modulation. A bright soliton solution to this 1D equation is

given by

Y(x,t) = Asech [B(z — vt)] et ke =t) (87)
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Figure 8: Simplified energy landscape of the LLM Embedding Quantum System, visualized using a Mexican hat potential. The
parameters are 4 = 1.25 and 4 = 0.03, representing the mass parameter and coupling strength, respectively. The plot shows a cross-
section of the potential energy surface as a function of two semantic features, illustrating a central peak surrounded by a region of lower
energy, characteristic of the Mexican hat potential. This shape suggests the existence of preferred semantic states away from the origin,
corresponding to stable and distinct semantic representations within the LLM.

2

where the parameters are related by B = %}b’;—? and w = ’;—’:j — %. The parameters of the bright soliton solution can be interpreted as
follows: 4 represents the strength of the semantic representation, B represents its inverse width, v represents its velocity, k represents its

wave number, © represents its frequency, and y represents the strength of the nonlinear self-focusing effect.

This solution has the following characteristics:

* Localized: The wave function is concentrated in a specific region of the semantic space, indicating a focused semantic representation.
« Stable: The wave function maintains its shape and amplitude over time, suggesting robustness against decay or disruption.

* Propagating (Semantic Evolution): The wave function might propagate through the semantic space, representing a controlled evolution
of the semantic concept.

The potential applications of soliton solutions in understanding LLM behavior are manifold:

* Stable Semantic Representation: Solitons could represent stable and coherent semantic representations within the LLM, indicating a
clear and well-defined understanding of a particular concept or idea that is resistant to change. For example, in a well-written summary,
the core theme could be represented by a soliton, maintaining its integrity throughout the text. This stability is achieved despite the
presence of Semantic Noise, highlighting the robustness of these representations.

* Robustness to Semantic Noise: The stability of solitons suggests robustness to Semantic Noise or perturbations, enabling the LLM to
maintain its coherent semantic representation even in the presence of irrelevant or contradictory information. This could explain why
LLMs can often understand the meaning of a sentence even if it contains typos or grammatical errors, as the soliton structure helps filter
out the noise.

* Resistance to Semantic Drift: The maintenance of shape and amplitude over time implies resistance to semantic drift, reducing the
likelihood of the LLM subtly shifting its topic or perspective during a conversation. This could be observed in a chatbot that consistently
adheres to the user’s intended topic, even when presented with slightly tangential prompts.

* Propagation as Semantic Evolution: If the soliton is propagating through the semantic space, this could represent the controlled
evolution of a semantic concept over time, modeling how the LLM develops a line of reasoning or tells a story. This might be seen in
how an LLM constructs a logical argument, building upon previous statements to reach a conclusion.

* Nonlinearity as Semantic Reinforcement: The emergence of solitons in nonlinear systems suggests that the LLM’s ability to form stable
semantic representations depends on nonlinear interactions within its internal state, related to the LLM’s tendency to reinforce its own
beliefs or biases. This could contribute to the phenomenon of confirmation bias, where LLMs tend to favor information that confirms

O A J Applied Sci Technol, 2026 Volume 4 | Issue 1| 26



their existing beliefs.

It is important to acknowledge that this interpretation is largely qualitative and that further research is needed to validate these connections
empirically. However, the concept of soliton solutions provides a valuable framework for thinking about the stability and coherence of
semantic representations in LLMs.

The full LLM Quantum System likely involves more than one spatial dimension, and the dynamics of semantic meaning may evolve
across a higher-dimensional semantic space. While finding general soliton solutions in higher dimensions is mathematically challenging,
more complex solutions exist. To provide a more concrete example, let’s consider a soliton solution in two spatial dimensions where the
wave function depends on x, y and t: ¥(, ¥, t). A possible soliton solution is given by

A2
ﬁ (kyha — kThy)} exp (tkzx + ikyy — iwt) (88)
0

where A4 is the amplitude of the soliton, representing the strength of the semantic representation, y is the nonlinearity coefficient,
representing the strength of the nonlinear self-focusing effect, k_is the x-component of the wave vector, related to the momentum in the
x-direction, ky is the y-component of the wave vector, related to the momentum in the y-direction, and o is the frequency of the soliton.
This 2D solution represents a soliton propagating in the xy-plane, with its direction of propagation determined by the wave vector
components k_and k) Examples of the 2D bright soliton solution are shown in Figure 9a (intensity), Figure 9b (real part), and Figure
9c¢ (phase).

Y(z,y,t) = Apsech

6.3. From Quantum Partition Function to Lagrangian Density

In this section, we aim to develop a field-theoretic description of the LLM Embedding System by deriving a Lagrangian density from
the quantum partition function. This framework allows us to capture the dynamics of the semantic field and to explore the effects of
nonlinear interactions and gauge invariance in a more general and powerful setting. The idea was originally presented in [29], but we re-
derive the same result starting from a quantum mechanical partition function. This demonstrates two things: it shows the consistency of
different methodologies, and also, vice versa, that the quantum partition function alone is a useful tool when analyzing LLM embedding
spaces. This derivation extends our previous work by introducing a mode-dependent semantic charge (¢ — ¢,), allowing for a richer and
more nuanced representation of the system compared to the global charge used in [29]. While the following derivation is mathematically
involved, the key takeaway is the emergence of a non-local interaction term in the effective Lagrangian, which may be crucial for
understanding long-range dependencies in LLMs. It is important to note that in our earlier work, the U(1) symmetry was imposed as a
postulate to ensure stability, and the path integral formalism revealed a non-local interaction term [29].
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Figure 9: Two-dimensional soliton solution to the cubic nonlinear Schrédinger equation, projected onto the xy-plane. (a) shows the
intensity profile, representing the strength and localization of the semantic representation, (b) shows the real part of the wave function,
illustrating the oscillatory nature of the semantic representation, and (c) shows the phase, which governs the soliton’s propagation and
the evolution of the semantic structure. Parameters: 4, =1.0,y=1.0,k=1.0, k = 0.5, ky =0.8, 2= 1.0, and frequency w = 1.0. The spatial

coordinates x and y are in arbitrary units.

