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Abstract
In this paper, we continue to investigate the well-known problem of the numerical likelihood maximization of the 
positive definite Toeplitz covariance matrix of complex Gaussian data. In our recent papers, we demonstrated that 
direct LR maximization, using Vandermonde parameterization, applied to initial Toeplitz matrices distant from the 
true Toeplitz covariance matrix, predominantly yields an inappropriate solution with negative eigenvalues [1,2]. Yet 
in all cases where the MATLAB fmincon routine converges to a positive definite Toeplitz matrix, the process converges 
to the same solution as if initiated by a true Toeplitz covariance matrix, irrespective of the initialization one. We also 
demonstrated that the optimized likelihood ratio (LR) exceeded that of the true Toeplitz covariance matrix and that, by 
starting fmincon iterations from the true covariance matrix 𝐓𝑁, we converged to the same solution as when starting from 
practical initializations. These two properties of the globally optimal solutions are crucial for practical Toeplitz matrix 
estimation. In this paper, we continue to explore these convex-like properties of the MATLAB fmincon LR maximization. 
In particular, to avoid generating large numbers of non-positive-definite solutions, we propose using the Carathéodory 
Toeplitz matrix representation in the initial step of the LR maximization with the fmincon routines. We demonstrate that 
this optimization exceeds the LR value of the true Toeplitz covariance matrix. Still, in most cases, it does not exceed the 
LR maximum obtained by optimizing the covariance lags of the optimized Toeplitz matrix. Therefore, the second stage of 
LR optimization, which we performed in covariance lags, drove the optimized LR to the maximum. Yet, we demonstrate 
that this second-stage LR maximization improves the LR but, in fact, degrades the proximity of the optimized solution 
to the true Toeplitz covariance matrix used instead of the sample matrix in the LR. We demonstrate that the proposed 
LR maximization allows for the essential reduction of the minimal input SNR or inter-source separation of the properly 
estimated sources' DOAs, compared to the classical MUSIC algorithm, applied to the sample matrix 
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    Abstract – In this paper, we continue to investigate the well-
known problem of the numerical likelihood maximization of the 
positive definite Toeplitz covariance matrix of complex Gaussian 
data. In our recent papers [1]-[2], we demonstrated that direct 
LR maximization, using Vandermonde parameterization, 
applied to initial Toeplitz matrices distant from the true Toeplitz 
covariance matrix, predominantly yields an inappropriate 
solution with negative eigenvalues. Yet in all cases where the 
MATLAB fmincon routine converges to a positive definite 
Toeplitz matrix, the process converges to the same solution as if 
initiated by a true Toeplitz covariance matrix, irrespective of the 
initialization one. We also demonstrated that the optimized 
likelihood ratio (LR) exceeded that of the true Toeplitz 
covariance matrix and that, by starting fmincon iterations from 
the true covariance matrix 𝐓𝐓𝑁𝑁, we converged to the same solution 
as when starting from practical initializations. These two 
properties of the globally optimal solutions are crucial for 
practical Toeplitz matrix estimation. In this paper, we continue 
to explore these convex-like properties of the MATLAB fmincon 
LR maximization. In particular, to avoid generating large 
numbers of non-positive-definite solutions, we propose using the 
Carathéodory Toeplitz matrix representation in the initial step of 
the LR maximization with the fmincon routines. We demonstrate 
that this optimization exceeds the LR value of the true Toeplitz 
covariance matrix. Still, in most cases, it does not exceed the LR 
maximum obtained by optimizing the covariance lags of the 
optimized Toeplitz matrix. Therefore, the second stage of LR 
optimization, which we performed in covariance lags, drove the 
optimized LR to the maximum. Yet, we demonstrate that this 
second-stage LR maximization improves the LR but, in fact, 
degrades the proximity of the optimized solution to the true 
Toeplitz covariance matrix used instead of the sample matrix in 
the LR. We demonstrate that the proposed LR maximization 
allows for the essential reduction of the minimal input SNR or 
inter-source separation of the properly estimated sources' DOAs, 
compared to the classical MUSIC algorithm, applied to the 
sample matrix 𝐑̂𝐑𝑁𝑁. 
 

I. INTRODUCTION 

 The Maximum Likelihood (ML) estimation of the 
Toeplitz covariance matrix, given a set of T independent 
 
 
 

identically distributed (i.i.d.) complex Gaussian N-variate 
vectors, is one of the classical signal processing problems that 
has been under intensive investigation since at least the ‘80s 
[3]-[17], and yet it continues to attract attention nowadays 
[49], [50]. One of the main problems is that the nature of this 
optimization problem remains unclear. The type of this 
optimization problem was not specified in the seminal paper 
by J.P. Burg, D.G. Luenberger, and D.L. Wenger in 1982 [7] 
or in the papers by D.B. Fuhrmann [7], but in [48], written in 
2024, the problem was described as non-convex. Therefore, 
the nature of this important optimization problem remained 
unclear despite a large number of efficient solutions proposed 
over the decades [3]-[17]. Correspondingly, the properties of 
the globally optimal maximum likelihood Toeplitz covariance 
matrix estimates have not been explored because of the 
expectation of non-convexity, with potentially many solutions 
and the inability to specify the globally optimal ones. 

 In our recent papers [1]-[2], we addressed this problem by 
modifying the maximized likelihood function into a likelihood 
ratio with a probability density function (pdf) for the true 
covariance matrix, which does not depend on the true matrix 
and is specified by a priori known parameters. The application 
of the standard MATLAB fmincon optimization routine 
revealed that while the overwhelming majority of solutions 
were non-positive definite and therefore easily rejected, a 
small number of positive definite solutions possessed a very 
important property. Specifically, irrespective of the initial 
solution of this iterative optimization routine that ended up in 
a positive definite (p.d.) solution, this solution was the same. 
Moreover, the maximized likelihood ratio exceeded that of the 
true Toeplitz covariance matrix. In fact, all acceptable (i.e., 
positive definite) solutions of this optimization problem 
possessed these most important properties of the globally 
optimum solution. 

 In this paper, we continue to investigate this phenomenon. 
Specifically, by applying the Carathéodory description of the 
optimized Toeplitz matrix, we avoided non-positive definite 
solutions but did not achieve the LR maximum obtained by 
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1. Introduction 
The Maximum Likelihood (ML) estimation of the Toeplitz 
covariance matrix, given a set of T independent identically 
distributed (i.i.d.) complex Gaussian N-variate vectors, is one 
of the classical signal processing problems that has been under 
intensive investigation since at least the ‘80s, and yet it continues 
to attract attention nowadays [3-19]. One of the main problems is 
that the nature of this optimization problem remains unclear. The 
type of this optimization problem was not specified in the seminal 
paper by J.P. Burg, D.G. Luenberger, and D.L. Wenger in 1982 or 
in the papers by D.B. Fuhrmann, but, written in 2024, the problem 
was described as non-convex [7,20]. Therefore, the nature of this 

important optimization problem remained unclear despite a large 
number of efficient solutions proposed over the decades [3-17]. 
Correspondingly, the properties of the globally optimal maximum 
likelihood Toeplitz covariance matrix estimates have not been 
explored because of the expectation of non-convexity, with 
potentially many solutions and the inability to specify the globally 
optimal ones.

In our recent papers, we addressed this problem by modifying 
the maximized likelihood function into a likelihood ratio with a 
probability density function (pdf) for the true covariance matrix, 
which does not depend on the true matrix and is specified by a 
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priori known parameters [1,2]. The application of the standard 
MATLAB fmincon optimization routine revealed that while the 
overwhelming majority of solutions were non-positive definite 
and therefore easily rejected, a small number of positive definite 
solutions possessed a very important property. Specifically, 
irrespective of the initial solution of this iterative optimization 
routine that ended up in a positive definite (p.d.) solution, this 
solution was the same. Moreover, the maximized likelihood ratio 
exceeded that of the true Toeplitz covariance matrix. In fact, all 
acceptable (i.e., positive definite) solutions of this optimization 
problem possessed these most important properties of the globally 
optimum solution.

In this paper, we continue to investigate this phenomenon. 
Specifically, by applying the Carathéodory description of the 
optimized Toeplitz matrix, we avoided non-positive definite 
solutions but did not achieve the LR maximum obtained by direct 
covariance lag optimization. Therefore, after fmincon convergence 
on the Carathéodory parameters, we switched to direct optimization 
of the covariance lags. The overwhelming majority of the solutions 
possessed the properties of the LRoptimum p.d. Toeplitz matrix. 
Yet, the "distance" between this solution with its improved LR 
and true covariance matrix 𝐓𝑁 was proven to be greater than the 
p.d. solutions in Carathéodory parameterization. This "distance" 
was measured by the likelihood ratio with the sample covariance 
matrix R̂𝑁 replaced by the true Toeplitz covariance matrix 𝐓𝑁.

Finally, we demonstrate that the application of this Toeplitz 
covariance matrix estimation to the problem of direction-of-arrival 
(DOA) estimation in a uniform linear antenna (ULA) array, allows 
it to significantly extend into the region of a smaller input SNR 
and/or smaller inter-source separation, the efficient resolution and 
DOA estimation of these sources, compared to MUSIC, applied to 
the sample covariance matrix R̂𝑁.

By focusing on these new results, the paper concentrates on the 
properties of the solutions provided by the MATLAB fmincon 
routine and the gains in the classical DOA estimation problem 
these properties offer. Specifically, we demonstrate that the p.d. 
solutions, delivered by the MATLAB fmincon routine, possess the 
following properties: 
•	 the optimized LR value exceeds the LR value produced by the 

true Toeplitz covariance matrix, 
•	 the converged positive definite Toeplitz matrices are the same, 

irrespective of the initial solution used. These tested initial 
solutions included the very far from the true covariance matrix 
initiations with LR < 10−20, and the true covariance matrix 𝐓𝑁.

These two properties belong to the truly globally optimal solution, 
but in our case, they describe only a subset of all possible solutions, 
including non-p.d. solutions. Since the non-p.d. solutions could 
be easily identified, the remaining p.d. solutions possess these 
important properties of the globally optimal ones. 

The paper is focused on the two following goals: 
•	 to describe a new technique for ML Toeplitz matrix estimation, 

which improves DOA estimation performance 
•	 to investigate the properties of the quasi-global solution of the 

ML Toeplitz covariance matrix estimation.

Our main contributions are summarized as follows. 
•	 We demonstrate that while the MATLAB fmincon routine 

optimizes the covariance lags of the Toeplitz matrix, the vast 
majority of solutions are not positive definite. 

•	 All positive definite solutions provided by the MATLAB 
fmincon routine are practically the same, irrespective of the 
p.d. Toeplitz matrix used for initialization. The same solutions 
are obtained both with initializations that differ substantially 
from the true matrix (with LR ≤ 10⁻²⁰) and with initializations 
utilizing the true Toeplitz covariance matrix 𝐓𝑁. The optimized 
LR values for these solutions exceed those produced by 
the true covariance Toeplitz matrix. The independence of 
the result from the initialization matrix, including the true 
covariance matrix, together with exceeding the LR value of 
the true covariance matrix, are the most important properties 
of the globally optimum solution. Yet, the numerical methods 
highlight these properties but do not provide analytical proof 
of global optimality. 

•	 For avoiding the non-p.d. solutions generated by the MATLAB 
fmincon routine, we proposed starting LR maximization using 
the Carathéodory p.d. Toeplitz matrix representation, followed 
by LR maximization with further covariance lag updates (i.e., 
in Vandermonde parameterization). 

•	 We demonstrated that this second stage of the LR optimization 
of the covariance lags increases the LR but decreases the 
proximity to the true covariance matrix that replaces the 
sample matrix in the likelihood ratio. 

Correspondingly, in Sec 2, we provide the analytical description 
of the optimization problem and its possible parameterizations. In 
Sec 3, we demonstrate the properties of the optimized solutions for 
data with a Toeplitz matrix and describe the clutter returns in the 
HF OTHR. In Sec 4, we demonstrate that applying the proposed 
Toeplitz matrix estimation technique yields significant gains in 
source DOA estimation for sources impinging upon a uniform 
linear array. In Sec 5, we conclude our paper.

2. Maximum Likelihood Covariance Toeplitz Matrix 
Optimization Algorithm 
For the T i.i.d. Gaussian N-variate training data 
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direct covariance lag optimization. Therefore, after fmincon 
convergence on the Carathéodory parameters, we switched to 
direct optimization of the covariance lags. The overwhelming 
majority of the solutions possessed the properties of the LR-
optimum p.d. Toeplitz matrix. Yet, the "distance" between this 
solution with its improved LR and true covariance matrix 𝐓𝐓𝑁𝑁 
was proven to be greater than the p.d. solutions in 
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Finally, we demonstrate that the application of this 
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antenna (ULA) array, allows it to significantly extend into the 
region of a smaller input SNR and/or smaller inter-source 
separation,  the efficient resolution and DOA estimation of 
these sources, compared to MUSIC, applied to the sample 
covariance matrix 𝐑̂𝐑𝑁𝑁. 
 By focusing on these new results, the paper concentrates 
on the properties of the solutions provided by the MATLAB 
fmincon routine and the gains in the classical DOA estimation 
problem these properties offer. Specifically, we demonstrate 
that the p.d. solutions, delivered by the MATLAB fmincon 
routine, possess the following properties: 
▪ the optimized LR value exceeds the LR value produced by 

the true Toeplitz covariance matrix, 
▪ the converged positive definite Toeplitz matrices are the 

same, irrespective of the initial solution used. These tested 
initial solutions included the very far from the true 
covariance matrix initiations with LR < 10−20, and the 
true covariance matrix 𝐓𝐓𝑁𝑁.  

These two properties belong to the truly globally optimal 
solution, but in our case, they describe only a subset of all 
possible solutions, including non-p.d. solutions. Since the non-
p.d. solutions could be easily identified, the remaining p.d. 
solutions possess these important properties of the globally 
optimal ones. 
 The paper is focused on the two following goals: 
▪ to describe a new technique for ML Toeplitz matrix 

estimation, which improves DOA estimation 
performance: 

▪ to investigate the properties of the quasi-global solution of 
the ML Toeplitz covariance matrix estimation. 

Our main contributions are summarized as follows. 
1. We demonstrate that while the MATLAB fmincon routine 
optimizes the covariance lags of the Toeplitz matrix, the vast 
majority of solutions are not positive definite. 
2. All positive definite solutions provided by the MATLAB 
fmincon routine are practically the same, irrespective of the 
p.d. Toeplitz matrix used for initialization. The same solutions 
are obtained both with initializations that differ substantially 
from the true matrix (with LR ≤ 10⁻²⁰) and with initializations 
utilizing the true Toeplitz covariance matrix 𝐓𝐓𝑁𝑁. The optimized 
LR values for these solutions exceed those produced by the 

true covariance Toeplitz matrix. The independence of the 
result  from the initialization matrix, including the true 
covariance matrix, together with exceeding the LR value of the 
true covariance matrix, are the most important properties of the 
globally optimum solution. Yet, the numerical methods 
highlight these properties but do not provide analytical proof 
of global optimality. 
3. For avoiding the non-p.d. solutions generated by the 
MATLAB fmincon routine, we proposed starting LR 
maximization using the Carathéodory p.d. Toeplitz matrix 
representation, followed by LR maximization with further 
covariance lag updates (i.e., in Vandermonde 
parameterization). 
4. We demonstrated that this second stage of the LR 
optimization of the covariance lags increases the LR but 
decreases the proximity to the true covariance matrix that 
replaces the sample matrix in the likelihood ratio. 
 Correspondingly, in Sec II, we provide the analytical 
description of the optimization problem and its possible 
parameterizations. In Sec. III, we demonstrate the properties 
of the optimized solutions for data with a Toeplitz matrix and 
describe the clutter returns in the HF OTHR. In Sec IV, we 
demonstrate that applying the proposed Toeplitz matrix 
estimation technique yields significant gains in source DOA 
estimation for sources impinging upon a uniform linear array. 
In Sec V, we conclude our paper. 

II. MAXIMUM LIKELIHOOD COVARIANCE TOEPLITZ MATRIX 
OPTIMIZATION ALGORITHM 

 For the T i.i.d. Gaussian N-variate training data 
𝐗𝐗𝑡𝑡~ℂ𝒩𝒩(0, 𝐓𝐓𝑁𝑁), 𝑡𝑡 = 1, … , 𝑇𝑇, the likelihood function is [18]: 
 

LF[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] = exp[−𝑇𝑇 Tr(𝐑̂𝐑𝑇𝑇𝐓𝐓𝑁𝑁
−1)]

[det 𝐓𝐓𝑁𝑁]𝑇𝑇 , (1) 

where  
 

𝕏𝕏𝑇𝑇 = [𝐗𝐗1, … , 𝐗𝐗𝑇𝑇],    𝐑̂𝐑𝑇𝑇 = 1
𝑇𝑇 ∑ 𝐗𝐗𝑡𝑡𝐗𝐗𝑡𝑡

H
𝑇𝑇

𝑡𝑡=1
= 1

𝑇𝑇 𝕏𝕏𝑇𝑇𝕏𝕏𝑇𝑇
H. (2) 

 
If we multiply this likelihood function (2) by the value c 

that does not depend on the optimized Toeplitz covariance 
matrix 𝐓𝐓𝑁𝑁, 
 

𝑐𝑐 = det 𝐑̂𝐑𝑇𝑇
𝑇𝑇 exp(𝑁𝑁𝑁𝑁), (3) 

 
we get the well-known likelihood ratio [8]: 
 

LR[𝕏𝕏𝑇𝑇|𝐓̂𝐓𝑁𝑁] = exp 𝑁𝑁 det(𝐑̂𝐑𝑁𝑁𝐓̂𝐓𝑁𝑁
−1)

exp Tr(𝐑̂𝐑𝑁𝑁𝐓̂𝐓𝑁𝑁
−1) . (4) 

 the likelihood function is [21]: 
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LR values for these solutions exceed those produced by the 

true covariance Toeplitz matrix. The independence of the 
result  from the initialization matrix, including the true 
covariance matrix, together with exceeding the LR value of the 
true covariance matrix, are the most important properties of the 
globally optimum solution. Yet, the numerical methods 
highlight these properties but do not provide analytical proof 
of global optimality. 
3. For avoiding the non-p.d. solutions generated by the 
MATLAB fmincon routine, we proposed starting LR 
maximization using the Carathéodory p.d. Toeplitz matrix 
representation, followed by LR maximization with further 
covariance lag updates (i.e., in Vandermonde 
parameterization). 
4. We demonstrated that this second stage of the LR 
optimization of the covariance lags increases the LR but 
decreases the proximity to the true covariance matrix that 
replaces the sample matrix in the likelihood ratio. 
 Correspondingly, in Sec II, we provide the analytical 
description of the optimization problem and its possible 
parameterizations. In Sec. III, we demonstrate the properties 
of the optimized solutions for data with a Toeplitz matrix and 
describe the clutter returns in the HF OTHR. In Sec IV, we 
demonstrate that applying the proposed Toeplitz matrix 
estimation technique yields significant gains in source DOA 
estimation for sources impinging upon a uniform linear array. 
In Sec V, we conclude our paper. 
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Therefore, for the LR, we get 
 

LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] =
exp 𝑁𝑁 det (1

𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇
H)

exp Tr (1
𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇

H)
≤ 1, 

𝕴𝕴𝑇𝑇 = [𝝃𝝃𝟏𝟏, 𝝃𝝃𝟐𝟐, … , 𝝃𝝃𝑻𝑻] . 

(7) 

 
The conditional (on 𝐓𝐓𝑁𝑁) total power estimate 𝜎̂𝜎ML

2  is  
 

𝜎̂𝜎ML
2 = arg

𝜎𝜎2
[𝜕𝜕LF[𝕏𝕏𝑇𝑇|𝜎𝜎2]

𝜕𝜕𝜎𝜎2 ] = 0, (8) 

 
which leads to 
 

𝜕𝜕
𝜕𝜕𝜎𝜎2 [−𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)  − 𝑁𝑁𝑁𝑁 log 𝜎𝜎2] = 0, (9) 

 
which in turn leads to 
 

 𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
) − 𝑁𝑁𝑁𝑁

𝜎𝜎2 = 0, (10) 

 
and to the ML power estimate:  
 

𝜎̂𝜎ML
−2 = 1

𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
). (11) 

 
By substituting (11) into (4), we get: 
 

LR[𝕏𝕏𝑇𝑇|𝐓̂𝐓𝑁𝑁
(0)] = (12) 

exp 𝑁𝑁 det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)
𝑁𝑁

exp (𝑁𝑁
Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

)

 

                         =
det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

[1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)]
𝑁𝑁. 

Note that the derived "sphericity test" (12) does not 
depend on the Toeplitz matrix's total power 𝜎𝜎𝑇𝑇

2 and therefore, 
instead of 𝐓̂𝐓𝑁𝑁

(0) in (12), one can use 𝐓̂𝐓𝑁𝑁 with its power 𝜎𝜎𝑇𝑇
2. The 

maximum likelihood estimate 𝐓̂𝐓𝑁𝑁
ML should generate a 

"sphericity test" value that exceeds the LR value generated by 
the true covariance matrix 𝐓𝐓𝑁𝑁. The accurate pdf of the 
sphericity test for the true covariance matrix 𝐓𝐓𝑁𝑁 of the complex 
data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 

And with respect to (5), we have
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(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 
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data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
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 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
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Note that the derived "sphericity test" (12) does not 
depend on the Toeplitz matrix's total power 𝜎𝜎𝑇𝑇

2 and therefore, 
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(0) in (12), one can use 𝐓̂𝐓𝑁𝑁 with its power 𝜎𝜎𝑇𝑇
2. The 

maximum likelihood estimate 𝐓̂𝐓𝑁𝑁
ML should generate a 

"sphericity test" value that exceeds the LR value generated by 
the true covariance matrix 𝐓𝐓𝑁𝑁. The accurate pdf of the 
sphericity test for the true covariance matrix 𝐓𝐓𝑁𝑁 of the complex 
data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 
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MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 

which leads to

             

3 
 

 

Note that for the true covariance matrix 𝐓̂𝐓𝑁𝑁 = 𝐓𝐓𝑁𝑁 (true 
covariance matrix), the LR in (4) does not depend on 𝐓𝐓𝑁𝑁 and 
is specified by the a priori known parameters (𝑁𝑁, 𝑇𝑇): 

𝐗𝐗𝑡𝑡 = 𝐓𝐓𝑁𝑁

1
2𝛏𝛏𝑡𝑡,    𝛏𝛏𝑡𝑡~ℂ𝒩𝒩(0, 𝐈𝐈𝑁𝑁). (5) 

And with respect to (5), we have 
 

det[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] ≡ det [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] ≡ det [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑁𝑁

𝑡𝑡=1
], (6) 

Tr[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] = Tr [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] = Tr [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑇𝑇

𝑡𝑡=1
].  