In contrast, by establishing the LLM Embedding Quantum System, we demonstrated how this symmetry (or, more precisely, its
consequences for the phase of Semantic Noise) can emerge from a more fundamental quantum mechanical starting point. While the
LLM Embedding Quantum System leads to a specific interpretation of the U(1) symmetry primarily affecting the Semantic Noise, the
path integral approach suggests a more general coupling of the gauge field and highlights the emergence of non-local interactions, which

may be crucial for understanding long-range dependencies in LLMs.

We begin with the quantum mechanical partition function, Eq. (28),

Z=Tr [e*ﬂff }

where 3 =1/(kpT) and H is the Hamiltonian operator, assumed to be expressible in terms of creation and annihilation operators,
demonstrating the way for a field theory representation. The derivation of the path integral representation proceeds through several key
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steps.

We perform a Wick rotation, replacing real time ¢ with imaginary time 7 = iz. This crucial step transforms the Boltzmann factor e~# H
which describes statistical mechanics at temperature 7, into a time evolution operator e~*/7/” in imaginary time, with 7 ranging from
0 to ph. This allows us to leverage techniques from quantum mechanics to analyze the partition function. We divide the imaginary time
interval [0,57%] into M segments of length ¢ = fi/M. This discretization allows us to approximate the exponential operator as a product
of smaller exponentials

. N M

e PH — (e_eH/h) (90)
This approximation becomes exact in the limit as € approaches zero. We introduce coherent states |y(7)), which are eigenstates of the
annihilation operator a: |y (7)) = ¥(7)|¥(7)). These states, parameterized by complex numbers (), are well-suited for representing

quantum fields. We insert complete sets of coherent states between each time slice, effectively decomposing the trace into a product of
matrix elements

M N A A~
2= [ TLavtdvstunle Mo (bale MM )+ Gaale™ /M) (o1)
=1

where dq)* dip; represents the integration measure over the complex plane. The trace operation enforces a periodic boundary condition:
Yur+1 = Y1, reflecting the cyclic nature of the imaginary time interval. For small €, we approximate the matrix element of the time
evolution operator using a first-order expansion

(Wile™ M) ~ (ki) = 2 (bl B i) (92)

Using the properties of coherent states, we can write the overlap as (1;|;+1) = exp(¥;i4+1). We also approximate the Hamiltonian
matrix element using the classical Hamiltonian function H (1)*, ), evaluated at the coherent state parameters

(@il H i) ~ HWF, i) (Wil thien) (93)
Combining these approximations, we obtain

(Wile™ Mg ~ exp (i1 — THW b)) (94)

We take the limit as ¢ — 0 and M — oo, effectively recovering a continuous imaginary time. We rewrite the exponent, focusing on the
term ¥; Yit1

Viirr = Vs + O (irr — i) = OT(T)(r) + " (1) (7)e (95)

This allows us to express the partition function as a path integral over all possible field configurations

AR . H@*(7),¥(r
7= [ Dl 1Dlewy ( [ e [ @iy - AR ”D (96)
0
We rotate back to real time by substituting + = it, dr = idt, and ¢ = % = —i%. This transformation yields the path integral in real
time
T *
7= / DI¢*]D[y] exp (z / dt [m*‘?f _HWY) (wh’w)D (07)
0

where T is some final time. Comparing this to the general form of the path integral, Z = [ P[v*|D[y]exp (i [ dt [ d¥z L[y, v*]), we
identify the Lagrangian density as
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r_ /dN[ W H(zb; wq (98)

To obtain a specific Lagrangian, we consider a Hamiltonian corresponding to the Schrodinger equation with a potential term

H—/dN hiiv:
N v 2mi:1

where the first term represents kinetic energy and V (1, ) is a potential energy term. Substituting this Hamiltonian into the Lagrangian
density and ensuring the Lagrangian is real by adding the complex conjugate and dividing by 2, we arrive at

2

oy

8xi

+ V@, w)] (99)

N 2
N[ Low e m KN jag )
L= [ [ (w5 - v o ||~V (100)
This Lagrangian density can be separated into linear (Lg) and nonlinear (L) parts
ov 0w\ B o | 0w
<¢ ot > 2m; ox; (101)
Ly ==V, ¢) (102)
Therefore, the total Lagrangian density is
W _ oI |00 [*
S G 9 9 o [ (103

where £y depends on the specific form of the potential V/(z/*, ). Examples include Ln = —%|1/1|4 for the nonlinear Schrodinger
equation and L = 12|1p|? — 2\|9|* for the Mexican hat potential.

6.4. Introduction of Gauge Field and U(1) Symmetry

To manage the contextual sensitivity of semantic uncertainty and prevent the arbitrary creation or destruction of influenceable Semantic
Noise, we impose a U(1) symmetry, guaranteeing the conservation of semantic charge. To implement this, we introduce a gauge field,
A, (t, %), and modify the derivatives to covariant derivatives. We also decompose the field into modes

z) = Zci(ﬂﬂ)d)i(@ (104)
The gauge transformations for the fields are
Vi) = () = TP () (105)
OF () = 97 () = e 0P (zy,) (106)
AH('TH) - A;L(xﬂ) = Au(mu) + 8NSD(=TM) (107)
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Effect of Gauge Transformation on Gauge Field

—— Original Gauge Field (A)
—— Transformed Gauge Field (A")
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Figure 10: Gauge transformation of the gauge field in the LLM Embedding System. The figure illustrates the original gauge field, 4(x),
and the transformed gauge field, 4’ (x) = A(x) + 0 ¢ (x), after applying a gauge transformation with a sinusoidal gauge transformation
function, g(x) = ¢sin(x), where ¢ = 0.5 is the amplitude of the gauge transformation. This transformation represents a change in the
external context influencing the LLM’s semantic representations.

The gauge transformation A, (x,) — A} (v,) = A, (x,)+0up(w,,) is visualized in Figure 10, which shows the original gauge field
A(x) and the transformed gauge field 4'(x) after applying a sinusoidal gauge transformation. This transformation represents a change in
the external context influencing the LLM’s semantic representations, while preserving the underlying gauge invariance of the system.

We replace the ordinary derivatives with covariant derivatives

Du,i = 8;/, - Zquu (108)

Note that the semantic charge g, is now mode-specific. The gauge-invariant Lagrangian is then

1 y T, % 1 2
L= —ZFWF” + XZ: 5("/)@- Do ibi — i (Do itpi)*) — XZ: §|Dj,i¢i| + Ly (109)
where
Fo = 0,A, — 8,4, (110)

Expanding the Lagrangian, we get

1 i 1
L=— FuF™ + > 5 (Vi 00vhi — Vido¥7) + > aidolil* = §|3j1/1i|2

. ! (111)
1 " *
=D SR — 3 S A (10— idy0)) + L

i

6.5. Gauge Fixing and Generating Functional
To remove the gauge freedom, we choose the Coulomb gauge
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9iA; =0 (112)

Using the Faddeev-Popov procedure, we arrive at a generating functional

Z= [ DD IDLAS 014 exp (iS00, A) (113)

where the effective action is

) 1
St 0 A = [t [ Vo (iFWFW 37 s — o) + 3 aidolil? = 3 3105l
i i i (114)
1 |
- Z §q1‘2A32“7/)i|2 -3 %inj(d}; i — i05Y7) + EN)

K3

As demonstrated in [29], the effective Lagrangian, derived in the weak coupling approximation, governs the dynamics of the ¥ field,
incorporating the influence of integrated-out fields up to quadratic order. This framework reveals a non-local interaction, mediated by
the Green’s function, where the semantic meaning at one location in semantic space directly affects the meaning at distant locations. This
non-locality may underlie the capacity of LLMs, particularly the Transformer architecture with its attention mechanism, to model long-
range dependencies in text. Furthermore, this non-local interaction bears a conceptual resemblance to quantum entanglement, suggesting
a possible connection between the LLM’s ability to capture semantic relationships and fundamental quantum mechanical phenomena.

6.6. Semantic Charge, Gauge Field, and Nonlinear Potential

Having derived the gauge-invariant Lagrangian, we now turn to interpreting the key elements of this formalism in the context of
LLMs. These elements, namely the semantic charge, the gauge field, and the nonlinear potential, provide a powerful framework for
understanding how context and nonlinearity shape the dynamics of semantic representations and influence the level of Semantic Noise
within the system.

The semantic charge, g, quantifies the sensitivity of the phase of the mode associated with Semantic Noise to contextual influences.
It determines how strongly the linear dynamics of a particular mode interact with the gauge field. A higher semantic charge indicates
a greater susceptibility to contextual modulation of the phase, influencing the system’s tendency to explore alternative semantic
interpretations. For example, a word with a high semantic charge might be more sensitive to the surrounding words in a sentence,
exhibiting greater contextual flexibility, while a word with a low semantic charge might retain its meaning regardless of the context,
exhibiting greater semantic stability.

The gauge field, 4, = (4, 4)), represents the influence of context on the phase of the mode associated with Semantic Noise. The temporal
component, 4, acts as a semantic force that shapes the evolution of the phase over time, influencing the system’s balance between
coherence and exploration. The spatial components, 4, may be interpreted as representing the flow of semantic information through the
embedding space, with their direction and magnitude indicating the strength and direction of the flow. This context could be a prompt,
the surrounding text, or external knowledge.

The nonlinear potential, V, , introduced in Layer 3, captures the nonlinear interactions and feedback loops that are characteristic of
LLMs. It allows the semantic wave function to interact with itself, leading to more complex and realistic dynamics that go beyond
the linear approximations of Layer 2. The specific form of the nonlinear potential (e.g., cubic nonlinearity or Mexican hat potential)
determines the nature of these interactions. For example, a cubic nonlinearity could model the reinforcement of biases, while a Mexican
hat potential might promote semantic stability by providing a preferred state.

The interplay between the semantic charge, the gauge field, and the nonlinear potential determines the overall behavior of the LLM
Embedding System. The semantic charge governs the sensitivity of the phase of the mode associated with Semantic Noise to context, the
gauge field represents the context itself (both its temporal influence and its spatial flow), and the nonlinear potential shapes the dynamics
of the semantic representation. By analyzing these elements, we can gain a deeper understanding of how LLMs process and generate
language, balancing coherence with the exploration of new semantic possibilities.

7. Layers 4-N: Advanced Quantum Hierarchies
While Layers 1, 2, and 3 provide a foundation for understanding LLM representations, the quantum framework allows for the possibility
of even more advanced and complex hierarchies. These possible layers, which we denote as Layers 4-N, can capture aspects of LLM
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behavior that are beyond the reach of the simpler models.

One intriguing possibility is to model the dynamic creation and annihilation of semantic content within the LLM. This can be particularly
relevant for understanding how LLMs learn new information, forget old information, or generate new ideas. In such cases, theoretical
frameworks like Quantum Field Theory (QFT), which describes the creation and annihilation of particles, might offer advanced tools.
QFT introduces the concept of quantum fields that permeate all of space, and particles are seen as excitations of these fields. Analogously,
we can think of a semantic field that underlies the LLM’s embedding space, with words and concepts representing excitations of this
field. The creation and annihilation operators in QFT can then be used to model the dynamic addition and removal of semantic content.
For example, the concept of ’semantic charge’ introduced in Layer 2 can be further explored using QFT’s charge conservation laws,
providing insights into how LLMs manage Semantic Noise and balance coherence with exploration in their generated text.

Another speculative direction is to investigate the potential for emergent, string-like structures within the LLM’s embedding space.
This idea draws inspiration from Quantum String Theory, which proposes that fundamental particles are not point-like but rather tiny,
vibrating strings. In the context of LLMs, we could think that semantic relationships are not simply point-to-point connections but rather
more complex, string-like objects that encode richer information about the relationships between concepts. The Transformer architecture
space is likely to exhibit singularities, sinks, and wells, which are concepts from QFT and String Theory. These can be interpreted as
regions where semantic content is either created (sources) or destroyed (sinks), or as points of instability in the semantic landscape.
However, even if String Theory appears distinct at the moment, it is a very powerful mathematical toolbox that has been applied in
particle physics, condensed matter physics, nuclear physics, and many other areas. Even if a direct physical connection to String Theory
remains elusive, the mathematical tools developed within that framework can offer valuable techniques for analyzing the complex
structure of the LLM embedding space.

It is crucial to emphasize that at the moment these are speculative ideas, and a direct mapping to LLM representations is not clear. Also,
the mathematical complexity of QFT and String Theory is considerable. However, if such mappings could be rigorously established,
LLMs might even offer a new domain for exploring theoretical concepts from these advanced frameworks, providing empirical insights
into areas of physics where direct observation is currently very difficult. However, at this stage, these connections remain largely at the
level of analogy and inspiration.