 
Therefore, for the LR, we get 
 

LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] =
exp 𝑁𝑁 det (1

𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇
H)

exp Tr (1
𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇

H)
≤ 1, 

𝕴𝕴𝑇𝑇 = [𝝃𝝃𝟏𝟏, 𝝃𝝃𝟐𝟐, … , 𝝃𝝃𝑻𝑻] . 

(7) 

 
The conditional (on 𝐓𝐓𝑁𝑁) total power estimate 𝜎̂𝜎ML

2  is  
 

𝜎̂𝜎ML
2 = arg

𝜎𝜎2
[𝜕𝜕LF[𝕏𝕏𝑇𝑇|𝜎𝜎2]

𝜕𝜕𝜎𝜎2 ] = 0, (8) 

 
which leads to 
 

𝜕𝜕
𝜕𝜕𝜎𝜎2 [−𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)  − 𝑁𝑁𝑁𝑁 log 𝜎𝜎2] = 0, (9) 

 
which in turn leads to 
 

 𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
) − 𝑁𝑁𝑁𝑁

𝜎𝜎2 = 0, (10) 

 
and to the ML power estimate:  
 

𝜎̂𝜎ML
−2 = 1

𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
). (11) 

 
By substituting (11) into (4), we get: 
 

LR[𝕏𝕏𝑇𝑇|𝐓̂𝐓𝑁𝑁
(0)] = (12) 

exp 𝑁𝑁 det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)
𝑁𝑁

exp (𝑁𝑁
Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

)

 

                         =
det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

[1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)]
𝑁𝑁. 

Note that the derived "sphericity test" (12) does not 
depend on the Toeplitz matrix's total power 𝜎𝜎𝑇𝑇

2 and therefore, 
instead of 𝐓̂𝐓𝑁𝑁

(0) in (12), one can use 𝐓̂𝐓𝑁𝑁 with its power 𝜎𝜎𝑇𝑇
2. The 

maximum likelihood estimate 𝐓̂𝐓𝑁𝑁
ML should generate a 

"sphericity test" value that exceeds the LR value generated by 
the true covariance matrix 𝐓𝐓𝑁𝑁. The accurate pdf of the 
sphericity test for the true covariance matrix 𝐓𝐓𝑁𝑁 of the complex 
data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 

which in turn leads to
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Note that for the true covariance matrix 𝐓̂𝐓𝑁𝑁 = 𝐓𝐓𝑁𝑁 (true 
covariance matrix), the LR in (4) does not depend on 𝐓𝐓𝑁𝑁 and 
is specified by the a priori known parameters (𝑁𝑁, 𝑇𝑇): 

𝐗𝐗𝑡𝑡 = 𝐓𝐓𝑁𝑁

1
2𝛏𝛏𝑡𝑡,    𝛏𝛏𝑡𝑡~ℂ𝒩𝒩(0, 𝐈𝐈𝑁𝑁). (5) 

And with respect to (5), we have 
 

det[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] ≡ det [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] ≡ det [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑁𝑁

𝑡𝑡=1
], (6) 

Tr[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] = Tr [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] = Tr [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑇𝑇

𝑡𝑡=1
].  

 
Therefore, for the LR, we get 
 

LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] =
exp 𝑁𝑁 det (1

𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇
H)

exp Tr (1
𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇

H)
≤ 1, 

𝕴𝕴𝑇𝑇 = [𝝃𝝃𝟏𝟏, 𝝃𝝃𝟐𝟐, … , 𝝃𝝃𝑻𝑻] . 

(7) 

 
The conditional (on 𝐓𝐓𝑁𝑁) total power estimate 𝜎̂𝜎ML

2  is  
 

𝜎̂𝜎ML
2 = arg

𝜎𝜎2
[𝜕𝜕LF[𝕏𝕏𝑇𝑇|𝜎𝜎2]

𝜕𝜕𝜎𝜎2 ] = 0, (8) 

 
which leads to 
 

𝜕𝜕
𝜕𝜕𝜎𝜎2 [−𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)  − 𝑁𝑁𝑁𝑁 log 𝜎𝜎2] = 0, (9) 

 
which in turn leads to 
 

 𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
) − 𝑁𝑁𝑁𝑁

𝜎𝜎2 = 0, (10) 

 
and to the ML power estimate:  
 

𝜎̂𝜎ML
−2 = 1

𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
). (11) 

 
By substituting (11) into (4), we get: 
 

LR[𝕏𝕏𝑇𝑇|𝐓̂𝐓𝑁𝑁
(0)] = (12) 

exp 𝑁𝑁 det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)
𝑁𝑁

exp (𝑁𝑁
Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

)

 

                         =
det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

[1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)]
𝑁𝑁. 

Note that the derived "sphericity test" (12) does not 
depend on the Toeplitz matrix's total power 𝜎𝜎𝑇𝑇

2 and therefore, 
instead of 𝐓̂𝐓𝑁𝑁

(0) in (12), one can use 𝐓̂𝐓𝑁𝑁 with its power 𝜎𝜎𝑇𝑇
2. The 

maximum likelihood estimate 𝐓̂𝐓𝑁𝑁
ML should generate a 

"sphericity test" value that exceeds the LR value generated by 
the true covariance matrix 𝐓𝐓𝑁𝑁. The accurate pdf of the 
sphericity test for the true covariance matrix 𝐓𝐓𝑁𝑁 of the complex 
data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 

and to the ML power estimate:
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Note that for the true covariance matrix 𝐓̂𝐓𝑁𝑁 = 𝐓𝐓𝑁𝑁 (true 
covariance matrix), the LR in (4) does not depend on 𝐓𝐓𝑁𝑁 and 
is specified by the a priori known parameters (𝑁𝑁, 𝑇𝑇): 

𝐗𝐗𝑡𝑡 = 𝐓𝐓𝑁𝑁

1
2𝛏𝛏𝑡𝑡,    𝛏𝛏𝑡𝑡~ℂ𝒩𝒩(0, 𝐈𝐈𝑁𝑁). (5) 

And with respect to (5), we have 
 

det[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] ≡ det [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] ≡ det [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑁𝑁

𝑡𝑡=1
], (6) 

Tr[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] = Tr [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] = Tr [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑇𝑇

𝑡𝑡=1
].  

 
Therefore, for the LR, we get 
 

LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] =
exp 𝑁𝑁 det (1

𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇
H)

exp Tr (1
𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇

H)
≤ 1, 

𝕴𝕴𝑇𝑇 = [𝝃𝝃𝟏𝟏, 𝝃𝝃𝟐𝟐, … , 𝝃𝝃𝑻𝑻] . 

(7) 

 
The conditional (on 𝐓𝐓𝑁𝑁) total power estimate 𝜎̂𝜎ML

2  is  
 

𝜎̂𝜎ML
2 = arg

𝜎𝜎2
[𝜕𝜕LF[𝕏𝕏𝑇𝑇|𝜎𝜎2]

𝜕𝜕𝜎𝜎2 ] = 0, (8) 

 
which leads to 
 

𝜕𝜕
𝜕𝜕𝜎𝜎2 [−𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)  − 𝑁𝑁𝑁𝑁 log 𝜎𝜎2] = 0, (9) 

 
which in turn leads to 
 

 𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
) − 𝑁𝑁𝑁𝑁

𝜎𝜎2 = 0, (10) 

 
and to the ML power estimate:  
 

𝜎̂𝜎ML
−2 = 1

𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
). (11) 

 
By substituting (11) into (4), we get: 
 

LR[𝕏𝕏𝑇𝑇|𝐓̂𝐓𝑁𝑁
(0)] = (12) 

exp 𝑁𝑁 det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
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(0))
−1

)

Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)
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                         =
det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
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)
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𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)]
𝑁𝑁. 

Note that the derived "sphericity test" (12) does not 
depend on the Toeplitz matrix's total power 𝜎𝜎𝑇𝑇

2 and therefore, 
instead of 𝐓̂𝐓𝑁𝑁

(0) in (12), one can use 𝐓̂𝐓𝑁𝑁 with its power 𝜎𝜎𝑇𝑇
2. The 

maximum likelihood estimate 𝐓̂𝐓𝑁𝑁
ML should generate a 

"sphericity test" value that exceeds the LR value generated by 
the true covariance matrix 𝐓𝐓𝑁𝑁. The accurate pdf of the 
sphericity test for the true covariance matrix 𝐓𝐓𝑁𝑁 of the complex 
data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
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where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 
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introduced in [17]. In [2], we also analyzed the 
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 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
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see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
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solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
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"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 

 and therefore, instead of 

3 
 

 

Note that for the true covariance matrix 𝐓̂𝐓𝑁𝑁 = 𝐓𝐓𝑁𝑁 (true 
covariance matrix), the LR in (4) does not depend on 𝐓𝐓𝑁𝑁 and 
is specified by the a priori known parameters (𝑁𝑁, 𝑇𝑇): 

𝐗𝐗𝑡𝑡 = 𝐓𝐓𝑁𝑁

1
2𝛏𝛏𝑡𝑡,    𝛏𝛏𝑡𝑡~ℂ𝒩𝒩(0, 𝐈𝐈𝑁𝑁). (5) 

And with respect to (5), we have 
 

det[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] ≡ det [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] ≡ det [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑁𝑁

𝑡𝑡=1
], (6) 

Tr[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] = Tr [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] = Tr [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑇𝑇

𝑡𝑡=1
].  

 
Therefore, for the LR, we get 
 

LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] =
exp 𝑁𝑁 det (1

𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇
H)

exp Tr (1
𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇

H)
≤ 1, 

𝕴𝕴𝑇𝑇 = [𝝃𝝃𝟏𝟏, 𝝃𝝃𝟐𝟐, … , 𝝃𝝃𝑻𝑻] . 

(7) 

 
The conditional (on 𝐓𝐓𝑁𝑁) total power estimate 𝜎̂𝜎ML

2  is  
 

𝜎̂𝜎ML
2 = arg

𝜎𝜎2
[𝜕𝜕LF[𝕏𝕏𝑇𝑇|𝜎𝜎2]

𝜕𝜕𝜎𝜎2 ] = 0, (8) 

 
which leads to 
 

𝜕𝜕
𝜕𝜕𝜎𝜎2 [−𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)  − 𝑁𝑁𝑁𝑁 log 𝜎𝜎2] = 0, (9) 

 
which in turn leads to 
 

 𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
) − 𝑁𝑁𝑁𝑁

𝜎𝜎2 = 0, (10) 

 
and to the ML power estimate:  
 

𝜎̂𝜎ML
−2 = 1

𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
). (11) 

 
By substituting (11) into (4), we get: 
 

LR[𝕏𝕏𝑇𝑇|𝐓̂𝐓𝑁𝑁
(0)] = (12) 

exp 𝑁𝑁 det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)
𝑁𝑁

exp (𝑁𝑁
Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

)

 

                         =
det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

[1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)]
𝑁𝑁. 

Note that the derived "sphericity test" (12) does not 
depend on the Toeplitz matrix's total power 𝜎𝜎𝑇𝑇

2 and therefore, 
instead of 𝐓̂𝐓𝑁𝑁

(0) in (12), one can use 𝐓̂𝐓𝑁𝑁 with its power 𝜎𝜎𝑇𝑇
2. The 

maximum likelihood estimate 𝐓̂𝐓𝑁𝑁
ML should generate a 

"sphericity test" value that exceeds the LR value generated by 
the true covariance matrix 𝐓𝐓𝑁𝑁. The accurate pdf of the 
sphericity test for the true covariance matrix 𝐓𝐓𝑁𝑁 of the complex 
data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 

 in 
(12), one can use 
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Note that for the true covariance matrix 𝐓̂𝐓𝑁𝑁 = 𝐓𝐓𝑁𝑁 (true 
covariance matrix), the LR in (4) does not depend on 𝐓𝐓𝑁𝑁 and 
is specified by the a priori known parameters (𝑁𝑁, 𝑇𝑇): 

𝐗𝐗𝑡𝑡 = 𝐓𝐓𝑁𝑁

1
2𝛏𝛏𝑡𝑡,    𝛏𝛏𝑡𝑡~ℂ𝒩𝒩(0, 𝐈𝐈𝑁𝑁). (5) 

And with respect to (5), we have 
 

det[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] ≡ det [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] ≡ det [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑁𝑁

𝑡𝑡=1
], (6) 

Tr[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] = Tr [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] = Tr [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑇𝑇

𝑡𝑡=1
].  

 
Therefore, for the LR, we get 
 

LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] =
exp 𝑁𝑁 det (1

𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇
H)

exp Tr (1
𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇

H)
≤ 1, 

𝕴𝕴𝑇𝑇 = [𝝃𝝃𝟏𝟏, 𝝃𝝃𝟐𝟐, … , 𝝃𝝃𝑻𝑻] . 

(7) 

 
The conditional (on 𝐓𝐓𝑁𝑁) total power estimate 𝜎̂𝜎ML

2  is  
 

𝜎̂𝜎ML
2 = arg

𝜎𝜎2
[𝜕𝜕LF[𝕏𝕏𝑇𝑇|𝜎𝜎2]

𝜕𝜕𝜎𝜎2 ] = 0, (8) 

 
which leads to 
 

𝜕𝜕
𝜕𝜕𝜎𝜎2 [−𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)  − 𝑁𝑁𝑁𝑁 log 𝜎𝜎2] = 0, (9) 

 
which in turn leads to 
 

 𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
) − 𝑁𝑁𝑁𝑁

𝜎𝜎2 = 0, (10) 

 
and to the ML power estimate:  
 

𝜎̂𝜎ML
−2 = 1

𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
). (11) 

 
By substituting (11) into (4), we get: 
 

LR[𝕏𝕏𝑇𝑇|𝐓̂𝐓𝑁𝑁
(0)] = (12) 

exp 𝑁𝑁 det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)
𝑁𝑁

exp (𝑁𝑁
Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

)

 

                         =
det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

[1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)]
𝑁𝑁. 

Note that the derived "sphericity test" (12) does not 
depend on the Toeplitz matrix's total power 𝜎𝜎𝑇𝑇

2 and therefore, 
instead of 𝐓̂𝐓𝑁𝑁

(0) in (12), one can use 𝐓̂𝐓𝑁𝑁 with its power 𝜎𝜎𝑇𝑇
2. The 

maximum likelihood estimate 𝐓̂𝐓𝑁𝑁
ML should generate a 

"sphericity test" value that exceeds the LR value generated by 
the true covariance matrix 𝐓𝐓𝑁𝑁. The accurate pdf of the 
sphericity test for the true covariance matrix 𝐓𝐓𝑁𝑁 of the complex 
data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 
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Note that for the true covariance matrix 𝐓̂𝐓𝑁𝑁 = 𝐓𝐓𝑁𝑁 (true 
covariance matrix), the LR in (4) does not depend on 𝐓𝐓𝑁𝑁 and 
is specified by the a priori known parameters (𝑁𝑁, 𝑇𝑇): 

𝐗𝐗𝑡𝑡 = 𝐓𝐓𝑁𝑁

1
2𝛏𝛏𝑡𝑡,    𝛏𝛏𝑡𝑡~ℂ𝒩𝒩(0, 𝐈𝐈𝑁𝑁). (5) 

And with respect to (5), we have 
 

det[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] ≡ det [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] ≡ det [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑁𝑁

𝑡𝑡=1
], (6) 

Tr[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] = Tr [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] = Tr [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑇𝑇

𝑡𝑡=1
].  

 
Therefore, for the LR, we get 
 

LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] =
exp 𝑁𝑁 det (1

𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇
H)

exp Tr (1
𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇

H)
≤ 1, 

𝕴𝕴𝑇𝑇 = [𝝃𝝃𝟏𝟏, 𝝃𝝃𝟐𝟐, … , 𝝃𝝃𝑻𝑻] . 

(7) 

 
The conditional (on 𝐓𝐓𝑁𝑁) total power estimate 𝜎̂𝜎ML

2  is  
 

𝜎̂𝜎ML
2 = arg

𝜎𝜎2
[𝜕𝜕LF[𝕏𝕏𝑇𝑇|𝜎𝜎2]

𝜕𝜕𝜎𝜎2 ] = 0, (8) 

 
which leads to 
 

𝜕𝜕
𝜕𝜕𝜎𝜎2 [−𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)  − 𝑁𝑁𝑁𝑁 log 𝜎𝜎2] = 0, (9) 

 
which in turn leads to 
 

 𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
) − 𝑁𝑁𝑁𝑁

𝜎𝜎2 = 0, (10) 

 
and to the ML power estimate:  
 

𝜎̂𝜎ML
−2 = 1

𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
). (11) 

 
By substituting (11) into (4), we get: 
 

LR[𝕏𝕏𝑇𝑇|𝐓̂𝐓𝑁𝑁
(0)] = (12) 

exp 𝑁𝑁 det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)
𝑁𝑁

exp (𝑁𝑁
Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)

)

 

                         =
det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

[1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)]
𝑁𝑁. 

Note that the derived "sphericity test" (12) does not 
depend on the Toeplitz matrix's total power 𝜎𝜎𝑇𝑇

2 and therefore, 
instead of 𝐓̂𝐓𝑁𝑁

(0) in (12), one can use 𝐓̂𝐓𝑁𝑁 with its power 𝜎𝜎𝑇𝑇
2. The 

maximum likelihood estimate 𝐓̂𝐓𝑁𝑁
ML should generate a 

"sphericity test" value that exceeds the LR value generated by 
the true covariance matrix 𝐓𝐓𝑁𝑁. The accurate pdf of the 
sphericity test for the true covariance matrix 𝐓𝐓𝑁𝑁 of the complex 
data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 
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Note that for the true covariance matrix 𝐓̂𝐓𝑁𝑁 = 𝐓𝐓𝑁𝑁 (true 
covariance matrix), the LR in (4) does not depend on 𝐓𝐓𝑁𝑁 and 
is specified by the a priori known parameters (𝑁𝑁, 𝑇𝑇): 

𝐗𝐗𝑡𝑡 = 𝐓𝐓𝑁𝑁

1
2𝛏𝛏𝑡𝑡,    𝛏𝛏𝑡𝑡~ℂ𝒩𝒩(0, 𝐈𝐈𝑁𝑁). (5) 

And with respect to (5), we have 
 

det[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] ≡ det [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] ≡ det [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑁𝑁

𝑡𝑡=1
], (6) 

Tr[𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁
−1] = Tr [𝐓𝐓𝑁𝑁

−1
2𝐑̂𝐑𝑁𝑁𝐓𝐓𝑁𝑁

−1
2] = Tr [1

𝑇𝑇 ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡
H

𝑇𝑇

𝑡𝑡=1
].  

 
Therefore, for the LR, we get 
 

LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] =
exp 𝑁𝑁 det (1

𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇
H)

exp Tr (1
𝑇𝑇 𝕴𝕴𝑇𝑇𝕴𝕴𝑇𝑇

H)
≤ 1, 

𝕴𝕴𝑇𝑇 = [𝝃𝝃𝟏𝟏, 𝝃𝝃𝟐𝟐, … , 𝝃𝝃𝑻𝑻] . 

(7) 

 
The conditional (on 𝐓𝐓𝑁𝑁) total power estimate 𝜎̂𝜎ML

2  is  
 

𝜎̂𝜎ML
2 = arg

𝜎𝜎2
[𝜕𝜕LF[𝕏𝕏𝑇𝑇|𝜎𝜎2]

𝜕𝜕𝜎𝜎2 ] = 0, (8) 

 
which leads to 
 

𝜕𝜕
𝜕𝜕𝜎𝜎2 [−𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)  − 𝑁𝑁𝑁𝑁 log 𝜎𝜎2] = 0, (9) 

 
which in turn leads to 
 

 𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
) − 𝑁𝑁𝑁𝑁

𝜎𝜎2 = 0, (10) 

 
and to the ML power estimate:  
 

𝜎̂𝜎ML
−2 = 1

𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
). (11) 

 
By substituting (11) into (4), we get: 
 

LR[𝕏𝕏𝑇𝑇|𝐓̂𝐓𝑁𝑁
(0)] = (12) 
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−1
)

1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)
𝑁𝑁

exp (𝑁𝑁
Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
)
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                         =
det (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)

[1
𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁

(0))
−1

)]
𝑁𝑁. 