8. Layer N+1: Transformer Architecture (Common LLM Architecture)

The Transformer architecture, introduced by Vaswani et al., represents a significant milestone in our layered hierarchy and a major
advancement in neural network design for natural language processing. Unlike recurrent neural networks (RNNs) that process sequential
data step-by-step, Transformers rely entirely on attention mechanisms to model relationships between words in a sequence, enabling
parallel processing and improved performance on longrange dependencies. This architecture provides a concrete realization of the
complex dynamics and interactions that we have been modeling in Layers 2 and 3. The key connection to our quantum framework is that
the Transformer’s attention mechanism can be interpreted as implementing a form of non-local interaction, analogous to the path integral
formalism in Layer 3, where the representation of each word is influenced by all other words in the sequence, regardless of distance.

A core component of the Transformer is the self-attention mechanism. This allows the model to weigh the importance of different words
in the input sequence when representing a particular word. While attention weights can be interpreted as probabilities of the LLM
occupying different semantic states, it is important to note that they are not strictly probabilities in the mathematical sense, as they are not
explicitly normalized to sum to one across all possible states. The attention weights are computed based on the relationships between the
query, key, and value vectors derived from the input embeddings. This mechanism enables the model to capture contextual information
and understand the relationships between words regardless of their distance in the sequence, effectively implementing a form of non-
local interaction similar to that captured by the path integral formalism in Layer 3, whereby the representation of each word is influenced
by all other words in the sequence, regardless of distance.

The Transformer architecture typically consists of an encoder and a decoder. The encoder processes the input sequence and generates a
contextualized representation. The decoder then uses this representation to generate the output sequence, such as in machine translation
or text summarization tasks. Both the encoder and decoder are composed of multiple layers of self-attention and feedforward networks.

Each layer in the encoder and decoder includes a multi-head attention mechanism. This allows the model to attend to different aspects
of the input sequence simultaneously, capturing a richer set of relationships between words. The outputs of the multiple attention heads
are then concatenated and linearly transformed to produce the final output of the layer.

Feedforward networks, typically consisting of two linear transformations with a nonlinear activation function in between, are applied
to each position in the sequence independently. These networks introduce nonlinearities into the model, allowing it to learn complex
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relationships between semantic concepts. These nonlinearities, such as ReLU or GeLU, can be seen as analogous to the nonlinear
potential ¥ in Layer 3, shaping the energy landscape of the semantic space and contributing to the stability and complexity of the
learned representations. The Transformer’s layers, attention mechanisms, and feedforward networks collectively define a complex
energy landscape that governs the dynamics of semantic meaning, learning to shape this landscape during training to minimize a loss
function while also managing the level of Semantic Noise to enable both coherence and exploration.

Residual connections and layer normalization are also key features of the Transformer architecture. Residual connections allow the model
to bypass certain layers, facilitating the flow of information and preventing vanishing gradients during training. Layer normalization
helps to stabilize the training process and improve the model’s generalization performance.

9. Layer N+2: Complex Transformer Architecture (Complex Semantic Superspace)

While most Transformer-based LLMs have historically operated with real-valued representations, recent research has explored complex-
valued Transformer architectures [37—39]. These models, often referred to as complex neural networks (CVNNSs), extend the standard
Transformer to operate directly on data with both real and imaginary components. This approach is particularly useful in applications
where data is inherently complex-valued (e.g., signal processing, medical imaging) or where leveraging both amplitude and phase
information is beneficial for capturing subtle semantic relationships and contextual nuances. Architectural adaptations include complex-
valued attention mechanisms, layer normalization, and feed-forward networks. Some approaches, like Quantum-Inspired Complex
(QIC) Transformers, aim to improve parameter efficiency by using learnable algebraic structures for the imaginary unit. These complex-
valued Transformers have shown promise in improving robustness to overfitting and achieving competitive or superior performance
compared to their real-valued counterparts in certain domains.

The significance of Complex Transformers within our quantum hierarchy lies in their ability to provide a more complete and natural
representation of what we term the Complex Semantic Superspace, offering new ways to understand and manage Semantic Noise within
LLMs. This terminology is inspired by concepts in theoretical physics, such as Superstring Theory and Supersymmetry, where the
introduction of additional dimensions and complex fields allows for a more unified and complete description of physical phenomena.
In our context, the Complex Semantic Superspace represents an extension of the traditional real-valued Transformer embedding space,
incorporating complex-valued representations to capture aspects of semantic meaning, such as phase and interference, that are otherwise
inaccessible.

In essence, the real-valued Transformer embedding space can be seen as a projection of this more complete Complex Semantic
Superspace. This projection inevitably results in a loss of information, hindering the ability to fully leverage the quantum analogy.
Complex Transformers, by operating directly with complex numbers, offer a richer representation that more closely aligns with the
mathematical structure of quantum mechanics, allowing us to access the full potential of the Complex Semantic Superspace.

Therefore, the quantum tools and concepts developed in this hierarchy may find a more direct, natural, and optimal application within
the Complex Semantic Superspace, leading to more effective methods for controlling Semantic Noise and harnessing its benefits for
creativity and adaptation. The complex-valued nature of these architectures reduces the need for approximations, compactifications,
or mappings compared to their application to real-valued architectures, unlocking deeper insights into the quantum-like properties of
LLMs and leading to more effective methods for analysis and control. Layer N+2, therefore, provides a more faithful representation of
the underlying semantic reality within the Complex Semantic Superspace.

10. Linearization and Classical Limit

Having established a quantum framework for analyzing LLM representations, we now demonstrate its consistency with existing
approaches by exploring the connection between this framework and the linearized LLM embedding space (Layer 1). We aim to
show how the familiar properties of the embedding space can be recovered by making specific approximations to the time-dependent
Schrodinger equation, effectively “undoing” the quantum enhancements we introduced in Layers 2 and 3. This linearization provides
a valuable validation of our framework and a theoretical justification for the effectiveness of linear operations in analyzing semantic
representations, while also highlighting the information lost in the process. We aim to show how the static relationships between
semantic concepts, as captured by cosine similarity in Layer 1, can be recovered.