Note that the derived "sphericity test" (12) does not 
depend on the Toeplitz matrix's total power 𝜎𝜎𝑇𝑇

2 and therefore, 
instead of 𝐓̂𝐓𝑁𝑁

(0) in (12), one can use 𝐓̂𝐓𝑁𝑁 with its power 𝜎𝜎𝑇𝑇
2. The 

maximum likelihood estimate 𝐓̂𝐓𝑁𝑁
ML should generate a 

"sphericity test" value that exceeds the LR value generated by 
the true covariance matrix 𝐓𝐓𝑁𝑁. The accurate pdf of the 
sphericity test for the true covariance matrix 𝐓𝐓𝑁𝑁 of the complex 
data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 
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Note that for the true covariance matrix 𝐓̂𝐓𝑁𝑁 = 𝐓𝐓𝑁𝑁 (true 
covariance matrix), the LR in (4) does not depend on 𝐓𝐓𝑁𝑁 and 
is specified by the a priori known parameters (𝑁𝑁, 𝑇𝑇): 

𝐗𝐗𝑡𝑡 = 𝐓𝐓𝑁𝑁

1
2𝛏𝛏𝑡𝑡,    𝛏𝛏𝑡𝑡~ℂ𝒩𝒩(0, 𝐈𝐈𝑁𝑁). (5) 

And with respect to (5), we have 
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Therefore, for the LR, we get 
 

LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] =
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(7) 

 
The conditional (on 𝐓𝐓𝑁𝑁) total power estimate 𝜎̂𝜎ML

2  is  
 

𝜎̂𝜎ML
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𝜎𝜎2
[𝜕𝜕LF[𝕏𝕏𝑇𝑇|𝜎𝜎2]

𝜕𝜕𝜎𝜎2 ] = 0, (8) 

 
which leads to 
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(0))
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which in turn leads to 
 

 𝑇𝑇 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
(0))

−1
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and to the ML power estimate:  
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−2 = 1

𝑁𝑁 Tr (𝐑̂𝐑𝑁𝑁(𝐓̂𝐓𝑁𝑁
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By substituting (11) into (4), we get: 
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Note that the derived "sphericity test" (12) does not 
depend on the Toeplitz matrix's total power 𝜎𝜎𝑇𝑇

2 and therefore, 
instead of 𝐓̂𝐓𝑁𝑁

(0) in (12), one can use 𝐓̂𝐓𝑁𝑁 with its power 𝜎𝜎𝑇𝑇
2. The 

maximum likelihood estimate 𝐓̂𝐓𝑁𝑁
ML should generate a 

"sphericity test" value that exceeds the LR value generated by 
the true covariance matrix 𝐓𝐓𝑁𝑁. The accurate pdf of the 
sphericity test for the true covariance matrix 𝐓𝐓𝑁𝑁 of the complex 
data 𝐗𝐗𝑇𝑇  and the oversampled training conditions (𝑇𝑇 > 𝑁𝑁) are 
introduced in [17]. In [2], we also analyzed the 
"undersampled" condition, in which the number of training 
vectors T is smaller than the Toeplitz matrix's dimension N; the 
corresponding likelihood ratio is introduced in [19].  
 For the numerical LR maximization, we adopted the 
MATLAB fmincon routine, which is the nonlinear 
programming solver specified in [47]: 
 

Find min
𝐓𝐓𝑁𝑁

−LR [𝐑̂𝐑𝑁𝑁]  such that  
− min eig 𝐓𝐓𝑁𝑁 < 0, 

(13) 

where 𝐓𝐓𝑁𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs to 
be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian 
Toeplitz matrix. Since this parameterization may describe the 
non-positive definite Toeplitz matrix, an additional constraint 
(see (13)) on the positive definiteness of this matrix is required. 
 Unfortunately, the MATLAB fmincon routine does not 
always retain this introduced constraint. As one of the 
developers of this routine noted, "there is no absolute 
guarantee that by starting fmincon at a feasible point, you will 
see it terminate at a feasible point" [47]. Since a negative 
eigenvalue can be easily identified, it is possible to run this 
software again with a different p.d. Toeplitz matrix to initiate 
the fmincon routine and finally obtain a positive-definite 
solution. Obviously, this is not a good practical approach due 
to the indefinite execution time, but it could be used for 
problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, 
it is not easy to maintain equal minimal eigenvalues as required 
for the problem of direction of arrival (DOA) estimation of 
𝑚𝑚 < 𝑁𝑁 − 1 point Gaussian sources in white Gaussian noise. 
 Yet, for the positive definite Hermitian Toeplitz matrices, 
there is an alternative to Vandermonde parameterization using 
the Carathéodory decomposition of the p.d. Hermitian Toeplitz 

where 𝐓𝑁 is a Hermitian Toeplitz matrix. Obviously, for the 
numerical Toeplitz matrix optimization, this matrix needs 
to be parameterized. One of the possible Toeplitz matrix 
parameterizations is the set of one positive (main diagonal) and 
(N - 1) complex-valued covariance lags of this Hermitian Toeplitz 
matrix. Since this parameterization may describe the non-positive 
definite Toeplitz matrix, an additional constraint (see (13)) on the 
positive definiteness of this matrix is required.

Unfortunately, the MATLAB fmincon routine does not always 
retain this introduced constraint. As one of the developers of this 
routine noted, "there is no absolute guarantee that by starting 
fmincon at a feasible point, you will see it terminate at a feasible 
point" [23]. Since a negative eigenvalue can be easily identified, 
it is possible to run this software again with a different p.d. 
Toeplitz matrix to initiate the fmincon routine and finally obtain 
a positive-definite solution. Obviously, this is not a good practical 
approach due to the indefinite execution time, but it could be used 
for problem investigation. Note that the eigenspectrum is not 
otherwise specified in this parameterization. Correspondingly, it 
is not easy to maintain equal minimal eigenvalues as required for 
the problem of direction of arrival (DOA) estimation of 𝑚 < 𝑁 – 1 
point Gaussian sources in white Gaussian noise.

Yet, for the positive definite Hermitian Toeplitz matrices, there 
is an alternative to Vandermonde parameterization using the 
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Carathéodory decomposition of the p.d. Hermitian Toeplitz 
matrix. Indeed, let 𝐓𝑁 be a p.d. Toeplitz Hermitian matrix with the 
eigendecomposition: 
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matrix. Indeed, let 𝐓𝐓𝑁𝑁 be a p.d. Toeplitz Hermitian matrix with 
the eigendecomposition: 
 

 𝐓𝐓𝑁𝑁 = ∑ λ𝑗𝑗𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁

𝑗𝑗=1
;     λ𝑗𝑗 ≥ 0,    𝐔𝐔𝑗𝑗

H𝐔𝐔𝑘𝑘 = 𝛿𝛿𝑗𝑗𝑗𝑗. (14) 

 
Then this matrix may be presented as: 

 

 𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 + ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁−1

𝑗𝑗=1
. (15) 

 
where the rank-deficient matrix 𝐓𝐓𝑁𝑁−1, 
 

 𝐓𝐓𝑁𝑁−1 = ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁−1

𝑗𝑗=1
, (16) 

in accordance with Theorem 02 from [50], may be presented 
as a matrix of 𝑚𝑚 = 𝑁𝑁 − 1 independent plane waves. This 
theorem provides the alternative (Carathéodory) 
representation of an arbitrary p.d. Toeplitz Hermitian matrix: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (17) 

Note that the covariance matrix (17) is described by one 
positive parameter (𝜆𝜆min) and 2(𝑁𝑁 − 1) real-valued 
parameters (𝜎𝜎𝑗𝑗, 𝜃𝜃𝑗𝑗) for 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, similar to an arbitrary 
Toeplitz Hermitian matrix specified by its covariance lags. 
Despite the same number of "free" parameters that describe a 
Toeplitz Hermitian matrix, one (Carathéodory) set always 
describes a set of positive definite matrices. In contrast, the 
"covariance lags" set may describe an arbitrary Toeplitz 
Hermitian matrix. Therefore, the class of Toeplitz matrices 
described by (17) forms the inner set with respect to the set 
described by both positive and non-positive definite Hermitian 
Toeplitz matrices. 

 Yet, it is not self-evident that a particular optimization 
algorithm, such as MATLAB fmincon, should provide the 
same result if the non-negative definite solutions are of interest 
only. Apart from yielding a non-positive-definite solution, 
ignoring the introduced constraint (𝜆𝜆min > 0), this algorithm 
often converges to a solution with a higher LR value than when 
the admissible set is limited to non-negative-definite solutions 
only. 

One should not expect significant differences in the 
optimization results. Still, the optimizations without a 
constraint, while often producing inappropriate results, in 
those rare cases of p.d. convergence to the proper solutions, 
may exceed the maximum LR value achieved by the algorithm 
with this additional constraint. 

Let us emphasize that this should be the property of the 
particular optimization algorithm, while ideally, we should get 
the same set of solutions. For the reasons described above, we 
will investigate the MATLAB fmincon routine to optimize the 
covariance lags directly, expecting that the constraint in (13) 
will often be violated. It would be more practical to perform 
the two-stage optimization described above by first using the 
Carathéodory decomposition (17) and then the covariance lag 
optimization in (13). 

III. NUMERICAL LIKELIHOOD RATIO MAXIMIZATION FOR 
MODELS WITH DIFFERENT EIGENVALUES OF THE TOEPLITZ 

COVARIANCE MATRIX  
 Let us analyze the case in which the number of distinct 
positive definite eigenvalues of the optimized Toeplitz 
covariance matrix is not specified. In practice, this case 
describes the spatial covariance matrices of sky-wave-
propagated clutter returns in HF OTH radars  [52]. As an 
example of such Toeplitz matrices, we consider the following 
matrix 𝐓𝐓𝑁𝑁: 
 

𝐓𝐓𝑁𝑁 = 𝑞𝑞𝑚𝑚
−2𝐈𝐈𝑁𝑁 + sinc (𝑊𝑊1)     

                          + 0.5 DD[𝜃𝜃𝑜𝑜]sinc (𝑊𝑊2)DDH[𝜃𝜃𝑜𝑜], (18) 

where 
 

sinc (𝑊𝑊) = [sin 𝜋𝜋𝜋𝜋 (𝑖𝑖 − 𝑗𝑗)
𝜋𝜋𝜋𝜋(𝑖𝑖 − 𝑗𝑗) ] ,    𝑖𝑖, 𝑗𝑗 = 0, … , 𝑁𝑁 − 1, (19) 

 
and 

DD[[𝜃𝜃𝑜𝑜]] = diag [[1, exp ((𝑖𝑖 2𝜋𝜋𝜋𝜋
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)) , … , 

           exp (𝑖𝑖(𝑁𝑁 − 1)2𝜋𝜋 𝑑𝑑
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)]. 

(20) 

In numerical simulations, we use the following parameters: 
 

𝑁𝑁 = 17, 𝜃𝜃𝑜𝑜 = 20o, 𝑊𝑊1 = 0.2, 𝑊𝑊2 = 0.4, 
𝑞𝑞𝑚𝑚

−2 = 10−4, 𝑇𝑇 = 85 (𝑇𝑇 = 5𝑁𝑁). (21) 

 
In the oversampled (𝑇𝑇 ≥ 𝑁𝑁) case, we use the sphericity 
likelihood ratio test. Let us now specify the goals of the 
numerical investigations. 
 
A. LR Optimization of the Covariance Lags Mostly Results in 
Inappropriate (Non-Positive Definite) Solutions, But When It 
Converges to a Positive Definite One, It Is the Same Solution 

The problem of MATLAB fmincon LR maximization by 
optimization of the matrix's covariance lags may be formulated 
as follows: 

Find min
𝐓𝐓𝑁𝑁

−LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] (≔ 𝑓𝑓(𝑥𝑥)) (22) 

subject to 

Then this matrix may be presented as:
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matrix. Indeed, let 𝐓𝐓𝑁𝑁 be a p.d. Toeplitz Hermitian matrix with 
the eigendecomposition: 
 

 𝐓𝐓𝑁𝑁 = ∑ λ𝑗𝑗𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁

𝑗𝑗=1
;     λ𝑗𝑗 ≥ 0,    𝐔𝐔𝑗𝑗

H𝐔𝐔𝑘𝑘 = 𝛿𝛿𝑗𝑗𝑗𝑗. (14) 

 
Then this matrix may be presented as: 

 

 𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 + ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁−1

𝑗𝑗=1
. (15) 

 
where the rank-deficient matrix 𝐓𝐓𝑁𝑁−1, 
 

 𝐓𝐓𝑁𝑁−1 = ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁−1

𝑗𝑗=1
, (16) 

in accordance with Theorem 02 from [50], may be presented 
as a matrix of 𝑚𝑚 = 𝑁𝑁 − 1 independent plane waves. This 
theorem provides the alternative (Carathéodory) 
representation of an arbitrary p.d. Toeplitz Hermitian matrix: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (17) 

Note that the covariance matrix (17) is described by one 
positive parameter (𝜆𝜆min) and 2(𝑁𝑁 − 1) real-valued 
parameters (𝜎𝜎𝑗𝑗, 𝜃𝜃𝑗𝑗) for 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, similar to an arbitrary 
Toeplitz Hermitian matrix specified by its covariance lags. 
Despite the same number of "free" parameters that describe a 
Toeplitz Hermitian matrix, one (Carathéodory) set always 
describes a set of positive definite matrices. In contrast, the 
"covariance lags" set may describe an arbitrary Toeplitz 
Hermitian matrix. Therefore, the class of Toeplitz matrices 
described by (17) forms the inner set with respect to the set 
described by both positive and non-positive definite Hermitian 
Toeplitz matrices. 

 Yet, it is not self-evident that a particular optimization 
algorithm, such as MATLAB fmincon, should provide the 
same result if the non-negative definite solutions are of interest 
only. Apart from yielding a non-positive-definite solution, 
ignoring the introduced constraint (𝜆𝜆min > 0), this algorithm 
often converges to a solution with a higher LR value than when 
the admissible set is limited to non-negative-definite solutions 
only. 

One should not expect significant differences in the 
optimization results. Still, the optimizations without a 
constraint, while often producing inappropriate results, in 
those rare cases of p.d. convergence to the proper solutions, 
may exceed the maximum LR value achieved by the algorithm 
with this additional constraint. 

Let us emphasize that this should be the property of the 
particular optimization algorithm, while ideally, we should get 
the same set of solutions. For the reasons described above, we 
will investigate the MATLAB fmincon routine to optimize the 
covariance lags directly, expecting that the constraint in (13) 
will often be violated. It would be more practical to perform 
the two-stage optimization described above by first using the 
Carathéodory decomposition (17) and then the covariance lag 
optimization in (13). 

III. NUMERICAL LIKELIHOOD RATIO MAXIMIZATION FOR 
MODELS WITH DIFFERENT EIGENVALUES OF THE TOEPLITZ 

COVARIANCE MATRIX  
 Let us analyze the case in which the number of distinct 
positive definite eigenvalues of the optimized Toeplitz 
covariance matrix is not specified. In practice, this case 
describes the spatial covariance matrices of sky-wave-
propagated clutter returns in HF OTH radars  [52]. As an 
example of such Toeplitz matrices, we consider the following 
matrix 𝐓𝐓𝑁𝑁: 
 

𝐓𝐓𝑁𝑁 = 𝑞𝑞𝑚𝑚
−2𝐈𝐈𝑁𝑁 + sinc (𝑊𝑊1)     

                          + 0.5 DD[𝜃𝜃𝑜𝑜]sinc (𝑊𝑊2)DDH[𝜃𝜃𝑜𝑜], (18) 

where 
 

sinc (𝑊𝑊) = [sin 𝜋𝜋𝜋𝜋 (𝑖𝑖 − 𝑗𝑗)
𝜋𝜋𝜋𝜋(𝑖𝑖 − 𝑗𝑗) ] ,    𝑖𝑖, 𝑗𝑗 = 0, … , 𝑁𝑁 − 1, (19) 

 
and 

DD[[𝜃𝜃𝑜𝑜]] = diag [[1, exp ((𝑖𝑖 2𝜋𝜋𝜋𝜋
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)) , … , 

           exp (𝑖𝑖(𝑁𝑁 − 1)2𝜋𝜋 𝑑𝑑
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)]. 

(20) 

In numerical simulations, we use the following parameters: 
 

𝑁𝑁 = 17, 𝜃𝜃𝑜𝑜 = 20o, 𝑊𝑊1 = 0.2, 𝑊𝑊2 = 0.4, 
𝑞𝑞𝑚𝑚

−2 = 10−4, 𝑇𝑇 = 85 (𝑇𝑇 = 5𝑁𝑁). (21) 

 
In the oversampled (𝑇𝑇 ≥ 𝑁𝑁) case, we use the sphericity 
likelihood ratio test. Let us now specify the goals of the 
numerical investigations. 
 
A. LR Optimization of the Covariance Lags Mostly Results in 
Inappropriate (Non-Positive Definite) Solutions, But When It 
Converges to a Positive Definite One, It Is the Same Solution 

The problem of MATLAB fmincon LR maximization by 
optimization of the matrix's covariance lags may be formulated 
as follows: 

Find min
𝐓𝐓𝑁𝑁

−LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] (≔ 𝑓𝑓(𝑥𝑥)) (22) 

subject to 

where the rank-deficient matrix 𝐓𝑁−1,
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matrix. Indeed, let 𝐓𝐓𝑁𝑁 be a p.d. Toeplitz Hermitian matrix with 
the eigendecomposition: 
 

 𝐓𝐓𝑁𝑁 = ∑ λ𝑗𝑗𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁

𝑗𝑗=1
;     λ𝑗𝑗 ≥ 0,    𝐔𝐔𝑗𝑗

H𝐔𝐔𝑘𝑘 = 𝛿𝛿𝑗𝑗𝑗𝑗. (14) 

 
Then this matrix may be presented as: 

 

 𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 + ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁−1

𝑗𝑗=1
. (15) 

 
where the rank-deficient matrix 𝐓𝐓𝑁𝑁−1, 
 

 𝐓𝐓𝑁𝑁−1 = ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁−1

𝑗𝑗=1
, (16) 

in accordance with Theorem 02 from [50], may be presented 
as a matrix of 𝑚𝑚 = 𝑁𝑁 − 1 independent plane waves. This 
theorem provides the alternative (Carathéodory) 
representation of an arbitrary p.d. Toeplitz Hermitian matrix: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (17) 

Note that the covariance matrix (17) is described by one 
positive parameter (𝜆𝜆min) and 2(𝑁𝑁 − 1) real-valued 
parameters (𝜎𝜎𝑗𝑗, 𝜃𝜃𝑗𝑗) for 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, similar to an arbitrary 
Toeplitz Hermitian matrix specified by its covariance lags. 
Despite the same number of "free" parameters that describe a 
Toeplitz Hermitian matrix, one (Carathéodory) set always 
describes a set of positive definite matrices. In contrast, the 
"covariance lags" set may describe an arbitrary Toeplitz 
Hermitian matrix. Therefore, the class of Toeplitz matrices 
described by (17) forms the inner set with respect to the set 
described by both positive and non-positive definite Hermitian 
Toeplitz matrices. 

 Yet, it is not self-evident that a particular optimization 
algorithm, such as MATLAB fmincon, should provide the 
same result if the non-negative definite solutions are of interest 
only. Apart from yielding a non-positive-definite solution, 
ignoring the introduced constraint (𝜆𝜆min > 0), this algorithm 
often converges to a solution with a higher LR value than when 
the admissible set is limited to non-negative-definite solutions 
only. 

One should not expect significant differences in the 
optimization results. Still, the optimizations without a 
constraint, while often producing inappropriate results, in 
those rare cases of p.d. convergence to the proper solutions, 
may exceed the maximum LR value achieved by the algorithm 
with this additional constraint. 

Let us emphasize that this should be the property of the 
particular optimization algorithm, while ideally, we should get 
the same set of solutions. For the reasons described above, we 
will investigate the MATLAB fmincon routine to optimize the 
covariance lags directly, expecting that the constraint in (13) 
will often be violated. It would be more practical to perform 
the two-stage optimization described above by first using the 
Carathéodory decomposition (17) and then the covariance lag 
optimization in (13). 

III. NUMERICAL LIKELIHOOD RATIO MAXIMIZATION FOR 
MODELS WITH DIFFERENT EIGENVALUES OF THE TOEPLITZ 

COVARIANCE MATRIX  
 Let us analyze the case in which the number of distinct 
positive definite eigenvalues of the optimized Toeplitz 
covariance matrix is not specified. In practice, this case 
describes the spatial covariance matrices of sky-wave-
propagated clutter returns in HF OTH radars  [52]. As an 
example of such Toeplitz matrices, we consider the following 
matrix 𝐓𝐓𝑁𝑁: 
 

𝐓𝐓𝑁𝑁 = 𝑞𝑞𝑚𝑚
−2𝐈𝐈𝑁𝑁 + sinc (𝑊𝑊1)     

                          + 0.5 DD[𝜃𝜃𝑜𝑜]sinc (𝑊𝑊2)DDH[𝜃𝜃𝑜𝑜], (18) 

where 
 

sinc (𝑊𝑊) = [sin 𝜋𝜋𝜋𝜋 (𝑖𝑖 − 𝑗𝑗)
𝜋𝜋𝜋𝜋(𝑖𝑖 − 𝑗𝑗) ] ,    𝑖𝑖, 𝑗𝑗 = 0, … , 𝑁𝑁 − 1, (19) 

 
and 

DD[[𝜃𝜃𝑜𝑜]] = diag [[1, exp ((𝑖𝑖 2𝜋𝜋𝜋𝜋
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)) , … , 

           exp (𝑖𝑖(𝑁𝑁 − 1)2𝜋𝜋 𝑑𝑑
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)]. 

(20) 

In numerical simulations, we use the following parameters: 
 

𝑁𝑁 = 17, 𝜃𝜃𝑜𝑜 = 20o, 𝑊𝑊1 = 0.2, 𝑊𝑊2 = 0.4, 
𝑞𝑞𝑚𝑚

−2 = 10−4, 𝑇𝑇 = 85 (𝑇𝑇 = 5𝑁𝑁). (21) 

 
In the oversampled (𝑇𝑇 ≥ 𝑁𝑁) case, we use the sphericity 
likelihood ratio test. Let us now specify the goals of the 
numerical investigations. 
 
A. LR Optimization of the Covariance Lags Mostly Results in 
Inappropriate (Non-Positive Definite) Solutions, But When It 
Converges to a Positive Definite One, It Is the Same Solution 

The problem of MATLAB fmincon LR maximization by 
optimization of the matrix's covariance lags may be formulated 
as follows: 

Find min
𝐓𝐓𝑁𝑁

−LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] (≔ 𝑓𝑓(𝑥𝑥)) (22) 

subject to 

in accordance with Theorem 02 from [19], may be presented as 
a matrix of 𝑚 = 𝑁  − 1 independent plane waves. This theorem 
provides the alternative (Carathéodory) representation of an 
arbitrary p.d. Toeplitz Hermitian matrix:
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matrix. Indeed, let 𝐓𝐓𝑁𝑁 be a p.d. Toeplitz Hermitian matrix with 
the eigendecomposition: 
 

 𝐓𝐓𝑁𝑁 = ∑ λ𝑗𝑗𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁

𝑗𝑗=1
;     λ𝑗𝑗 ≥ 0,    𝐔𝐔𝑗𝑗

H𝐔𝐔𝑘𝑘 = 𝛿𝛿𝑗𝑗𝑗𝑗. (14) 

 
Then this matrix may be presented as: 

 

 𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 + ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁−1

𝑗𝑗=1
. (15) 

 
where the rank-deficient matrix 𝐓𝐓𝑁𝑁−1, 
 

 𝐓𝐓𝑁𝑁−1 = ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁−1

𝑗𝑗=1
, (16) 

in accordance with Theorem 02 from [50], may be presented 
as a matrix of 𝑚𝑚 = 𝑁𝑁 − 1 independent plane waves. This 
theorem provides the alternative (Carathéodory) 
representation of an arbitrary p.d. Toeplitz Hermitian matrix: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (17) 

Note that the covariance matrix (17) is described by one 
positive parameter (𝜆𝜆min) and 2(𝑁𝑁 − 1) real-valued 
parameters (𝜎𝜎𝑗𝑗, 𝜃𝜃𝑗𝑗) for 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, similar to an arbitrary 
Toeplitz Hermitian matrix specified by its covariance lags. 
Despite the same number of "free" parameters that describe a 
Toeplitz Hermitian matrix, one (Carathéodory) set always 
describes a set of positive definite matrices. In contrast, the 
"covariance lags" set may describe an arbitrary Toeplitz 
Hermitian matrix. Therefore, the class of Toeplitz matrices 
described by (17) forms the inner set with respect to the set 
described by both positive and non-positive definite Hermitian 
Toeplitz matrices. 

 Yet, it is not self-evident that a particular optimization 
algorithm, such as MATLAB fmincon, should provide the 
same result if the non-negative definite solutions are of interest 
only. Apart from yielding a non-positive-definite solution, 
ignoring the introduced constraint (𝜆𝜆min > 0), this algorithm 
often converges to a solution with a higher LR value than when 
the admissible set is limited to non-negative-definite solutions 
only. 

One should not expect significant differences in the 
optimization results. Still, the optimizations without a 
constraint, while often producing inappropriate results, in 
those rare cases of p.d. convergence to the proper solutions, 
may exceed the maximum LR value achieved by the algorithm 
with this additional constraint. 

Let us emphasize that this should be the property of the 
particular optimization algorithm, while ideally, we should get 
the same set of solutions. For the reasons described above, we 
will investigate the MATLAB fmincon routine to optimize the 
covariance lags directly, expecting that the constraint in (13) 
will often be violated. It would be more practical to perform 
the two-stage optimization described above by first using the 
Carathéodory decomposition (17) and then the covariance lag 
optimization in (13). 

III. NUMERICAL LIKELIHOOD RATIO MAXIMIZATION FOR 
MODELS WITH DIFFERENT EIGENVALUES OF THE TOEPLITZ 

COVARIANCE MATRIX  
 Let us analyze the case in which the number of distinct 
positive definite eigenvalues of the optimized Toeplitz 
covariance matrix is not specified. In practice, this case 
describes the spatial covariance matrices of sky-wave-
propagated clutter returns in HF OTH radars  [52]. As an 
example of such Toeplitz matrices, we consider the following 
matrix 𝐓𝐓𝑁𝑁: 
 

𝐓𝐓𝑁𝑁 = 𝑞𝑞𝑚𝑚
−2𝐈𝐈𝑁𝑁 + sinc (𝑊𝑊1)     

                          + 0.5 DD[𝜃𝜃𝑜𝑜]sinc (𝑊𝑊2)DDH[𝜃𝜃𝑜𝑜], (18) 

where 
 

sinc (𝑊𝑊) = [sin 𝜋𝜋𝜋𝜋 (𝑖𝑖 − 𝑗𝑗)
𝜋𝜋𝜋𝜋(𝑖𝑖 − 𝑗𝑗) ] ,    𝑖𝑖, 𝑗𝑗 = 0, … , 𝑁𝑁 − 1, (19) 

 
and 

DD[[𝜃𝜃𝑜𝑜]] = diag [[1, exp ((𝑖𝑖 2𝜋𝜋𝜋𝜋
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)) , … , 

           exp (𝑖𝑖(𝑁𝑁 − 1)2𝜋𝜋 𝑑𝑑
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)]. 

(20) 

In numerical simulations, we use the following parameters: 
 

𝑁𝑁 = 17, 𝜃𝜃𝑜𝑜 = 20o, 𝑊𝑊1 = 0.2, 𝑊𝑊2 = 0.4, 
𝑞𝑞𝑚𝑚

−2 = 10−4, 𝑇𝑇 = 85 (𝑇𝑇 = 5𝑁𝑁). (21) 

 
In the oversampled (𝑇𝑇 ≥ 𝑁𝑁) case, we use the sphericity 
likelihood ratio test. Let us now specify the goals of the 
numerical investigations. 
 
A. LR Optimization of the Covariance Lags Mostly Results in 
Inappropriate (Non-Positive Definite) Solutions, But When It 
Converges to a Positive Definite One, It Is the Same Solution 

The problem of MATLAB fmincon LR maximization by 
optimization of the matrix's covariance lags may be formulated 
as follows: 

Find min
𝐓𝐓𝑁𝑁

−LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] (≔ 𝑓𝑓(𝑥𝑥)) (22) 

subject to 

Note that the covariance matrix (17) is described by one positive 
parameter (𝜆min) and 2(𝑁 − 1) real-valued parameters (𝜎𝑗, 𝜃𝑗) for 
𝑗 =  1, … , 𝑁 − 1, similar to an arbitrary Toeplitz Hermitian matrix 
specified by its covariance lags. Despite the same number of 
"free" parameters that describe a Toeplitz Hermitian matrix, one 
(Carathéodory) set always describes a set of positive definite 
matrices. In contrast, the "covariance lags" set may describe an 
arbitrary Toeplitz Hermitian matrix. Therefore, the class of Toeplitz 
matrices described by (17) forms the inner set with respect to the 
set described by both positive and non-positive definite Hermitian 
Toeplitz matrices.

Yet, it is not self-evident that a particular optimization algorithm, 
such as MATLAB fmincon, should provide the same result if the 
non-negative definite solutions are of interest only. Apart from 
yielding a non-positive-definite solution, ignoring the introduced 
constraint (𝜆min > 0), this algorithm often converges to a solution 
with a higher LR value than when the admissible set is limited to 
non-negative-definite solutions only.

One should not expect significant differences in the optimization 
results. Still, the optimizations without a constraint, while often 
producing inappropriate results, in those rare cases of p.d. 
convergence to the proper solutions, may exceed the maximum 
LR value achieved by the algorithm with this additional constraint.

Let us emphasize that this should be the property of the particular 
optimization algorithm, while ideally, we should get the same set 
of solutions. For the reasons described above, we will investigate 
the MATLAB fmincon routine to optimize the covariance lags 
directly, expecting that the constraint in (13) will often be violated. 
It would be more practical to perform the two-stage optimization 
described above by first using the Carathéodory decomposition 
(17) and then the covariance lag optimization in (13).

3. Numerical Likelihood Ratio Maximization for Models with 
Different Eigenvalues of the Toeplitz Covariance Matrix
Let us analyze the case in which the number of distinct positive 
definite eigenvalues of the optimized Toeplitz covariance matrix is 
not specified. In practice, this case describes the spatial covariance 
matrices of sky-wave-propagated clutter returns in HF OTH radars 
[24]. As an example of such Toeplitz matrices, we consider the 
following matrix 𝐓𝑁:
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matrix. Indeed, let 𝐓𝐓𝑁𝑁 be a p.d. Toeplitz Hermitian matrix with 
the eigendecomposition: 
 

 𝐓𝐓𝑁𝑁 = ∑ λ𝑗𝑗𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁

𝑗𝑗=1
;     λ𝑗𝑗 ≥ 0,    𝐔𝐔𝑗𝑗

H𝐔𝐔𝑘𝑘 = 𝛿𝛿𝑗𝑗𝑗𝑗. (14) 

 
Then this matrix may be presented as: 

 

 𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 + ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁−1

𝑗𝑗=1
. (15) 

 
where the rank-deficient matrix 𝐓𝐓𝑁𝑁−1, 
 

 𝐓𝐓𝑁𝑁−1 = ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
H

𝑁𝑁−1

𝑗𝑗=1
, (16) 

in accordance with Theorem 02 from [50], may be presented 
as a matrix of 𝑚𝑚 = 𝑁𝑁 − 1 independent plane waves. This 
theorem provides the alternative (Carathéodory) 
representation of an arbitrary p.d. Toeplitz Hermitian matrix: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (17) 

Note that the covariance matrix (17) is described by one 
positive parameter (𝜆𝜆min) and 2(𝑁𝑁 − 1) real-valued 
parameters (𝜎𝜎𝑗𝑗, 𝜃𝜃𝑗𝑗) for 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, similar to an arbitrary 
Toeplitz Hermitian matrix specified by its covariance lags. 
Despite the same number of "free" parameters that describe a 
Toeplitz Hermitian matrix, one (Carathéodory) set always 
describes a set of positive definite matrices. In contrast, the 
"covariance lags" set may describe an arbitrary Toeplitz 
Hermitian matrix. Therefore, the class of Toeplitz matrices 
described by (17) forms the inner set with respect to the set 
described by both positive and non-positive definite Hermitian 
Toeplitz matrices. 

 Yet, it is not self-evident that a particular optimization 
algorithm, such as MATLAB fmincon, should provide the 
same result if the non-negative definite solutions are of interest 
only. Apart from yielding a non-positive-definite solution, 
ignoring the introduced constraint (𝜆𝜆min > 0), this algorithm 
often converges to a solution with a higher LR value than when 
the admissible set is limited to non-negative-definite solutions 
only. 

One should not expect significant differences in the 
optimization results. Still, the optimizations without a 
constraint, while often producing inappropriate results, in 
those rare cases of p.d. convergence to the proper solutions, 
may exceed the maximum LR value achieved by the algorithm 
with this additional constraint. 

Let us emphasize that this should be the property of the 
particular optimization algorithm, while ideally, we should get 
the same set of solutions. For the reasons described above, we 
will investigate the MATLAB fmincon routine to optimize the 
covariance lags directly, expecting that the constraint in (13) 
will often be violated. It would be more practical to perform 
the two-stage optimization described above by first using the 
Carathéodory decomposition (17) and then the covariance lag 
optimization in (13). 

III. NUMERICAL LIKELIHOOD RATIO MAXIMIZATION FOR 
MODELS WITH DIFFERENT EIGENVALUES OF THE TOEPLITZ 

COVARIANCE MATRIX  
 Let us analyze the case in which the number of distinct 
positive definite eigenvalues of the optimized Toeplitz 
covariance matrix is not specified. In practice, this case 
describes the spatial covariance matrices of sky-wave-
propagated clutter returns in HF OTH radars  [52]. As an 
example of such Toeplitz matrices, we consider the following 
matrix 𝐓𝐓𝑁𝑁: 
 

𝐓𝐓𝑁𝑁 = 𝑞𝑞𝑚𝑚
−2𝐈𝐈𝑁𝑁 + sinc (𝑊𝑊1)     

                          + 0.5 DD[𝜃𝜃𝑜𝑜]sinc (𝑊𝑊2)DDH[𝜃𝜃𝑜𝑜], (18) 

where 
 

sinc (𝑊𝑊) = [sin 𝜋𝜋𝜋𝜋 (𝑖𝑖 − 𝑗𝑗)
𝜋𝜋𝜋𝜋(𝑖𝑖 − 𝑗𝑗) ] ,    𝑖𝑖, 𝑗𝑗 = 0, … , 𝑁𝑁 − 1, (19) 

 
and 

DD[[𝜃𝜃𝑜𝑜]] = diag [[1, exp ((𝑖𝑖 2𝜋𝜋𝜋𝜋
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)) , … , 

           exp (𝑖𝑖(𝑁𝑁 − 1)2𝜋𝜋 𝑑𝑑
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)]. 

(20) 

In numerical simulations, we use the following parameters: 
 

𝑁𝑁 = 17, 𝜃𝜃𝑜𝑜 = 20o, 𝑊𝑊1 = 0.2, 𝑊𝑊2 = 0.4, 
𝑞𝑞𝑚𝑚

−2 = 10−4, 𝑇𝑇 = 85 (𝑇𝑇 = 5𝑁𝑁). (21) 

 
In the oversampled (𝑇𝑇 ≥ 𝑁𝑁) case, we use the sphericity 
likelihood ratio test. Let us now specify the goals of the 
numerical investigations. 
 
A. LR Optimization of the Covariance Lags Mostly Results in 
Inappropriate (Non-Positive Definite) Solutions, But When It 
Converges to a Positive Definite One, It Is the Same Solution 

The problem of MATLAB fmincon LR maximization by 
optimization of the matrix's covariance lags may be formulated 
as follows: 

Find min
𝐓𝐓𝑁𝑁

−LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] (≔ 𝑓𝑓(𝑥𝑥)) (22) 

subject to 
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matrix. Indeed, let 𝐓𝐓𝑁𝑁 be a p.d. Toeplitz Hermitian matrix with 
the eigendecomposition: 
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Then this matrix may be presented as: 
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where the rank-deficient matrix 𝐓𝐓𝑁𝑁−1, 
 

 𝐓𝐓𝑁𝑁−1 = ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
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𝑁𝑁−1

𝑗𝑗=1
, (16) 

in accordance with Theorem 02 from [50], may be presented 
as a matrix of 𝑚𝑚 = 𝑁𝑁 − 1 independent plane waves. This 
theorem provides the alternative (Carathéodory) 
representation of an arbitrary p.d. Toeplitz Hermitian matrix: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 +  ∑ 𝜎𝜎𝑗𝑗
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𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (17) 

Note that the covariance matrix (17) is described by one 
positive parameter (𝜆𝜆min) and 2(𝑁𝑁 − 1) real-valued 
parameters (𝜎𝜎𝑗𝑗, 𝜃𝜃𝑗𝑗) for 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, similar to an arbitrary 
Toeplitz Hermitian matrix specified by its covariance lags. 
Despite the same number of "free" parameters that describe a 
Toeplitz Hermitian matrix, one (Carathéodory) set always 
describes a set of positive definite matrices. In contrast, the 
"covariance lags" set may describe an arbitrary Toeplitz 
Hermitian matrix. Therefore, the class of Toeplitz matrices 
described by (17) forms the inner set with respect to the set 
described by both positive and non-positive definite Hermitian 
Toeplitz matrices. 

 Yet, it is not self-evident that a particular optimization 
algorithm, such as MATLAB fmincon, should provide the 
same result if the non-negative definite solutions are of interest 
only. Apart from yielding a non-positive-definite solution, 
ignoring the introduced constraint (𝜆𝜆min > 0), this algorithm 
often converges to a solution with a higher LR value than when 
the admissible set is limited to non-negative-definite solutions 
only. 

One should not expect significant differences in the 
optimization results. Still, the optimizations without a 
constraint, while often producing inappropriate results, in 
those rare cases of p.d. convergence to the proper solutions, 
may exceed the maximum LR value achieved by the algorithm 
with this additional constraint. 

Let us emphasize that this should be the property of the 
particular optimization algorithm, while ideally, we should get 
the same set of solutions. For the reasons described above, we 
will investigate the MATLAB fmincon routine to optimize the 
covariance lags directly, expecting that the constraint in (13) 
will often be violated. It would be more practical to perform 
the two-stage optimization described above by first using the 
Carathéodory decomposition (17) and then the covariance lag 
optimization in (13). 

III. NUMERICAL LIKELIHOOD RATIO MAXIMIZATION FOR 
MODELS WITH DIFFERENT EIGENVALUES OF THE TOEPLITZ 

COVARIANCE MATRIX  
 Let us analyze the case in which the number of distinct 
positive definite eigenvalues of the optimized Toeplitz 
covariance matrix is not specified. In practice, this case 
describes the spatial covariance matrices of sky-wave-
propagated clutter returns in HF OTH radars  [52]. As an 
example of such Toeplitz matrices, we consider the following 
matrix 𝐓𝐓𝑁𝑁: 
 

𝐓𝐓𝑁𝑁 = 𝑞𝑞𝑚𝑚
−2𝐈𝐈𝑁𝑁 + sinc (𝑊𝑊1)     

                          + 0.5 DD[𝜃𝜃𝑜𝑜]sinc (𝑊𝑊2)DDH[𝜃𝜃𝑜𝑜], (18) 

where 
 

sinc (𝑊𝑊) = [sin 𝜋𝜋𝜋𝜋 (𝑖𝑖 − 𝑗𝑗)
𝜋𝜋𝜋𝜋(𝑖𝑖 − 𝑗𝑗) ] ,    𝑖𝑖, 𝑗𝑗 = 0, … , 𝑁𝑁 − 1, (19) 

 
and 

DD[[𝜃𝜃𝑜𝑜]] = diag [[1, exp ((𝑖𝑖 2𝜋𝜋𝜋𝜋
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)) , … , 

           exp (𝑖𝑖(𝑁𝑁 − 1)2𝜋𝜋 𝑑𝑑
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)]. 

(20) 

In numerical simulations, we use the following parameters: 
 

𝑁𝑁 = 17, 𝜃𝜃𝑜𝑜 = 20o, 𝑊𝑊1 = 0.2, 𝑊𝑊2 = 0.4, 
𝑞𝑞𝑚𝑚

−2 = 10−4, 𝑇𝑇 = 85 (𝑇𝑇 = 5𝑁𝑁). (21) 

 
In the oversampled (𝑇𝑇 ≥ 𝑁𝑁) case, we use the sphericity 
likelihood ratio test. Let us now specify the goals of the 
numerical investigations. 
 
A. LR Optimization of the Covariance Lags Mostly Results in 
Inappropriate (Non-Positive Definite) Solutions, But When It 
Converges to a Positive Definite One, It Is the Same Solution 

The problem of MATLAB fmincon LR maximization by 
optimization of the matrix's covariance lags may be formulated 
as follows: 

Find min
𝐓𝐓𝑁𝑁

−LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] (≔ 𝑓𝑓(𝑥𝑥)) (22) 

subject to 
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matrix. Indeed, let 𝐓𝐓𝑁𝑁 be a p.d. Toeplitz Hermitian matrix with 
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H𝐔𝐔𝑘𝑘 = 𝛿𝛿𝑗𝑗𝑗𝑗. (14) 
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where the rank-deficient matrix 𝐓𝐓𝑁𝑁−1, 
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H

𝑁𝑁−1
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, (16) 

in accordance with Theorem 02 from [50], may be presented 
as a matrix of 𝑚𝑚 = 𝑁𝑁 − 1 independent plane waves. This 
theorem provides the alternative (Carathéodory) 
representation of an arbitrary p.d. Toeplitz Hermitian matrix: 
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Note that the covariance matrix (17) is described by one 
positive parameter (𝜆𝜆min) and 2(𝑁𝑁 − 1) real-valued 
parameters (𝜎𝜎𝑗𝑗, 𝜃𝜃𝑗𝑗) for 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, similar to an arbitrary 
Toeplitz Hermitian matrix specified by its covariance lags. 
Despite the same number of "free" parameters that describe a 
Toeplitz Hermitian matrix, one (Carathéodory) set always 
describes a set of positive definite matrices. In contrast, the 
"covariance lags" set may describe an arbitrary Toeplitz 
Hermitian matrix. Therefore, the class of Toeplitz matrices 
described by (17) forms the inner set with respect to the set 
described by both positive and non-positive definite Hermitian 
Toeplitz matrices. 

 Yet, it is not self-evident that a particular optimization 
algorithm, such as MATLAB fmincon, should provide the 
same result if the non-negative definite solutions are of interest 
only. Apart from yielding a non-positive-definite solution, 
ignoring the introduced constraint (𝜆𝜆min > 0), this algorithm 
often converges to a solution with a higher LR value than when 
the admissible set is limited to non-negative-definite solutions 
only. 

One should not expect significant differences in the 
optimization results. Still, the optimizations without a 
constraint, while often producing inappropriate results, in 
those rare cases of p.d. convergence to the proper solutions, 
may exceed the maximum LR value achieved by the algorithm 
with this additional constraint. 

Let us emphasize that this should be the property of the 
particular optimization algorithm, while ideally, we should get 
the same set of solutions. For the reasons described above, we 
will investigate the MATLAB fmincon routine to optimize the 
covariance lags directly, expecting that the constraint in (13) 
will often be violated. It would be more practical to perform 
the two-stage optimization described above by first using the 
Carathéodory decomposition (17) and then the covariance lag 
optimization in (13). 

III. NUMERICAL LIKELIHOOD RATIO MAXIMIZATION FOR 
MODELS WITH DIFFERENT EIGENVALUES OF THE TOEPLITZ 

COVARIANCE MATRIX  
 Let us analyze the case in which the number of distinct 
positive definite eigenvalues of the optimized Toeplitz 
covariance matrix is not specified. In practice, this case 
describes the spatial covariance matrices of sky-wave-
propagated clutter returns in HF OTH radars  [52]. As an 
example of such Toeplitz matrices, we consider the following 
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numerical investigations. 
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The problem of MATLAB fmincon LR maximization by 
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as a matrix of 𝑚𝑚 = 𝑁𝑁 − 1 independent plane waves. This 
theorem provides the alternative (Carathéodory) 
representation of an arbitrary p.d. Toeplitz Hermitian matrix: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑜𝑜 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (17) 

Note that the covariance matrix (17) is described by one 
positive parameter (𝜆𝜆min) and 2(𝑁𝑁 − 1) real-valued 
parameters (𝜎𝜎𝑗𝑗, 𝜃𝜃𝑗𝑗) for 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, similar to an arbitrary 
Toeplitz Hermitian matrix specified by its covariance lags. 
Despite the same number of "free" parameters that describe a 
Toeplitz Hermitian matrix, one (Carathéodory) set always 
describes a set of positive definite matrices. In contrast, the 
"covariance lags" set may describe an arbitrary Toeplitz 
Hermitian matrix. Therefore, the class of Toeplitz matrices 
described by (17) forms the inner set with respect to the set 
described by both positive and non-positive definite Hermitian 
Toeplitz matrices. 

 Yet, it is not self-evident that a particular optimization 
algorithm, such as MATLAB fmincon, should provide the 
same result if the non-negative definite solutions are of interest 
only. Apart from yielding a non-positive-definite solution, 
ignoring the introduced constraint (𝜆𝜆min > 0), this algorithm 
often converges to a solution with a higher LR value than when 
the admissible set is limited to non-negative-definite solutions 
only. 

One should not expect significant differences in the 
optimization results. Still, the optimizations without a 
constraint, while often producing inappropriate results, in 
those rare cases of p.d. convergence to the proper solutions, 
may exceed the maximum LR value achieved by the algorithm 
with this additional constraint. 

Let us emphasize that this should be the property of the 
particular optimization algorithm, while ideally, we should get 
the same set of solutions. For the reasons described above, we 
will investigate the MATLAB fmincon routine to optimize the 
covariance lags directly, expecting that the constraint in (13) 
will often be violated. It would be more practical to perform 
the two-stage optimization described above by first using the 
Carathéodory decomposition (17) and then the covariance lag 
optimization in (13). 