10.1. Linearization of U (1) Symmetry
We first demonstrate the linearization of a quantum mechanical system with U(1) symmetry. We begin with the time-dependent
Schrodinger equation with the covariant derivative

ihDy|(1)) = DI (t) (115)
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where D; = 9; — iqAo(t) and D is the diagonalized Hamiltonian. Because D has only one non-zero eigenvalue, it effectively projects
the system onto a single active mode. This simplifies the interaction with the gauge field, allowing us to focus solely on the temporal
component, 4(#), and implicitly set the spatial components, 4,, to zero without loss of generality.

To obtain a linearized model that is comparable to the static LLM embedding space, we make the following approximations: We assume
that the system is in a stationary state, with a simple time dependence

[§(1)) = e E ) (116)

where E is the energy of the state and |¢)) is a time-independent eigenvector of the Hamiltonian. We also assume that the gauge field is
static (time-independent) and represents an inherent property of the embedding space, rather than an external influence. Therefore, 4 (7)
= A, where 4 is a constant. Applying these approximations, the Schrodinger equation simplifies to

[E + hqA]tb) = Do) (117)

This is the eigenvalue equation for the Hamiltonian, a linear equation that relates the shifted energy of the system (due to the static gauge
field) to the eigenvalues of the diagonalized Hamiltonian. The time-independent state vector |y is mapped to the embedding vector a.
The shifted energy of the state, £ + hgA, is mapped to the semantic coherence measure S'... The diagonalized Hamiltonian D represents
the fundamental modes of the semantic space.

This linearization demonstrates that the LLM embedding space can be seen as a simplified, static version of the more complex quantum
system. This version retains a static, inherent contextual influence, represented by the gauge field 4, primarily on the phase of the mode
associated with Semantic Noise. The linearization process removes the time dependence, leaving only the essential linear relationships
between the semantic concepts, modulated by the static gauge field. If we further set 4 to zero, we recover the original LLM Embedding
System, effectively neglecting the U(1) symmetry and any inherent contextual influence on Semantic Noise.

10.2. Linearized Partition Function with Static Context
As an example of the linearization process described above, we can derive the linearized partition function. Starting from the quantum
partition function with a static gauge field, and applying the approximations of a stationary state, we have

7' — Ty [e—ﬁ<ﬁ'+nqu>] (118)

Since the gauge field is static, it influences the phase of the mode associated with Semantic Noise, leading to a scaling of the partition
function. We can rewrite this as

Z'=Tr {e‘ﬁ(ﬁ/)] = ¢ Phadoy {e‘mj} (119)

where D’ is diagonalized Hamiltonian with the static gauge field. Using the eigenvalues of the original diagonalized Hamiltonian D,
which are ., we obtain

N
7! — o BhaAo Z e BN (120)
i=1

Factoring out the common term, and using the fact that 4, = 1 and /, = 0 for i = 2,3,...,N we obtain
7' = e~Phado [=B L (N —1)] (121)

This result shows that the static gauge field scales the original partition function by a factor of ¢—5744o, influencing the relative
probabilities of the different states in the linearized system. The term ¢—57440 introduces a contextual bias, influencing the system’s
balance between coherence and exploration, depending on the sign and magnitude of gA4,.

* If g4, > 0, the static gauge field promotes coherence, leading to a more focused and stable LLM, but limiting its creativity.

* If g4, < 0, the static gauge field promotes exploration, leading to a more diffuse and unstable LLM, but enhancing its creativity.

* If g4, = 0, the static gauge field has no effect, and we recover the original, context-free LLM Embedding System.
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This static gauge field indirectly modulates the effects of dimensionality and temperature on semantic coherence by influencing the
balance between coherence and exploration. A positive contextual bias amplifies the effect of dimensionality, promoting stronger
coherence, while a negative bias counteracts it, promoting greater exploration. The static gauge field also influences few-shot learning,
robustness to adversarial attacks, and the trade-off between coherence and creativity. It suggests that some hallucinations may originate
from an inherent contextual bias within the LLM’s embedding space, skewing the balance between coherence and exploration. The
training data likely influences both the effective temperature and the static gauge field, with consistent datasets leading to a positive A
and noisy datasets leading to a negative 4.

10.3. Linearized Analysis of the Landau-Zener System

Next, we consider the linearization of the Landau-Zener model. To understand the long-term behavior of the system under dynamic
contextual influences, we consider the limit as time approaches infinity. Here, time” represents the LLM’s internal processing time, and
the limit as t approaches infinity corresponds to the LLM settling into its dominant semantic state after fully processing the prompt. If
the system starts in the state |0) at # — —oo, the asymptotic populations of the coherent and less coherent states are given by

Py(00) = [(wa]ih(00))|? = 1 — e~ ™A/ CleD (122)

and
Pi(00) = [{z1]ih(c0)) |2 = e~ ™A%/ I0D (123)

where |f)> = |x2) and |i> = |z1) are the eigenvectors of the diagonalized Hamiltonian D, corresponding to eigenvalues 0 and 1. In the
linearized limit, we can drop the tildes and write

Py(00) = |{w2|ip(00))|? = 1 — e~ ™A%/ 0D (124)
and

Pi(00) = [{z1]th(c0)) |2 = e~ ™A%/ 0D (125)

where [0) = |x,) and |1) = |x,) are the eigenvectors of the diagonalized Hamiltonian D, corresponding to eigenvalues 0 and 1. This
approach allows us to directly connect the Landau-Zener parameters (v, A) to the relative probabilities of the coherent and states
associated with higher Semantic Noise. In this limit, the system’s final state is entirely determined by the rate of change of context (v)
and the coupling strength between the states (A). This provides a simplified view of the system’s long-term behavior, where the details
of the time evolution are no longer relevant. This suggests that hallucinations are more likely to occur when the context is not stable,
making it difficult for the LLM to suppress the state associated with higher Semantic Noise and maintain a clear and well-defined
dominant semantic interpretation, leading to uncontrolled exploration of less probable semantic combinations.