III. NUMERICAL LIKELIHOOD RATIO MAXIMIZATION FOR 
MODELS WITH DIFFERENT EIGENVALUES OF THE TOEPLITZ 

COVARIANCE MATRIX  
 Let us analyze the case in which the number of distinct 
positive definite eigenvalues of the optimized Toeplitz 
covariance matrix is not specified. In practice, this case 
describes the spatial covariance matrices of sky-wave-
propagated clutter returns in HF OTH radars  [52]. As an 
example of such Toeplitz matrices, we consider the following 
matrix 𝐓𝐓𝑁𝑁: 
 

𝐓𝐓𝑁𝑁 = 𝑞𝑞𝑚𝑚
−2𝐈𝐈𝑁𝑁 + sinc (𝑊𝑊1)     

                          + 0.5 DD[𝜃𝜃𝑜𝑜]sinc (𝑊𝑊2)DDH[𝜃𝜃𝑜𝑜], (18) 

where 
 

sinc (𝑊𝑊) = [sin 𝜋𝜋𝜋𝜋 (𝑖𝑖 − 𝑗𝑗)
𝜋𝜋𝜋𝜋(𝑖𝑖 − 𝑗𝑗) ] ,    𝑖𝑖, 𝑗𝑗 = 0, … , 𝑁𝑁 − 1, (19) 

 
and 

DD[[𝜃𝜃𝑜𝑜]] = diag [[1, exp ((𝑖𝑖 2𝜋𝜋𝜋𝜋
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)) , … , 

           exp (𝑖𝑖(𝑁𝑁 − 1)2𝜋𝜋 𝑑𝑑
𝜆𝜆 sin 𝜃𝜃𝑜𝑜)]. 

(20) 

In numerical simulations, we use the following parameters: 
 

𝑁𝑁 = 17, 𝜃𝜃𝑜𝑜 = 20o, 𝑊𝑊1 = 0.2, 𝑊𝑊2 = 0.4, 
𝑞𝑞𝑚𝑚

−2 = 10−4, 𝑇𝑇 = 85 (𝑇𝑇 = 5𝑁𝑁). (21) 

 
In the oversampled (𝑇𝑇 ≥ 𝑁𝑁) case, we use the sphericity 
likelihood ratio test. Let us now specify the goals of the 
numerical investigations. 
 
A. LR Optimization of the Covariance Lags Mostly Results in 
Inappropriate (Non-Positive Definite) Solutions, But When It 
Converges to a Positive Definite One, It Is the Same Solution 

The problem of MATLAB fmincon LR maximization by 
optimization of the matrix's covariance lags may be formulated 
as follows: 

Find min
𝐓𝐓𝑁𝑁

−LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] (≔ 𝑓𝑓(𝑥𝑥)) (22) 

subject to 

In the oversampled (𝑇 ≥ 𝑁) case, we use the sphericity likelihood 
ratio test. Let us now specify the goals of the numerical 
investigations. 
 
A. LR Optimization of the Covariance Lags Mostly Results in 
Inappropriate (Non-Positive Definite) Solutions, But When It 
Converges to a Positive Definite One, It Is the Same Solution 
The problem of MATLAB fmincon LR maximization by 
optimization of the matrix's covariance lags may be formulated 
as follows: 
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in accordance with Theorem 02 from [50], may be presented 
as a matrix of 𝑚𝑚 = 𝑁𝑁 − 1 independent plane waves. This 
theorem provides the alternative (Carathéodory) 
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parameters (𝜎𝜎𝑗𝑗, 𝜃𝜃𝑗𝑗) for 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, similar to an arbitrary 
Toeplitz Hermitian matrix specified by its covariance lags. 
Despite the same number of "free" parameters that describe a 
Toeplitz Hermitian matrix, one (Carathéodory) set always 
describes a set of positive definite matrices. In contrast, the 
"covariance lags" set may describe an arbitrary Toeplitz 
Hermitian matrix. Therefore, the class of Toeplitz matrices 
described by (17) forms the inner set with respect to the set 
described by both positive and non-positive definite Hermitian 
Toeplitz matrices. 

 Yet, it is not self-evident that a particular optimization 
algorithm, such as MATLAB fmincon, should provide the 
same result if the non-negative definite solutions are of interest 
only. Apart from yielding a non-positive-definite solution, 
ignoring the introduced constraint (𝜆𝜆min > 0), this algorithm 
often converges to a solution with a higher LR value than when 
the admissible set is limited to non-negative-definite solutions 
only. 

One should not expect significant differences in the 
optimization results. Still, the optimizations without a 
constraint, while often producing inappropriate results, in 
those rare cases of p.d. convergence to the proper solutions, 
may exceed the maximum LR value achieved by the algorithm 
with this additional constraint. 

Let us emphasize that this should be the property of the 
particular optimization algorithm, while ideally, we should get 
the same set of solutions. For the reasons described above, we 
will investigate the MATLAB fmincon routine to optimize the 
covariance lags directly, expecting that the constraint in (13) 
will often be violated. It would be more practical to perform 
the two-stage optimization described above by first using the 
Carathéodory decomposition (17) and then the covariance lag 
optimization in (13). 
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 Let us analyze the case in which the number of distinct 
positive definite eigenvalues of the optimized Toeplitz 
covariance matrix is not specified. In practice, this case 
describes the spatial covariance matrices of sky-wave-
propagated clutter returns in HF OTH radars  [52]. As an 
example of such Toeplitz matrices, we consider the following 
matrix 𝐓𝐓𝑁𝑁: 
 

𝐓𝐓𝑁𝑁 = 𝑞𝑞𝑚𝑚
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where 
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In numerical simulations, we use the following parameters: 
 

𝑁𝑁 = 17, 𝜃𝜃𝑜𝑜 = 20o, 𝑊𝑊1 = 0.2, 𝑊𝑊2 = 0.4, 
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−2 = 10−4, 𝑇𝑇 = 85 (𝑇𝑇 = 5𝑁𝑁). (21) 

 
In the oversampled (𝑇𝑇 ≥ 𝑁𝑁) case, we use the sphericity 
likelihood ratio test. Let us now specify the goals of the 
numerical investigations. 
 
A. LR Optimization of the Covariance Lags Mostly Results in 
Inappropriate (Non-Positive Definite) Solutions, But When It 
Converges to a Positive Definite One, It Is the Same Solution 

The problem of MATLAB fmincon LR maximization by 
optimization of the matrix's covariance lags may be formulated 
as follows: 

Find min
𝐓𝐓𝑁𝑁

−LR[𝕏𝕏𝑇𝑇|𝐓𝐓𝑁𝑁] (≔ 𝑓𝑓(𝑥𝑥)) (22) 

subject to subject to
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TABLE I. PARAMETERS OF THE LR OPTIMIZATION IN 10 TRIALS OF THE “NATURAL” PARAMETERIZATION 
(DIFFERENT INITIAL MATRICES FOR THE SAME SAMPLE MATRIX ARE USED) 

 
 

𝐓𝐓𝑁𝑁 = 𝑥𝑥𝑜𝑜𝐈𝐈𝑜𝑜 + ∑ 𝑥𝑥𝑙𝑙

[
 
 
 
 
 
 
 
 
 0 … 0 1⏞

𝑙𝑙
0 … 0

⋮    1   
0       

1⏞
𝑙𝑙

    ⋱  

0 1     1⏞
𝑙𝑙

  ⋱     

0 … 0 1⏞
𝑙𝑙

0 … 0]
 
 
 
 
 
 
 
 
 

𝑁𝑁−1

𝑙𝑙=1
 

 

           + ∑ 𝑗𝑗𝑥𝑥𝑁𝑁+𝑙𝑙

[
 
 
 
 
 
 
 
 
 0 … 0 1⏞

𝑙𝑙
0 … 0

⋮    1   
0       

−1⏞
𝑙𝑙

    ⋱  

0 −1     1⏞
𝑙𝑙

  ⋱     

0 … 0 −1⏞
𝑙𝑙

0 … 0]
 
 
 
 
 
 
 
 
 

𝑁𝑁−1

𝑙𝑙=1
  

(23) 

 
𝑥𝑥𝑜𝑜 > 0,    𝜆𝜆min[𝐓𝐓𝑁𝑁] > 0. (24) 

 
The expected behavior of this optimization routine, with a 

high probability of convergence to non-p.d. solutions, forces 
us to prepare a large class of p.d. Toeplitz Hermitian matrices 
that can be used for the initialization of this fmincon 
optimization routine. Obviously, a covariance matrix of 𝑁𝑁 − 1 
point sources with random-like powers and directions of 
arrival can be used. An elegant procedure that generates a 
random-like symmetric (i.e., real-valued) p.d. Hermitian 
Toeplitz matrix was introduced in [46] and used below to 
initialize the LR maximization routine. Obviously, the 
redundancy-averaged sample Hermitian matrix with additional 
diagonal loading that "kills" all negative eigenvalues was also 
used to generate the initial Toeplitz matrices.  

 Next, the "failed" fmincon solutions with negative 
eigenvalues were used after the appropriate diagonal loading 
to generate the set of appropriate p.d. initial solutions. Finally, 
the true covariance matrix 𝐓𝐓𝑁𝑁 was also used to initiate the 
routine. Obviously, such an extremely large class of initial 
solutions was used to obtain all possible fmincon optimization 
results. From a practical point of view, we should be looking 
for the initialization that provides the fastest convergence. The 
results of 10 successful trials that converged to a p.d. solution 
are presented in TABLE I. . The sample covariance matrix 𝐑̂𝐑𝑁𝑁 
was the same for all trials, with only the initial matrices 
changed. 
 One can see that the number of unsuccessful trials, before 
the trial with the positive definite Toeplitz matrix was 
generated, ranged from 89 to 2932. The likelihood of a 
successful initial Toeplitz matrix producing the final p.d. 
Toeplitz matrix ranges from 2.3067 ∙ 10−12 to 1.9070 ∙
10−30, which means that even the "successful" initializations 
were extremely far from the true Toeplitz matrix. The 
"expected" likelihood of the true covariance used is obviously 
a single number for this single sample matrix, equal to LR = 
1.4939 ∙ 10−1. The fmincon optimization that used the true 
covariance matrix 𝐓𝐓𝑁𝑁 as the initial matrix provided for this true 
Toeplitz matrix, with LR = 1.4939 ∙ 10−1, while the 
optimization result gave LR = 1.8529 ∙ 10−1. 

The same result was achieved in all optimizations that 
converged to a p.d. Toeplitz matrix (where one result was 
1.8519 ∙ 10−1). As stated above, in all ten successful trials, 
which required 347 to 630 fmincon iterations, the results were 
the same: LR[𝐓̂𝐓𝑁𝑁

ML] = 1.8529 ∙ 10−1. As demonstrated above, 
it required up to several thousand different random-like initial 
p.d. Toeplitz matrices to reach the initialization that resulted in 
this optimum solution. The trial was dismissed only if it 
converged to a solution with a negative minimum eigenvalue. 

 Despite the very small variations in the optimized results, 
potentially due to finite numerical accuracy, the achieved LR 
= 1.8529 ∙ 10−1 may be treated as the global LR maximum.  

Table 1: Parameters of the LR Optimization in 10 Trials of the “Natural” Parameterization (Different Initial Matrices for the 
Same Sample Matrix Are Used)
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that can be used for the initialization of this fmincon 
optimization routine. Obviously, a covariance matrix of 𝑁𝑁 − 1 
point sources with random-like powers and directions of 
arrival can be used. An elegant procedure that generates a 
random-like symmetric (i.e., real-valued) p.d. Hermitian 
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 Next, the "failed" fmincon solutions with negative 
eigenvalues were used after the appropriate diagonal loading 
to generate the set of appropriate p.d. initial solutions. Finally, 
the true covariance matrix 𝐓𝐓𝑁𝑁 was also used to initiate the 
routine. Obviously, such an extremely large class of initial 
solutions was used to obtain all possible fmincon optimization 
results. From a practical point of view, we should be looking 
for the initialization that provides the fastest convergence. The 
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was the same for all trials, with only the initial matrices 
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 One can see that the number of unsuccessful trials, before 
the trial with the positive definite Toeplitz matrix was 
generated, ranged from 89 to 2932. The likelihood of a 
successful initial Toeplitz matrix producing the final p.d. 
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"expected" likelihood of the true covariance used is obviously 
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1.4939 ∙ 10−1. The fmincon optimization that used the true 
covariance matrix 𝐓𝐓𝑁𝑁 as the initial matrix provided for this true 
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optimization result gave LR = 1.8529 ∙ 10−1. 
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converged to a p.d. Toeplitz matrix (where one result was 
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which required 347 to 630 fmincon iterations, the results were 
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it required up to several thousand different random-like initial 
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this optimum solution. The trial was dismissed only if it 
converged to a solution with a negative minimum eigenvalue. 

 Despite the very small variations in the optimized results, 
potentially due to finite numerical accuracy, the achieved LR 
= 1.8529 ∙ 10−1 may be treated as the global LR maximum.  

The expected behavior of this optimization routine, with a high 
probability of convergence to non-p.d. solutions, forces us to 
prepare a large class of p.d. Toeplitz Hermitian matrices that can 
be used for the initialization of this fmincon optimization routine. 
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matrix 𝐓𝑁 was also used to initiate the routine. Obviously, such 
an extremely large class of initial solutions was used to obtain 
all possible fmincon optimization results. From a practical point 
of view, we should be looking for the initialization that provides 
the fastest convergence. The results of 10 successful trials that 
converged to a p.d. solution is presented in Table 1. The sample 
covariance matrix R̂𝑁 was the same for all trials, with only the 
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One can see that the number of unsuccessful trials, before the 
trial with the positive definite Toeplitz matrix was generated, 
ranged from 89 to 2932. The likelihood of a successful initial 
Toeplitz matrix producing the final p.d. Toeplitz matrix ranges 
from 2.3067∙10−12 to 1.9070∙10−30, which means that even the 
"successful" initializations were extremely far from the true 
Toeplitz matrix. The "expected" likelihood of the true covariance 
used is obviously a single number for this single sample matrix, 
equal to LR = 1.4939∙10−1. The fmincon optimization that used the 
true covariance matrix 𝐓𝑁 as the initial matrix provided for this 
true Toeplitz matrix, with LR = 1.4939∙10−1, while the optimization 
result gave LR = 1.8529∙10−1.

The same result was achieved in all optimizations that converged 
to a p.d. Toeplitz matrix (where one result was 1.8519∙10−1). 
As stated above, in all ten successful trials, which required 347 
to 630 fmincon iterations, the results were the same: 
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0       

−1⏞
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    ⋱  
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  ⋱     
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𝑙𝑙

0 … 0]
 
 
 
 
 
 
 
 
 

𝑁𝑁−1

𝑙𝑙=1
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𝑥𝑥𝑜𝑜 > 0,    𝜆𝜆min[𝐓𝐓𝑁𝑁] > 0. (24) 

 
The expected behavior of this optimization routine, with a 
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Toeplitz matrix was introduced in [46] and used below to 
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ML] = 1.8529 ∙ 10−1. As demonstrated above, 
it required up to several thousand different random-like initial 
p.d. Toeplitz matrices to reach the initialization that resulted in 
this optimum solution. The trial was dismissed only if it 
converged to a solution with a negative minimum eigenvalue. 

 Despite the very small variations in the optimized results, 
potentially due to finite numerical accuracy, the achieved LR 
= 1.8529 ∙ 10−1 may be treated as the global LR maximum.  

 
= 1.8529∙10−1. As demonstrated above, it required up to several 
thousand different random-like initial p.d. Toeplitz matrices to 
reach the initialization that resulted in this optimum solution. 
The trial was dismissed only if it converged to a solution with a 
negative minimum eigenvalue.

Despite the very small variations in the optimized results, 
potentially due to finite numerical accuracy, the achieved LR =  = 
1.8529∙10−1 may be treated as the global LR maximum.
 
Simulations were naturally conducted for 1,000 trials using the 
various initializations discussed above, searching for results 
markedly different from those reported above. Yet, in all trials that 
converged to a positive definite Toeplitz matrix, the optimized LR 
value was the same. 
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While the analysis of the fmincon optimization results with direct 
covariance lag optimization provided very important insight into 
the nature of this optimization problem, it may not be considered 
a practical technique due to its high failure rate. As an alternative, 
one may use the Carathéodory parameterization of the optimized 
Toeplitz matrix. Let us consider an arbitrary p.d. Toeplitz Hermitian 
matrix 𝐓𝑁 with the eigendecomposition: 
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it may not be considered a practical technique due to its high 
failure rate. As an alternative, one may use the Carathéodory 
parameterization of the optimized Toeplitz matrix. Let us 
consider an arbitrary p.d. Toeplitz Hermitian matrix 𝐓𝐓𝑁𝑁 with 
the eigendecomposition: 
 

𝐓𝐓𝑁𝑁 = 𝐔𝐔𝑁𝑁𝚲𝚲N𝐔𝐔𝑁𝑁
H = 𝜆𝜆min𝐈𝐈𝑁𝑁 + ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗
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𝑁𝑁−1

𝑗𝑗=1
. (25) 

 
Since the rank-deficient second matrix in the decomposition 
(25) is also a Toeplitz Hermitian matrix, we can apply 
Theorem 02 from [50]: 
 
Theorem 02 [50] 
Let 𝐓𝐓𝑁𝑁 be an 𝑁𝑁 𝑥𝑥 𝑁𝑁 positive semidefinite Toeplitz matrix with 
rank m. Then 
 

𝐓𝐓𝑁𝑁 = 𝐑𝐑𝐑𝐑𝐑𝐑H, (26) 
 
where D is the 𝑚𝑚 𝑥𝑥 𝑚𝑚 diagonal matrix with positive diagonal 
entries, and R is the 𝑁𝑁 𝑥𝑥 𝑚𝑚 Carathéodory matrix with 
(𝑎𝑎𝑘𝑘

𝑗𝑗−1 )1≤𝑗𝑗≤𝑁𝑁,𝑖𝑖≤𝑘𝑘<𝑚𝑚, and |𝑎𝑎𝑘𝑘
𝑗𝑗−1| = 1 for 1 ≤ 𝑘𝑘 ≤ 𝑚𝑚 ▮  

According to this theorem, any rank-deficient non-negative 
Toeplitz Hermitian matrix may be presented as the matrix of 
𝑚𝑚 < 𝑁𝑁 independent plane waves. Therefore, an alternative 
parameterization of the p.d. Toeplitz Hermitian matrix is the 
following: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑁𝑁 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (27) 

 
Note that in (2𝑁𝑁 − 1) real-valued parameters that 

describe the Toeplitz matrix (27), N parameters (𝜆𝜆min, 𝜎𝜎𝑗𝑗
2, 𝑗𝑗 =

1, … , 𝑁𝑁), are positive and (𝑁𝑁 − 1) parameters 𝜃𝜃𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁, 
are the angles of arrival; |𝜃𝜃𝑗𝑗| < 𝜋𝜋/2, 𝑗𝑗 = 1, … , 𝑁𝑁. The total 
number of these parameters is 2𝑁𝑁 − 1 and equals the Toeplitz 
matrix's description in terms of its covariance lags. But the 

restrictions of these parameters are very different for these two 
sets of the (2𝑁𝑁 − 1) real-valued parameters. 
 In the Carathéodory parameters in (27), N powers 
(𝜆𝜆min, 𝜎𝜎𝑗𝑗

2, 𝑗𝑗 = 1, … , 𝑁𝑁) are positive, and (𝑁𝑁 − 1) angles of 
arrival parameters 𝜃𝜃𝑗𝑗 are limited to the half-plane: 
 

𝜆𝜆min, 𝜎𝜎𝑗𝑗
2 > 0;    |𝜃𝜃𝑗𝑗| < 𝜋𝜋

2 ,    𝑖𝑖 = 1, … , 𝑁𝑁 − 1. (28) 

 
In the Toeplitz matrix optimization via its covariance lags 

(Vandermonde description), only the central element is 
positive, while the remaining (𝑁𝑁 − 1) complex-valued 
covariance lags 𝑡𝑡𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, should be represented by 
the 2(𝑁𝑁 − 1) real-valued parameters with no simple restriction 
on their values. Potentially, one can also use the polar 
description of the covariance lag,  
 

t𝑗𝑗 = |𝑡𝑡𝑗𝑗| exp(𝑗𝑗 arg 𝑡𝑡𝑗𝑗). (29) 
 

The number of real-valued parameters is the same, equal 
to 2(𝑁𝑁 − 1). Yet, while the moduli |𝑡𝑡𝑗𝑗| could be only positive, 
the arg 𝑡𝑡𝑗𝑗 may be an arbitrary number within the entire range 
 

0 < arg 𝑡𝑡𝑗𝑗 < 2𝜋𝜋. (30) 
 

Therefore, despite the same number of (2𝑁𝑁 − 1) real-
valued degrees of freedom, the Carathéodory set has the 
maximum number of constraints on these parameters and 
therefore describes a different set of N-variate Toeplitz 
matrices. In particular, the Carathéodory parameters describe 
only the positive definite matrices, given 𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. Not 
surprisingly, the arbitrary covariance lag 𝑡𝑡𝑗𝑗 describes both 
positive definite and non-positive definite Toeplitz matrices. 