10.4. Linearized Analysis of the Bright Soliton

While the linearization of the bright soliton solution inevitably sacrifices its key dynamic and nonlinear properties, we can still explore
whether it provides any insights into the structure of the LLM embedding space. By "freezing” the solution at a specific time ¢, and
position x;, we are essentially extracting a static snapshot of the dynamic semantic representation, effectively eliminating its time-
dependent and spatial characteristics. This allows us to analyze the amplitude at a single point in the semantic space, mimicking the
static nature of the linearized embedding space. We start with the transformed wave function. In the linearized limit, we drop the tilde
and obtain a constant complex amplitude

Yo = P(wo, to) = Asech [B(zq — vtg)] e Fro—wto) (126)

We can then express this constant amplitude as a linear combination of the eigenvectors of the diagonalized Hamiltonian D. This linear
combination effectively decomposes the static amplitude into its constituent semantic components, as defined by the eigenvectors of the
Hamiltonian, allowing us to analyze the contribution of each component to the overall semantic representation.

Although this linearization is highly limiting, we can speculate on potential connections to the real embedding space:

* Preferred Semantic Locations: The existence of non-zero solutions only for specific values of x, might suggest that the real embedding
space has preferred locations for localized patterns of semantic meaning, as captured by the soliton solutions, although these locations
are likely distorted and simplified due to the linearization process.
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» Amplitude as Semantic Salience: The magnitude of the constant amplitude, |¢o|, might be related to the semantic salience or importance
of the concept represented by the soliton.

* Phase as Semantic Context: The phase of the constant amplitude, (kx, —w? ), might encode some information about the semantic
context, analogous to how the phase of a wave can encode information about its source or propagation history, although there is no clear
way to directly map this to the real embedding space.

We may hypothesize that LLM spaces contain soliton-like solutions. However, this is a good example that clearly shows linearization
is a significant simplification and we lose many internal LLM structures when doing so. This also shows that if we want to understand
LLM architectures and spaces, we need more advanced tools beyond the linear embedding space, and investigate the internal structure
of LLMs. The quantum framework presented in this article offers one approach for achieving this, providing a set of tools and concepts
that can capture the nonlinear dynamics and complex relationships within LLMs that are lost in linear approximations.

11. Quantum Computation Probing LLM Embeddings

Having established the ”LLM Embedding Quantum System” as an exact quantum mechanical analogue of the classical LLM embedding
space, we now explore the possibility for leveraging quantum computers to directly probe and analyze this system, pushing beyond the
limitations of classical methods. The simplicity of the LLM Embedding Quantum System makes it particularly amenable to experimental
investigation using existing quantum computing technology, offering a unique opportunity to validate our theoretical framework and
gain new insights into the behavior of LLMs. Quantum computing offers the potential to move from modeling the "LLM Embedding
Quantum System” to directly impacting LLM development and usage in the future.

As demonstrated in previous work [31, 33], quantum computers can efficiently calculate quantities such as cosine similarity and the
quantum partition function. Here, we introduce a straightforward approach for calculating cosine similarity using a simple quantum
circuit.

The value
SL=NY—" T - (127)

can be efficiently estimated using a quantum circuit known as the SWAP test. This test leverages quantum interference to relate the
probability of measuring a specific state to the real part of the inner product between two quantum states, |a) and |b).

11.1. Quantum Circuit and Algorithm

The SWAP test circuit consists of three registers: one ancilla qubit initialized to |0}, and two registers to hold the quantum states |a) and
|b). To represent a vector of dimension N in a quantum computer, we require n qubits, where n is the smallest integer such that 2" > N.
If N is not a power of 2, we must employ a technique called padding. Padding involves increasing the dimension of the vector to the
next power of 2 by adding extra components with zero amplitude. For example, if we have a vector of dimension 10, we need 4 qubits
(since 2* = 16). We then pad the vector with 6 zeros to make it a 16-dimensional vector. This ensures that the vector can be represented
by the 4 qubits.

To illustrate how multiple qubits represent a higher-dimensional vector, consider a system of 3 qubits. The state of this system can be
written as a superposition of all possible 3-qubit basis states

|’L/J> = Oéooo‘OOO) + 04001|001> + 0010‘010> + 04011|011> + OZ100|100> + 04101|101> + 01110|110> + 06111‘].].].> (128)

where a, are complex amplitudes and |ijk) represents the basis states (e.g., |[000), |001), etc.). This 3-qubit system can represent a vector
in an 8-dimensional space, where each basis state corresponds to one dimension. The amplitudes aijk are the components of the vector in
this basis. The tensor product structure is implicit in the notation |ijk) = |i) @ |j) & |k), where each |i), |j), and |k) is a single-qubit state.
The circuit diagram is shown in Figure 11.
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Figure 11: Quantum circuit for estimating S',.. The ancilla qubit (g, ) is initialized to |0) and undergoes a Hadamard gate. A controlled-
SWAP gate (Fredkin gate), controlled by the ancilla, is applied between the registers holding |a) and |b). Another Hadamard gate is
applied to the ancilla, followed by a measurement in the Z-basis. The probability of measuring |0) on the ancilla qubit is used to estimate
S .

C

In the following, we detail the circuit operation and provide a mathematical derivation:

1. Initialization: The quantum states |a) and |b) are prepared in their respective registers. The ancilla qubit (q, ) is initialized to the |0)
state.

2. Hadamard Gate: A Hadamard gate (H) is applied to the ancilla qubit, creating the superposition state

L
V2

3. Controlled-SWAP Gate: A controlled-SWAP gate (also known as a Fredkin gate) is applied. This gate swaps the states in the |a) and
|b) registers if the ancilla qubit is in the |1) state, and does nothing if the ancilla is in the |0) state.

4. Second Hadamard Gate: Another Hadamard gate is applied to the ancilla qubit.

5. Measurement: The ancilla qubit is measured in the Z-basis (computational basis). The probability of measuring |0), denoted as P(0),
represents the likelihood of finding the ancilla qubit in the |0) state after the circuit has been executed. This probability is given by

(10) + 1)) (129)

P(0) = 5 + o llalb)l? (130)

6. Estimating S’ : From Eq. (127), we know that the probability of measuring |0) on the ancilla qubit, P(0), is directly related to S’
. Therefore, we can estimate the quantum mechanical expectation value of the transformed cosine similarity, denoted as (S',), by
estimating P(0) and using the relationship

2P(0) —1+1
(50) = VIO ZLEL (131)
Let’s define a random variable X, for the outcome of the i-th shot, where
P 1 if the ancilla qubit is measured in the state |0) (132)
“ ] 0 if the ancilla qubit is measured in the state |1)
Then, the expected value of X is
E[X;]=1-P(0)+0-P(1) = P(0) (133)
To estimate P(0), we run the SWAP test circuit N, _times. We can then calculate the sample mean of the X values:
1 Nshots
X = X; 134
Nshots ; ( )

By the Law of Large Numbers, as N, becomes large, the sample mean X converges to the quantum mechanical expectation value
E[X] = P(0). We then use this estimate of P(0) to calculate the estimate of (S”,):

Vo2X —1+1
2

(Se) = (135)
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In other words, we run the circuit many times, sum the results (1 for each |0) measurement and 0 for each |1) measurement), and divide
by the total number of runs to estimate P(0). We then use this estimate of P(0) to calculate the estimate of (S’. ). The more shots we use,
the more accurate our estimate of (S”, ) will be.

The SWAP test provides a quantum advantage for estimating the inner product compared to classical methods, especially when dealing
with high-dimensional quantum states. The accuracy of the estimate depends on the number of shots (measurements) used; more shots
lead to a more accurate estimate of P(0) and, consequently, of S’. . On real quantum hardware, the SWAP test is susceptible to noise and
errors, making error mitigation techniques crucial for obtaining reliable results.

11.2 Experimental Validation with LLM Embeddings

As arealistic example, we used Google’s EmbeddingGemma Sentence Transformer to calculate S’ using two vectors. EmbeddingGemma
is a 300M parameter, state-of-the-art open embedding model from Google, built from Gemma 3. EmbeddingGemma produces vector
representations of text, making it well-suited for search and retrieval tasks, including classification, clustering, and semantic similarity
search. We used the following two sentences:

|a): ”The tiny brown mouse quietly scurried across the kitchen floor, seeking crumbs.”
|b): A small gray mouse cautiously crept along the wooden floor, searching for food.”

and calculated their 768-dimensional embedding vectors. Since 768 is not a power of 2, we padded the vectors to dimension 1024,
requiring 10 qubits per vector register. Representing each 1024-dimensional vector requires preparing a complex multi-qubit state across
10 qubits. Depending on the quantum computer’s architecture and the chosen state preparation method, the initialization process may
require hundreds or even thousands of CNOT gates, illustrating the significant overhead associated with preparing high-dimensional
quantum states. Using Aer’s dasm_simulator, a quantum simulator with 4096 shots, we obtained the following result:

<SlC>simulator =0.9110 (136)

The corresponding exact result is

S exact = 0.9115 (137)
This suggests the potential for using the SWAP test as a viable method for estimating semantic similarity in LLM embedding spaces.

We also performed experiments using OpenAl’s text-embedding-3-small model, which generates 64-dimensional embedding
vectors. These lower-dimensional embeddings allowed for a more compact quantum representation with a total of 13 qubits. Again,
using Aer’s gasm_simulator with 4096 shots, we obtained

<S/C>simulator = 0.84035 (138)

The corresponding exact result is

St exact = 0.84038 (139)

Again, we observed good agreement with the results, suggesting that the approach is also independent of the LLM embedding model
that is used.

However, when testing the same approach with the 768-dimensional EmbeddingGemma vectors on a real quantum computer accessed
through the IBM Quantum Cloud (IBM Quantum’s ibm fez and ibm boston backends), the results differed significantly. Instead of
reflecting the semantic similarity, the SWAP test consistently yielded a P(0) value close to 0.5. This suggests that the quantum computation
was overwhelmed by noise and decoherence, effectively randomizing the state of the ancilla qubit and obscuring any meaningful signal.
While noise and decoherence are primary suspects, other factors could also be contributing. The initial state preparation, particularly the
multiqubit initialization required for these high-dimensional vectors, is a non-trivial task and a potential source of error. The transpilation
process, which optimizes the circuit for the specific quantum hardware, can also introduce errors. It’s also conceivable that the Qiskit
initialization script might introduce unintended normalizations or transformations, leading to an incorrect initial state. Other initialization
problems, or even a subtle programming error, cannot be entirely excluded. Ideally, we would have investigated these possibilities more
thoroughly, but the prohibitively high cost and limited availability of real quantum computation resources prevented us from pursuing
this line of inquiry further, including exploring error correction or noise extrapolation techniques.
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While these results on publicly available quantum hardware were not as strong as theoretically predicted, it is important to note that
this implementation of the SWAP test was designed to minimize the number of qubits required, a trade-off that introduced challenges
in circuit state preparation and made the circuit particularly susceptible to noise and decoherence on current quantum devices. In
contrast, our previous work [31, 33] explored alternative quantum circuit designs where each qubit represented a single dimension of
the embedding vector. While these designs required significantly more qubits, they yielded more promising results, suggesting that
the quantum approach is viable with sufficient quantum resources and more robust state preparation techniques. It is also crucial to
acknowledge that the publicly available quantum hardware used in these experiments does not necessarily represent the current state
of-the-art in quantum computing, and more advanced quantum devices with lower noise levels and improved gate fidelities may be able
to achieve significantly better results with the SWAP test or other quantum algorithms.

These experiments highlight the challenges of applying quantum algorithms to real-world data, particularly when dealing with high-
dimensional representations and noisy quantum hardware. While the SWARP test offers a theoretically appealing approach for estimating
semantic similarity with a relatively small number of qubits, achieving reliable and accurate results in practice requires careful
consideration of the characteristics of the input data, the limitations of current quantum hardware, and the choice of appropriate quantum
algorithms and error mitigation techniques.

To improve the accuracy and reliability of quantum semantic similarity estimation, we suggest exploring the following:

* Alternative Circuit Designs: Exploring alternative quantum circuit designs for the SWAP test that are more robust to noise and better
suited for representing vectors with varying degrees of sparsity. This might involve using different gate decompositions or employing
error mitigation techniques.

* Quantum Dimensionality Reduction: Investigating dimensionality reduction techniques to reduce the dimension of the embedding
vectors while preserving their essential semantic information. This could lead to more efficient and accurate quantum representations.

* Patch-Based Similarity Calculation: Considering embedding vectors as “’patches,” i.e., dividing long vectors into several smaller vectors
(then normalizing them to 1) and performing similarity calculations in pieces. This could allow for a more localized and potentially more
robust estimation of similarity.