The least expected result was that the Carathéodory 
parameters did not reach the same LR maximum as the 
optimized covariance lags. While the reason may be the 
limitations of the Carathéodory set, the specifics of the 
particular LR maximization fmincon routine and finite 
computational accuracy may also be to blame. 
 Since, in most cases, the Carathéodory representation (27) 
did not reach the maximum likelihood achieved by the 
covariance lags optimization, we had to introduce the two-step 
LR optimization. We proposed starting LR maximization with 
the Carathéodory parameterization (27) and, upon 
convergence, continuing it with direct covariance lag 
optimization via the MATLAB fmincon routine.  
 Let us now compare the optimization results for the 
covariance lags with those of the LR maximization in the 
Carathéodory parameterization for the same sample matrix 𝐑̂𝐑𝑁𝑁 
and the same successful initialization solutions for the 
covariance lags parameterization. We demonstrate below the 
behavior of the maximized likelihood ratio for the two 

Since the rank-deficient second matrix in the decomposition (25) 
is also a Toeplitz Hermitian matrix, we can apply Theorem 02 from 
[19]: 
 
Theorem 02 [19] 
Let 𝐓𝑁 be an 𝑁 𝑥 𝑁 positive semidefinite Toeplitz matrix with rank 
m. Then 
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on their values. Potentially, one can also use the polar 
description of the covariance lag,  
 

t𝑗𝑗 = |𝑡𝑡𝑗𝑗| exp(𝑗𝑗 arg 𝑡𝑡𝑗𝑗). (29) 
 

The number of real-valued parameters is the same, equal 
to 2(𝑁𝑁 − 1). Yet, while the moduli |𝑡𝑡𝑗𝑗| could be only positive, 
the arg 𝑡𝑡𝑗𝑗 may be an arbitrary number within the entire range 
 

0 < arg 𝑡𝑡𝑗𝑗 < 2𝜋𝜋. (30) 
 

Therefore, despite the same number of (2𝑁𝑁 − 1) real-
valued degrees of freedom, the Carathéodory set has the 
maximum number of constraints on these parameters and 
therefore describes a different set of N-variate Toeplitz 
matrices. In particular, the Carathéodory parameters describe 
only the positive definite matrices, given 𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. Not 
surprisingly, the arbitrary covariance lag 𝑡𝑡𝑗𝑗 describes both 
positive definite and non-positive definite Toeplitz matrices. 

The least expected result was that the Carathéodory 
parameters did not reach the same LR maximum as the 
optimized covariance lags. While the reason may be the 
limitations of the Carathéodory set, the specifics of the 
particular LR maximization fmincon routine and finite 
computational accuracy may also be to blame. 
 Since, in most cases, the Carathéodory representation (27) 
did not reach the maximum likelihood achieved by the 
covariance lags optimization, we had to introduce the two-step 
LR optimization. We proposed starting LR maximization with 
the Carathéodory parameterization (27) and, upon 
convergence, continuing it with direct covariance lag 
optimization via the MATLAB fmincon routine.  
 Let us now compare the optimization results for the 
covariance lags with those of the LR maximization in the 
Carathéodory parameterization for the same sample matrix 𝐑̂𝐑𝑁𝑁 
and the same successful initialization solutions for the 
covariance lags parameterization. We demonstrate below the 
behavior of the maximized likelihood ratio for the two 

According to this theorem, any rank-deficient non-negative 
Toeplitz Hermitian matrix may be presented as the matrix of 
𝑚 < 𝑁 independent plane waves. Therefore, an alternative 
parameterization of the p.d. Toeplitz Hermitian matrix is the 
following:
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Simulations were naturally conducted for 1,000 trials 
using the various initializations discussed above, searching for 
results markedly different from those reported above. Yet, in 
all trials that converged to a positive definite Toeplitz matrix, 
the optimized LR value was the same. 
 
B. LR Optimization Conducted in the Carathéodory 
Parameters Result in a P.D. Toeplitz Matrix with a Slightly 
Smaller LR Value  
 While the analysis of the fmincon optimization results 
with direct covariance lag optimization provided very 
important insight into the nature of this optimization problem, 
it may not be considered a practical technique due to its high 
failure rate. As an alternative, one may use the Carathéodory 
parameterization of the optimized Toeplitz matrix. Let us 
consider an arbitrary p.d. Toeplitz Hermitian matrix 𝐓𝐓𝑁𝑁 with 
the eigendecomposition: 
 

𝐓𝐓𝑁𝑁 = 𝐔𝐔𝑁𝑁𝚲𝚲N𝐔𝐔𝑁𝑁
H = 𝜆𝜆min𝐈𝐈𝑁𝑁 + ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗

H
𝑁𝑁−1

𝑗𝑗=1
. (25) 

 
Since the rank-deficient second matrix in the decomposition 
(25) is also a Toeplitz Hermitian matrix, we can apply 
Theorem 02 from [50]: 
 
Theorem 02 [50] 
Let 𝐓𝐓𝑁𝑁 be an 𝑁𝑁 𝑥𝑥 𝑁𝑁 positive semidefinite Toeplitz matrix with 
rank m. Then 
 

𝐓𝐓𝑁𝑁 = 𝐑𝐑𝐑𝐑𝐑𝐑H, (26) 
 
where D is the 𝑚𝑚 𝑥𝑥 𝑚𝑚 diagonal matrix with positive diagonal 
entries, and R is the 𝑁𝑁 𝑥𝑥 𝑚𝑚 Carathéodory matrix with 
(𝑎𝑎𝑘𝑘

𝑗𝑗−1 )1≤𝑗𝑗≤𝑁𝑁,𝑖𝑖≤𝑘𝑘<𝑚𝑚, and |𝑎𝑎𝑘𝑘
𝑗𝑗−1| = 1 for 1 ≤ 𝑘𝑘 ≤ 𝑚𝑚 ▮  

According to this theorem, any rank-deficient non-negative 
Toeplitz Hermitian matrix may be presented as the matrix of 
𝑚𝑚 < 𝑁𝑁 independent plane waves. Therefore, an alternative 
parameterization of the p.d. Toeplitz Hermitian matrix is the 
following: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑁𝑁 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (27) 

 
Note that in (2𝑁𝑁 − 1) real-valued parameters that 

describe the Toeplitz matrix (27), N parameters (𝜆𝜆min, 𝜎𝜎𝑗𝑗
2, 𝑗𝑗 =

1, … , 𝑁𝑁), are positive and (𝑁𝑁 − 1) parameters 𝜃𝜃𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁, 
are the angles of arrival; |𝜃𝜃𝑗𝑗| < 𝜋𝜋/2, 𝑗𝑗 = 1, … , 𝑁𝑁. The total 
number of these parameters is 2𝑁𝑁 − 1 and equals the Toeplitz 
matrix's description in terms of its covariance lags. But the 

restrictions of these parameters are very different for these two 
sets of the (2𝑁𝑁 − 1) real-valued parameters. 
 In the Carathéodory parameters in (27), N powers 
(𝜆𝜆min, 𝜎𝜎𝑗𝑗

2, 𝑗𝑗 = 1, … , 𝑁𝑁) are positive, and (𝑁𝑁 − 1) angles of 
arrival parameters 𝜃𝜃𝑗𝑗 are limited to the half-plane: 
 

𝜆𝜆min, 𝜎𝜎𝑗𝑗
2 > 0;    |𝜃𝜃𝑗𝑗| < 𝜋𝜋

2 ,    𝑖𝑖 = 1, … , 𝑁𝑁 − 1. (28) 

 
In the Toeplitz matrix optimization via its covariance lags 

(Vandermonde description), only the central element is 
positive, while the remaining (𝑁𝑁 − 1) complex-valued 
covariance lags 𝑡𝑡𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, should be represented by 
the 2(𝑁𝑁 − 1) real-valued parameters with no simple restriction 
on their values. Potentially, one can also use the polar 
description of the covariance lag,  
 

t𝑗𝑗 = |𝑡𝑡𝑗𝑗| exp(𝑗𝑗 arg 𝑡𝑡𝑗𝑗). (29) 
 

The number of real-valued parameters is the same, equal 
to 2(𝑁𝑁 − 1). Yet, while the moduli |𝑡𝑡𝑗𝑗| could be only positive, 
the arg 𝑡𝑡𝑗𝑗 may be an arbitrary number within the entire range 
 

0 < arg 𝑡𝑡𝑗𝑗 < 2𝜋𝜋. (30) 
 

Therefore, despite the same number of (2𝑁𝑁 − 1) real-
valued degrees of freedom, the Carathéodory set has the 
maximum number of constraints on these parameters and 
therefore describes a different set of N-variate Toeplitz 
matrices. In particular, the Carathéodory parameters describe 
only the positive definite matrices, given 𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. Not 
surprisingly, the arbitrary covariance lag 𝑡𝑡𝑗𝑗 describes both 
positive definite and non-positive definite Toeplitz matrices. 

The least expected result was that the Carathéodory 
parameters did not reach the same LR maximum as the 
optimized covariance lags. While the reason may be the 
limitations of the Carathéodory set, the specifics of the 
particular LR maximization fmincon routine and finite 
computational accuracy may also be to blame. 
 Since, in most cases, the Carathéodory representation (27) 
did not reach the maximum likelihood achieved by the 
covariance lags optimization, we had to introduce the two-step 
LR optimization. We proposed starting LR maximization with 
the Carathéodory parameterization (27) and, upon 
convergence, continuing it with direct covariance lag 
optimization via the MATLAB fmincon routine.  
 Let us now compare the optimization results for the 
covariance lags with those of the LR maximization in the 
Carathéodory parameterization for the same sample matrix 𝐑̂𝐑𝑁𝑁 
and the same successful initialization solutions for the 
covariance lags parameterization. We demonstrate below the 
behavior of the maximized likelihood ratio for the two 

Note that in (2𝑁 −  1) real-valued parameters that describe the 
Toeplitz matrix (27), N parameters (𝜆min, 𝜎𝑗

2, 𝑗 =  1, … , 𝑁), are 
positive and (𝑁 −  1) parameters 𝜃𝑗, 𝑗 =  1, … , 𝑁, are the angles of 
arrival; |𝜃𝑗| < 𝜋/2, 𝑗 = 1, … , 𝑁. The total number of these parameters 
is 2𝑁 −  1 and equals the Toeplitz matrix's description in terms of its 
covariance lags. But the restrictions of these parameters are very 
different for these two sets of the (2𝑁 −  1) real-valued parameters.

In the Carathéodory parameters in (27), N powers (𝜆min, 𝜎𝑗
2, 𝑗 = 1, 

… , 𝑁) are positive, and (𝑁 −  1) angles of arrival parameters 𝜃𝑗 are 
limited to the half-plane: 
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Simulations were naturally conducted for 1,000 trials 
using the various initializations discussed above, searching for 
results markedly different from those reported above. Yet, in 
all trials that converged to a positive definite Toeplitz matrix, 
the optimized LR value was the same. 
 
B. LR Optimization Conducted in the Carathéodory 
Parameters Result in a P.D. Toeplitz Matrix with a Slightly 
Smaller LR Value  
 While the analysis of the fmincon optimization results 
with direct covariance lag optimization provided very 
important insight into the nature of this optimization problem, 
it may not be considered a practical technique due to its high 
failure rate. As an alternative, one may use the Carathéodory 
parameterization of the optimized Toeplitz matrix. Let us 
consider an arbitrary p.d. Toeplitz Hermitian matrix 𝐓𝐓𝑁𝑁 with 
the eigendecomposition: 
 

𝐓𝐓𝑁𝑁 = 𝐔𝐔𝑁𝑁𝚲𝚲N𝐔𝐔𝑁𝑁
H = 𝜆𝜆min𝐈𝐈𝑁𝑁 + ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗

H
𝑁𝑁−1

𝑗𝑗=1
. (25) 

 
Since the rank-deficient second matrix in the decomposition 
(25) is also a Toeplitz Hermitian matrix, we can apply 
Theorem 02 from [50]: 
 
Theorem 02 [50] 
Let 𝐓𝐓𝑁𝑁 be an 𝑁𝑁 𝑥𝑥 𝑁𝑁 positive semidefinite Toeplitz matrix with 
rank m. Then 
 

𝐓𝐓𝑁𝑁 = 𝐑𝐑𝐑𝐑𝐑𝐑H, (26) 
 
where D is the 𝑚𝑚 𝑥𝑥 𝑚𝑚 diagonal matrix with positive diagonal 
entries, and R is the 𝑁𝑁 𝑥𝑥 𝑚𝑚 Carathéodory matrix with 
(𝑎𝑎𝑘𝑘

𝑗𝑗−1 )1≤𝑗𝑗≤𝑁𝑁,𝑖𝑖≤𝑘𝑘<𝑚𝑚, and |𝑎𝑎𝑘𝑘
𝑗𝑗−1| = 1 for 1 ≤ 𝑘𝑘 ≤ 𝑚𝑚 ▮  

According to this theorem, any rank-deficient non-negative 
Toeplitz Hermitian matrix may be presented as the matrix of 
𝑚𝑚 < 𝑁𝑁 independent plane waves. Therefore, an alternative 
parameterization of the p.d. Toeplitz Hermitian matrix is the 
following: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑁𝑁 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (27) 

 
Note that in (2𝑁𝑁 − 1) real-valued parameters that 

describe the Toeplitz matrix (27), N parameters (𝜆𝜆min, 𝜎𝜎𝑗𝑗
2, 𝑗𝑗 =

1, … , 𝑁𝑁), are positive and (𝑁𝑁 − 1) parameters 𝜃𝜃𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁, 
are the angles of arrival; |𝜃𝜃𝑗𝑗| < 𝜋𝜋/2, 𝑗𝑗 = 1, … , 𝑁𝑁. The total 
number of these parameters is 2𝑁𝑁 − 1 and equals the Toeplitz 
matrix's description in terms of its covariance lags. But the 

restrictions of these parameters are very different for these two 
sets of the (2𝑁𝑁 − 1) real-valued parameters. 
 In the Carathéodory parameters in (27), N powers 
(𝜆𝜆min, 𝜎𝜎𝑗𝑗

2, 𝑗𝑗 = 1, … , 𝑁𝑁) are positive, and (𝑁𝑁 − 1) angles of 
arrival parameters 𝜃𝜃𝑗𝑗 are limited to the half-plane: 
 

𝜆𝜆min, 𝜎𝜎𝑗𝑗
2 > 0;    |𝜃𝜃𝑗𝑗| < 𝜋𝜋

2 ,    𝑖𝑖 = 1, … , 𝑁𝑁 − 1. (28) 

 
In the Toeplitz matrix optimization via its covariance lags 

(Vandermonde description), only the central element is 
positive, while the remaining (𝑁𝑁 − 1) complex-valued 
covariance lags 𝑡𝑡𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, should be represented by 
the 2(𝑁𝑁 − 1) real-valued parameters with no simple restriction 
on their values. Potentially, one can also use the polar 
description of the covariance lag,  
 

t𝑗𝑗 = |𝑡𝑡𝑗𝑗| exp(𝑗𝑗 arg 𝑡𝑡𝑗𝑗). (29) 
 

The number of real-valued parameters is the same, equal 
to 2(𝑁𝑁 − 1). Yet, while the moduli |𝑡𝑡𝑗𝑗| could be only positive, 
the arg 𝑡𝑡𝑗𝑗 may be an arbitrary number within the entire range 
 

0 < arg 𝑡𝑡𝑗𝑗 < 2𝜋𝜋. (30) 
 

Therefore, despite the same number of (2𝑁𝑁 − 1) real-
valued degrees of freedom, the Carathéodory set has the 
maximum number of constraints on these parameters and 
therefore describes a different set of N-variate Toeplitz 
matrices. In particular, the Carathéodory parameters describe 
only the positive definite matrices, given 𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. Not 
surprisingly, the arbitrary covariance lag 𝑡𝑡𝑗𝑗 describes both 
positive definite and non-positive definite Toeplitz matrices. 

The least expected result was that the Carathéodory 
parameters did not reach the same LR maximum as the 
optimized covariance lags. While the reason may be the 
limitations of the Carathéodory set, the specifics of the 
particular LR maximization fmincon routine and finite 
computational accuracy may also be to blame. 
 Since, in most cases, the Carathéodory representation (27) 
did not reach the maximum likelihood achieved by the 
covariance lags optimization, we had to introduce the two-step 
LR optimization. We proposed starting LR maximization with 
the Carathéodory parameterization (27) and, upon 
convergence, continuing it with direct covariance lag 
optimization via the MATLAB fmincon routine.  
 Let us now compare the optimization results for the 
covariance lags with those of the LR maximization in the 
Carathéodory parameterization for the same sample matrix 𝐑̂𝐑𝑁𝑁 
and the same successful initialization solutions for the 
covariance lags parameterization. We demonstrate below the 
behavior of the maximized likelihood ratio for the two 

In the Toeplitz matrix optimization via its covariance lags 
(Vandermonde description), only the central element is positive, 
while the remaining (𝑁 −  1) complex-valued covariance lags 𝑡𝑗, 𝑗 
= 1, … , 𝑁 −  1, should be represented by the 2(𝑁 − 1) real-valued 

parameters with no simple restriction on their values. Potentially, 
one can also use the polar description of the covariance lag,
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Simulations were naturally conducted for 1,000 trials 
using the various initializations discussed above, searching for 
results markedly different from those reported above. Yet, in 
all trials that converged to a positive definite Toeplitz matrix, 
the optimized LR value was the same. 
 
B. LR Optimization Conducted in the Carathéodory 
Parameters Result in a P.D. Toeplitz Matrix with a Slightly 
Smaller LR Value  
 While the analysis of the fmincon optimization results 
with direct covariance lag optimization provided very 
important insight into the nature of this optimization problem, 
it may not be considered a practical technique due to its high 
failure rate. As an alternative, one may use the Carathéodory 
parameterization of the optimized Toeplitz matrix. Let us 
consider an arbitrary p.d. Toeplitz Hermitian matrix 𝐓𝐓𝑁𝑁 with 
the eigendecomposition: 
 

𝐓𝐓𝑁𝑁 = 𝐔𝐔𝑁𝑁𝚲𝚲N𝐔𝐔𝑁𝑁
H = 𝜆𝜆min𝐈𝐈𝑁𝑁 + ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗

H
𝑁𝑁−1

𝑗𝑗=1
. (25) 

 
Since the rank-deficient second matrix in the decomposition 
(25) is also a Toeplitz Hermitian matrix, we can apply 
Theorem 02 from [50]: 
 
Theorem 02 [50] 
Let 𝐓𝐓𝑁𝑁 be an 𝑁𝑁 𝑥𝑥 𝑁𝑁 positive semidefinite Toeplitz matrix with 
rank m. Then 
 

𝐓𝐓𝑁𝑁 = 𝐑𝐑𝐑𝐑𝐑𝐑H, (26) 
 
where D is the 𝑚𝑚 𝑥𝑥 𝑚𝑚 diagonal matrix with positive diagonal 
entries, and R is the 𝑁𝑁 𝑥𝑥 𝑚𝑚 Carathéodory matrix with 
(𝑎𝑎𝑘𝑘

𝑗𝑗−1 )1≤𝑗𝑗≤𝑁𝑁,𝑖𝑖≤𝑘𝑘<𝑚𝑚, and |𝑎𝑎𝑘𝑘
𝑗𝑗−1| = 1 for 1 ≤ 𝑘𝑘 ≤ 𝑚𝑚 ▮  

According to this theorem, any rank-deficient non-negative 
Toeplitz Hermitian matrix may be presented as the matrix of 
𝑚𝑚 < 𝑁𝑁 independent plane waves. Therefore, an alternative 
parameterization of the p.d. Toeplitz Hermitian matrix is the 
following: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑁𝑁 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (27) 

 
Note that in (2𝑁𝑁 − 1) real-valued parameters that 

describe the Toeplitz matrix (27), N parameters (𝜆𝜆min, 𝜎𝜎𝑗𝑗
2, 𝑗𝑗 =

1, … , 𝑁𝑁), are positive and (𝑁𝑁 − 1) parameters 𝜃𝜃𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁, 
are the angles of arrival; |𝜃𝜃𝑗𝑗| < 𝜋𝜋/2, 𝑗𝑗 = 1, … , 𝑁𝑁. The total 
number of these parameters is 2𝑁𝑁 − 1 and equals the Toeplitz 
matrix's description in terms of its covariance lags. But the 

restrictions of these parameters are very different for these two 
sets of the (2𝑁𝑁 − 1) real-valued parameters. 
 In the Carathéodory parameters in (27), N powers 
(𝜆𝜆min, 𝜎𝜎𝑗𝑗

2, 𝑗𝑗 = 1, … , 𝑁𝑁) are positive, and (𝑁𝑁 − 1) angles of 
arrival parameters 𝜃𝜃𝑗𝑗 are limited to the half-plane: 
 

𝜆𝜆min, 𝜎𝜎𝑗𝑗
2 > 0;    |𝜃𝜃𝑗𝑗| < 𝜋𝜋

2 ,    𝑖𝑖 = 1, … , 𝑁𝑁 − 1. (28) 

 
In the Toeplitz matrix optimization via its covariance lags 

(Vandermonde description), only the central element is 
positive, while the remaining (𝑁𝑁 − 1) complex-valued 
covariance lags 𝑡𝑡𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, should be represented by 
the 2(𝑁𝑁 − 1) real-valued parameters with no simple restriction 
on their values. Potentially, one can also use the polar 
description of the covariance lag,  
 

t𝑗𝑗 = |𝑡𝑡𝑗𝑗| exp(𝑗𝑗 arg 𝑡𝑡𝑗𝑗). (29) 
 

The number of real-valued parameters is the same, equal 
to 2(𝑁𝑁 − 1). Yet, while the moduli |𝑡𝑡𝑗𝑗| could be only positive, 
the arg 𝑡𝑡𝑗𝑗 may be an arbitrary number within the entire range 
 

0 < arg 𝑡𝑡𝑗𝑗 < 2𝜋𝜋. (30) 
 

Therefore, despite the same number of (2𝑁𝑁 − 1) real-
valued degrees of freedom, the Carathéodory set has the 
maximum number of constraints on these parameters and 
therefore describes a different set of N-variate Toeplitz 
matrices. In particular, the Carathéodory parameters describe 
only the positive definite matrices, given 𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. Not 
surprisingly, the arbitrary covariance lag 𝑡𝑡𝑗𝑗 describes both 
positive definite and non-positive definite Toeplitz matrices. 

The least expected result was that the Carathéodory 
parameters did not reach the same LR maximum as the 
optimized covariance lags. While the reason may be the 
limitations of the Carathéodory set, the specifics of the 
particular LR maximization fmincon routine and finite 
computational accuracy may also be to blame. 
 Since, in most cases, the Carathéodory representation (27) 
did not reach the maximum likelihood achieved by the 
covariance lags optimization, we had to introduce the two-step 
LR optimization. We proposed starting LR maximization with 
the Carathéodory parameterization (27) and, upon 
convergence, continuing it with direct covariance lag 
optimization via the MATLAB fmincon routine.  
 Let us now compare the optimization results for the 
covariance lags with those of the LR maximization in the 
Carathéodory parameterization for the same sample matrix 𝐑̂𝐑𝑁𝑁 
and the same successful initialization solutions for the 
covariance lags parameterization. We demonstrate below the 
behavior of the maximized likelihood ratio for the two 

The number of real-valued parameters is the same, equal to 2(𝑁 − 
1). Yet, while the moduli |𝑡𝑗| could be only positive, the arg 𝑡𝑗 may 
be an arbitrary number within the entire range
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Simulations were naturally conducted for 1,000 trials 
using the various initializations discussed above, searching for 
results markedly different from those reported above. Yet, in 
all trials that converged to a positive definite Toeplitz matrix, 
the optimized LR value was the same. 
 
B. LR Optimization Conducted in the Carathéodory 
Parameters Result in a P.D. Toeplitz Matrix with a Slightly 
Smaller LR Value  
 While the analysis of the fmincon optimization results 
with direct covariance lag optimization provided very 
important insight into the nature of this optimization problem, 
it may not be considered a practical technique due to its high 
failure rate. As an alternative, one may use the Carathéodory 
parameterization of the optimized Toeplitz matrix. Let us 
consider an arbitrary p.d. Toeplitz Hermitian matrix 𝐓𝐓𝑁𝑁 with 
the eigendecomposition: 
 

𝐓𝐓𝑁𝑁 = 𝐔𝐔𝑁𝑁𝚲𝚲N𝐔𝐔𝑁𝑁
H = 𝜆𝜆min𝐈𝐈𝑁𝑁 + ∑(λ𝑗𝑗 − 𝜆𝜆min)𝐔𝐔𝑗𝑗𝐔𝐔𝑗𝑗

H
𝑁𝑁−1

𝑗𝑗=1
. (25) 

 
Since the rank-deficient second matrix in the decomposition 
(25) is also a Toeplitz Hermitian matrix, we can apply 
Theorem 02 from [50]: 
 
Theorem 02 [50] 
Let 𝐓𝐓𝑁𝑁 be an 𝑁𝑁 𝑥𝑥 𝑁𝑁 positive semidefinite Toeplitz matrix with 
rank m. Then 
 

𝐓𝐓𝑁𝑁 = 𝐑𝐑𝐑𝐑𝐑𝐑H, (26) 
 
where D is the 𝑚𝑚 𝑥𝑥 𝑚𝑚 diagonal matrix with positive diagonal 
entries, and R is the 𝑁𝑁 𝑥𝑥 𝑚𝑚 Carathéodory matrix with 
(𝑎𝑎𝑘𝑘

𝑗𝑗−1 )1≤𝑗𝑗≤𝑁𝑁,𝑖𝑖≤𝑘𝑘<𝑚𝑚, and |𝑎𝑎𝑘𝑘
𝑗𝑗−1| = 1 for 1 ≤ 𝑘𝑘 ≤ 𝑚𝑚 ▮  

According to this theorem, any rank-deficient non-negative 
Toeplitz Hermitian matrix may be presented as the matrix of 
𝑚𝑚 < 𝑁𝑁 independent plane waves. Therefore, an alternative 
parameterization of the p.d. Toeplitz Hermitian matrix is the 
following: 
 

𝐓𝐓𝑁𝑁 = 𝜆𝜆min𝐈𝐈𝑁𝑁 +  ∑ 𝜎𝜎𝑗𝑗
2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H

𝑁𝑁−1

𝑗𝑗=1
,    𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. (27) 

 
Note that in (2𝑁𝑁 − 1) real-valued parameters that 

describe the Toeplitz matrix (27), N parameters (𝜆𝜆min, 𝜎𝜎𝑗𝑗
2, 𝑗𝑗 =

1, … , 𝑁𝑁), are positive and (𝑁𝑁 − 1) parameters 𝜃𝜃𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁, 
are the angles of arrival; |𝜃𝜃𝑗𝑗| < 𝜋𝜋/2, 𝑗𝑗 = 1, … , 𝑁𝑁. The total 
number of these parameters is 2𝑁𝑁 − 1 and equals the Toeplitz 
matrix's description in terms of its covariance lags. But the 

restrictions of these parameters are very different for these two 
sets of the (2𝑁𝑁 − 1) real-valued parameters. 
 In the Carathéodory parameters in (27), N powers 
(𝜆𝜆min, 𝜎𝜎𝑗𝑗

2, 𝑗𝑗 = 1, … , 𝑁𝑁) are positive, and (𝑁𝑁 − 1) angles of 
arrival parameters 𝜃𝜃𝑗𝑗 are limited to the half-plane: 
 

𝜆𝜆min, 𝜎𝜎𝑗𝑗
2 > 0;    |𝜃𝜃𝑗𝑗| < 𝜋𝜋

2 ,    𝑖𝑖 = 1, … , 𝑁𝑁 − 1. (28) 

 
In the Toeplitz matrix optimization via its covariance lags 

(Vandermonde description), only the central element is 
positive, while the remaining (𝑁𝑁 − 1) complex-valued 
covariance lags 𝑡𝑡𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, should be represented by 
the 2(𝑁𝑁 − 1) real-valued parameters with no simple restriction 
on their values. Potentially, one can also use the polar 
description of the covariance lag,  
 

t𝑗𝑗 = |𝑡𝑡𝑗𝑗| exp(𝑗𝑗 arg 𝑡𝑡𝑗𝑗). (29) 
 

The number of real-valued parameters is the same, equal 
to 2(𝑁𝑁 − 1). Yet, while the moduli |𝑡𝑡𝑗𝑗| could be only positive, 
the arg 𝑡𝑡𝑗𝑗 may be an arbitrary number within the entire range 
 

0 < arg 𝑡𝑡𝑗𝑗 < 2𝜋𝜋. (30) 
 

Therefore, despite the same number of (2𝑁𝑁 − 1) real-
valued degrees of freedom, the Carathéodory set has the 
maximum number of constraints on these parameters and 
therefore describes a different set of N-variate Toeplitz 
matrices. In particular, the Carathéodory parameters describe 
only the positive definite matrices, given 𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. Not 
surprisingly, the arbitrary covariance lag 𝑡𝑡𝑗𝑗 describes both 
positive definite and non-positive definite Toeplitz matrices. 

The least expected result was that the Carathéodory 
parameters did not reach the same LR maximum as the 
optimized covariance lags. While the reason may be the 
limitations of the Carathéodory set, the specifics of the 
particular LR maximization fmincon routine and finite 
computational accuracy may also be to blame. 
 Since, in most cases, the Carathéodory representation (27) 
did not reach the maximum likelihood achieved by the 
covariance lags optimization, we had to introduce the two-step 
LR optimization. We proposed starting LR maximization with 
the Carathéodory parameterization (27) and, upon 
convergence, continuing it with direct covariance lag 
optimization via the MATLAB fmincon routine.  
 Let us now compare the optimization results for the 
covariance lags with those of the LR maximization in the 
Carathéodory parameterization for the same sample matrix 𝐑̂𝐑𝑁𝑁 
and the same successful initialization solutions for the 
covariance lags parameterization. We demonstrate below the 
behavior of the maximized likelihood ratio for the two 

Therefore, despite the same number of (2𝑁 − 1) real valued degrees 
of freedom, the Carathéodory set has the maximum number of 
constraints on these parameters and therefore describes a different 
set of N-variate Toeplitz matrices. In particular, the Carathéodory 
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The least expected result was that the Carathéodory parameters did 
not reach the same LR maximum as the optimized covariance lags. 
While the reason may be the limitations of the Carathéodory set, 
the specifics of the particular LR maximization fmincon routine 
and finite computational accuracy may also be to blame.

Since, in most cases, the Carathéodory representation (27) did not 
reach the maximum likelihood achieved by the covariance lags 
optimization, we had to introduce the two-step LR optimization. 
We proposed starting LR maximization with the Carathéodory 
parameterization (27) and, upon convergence, continuing it with 
direct covariance lag optimization via the MATLAB fmincon 
routine.

Let us now compare the optimization results for the covariance 
lags with those of the LR maximization in the Carathéodory 
parameterization for the same sample matrix 
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Simulations were naturally conducted for 1,000 trials 
using the various initializations discussed above, searching for 
results markedly different from those reported above. Yet, in 
all trials that converged to a positive definite Toeplitz matrix, 
the optimized LR value was the same. 
 
B. LR Optimization Conducted in the Carathéodory 
Parameters Result in a P.D. Toeplitz Matrix with a Slightly 
Smaller LR Value  
 While the analysis of the fmincon optimization results 
with direct covariance lag optimization provided very 
important insight into the nature of this optimization problem, 
it may not be considered a practical technique due to its high 
failure rate. As an alternative, one may use the Carathéodory 
parameterization of the optimized Toeplitz matrix. Let us 
consider an arbitrary p.d. Toeplitz Hermitian matrix 𝐓𝐓𝑁𝑁 with 
the eigendecomposition: 
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H
𝑁𝑁−1

𝑗𝑗=1
. (25) 

 
Since the rank-deficient second matrix in the decomposition 
(25) is also a Toeplitz Hermitian matrix, we can apply 
Theorem 02 from [50]: 
 
Theorem 02 [50] 
Let 𝐓𝐓𝑁𝑁 be an 𝑁𝑁 𝑥𝑥 𝑁𝑁 positive semidefinite Toeplitz matrix with 
rank m. Then 
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𝑗𝑗−1| = 1 for 1 ≤ 𝑘𝑘 ≤ 𝑚𝑚 ▮  

According to this theorem, any rank-deficient non-negative 
Toeplitz Hermitian matrix may be presented as the matrix of 
𝑚𝑚 < 𝑁𝑁 independent plane waves. Therefore, an alternative 
parameterization of the p.d. Toeplitz Hermitian matrix is the 
following: 
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describe the Toeplitz matrix (27), N parameters (𝜆𝜆min, 𝜎𝜎𝑗𝑗
2, 𝑗𝑗 =

1, … , 𝑁𝑁), are positive and (𝑁𝑁 − 1) parameters 𝜃𝜃𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁, 
are the angles of arrival; |𝜃𝜃𝑗𝑗| < 𝜋𝜋/2, 𝑗𝑗 = 1, … , 𝑁𝑁. The total 
number of these parameters is 2𝑁𝑁 − 1 and equals the Toeplitz 
matrix's description in terms of its covariance lags. But the 

restrictions of these parameters are very different for these two 
sets of the (2𝑁𝑁 − 1) real-valued parameters. 
 In the Carathéodory parameters in (27), N powers 
(𝜆𝜆min, 𝜎𝜎𝑗𝑗

2, 𝑗𝑗 = 1, … , 𝑁𝑁) are positive, and (𝑁𝑁 − 1) angles of 
arrival parameters 𝜃𝜃𝑗𝑗 are limited to the half-plane: 
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2 ,    𝑖𝑖 = 1, … , 𝑁𝑁 − 1. (28) 

 
In the Toeplitz matrix optimization via its covariance lags 

(Vandermonde description), only the central element is 
positive, while the remaining (𝑁𝑁 − 1) complex-valued 
covariance lags 𝑡𝑡𝑗𝑗, 𝑗𝑗 = 1, … , 𝑁𝑁 − 1, should be represented by 
the 2(𝑁𝑁 − 1) real-valued parameters with no simple restriction 
on their values. Potentially, one can also use the polar 
description of the covariance lag,  
 

t𝑗𝑗 = |𝑡𝑡𝑗𝑗| exp(𝑗𝑗 arg 𝑡𝑡𝑗𝑗). (29) 
 

The number of real-valued parameters is the same, equal 
to 2(𝑁𝑁 − 1). Yet, while the moduli |𝑡𝑡𝑗𝑗| could be only positive, 
the arg 𝑡𝑡𝑗𝑗 may be an arbitrary number within the entire range 
 

0 < arg 𝑡𝑡𝑗𝑗 < 2𝜋𝜋. (30) 
 

Therefore, despite the same number of (2𝑁𝑁 − 1) real-
valued degrees of freedom, the Carathéodory set has the 
maximum number of constraints on these parameters and 
therefore describes a different set of N-variate Toeplitz 
matrices. In particular, the Carathéodory parameters describe 
only the positive definite matrices, given 𝜆𝜆min, 𝜎𝜎𝑗𝑗

2 > 0. Not 
surprisingly, the arbitrary covariance lag 𝑡𝑡𝑗𝑗 describes both 
positive definite and non-positive definite Toeplitz matrices. 

The least expected result was that the Carathéodory 
parameters did not reach the same LR maximum as the 
optimized covariance lags. While the reason may be the 
limitations of the Carathéodory set, the specifics of the 
particular LR maximization fmincon routine and finite 
computational accuracy may also be to blame. 
 Since, in most cases, the Carathéodory representation (27) 
did not reach the maximum likelihood achieved by the 
covariance lags optimization, we had to introduce the two-step 
LR optimization. We proposed starting LR maximization with 
the Carathéodory parameterization (27) and, upon 
convergence, continuing it with direct covariance lag 
optimization via the MATLAB fmincon routine.  
 Let us now compare the optimization results for the 
covariance lags with those of the LR maximization in the 
Carathéodory parameterization for the same sample matrix 𝐑̂𝐑𝑁𝑁 
and the same successful initialization solutions for the 
covariance lags parameterization. We demonstrate below the 
behavior of the maximized likelihood ratio for the two 

 and the 
same successful initialization solutions for the covariance lags 
parameterization. We demonstrate below the behavior of the 
maximized likelihood ratio for the two different initializations. 
Note that for the Carathéodory initialization, there is no need for 
multiple different initializations to avoid solutions with negative 
eigenvalues. 
 
Yet, in the vast majority of the 1,000 conducted trials, fmincon with 
the Carathéodory parameterization did not reach the maximum LR 
values, which were delivered for the same input data by the fmincon 
optimization in the covariance lags parameterization. Specifically, 
in only 50 out of 1,000 trials, the LR values, obtained using 
Carathéodory parameterization, exceeded—insignificantly (by no 
more than 0.0015%)—the LR values obtained by maximizing the 
LR under covariance lag parameterization. 

Given the different calculations for these two parameterizations, 
this insignificant difference could be attributed to the finite 
accuracy of the calculations. Out of 1,000 trials with a different 
sample matrix 
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Simulations were naturally conducted for 1,000 trials 
using the various initializations discussed above, searching for 
results markedly different from those reported above. Yet, in 
all trials that converged to a positive definite Toeplitz matrix, 
the optimized LR value was the same. 
 
B. LR Optimization Conducted in the Carathéodory 
Parameters Result in a P.D. Toeplitz Matrix with a Slightly 
Smaller LR Value  
 While the analysis of the fmincon optimization results 
with direct covariance lag optimization provided very 
important insight into the nature of this optimization problem, 
it may not be considered a practical technique due to its high 
failure rate. As an alternative, one may use the Carathéodory 
parameterization of the optimized Toeplitz matrix. Let us 
consider an arbitrary p.d. Toeplitz Hermitian matrix 𝐓𝐓𝑁𝑁 with 
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Since the rank-deficient second matrix in the decomposition 
(25) is also a Toeplitz Hermitian matrix, we can apply 
Theorem 02 from [50]: 
 
Theorem 02 [50] 
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did not reach the maximum likelihood achieved by the 
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the covariance lag parameterization exceeded the LR from the 
Carathéodory parameterization alone by a few percent (up to 15%, 
Figure 1).
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In Figure 3, we show the percentage improvement in LR achieved by this additional optimization of covariance lags.
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One can see that in only one out of 1,000 conducted trials, the 
LR maximized over Carathéodory parameters exceeded the LR 
value from direct covariance lags optimization by no more than 
0.01%. In all other trials, the direct optimization of covariance 
lags provided further LR improvement over the Carathéodory 
parameterization, with gains of less than 15% and an average of 
6%. Therefore, starting the LR fmincon maximization from the 
Carathéodory matrix description, we avoid solutions with negative 
eigenvalues for a practically arbitrary p.d. Toeplitz matrix used to 
initialize the fmincon routine. The following LR maximization 
using the covariance lags description yields a globally optimal 
solution in all cases, with the achieved LR value equal to that 

initiated by the true covariance matrix 𝐓𝑁 .

Let us remind the reader that the comparative analysis of two 
different problem formulations in covariance lags and Carathéodory 
parameters was performed for the same sample covariance matrix 
R̂𝑁. For this reason, in our next simulation series, we investigated 
1,000 different sample matrices generated from the same data 
with the same true Toeplitz covariance matrix. The results of these 
simulations are illustrated in Figure 4 and Figure 5, where the 
dependence of the maximized LR on the number of iterations is 
provided.
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1.853∙10−1, which significantly exceeded the LR value 
produced by the true covariance matrix, LR = 1.494 ∙ 10−1. 
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in LR values, with the minimal gain provided by the second-
level LR maximization, reaching LR = 1.671 ∙ 10−1 compared 
with the first-order LR optimization in Carathéodory 
parameters, reaching LR = 1.648 ∙ 10−1. Note that the LR 
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One can see that this gain can reach 10%, with an average 
of 3.2%. Only in very rare cases did the combined LR 
maximization slightly exceed the LR values obtained with the 
covariance lags parameterization alone. 

 These improvements do not exceed 0.005% and are 
therefore attributed to finite calculation accuracy. It seems 
acceptable that for quite complicated LR optimization 
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Figure 6: Distribution of the LR Gains Provided by the Second Stage LR Maximization in “Natural” Parameters

One can see that this gain can reach 10%, with an average of 
3.2%. Only in very rare cases did the combined LR maximization 
slightly exceed the LR values obtained with the covariance lags 
parameterization alone. 

These improvements do not exceed 0.005% and are therefore 
attributed to finite calculation accuracy. It seems acceptable that 

for quite complicated LR optimization algorithms, we may treat 
the results of our two-step LR maximization as globally optimal 
values, despite the negligible discrepancy caused by finite 
computational accuracy. In Figure 7, we provide the results of 
LR optimization, sorted in increasing order of the first step of LR 
maximization in Carathéodory parameters.



J Electr Comput Innov, 2026 Volume 3 | Issue 2 | 10

9 
 

 

 
Fig. 7. Maximized LR values by “DoAs” parameterization (blue line) 

and by the “natural” parameters optimization (red line) 
 

Then, for every LR value obtained from the first-step LR 
maximization over Carathéodory parameters, we provide the 
LR value achieved by the second-step LR maximization via 
direct trimming of the covariance lags. One can see that the 
initial LR maximization over Carathéodory parameters ranges 
from 0.12 to 0.28, while the second-stage LR maximization 
using the covariance lags adds, on average, 0.01 to the global 
LR maximum. 

The conducted trials provide a detailed enough description 
of the statistical nature of the LR maximum using the proposed 
two-step numerical optimization. 
 
C. Second Stage LR Maximization of the Covariance Lags 
Improves LR Values but Degrades the Proximity to the True 
Toeplitz Covariance Matrix 

 In statistical signal processing, it is well known that the 
more specific the a priori knowledge about the estimated set, 
the smaller the excess optimized likelihood ratio is and the 
closer the estimation result is to the true parameters. The 
comparison of the Hermitian and Toeplitz Hermitian 
covariance matrices' ML estimates is one such example, where 
the maximized LR value for the Hermitian matrix is always 1, 
whereas a priori knowledge of its Toeplitz structure leads to a 
significant degradation in the maximized LR value. 

 The discrepancy between the optimized LR values for the 
Carathéodory parameters and the covariance lag parameters 
should not arise, since we are only interested in positive 
definite matrices. Yet, the demonstrated superior performance 
of the fmincon LR optimization for covariance lag parameters 
is beyond any doubt and is not associated with a more specific 
(more accurate) model of the estimated Toeplitz matrix. 
Therefore, the optimized Toeplitz matrices with covariance 
lags are closer to the sample matrices 𝐑̂𝐑𝑁𝑁, since the LR is 
larger. But are they closer to the true covariance Toeplitz 
matrix as well? To assess the achieved proximity of the 
optimized Toeplitz matrix to this true covariance matrix 𝐓𝐓𝑁𝑁 

rather than to the sample matrix 𝐑̂𝐑𝑁𝑁, let us introduce the 
"proximity ratio": 
 

PR[𝐓𝐓𝑁𝑁|𝐓̂𝐓𝑁𝑁
ML] =

det (𝐓𝐓𝑁𝑁(𝐓̂𝐓𝑁𝑁
ML)−1)

[1
𝑁𝑁 Tr (𝐓𝐓𝑁𝑁(𝐓̂𝐓𝑁𝑁

ML)−1)]
𝑁𝑁. (31) 

 
Note that PR[𝐓𝐓𝑁𝑁|𝐓̂𝐓𝑁𝑁

ML] reaches a maximum (equal to one) 
only when 𝐓̂𝐓𝑁𝑁

ML is proportional to the true matrix, i.e., when 
 

𝐓𝐓𝑁𝑁 = 𝑐𝑐𝐓̂𝐓𝑁𝑁
ML,    𝑐𝑐 > 0, (32) 

 
which means that PR may be treated as the level of proximity 
of the optimized estimate 𝐓̂𝐓𝑁𝑁

ML to the true Toeplitz covariance 
matrix 𝐓𝐓𝑁𝑁. 
 Let us check the "proximity ratio" (31) analysis for each 
step of the LR[𝐓̂𝐓𝑁𝑁

ML]. In Fig. 8, we illustrate an analysis of the 
data of Fig. 7.  
 

 
Fig. 8. fmincon PR progression 

with respect to the true covariance matrix 𝐓𝐓𝑁𝑁   

 
The proximity ratio, calculated over 955 iterations for the 

LR maximization interval in Carathéodory parameters, is 
followed by 40 iterations of LR maximization over covariance 
lags. While the LR maximization is performed on the sample 
matrix, the resulting value is the proximity ratio. Also 
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Then, for every LR value obtained from the first-step LR 
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value achieved by the second-step LR maximization via direct 
trimming of the covariance lags. One can see that the initial 
LR maximization over Carathéodory parameters ranges from 
0.12 to 0.28, while the second-stage LR maximization using the 
covariance lags adds, on average, 0.01 to the global LR maximum.