* Improved Quantum Hardware: The development of more robust and higher-fidelity quantum hardware is essential for realizing the full
potential of quantum algorithms for natural language processing.

* Exploiting Embedding Structure: Developing quantum algorithms that are specifically tailored to exploit the structure and properties
of LLM embedding spaces. This might involve using different encoding schemes or designing circuits that are optimized for specific
types of semantic relationships.

In conclusion, while the theoretical framework presented in this article offers a promising approach for understanding and analyzing
LLM representations using quantum computing, challenges still remain in translating these ideas into practical and reliable quantum
algorithms. More focus is needed to overcome these challenges and to unlock the full potential of quantum computing for natural
language processing. The limitations we encountered also highlight the importance of carefully considering the characteristics of the
input data and the capabilities of the available quantum hardware when designing and implementing quantum algorithms.

12. Applications and Emerging Research

The quantum circuit design presented here offers a direct and intuitive, albeit simplified, approach to calculating cosine similarity using a
quantum computer. While our experiments revealed limitations in its ability to accurately estimate semantic similarity for complex LLM
embeddings with current quantum hardware, the circuit’s simplicity provides a valuable starting point for exploring more advanced
quantum algorithms.

More broadly, the existence of an exact quantum mechanical analogue, the LLM Embedding Quantum System, opens up a wide range of
experimental possibilities. By modifying the quantum circuit, we could explore and test various aspects of the LLM embedding space.
Some easier applications (near-term focus) that could be explored include:

* U(1) Symmetry and Contextual Control: Develop quantum-inspired methods for dynamically controlling LLM contextual sensitivity
by measuring and adjusting semantic charge flow. This enables hallucination mitigation, creative text generation, and personalized
LLMs. (Focus: Quantum measurement of semantic charge flow, feedback loop implementation)

* Quantum Tunneling and Hallucination Suppression: Create a quantum-inspired hallucination detection and correction mechanism by
simulating quantum tunneling, identifying potential hallucinations, and using quantumassisted correction to steer LLMs towards more
accurate states. (Focus: Quantum simulation of tunneling, identification of high-probability tunneling events)

* Quantum Entanglement and Semantic Understanding: Enhance LLM understanding of complex relationships by measuring
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entanglement between embedding dimensions and training LLMs to exploit entanglement patterns. This improves reasoning, contextual
understanding, and knowledge graph construction. (Focus: Measurement of entanglement between embedding dimensions, entanglement-
aware training strategies)

More ambitious research topics (long-term vision) that could significantly advance the field include, for example,

* Quantum-Enhanced Few-Shot Learning: Improve LLM few-shot learning using quantum state transfer (e.g., teleportation) to efficiently
transfer knowledge from a small number of examples. Explore quantum generative models to augment limited training data. This enables
rapid adaptation, personalized learning, and deployment in resource-constrained environments. (Quantum Property: Superposition and
entanglement for efficient knowledge transfer and data augmentation)

* Quantum-Inspired Semantic Search: Develop a semantic search engine using quantum embedding spaces and algorithms like Grover’s
algorithm or Quantum Amplitude Estimation to retrieve information based on meaning rather than keywords. This improves information
retrieval, knowledge discovery, and personalized recommendations. (Quantum Property: Grover’s algorithm for speedup in unstructured
search, quantum amplitude estimation for efficient probability estimation)

* Quantum-Assisted Code Generation: Enhance code generation by LLMs using quantum algorithms for code optimization (e.g., quantum
annealing to find optimal code structures) and bug detection (e.g., quantum pattern matching to identify potential vulnerabilities). This
automates software development, improves code quality, and reduces development costs. (Quantum Property: Quantum annealing for
optimization, quantum pattern matching for efficient bug detection)

* Quantum-Enhanced Multi-Modal LLMs: Extend the quantum framework to multi-modal LLMs by using quantum algorithms to
fuse information from different modalities into a unified quantum representation (e.g., quantum feature maps for modality encoding)
and enable quantum cross-modal reasoning (e.g., quantum algorithms for pattern recognition across modalities). This creates more
powerful Al systems and enables new applications. (Quantum Property: Quantum feature maps for efficient encoding of multi-modal
data, quantum algorithms for pattern recognition and reasoning)

The ability to perform these experiments on a quantum computer provides a powerful tool for validating our theoretical framework
and gaining insights into the complex dynamics of LLMs. The results of these quantum experiments can then be projected back onto
the real LLM embedding system, providing a valuable bridge between the quantum and classical descriptions. This connection offers
a promising path for applying quantum computing techniques to analyze, understand, and enhance the capabilities of Large Language
Models.

13. Discussion and Conclusion

This article has presented a layered quantum hierarchy for analyzing LLM embedding spaces, bridging the gap between the simplified
linearized view and the complex Transformer architecture. By drawing analogies to quantum mechanics, we have introduced concepts
such as semantic charge, gauge invariance, and quantum tunneling to model phenomena like the dynamics of Semantic Noise and
hallucinations. We demonstrated that a classical LLM embedding system has an exact quantum mechanical analogue, and we presented a
simple quantum circuit design for calculating cosine similarity. These findings suggest that quantum methods offer a valuable perspective
on LLM representations.

It is essential to remember that the validity of this analogy depends on the extent to which the mathematical structures and relationships
captured by the framework correspond to meaningful phenomena in LLM behavior. The simplified models and approximations we have
employed inevitably involve a loss of information, and further validations are needed to confirm these connections empirically.

Promising directions for future research include: developing methods for directly measuring ’semantic charge” in LLMs; designing
experiments to detect quantum tunneling events in semantic transformations; exploring the potential for quantum algorithms to improve
LLM training and inference; and investigating the application of these concepts to other areas of Al, such as computer vision and
reinforcement learning.

Ultimately, understanding the underlying complexity of LLMs is crucial for unlocking their full potential and ensuring their responsible
use. By embracing interdisciplinary approaches and drawing inspiration from diverse fields like quantum mechanics, we can create
Al systems that are not only powerful and efficient but also fundamentally interpretable, reliable, and aligned with human values. The
quantum framework presented here offers a step in this endeavor, suggesting that the seemingly disparate worlds of quantum physics
and Al may be more deeply connected than we previously imagined, particularly in understanding and harnessing the power of Semantic
Noise to create more intelligent and adaptable Al systems.
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