The conducted trials provide a detailed enough description of the 
statistical nature of the LR maximum using the proposed two-step 
numerical optimization. 
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using the covariance lags adds, on average, 0.01 to the global 
LR maximum. 
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Then, for every LR value obtained from the first-step LR 
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LR value achieved by the second-step LR maximization via 
direct trimming of the covariance lags. One can see that the 
initial LR maximization over Carathéodory parameters ranges 
from 0.12 to 0.28, while the second-stage LR maximization 
using the covariance lags adds, on average, 0.01 to the global 
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the maximized LR value for the Hermitian matrix is always 1, 
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Then, for every LR value obtained from the first-step LR 
maximization over Carathéodory parameters, we provide the 
LR value achieved by the second-step LR maximization via 
direct trimming of the covariance lags. One can see that the 
initial LR maximization over Carathéodory parameters ranges 
from 0.12 to 0.28, while the second-stage LR maximization 
using the covariance lags adds, on average, 0.01 to the global 
LR maximum. 
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of the statistical nature of the LR maximum using the proposed 
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covariance matrices' ML estimates is one such example, where 
the maximized LR value for the Hermitian matrix is always 1, 
whereas a priori knowledge of its Toeplitz structure leads to a 
significant degradation in the maximized LR value. 

 The discrepancy between the optimized LR values for the 
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should not arise, since we are only interested in positive 
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is beyond any doubt and is not associated with a more specific 
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Then, for every LR value obtained from the first-step LR 
maximization over Carathéodory parameters, we provide the 
LR value achieved by the second-step LR maximization via 
direct trimming of the covariance lags. One can see that the 
initial LR maximization over Carathéodory parameters ranges 
from 0.12 to 0.28, while the second-stage LR maximization 
using the covariance lags adds, on average, 0.01 to the global 
LR maximum. 
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of the statistical nature of the LR maximum using the proposed 
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comparison of the Hermitian and Toeplitz Hermitian 
covariance matrices' ML estimates is one such example, where 
the maximized LR value for the Hermitian matrix is always 1, 
whereas a priori knowledge of its Toeplitz structure leads to a 
significant degradation in the maximized LR value. 

 The discrepancy between the optimized LR values for the 
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should not arise, since we are only interested in positive 
definite matrices. Yet, the demonstrated superior performance 
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Then, for every LR value obtained from the first-step LR 
maximization over Carathéodory parameters, we provide the 
LR value achieved by the second-step LR maximization via 
direct trimming of the covariance lags. One can see that the 
initial LR maximization over Carathéodory parameters ranges 
from 0.12 to 0.28, while the second-stage LR maximization 
using the covariance lags adds, on average, 0.01 to the global 
LR maximum. 
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definite matrices. Yet, the demonstrated superior performance 
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Then, for every LR value obtained from the first-step LR 
maximization over Carathéodory parameters, we provide the 
LR value achieved by the second-step LR maximization via 
direct trimming of the covariance lags. One can see that the 
initial LR maximization over Carathéodory parameters ranges 
from 0.12 to 0.28, while the second-stage LR maximization 
using the covariance lags adds, on average, 0.01 to the global 
LR maximum. 
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comparison of the Hermitian and Toeplitz Hermitian 
covariance matrices' ML estimates is one such example, where 
the maximized LR value for the Hermitian matrix is always 1, 
whereas a priori knowledge of its Toeplitz structure leads to a 
significant degradation in the maximized LR value. 

 The discrepancy between the optimized LR values for the 
Carathéodory parameters and the covariance lag parameters 
should not arise, since we are only interested in positive 
definite matrices. Yet, the demonstrated superior performance 
of the fmincon LR optimization for covariance lag parameters 
is beyond any doubt and is not associated with a more specific 
(more accurate) model of the estimated Toeplitz matrix. 
Therefore, the optimized Toeplitz matrices with covariance 
lags are closer to the sample matrices 𝐑̂𝐑𝑁𝑁, since the LR is 
larger. But are they closer to the true covariance Toeplitz 
matrix as well? To assess the achieved proximity of the 
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"proximity ratio": 
 

PR[𝐓𝐓𝑁𝑁|𝐓̂𝐓𝑁𝑁
ML] =
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The proximity ratio, calculated over 955 iterations for the LR 
maximization interval in Carathéodory parameters, is followed by 
40 iterations of LR maximization over covariance lags. While the 
LR maximization is performed on the sample matrix, the resulting 
value is the proximity ratio. Also surprising is the proximity 
ratio, calculated for the interval with Carathéodory parameters 
optimization, which remains practically equal to the LR values 
over this interval.

More surprising are the results of the "proximity ratio" analysis 
over the second step of the LR maximization, performed over 
the covariance lags of the optimized Toeplitz matrix. Indeed, the 
results of this second-step LR maximization led to a degradation of 
the "proximity ratio", with the losses in PR being practically equal 

to the LR gain achieved in the second step of LR maximization of 
covariance lag parameters.

It seems rather natural that all the further gains in LR values, 
provided by fmincon using the covariance lags for the Toeplitz 
matrix representation, were lost when the received solution was 
compared with the original true Toeplitz covariance matrix 𝐓𝑁 and 
not with the sample matrix R̂𝑁 , as per the likelihood ratio. This 
property evokes certain doubts in the application of the "second 
step" LR maximization using the covariance lag parameters for 
the optimized Toeplitz matrix parameterization. This concern is 
illustrated by another example of a successful trial (Figure 9), 
which converged to the solution with LR = 1.8529 ∙ 10−1 after 481 
iterations.
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The true Toeplitz covariance matrix generated the 
likelihood ratio LR = 1.494 ∙ 10−1. When the true covariance 
matrix was used to initialize the next fmincon optimization, the 
LR remained the same, LR = 1.8529 ∙ 10−1. Therefore, the 
180th initialization was successful, following 179 previous 
unsuccessful ones, that ended with negative minimal 
eigenvalues but reached the same Maximum Likelihood value 
(LR = 1.8529 ∙ 10−1) as the fmincon routine when launched 
from the true covariance matrix, which had LR = 1.494 ∙ 10−1. 
This experiment was then repeated with different random-like 
initializations of the fmincon routine. 
 The Carathéodory parameterization did not produce 
solutions with negative eigenvalues, but in the overwhelming 
majority of conducted trials, it did not achieve LR values 
comparable to those from a successful (i.e., with no negative 
eigenvalues) LR maximization that exploited the covariance 
lags parameterization. Therefore, for the class of Toeplitz 
covariance matrices with an unspecified number of equal 
minimal eigenvalues, the proposed optimization of the 
"oversampled" (𝑇𝑇 ≥ 𝑁𝑁) LR by initial optimization in 

Carathéodory parameters with 𝑚𝑚 = 𝑁𝑁 − 1 point sources, 
followed by optimization over the Toeplitz matrix's covariance 
lags, provides the best convergence rate to the LR maximum, 
measured by the number of required initializations. 

IV. NUMERICAL LIKELIHOOD RATIO MAXIMIZATION FOR THE 
MODELS WITH LIMITED SIGNAL SUBSPACE DIMENSION  

 In the important class of direction of arrival estimation 
problems, the covariance matrix has a finite dimension 𝑚𝑚 ≪
𝑁𝑁 of its signal subspace. The number of active sources m 
(signal subspace dimension) is usually estimated before DOA 
estimation and is treated as a known parameter. Therefore, for 
the class of uniform linear arrays (ULAs), the DOA estimation 
of 𝑚𝑚 ≪ 𝑁𝑁 sources is practically identical to the problem of 
Hermitian Toeplitz p.d. matrix reconstruction, with the 
Toeplitz matrix parameterized as in (27) with 𝑚𝑚 ≪ 𝑁𝑁. 

For this type of problem of DOA estimation of 𝑚𝑚 ≪ 𝑁𝑁 
sources, the MUSIC solutions are often produced for a sample 
volume T that is smaller than the matrix dimension N and 
exceeds the number of sources m: 
 

𝑚𝑚 ≤ 𝑇𝑇 < 𝑁𝑁. (33) 

 
Therefore, the Maximum Likelihood solution should be 

developed for the "undersampled" training data (𝑇𝑇 < 𝑁𝑁) as 
well. The requirement to expand the maximum likelihood 
Toeplitz matrix estimation over the class of Toeplitz matrices 
with a finite signal subspace dimension 𝑚𝑚 ≪ 𝑁𝑁 is an important 
distinction with respect to the problems addressed in the 
previous chapter. 
 Another important distinction with the previous problem 
is the known limited signal subspace dimension m. Since this 
type of Toeplitz covariance matrix is very similar to (27): 
 

𝐓𝐓𝑁𝑁 = 𝜎𝜎𝑛𝑛
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2𝐒𝐒(𝜃𝜃𝑗𝑗)𝐒𝐒(𝜃𝜃𝑗𝑗)H
𝑚𝑚

𝑗𝑗=1
,    𝑚𝑚 ≪ 𝑁𝑁, (34) 

 
it is quite natural to use this model instead of (27) with  𝑚𝑚 =
𝑁𝑁 − 1 for LR maximization. Yet, the model (27) with its  𝑚𝑚 =
𝑁𝑁 − 1 describes the full class of p.d. Toeplitz Hermitian 
matrices, as demonstrated above. Therefore, the reduction of 
the "full" model (27) to the model (34) with the smaller 𝑚𝑚 ≪
𝑁𝑁 may affect our ability to calculate the maximum likelihood 
Toeplitz matrix estimate. The Toeplitz matrix 
parameterization based on its elements is hardly applicable in 
this case. 
 Indeed, the constraints on equality of (𝑁𝑁 − 𝑚𝑚) minimal 
eigenvalues of the matrix 𝐓𝐓𝑁𝑁 may be as difficult to retain, if 
not more difficult, than the condition on the positive 
definiteness of the optimized Toeplitz matrix. Our attempts to 
use the model (34) with 𝑚𝑚 ≪ 𝑁𝑁 for the MATLAB fmincon 
optimization failed, since the iterations converged to an LR 

Figure 9: fmincon LR Progression During the Initial Stage of Optimization in “DoA” Parameters, Followed by Optimization in “Natural” 
Parameters
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The true Toeplitz covariance matrix generated the likelihood ratio 
LR = 1.494 ∙ 10−1. When the true covariance matrix was used to 
initialize the next fmincon optimization, the LR remained the 
same, LR = 1.8529 ∙ 10−1. Therefore, the 180th initialization was 
successful, following 179 previous unsuccessful ones, that ended 
with negative minimal eigenvalues but reached the same Maximum 
Likelihood value (LR = 1.8529 ∙ 10−1) as the fmincon routine when 
launched from the true covariance matrix, which had LR = 1.494 
∙ 10−1. This experiment was then repeated with different random-
like initializations of the fmincon routine.

The Carathéodory parameterization did not produce solutions 
with negative eigenvalues, but in the overwhelming majority 
of conducted trials, it did not achieve LR values comparable to 
those from a successful (i.e., with no negative eigenvalues) LR 
maximization that exploited the covariance lags parameterization. 
Therefore, for the class of Toeplitz covariance matrices with an 
unspecified number of equal minimal eigenvalues, the proposed 
optimization of the "oversampled" (𝑇 ≥ 𝑁) LR by initial 
optimization in Carathéodory parameters with 𝑚 = 𝑁  − 1 point 
sources, followed by optimization over the Toeplitz matrix's 
covariance lags, provides the best convergence rate to the LR 
maximum, measured by the number of required initializations. 

4. Numerical Likelihood Ratio Maximization for the Models 
with Limited Signal Subspace Dimension
In the important class of direction of arrival estimation problems, 
the covariance matrix has a finite dimension 𝑚 ≪ 𝑁 of its signal 
subspace. The number of active sources m (signal subspace 
dimension) is usually estimated before DOA estimation and is 
treated as a known parameter. Therefore, for the class of uniform 
linear arrays (ULAs), the DOA estimation of 𝑚 ≪ 𝑁 sources is 
practically identical to the problem of Hermitian Toeplitz p.d. 
matrix reconstruction, with the Toeplitz matrix parameterized as 
in (27) with 𝑚 ≪ 𝑁.

For this type of problem of DOA estimation of 𝑚 ≪ 𝑁 sources, the 
MUSIC solutions are often produced for a sample volume T that 
is smaller than the matrix dimension N and exceeds the number of 
sources m: 
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Indeed, the constraints on equality of (𝑁 − 𝑚  ) minimal eigenvalues 
of the matrix 𝐓𝑁 may be as difficult to retain, if not more difficult, 
than the condition on the positive definiteness of the optimized 
Toeplitz matrix. Our attempts to use the model (34) with 𝑚 ≪ 𝑁 
for the MATLAB fmincon optimization failed, since the iterations 
converged to an LR value that remained smaller than the LR 
value of the true covariance matrix 𝐓𝑁. A mathematically rigorous 
explanation of this phenomenon is still missing, but a few negative 
examples suffice to demonstrate this property.

Note that for the "oversampling" training conditions (𝑇 ≥ 𝑁), the 
eigenvalues of the sample covariance matrix R̂𝑁 are all different 
with probability one. Therefore, a different approach can be applied 
to the problem of maximum likelihood Toeplitz matrix estimation 
with a finite dimension 𝑚 < 𝑁 of the matrix signal subspace. For 
𝑇 >  𝑁, the sample matrix R̂𝑁 has all different eigenvalues, and it is 
possible to look for the maximum likelihood Toeplitz matrix with 
all different eigenvalues as well.

It is clear that the global maximum likelihood of this solution 
should exceed the global maximum likelihood for the finite signal 
subspace dimension. Since such an ML Toeplitz matrix estimate 
may always be presented as the covariance matrix of (𝑁 − 1) 
sources plus white noise, one can present the received solution 
in this format and then select the m most powerful sources. The 
likelihood of this solution must exceed that of the true covariance 
matrix, which can be checked during Monte Carlo simulations. 
This approximation can be found by alternating projections over 
the "full" rank Toeplitz solutions presented in format (25), by the 
straightforward exclusion of the (𝑁 − 1 − 𝑚    ) weakest sources.

For applications with the "undersampled" training condition (𝑇 
< 𝑁), the optimization of the Toeplitz matrix should be different. 
One approach is to find the "diagonally loaded" Toeplitz matrix: 
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and then find the best approximation of this Toeplitz matrix by 
a p.d. Toeplitz matrix with a smaller signal subspace 
dimension 𝑚𝑚 < 𝑁𝑁. A special investigation is required to 
determine the optimal m for signal subspace dimension 
estimation. It is very likely that for applications with a ULA 
receiver array, better performance may be achieved if the 
signal subspace dimension m is identified after the maximum 
likelihood Toeplitz matrix is estimated. While the classical 
MUSIC may be applied to this ML Toeplitz matrix estimate, 
in this study, we tested alternating projections to find the p.d. 
Toeplitz matrix of dimension m for the signal subspace, 
avoiding the "full" Toeplitz matrix transformation to the 
"Carathéodory" format (25). 

 Let us first test the "oversampled" case (𝑇𝑇 = 85) of DOA 
estimation by comparing the results of the classical MUSIC 
applied to the sample matrix 𝐑̂𝐑𝑁𝑁 to the ML Toeplitz matrix full 
rank solution. The ML Toeplitz matrix estimate was obtained 
by first optimizing the Carathéodory representation (25) with 
the ultimate number of (𝑁𝑁−1) sources, followed by ML 
optimization of the Toeplitz matrix's covariance lags. 
 We consider the scenario with 𝑚𝑚 = 3 independent sources 
acting upon an N=17-element uniform linear array with 𝑑𝑑/𝜆𝜆 =
0.5. The three sources have DOAs: 
 

𝜃𝜃1 = −30𝑜𝑜, 𝜃𝜃2 = 0𝑜𝑜, 𝜃𝜃3 = 1𝑜𝑜, 𝑇𝑇 = 85. (37) 
 

 
 

The results of the two-step LR optimization are illustrated 
in Fig. 10, which demonstrates the worst estimated DOA error 
over the three sources. Recall that in the first step, we used the 
Carathéodory representation, and in the second step, the 
Vandermonde representation.  The analysis of the "proximity 
ratio" with respect to the true covariance matrix (instead of the 
sample matrix) is presented on Fig. 11. It demonstrates a much 
higher value of the "proximity" to the true covariance matrix 
𝐓𝐓𝑁𝑁 than to the sample matrix 𝐑̂𝐑𝑁𝑁 in the maximized likelihood 
ratio.  
 

 
Fig. 10. Maximal “DoAs” estimation error PDF 
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The results of the two-step LR optimization are illustrated 
in Fig. 10, which demonstrates the worst estimated DOA error 
over the three sources. Recall that in the first step, we used the 
Carathéodory representation, and in the second step, the 
Vandermonde representation.  The analysis of the "proximity 
ratio" with respect to the true covariance matrix (instead of the 
sample matrix) is presented on Fig. 11. It demonstrates a much 
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ratio.  
 

 
Fig. 10. Maximal “DoAs” estimation error PDF 

 

The results of the two-step LR optimization are illustrated in 
Figure 10, which demonstrates the worst estimated DOA error 
over the three sources. Recall that in the first step, we used 
the Carathéodory representation, and in the second step, the 
Vandermonde representation. The analysis of the "proximity ratio" 
with respect to the true covariance matrix (instead of the sample 
matrix) is presented on Figure 11. It demonstrates a much higher 
value of the "proximity" to the true covariance matrix 𝐓𝑁 than to 
the sample matrix R̂𝑁 in the maximized likelihood ratio.

11 
 

 

value that remained smaller than the LR value of the true 
covariance matrix 𝐓𝐓𝑁𝑁. A mathematically rigorous explanation 
of this phenomenon is still missing, but a few negative 
examples suffice to demonstrate this property. 
 Note that for the "oversampling" training conditions 
(𝑇𝑇 ≥ 𝑁𝑁), the eigenvalues of the sample covariance matrix 𝐑̂𝐑𝑁𝑁 
are all different with probability one. Therefore, a different 
approach can be applied to the problem of maximum 
likelihood Toeplitz matrix estimation with a finite dimension 
𝑚𝑚 < 𝑁𝑁 of the matrix signal subspace. For 𝑇𝑇 > 𝑁𝑁, the sample 
matrix 𝐑̂𝐑𝑁𝑁 has all different eigenvalues, and it is possible to 
look for the maximum likelihood Toeplitz matrix with all 
different eigenvalues as well. 

It is clear that the global maximum likelihood of this 
solution should exceed the global maximum likelihood for the 
finite signal subspace dimension. Since such an ML Toeplitz 
matrix estimate may always be presented as the covariance 
matrix of (𝑁𝑁 − 1) sources plus white noise, one can present 
the received solution in this format and then select the m most 
powerful sources. The likelihood of this solution must exceed 
that of the true covariance matrix, which can be checked during 
Monte Carlo simulations. This approximation can be found by 
alternating projections over the "full" rank Toeplitz solutions 
presented in format (25), by the straightforward exclusion of 
the (𝑁𝑁 − 1 − 𝑚𝑚) weakest sources.  
 For applications with the "undersampled" training 
condition (𝑇𝑇 < 𝑁𝑁), the optimization of the Toeplitz matrix 
should be different. One approach is to find the "diagonally 
loaded" Toeplitz matrix: 
 

𝐓𝐓𝑁𝑁 = 𝛼𝛼𝐈𝐈𝑁𝑁 + 𝐓𝐓(𝑚𝑚), (35) 

 
where 𝐓𝐓(𝑚𝑚) is the Toeplitz matrix of rank m. For this matrix, 
we may first try to find the Toeplitz p.d. matrix that maximizes 
the LR ratio [16] modified in [1]: 
 

LR(𝐑̂𝐑𝑁𝑁|𝐓̂𝐓𝑁𝑁) = det[ 𝕏𝕏𝑇𝑇
H𝐓̂𝐓𝑁𝑁

−1𝕏𝕏𝑇𝑇]

[1
𝑇𝑇  Tr(𝕏𝕏𝑇𝑇

H𝐓̂𝐓𝑁𝑁
−1𝕏𝕏𝑇𝑇) ]

T, (36) 

 
and then find the best approximation of this Toeplitz matrix by 
a p.d. Toeplitz matrix with a smaller signal subspace 
dimension 𝑚𝑚 < 𝑁𝑁. A special investigation is required to 
determine the optimal m for signal subspace dimension 
estimation. It is very likely that for applications with a ULA 
receiver array, better performance may be achieved if the 
signal subspace dimension m is identified after the maximum 
likelihood Toeplitz matrix is estimated. While the classical 
MUSIC may be applied to this ML Toeplitz matrix estimate, 
in this study, we tested alternating projections to find the p.d. 
Toeplitz matrix of dimension m for the signal subspace, 
avoiding the "full" Toeplitz matrix transformation to the 
"Carathéodory" format (25). 

 Let us first test the "oversampled" case (𝑇𝑇 = 85) of DOA 
estimation by comparing the results of the classical MUSIC 
applied to the sample matrix 𝐑̂𝐑𝑁𝑁 to the ML Toeplitz matrix full 
rank solution. The ML Toeplitz matrix estimate was obtained 
by first optimizing the Carathéodory representation (25) with 
the ultimate number of (𝑁𝑁−1) sources, followed by ML 
optimization of the Toeplitz matrix's covariance lags. 
 We consider the scenario with 𝑚𝑚 = 3 independent sources 
acting upon an N=17-element uniform linear array with 𝑑𝑑/𝜆𝜆 =
0.5. The three sources have DOAs: 
 

𝜃𝜃1 = −30𝑜𝑜, 𝜃𝜃2 = 0𝑜𝑜, 𝜃𝜃3 = 1𝑜𝑜, 𝑇𝑇 = 85. (37) 
 

 
 

The results of the two-step LR optimization are illustrated 
in Fig. 10, which demonstrates the worst estimated DOA error 
over the three sources. Recall that in the first step, we used the 
Carathéodory representation, and in the second step, the 
Vandermonde representation.  The analysis of the "proximity 
ratio" with respect to the true covariance matrix (instead of the 
sample matrix) is presented on Fig. 11. It demonstrates a much 
higher value of the "proximity" to the true covariance matrix 
𝐓𝐓𝑁𝑁 than to the sample matrix 𝐑̂𝐑𝑁𝑁 in the maximized likelihood 
ratio.  
 

 
Fig. 10. Maximal “DoAs” estimation error PDF 

 
Figure 10: Maximal “DoAs” Estimation Error PDF

Figure 11: fmincon Proximity Ratio Progression for LR-optimized “DoAs” Reconstructed Toeplitz Covariance Matrix

12 
 

 

 
Fig. 11. fmincon proximity ratio progression for LR-optimized “DoAs” 

reconstructed Toeplitz covariance matrix  
 
 Even though the final step of LR maximization over the 
covariance lags of the optimized Toeplitz matrix increased the 
likelihood ratio from LR = 1.630 ∙ 10−1 to LR = 1.863 ∙ 10−1, 
the "proximity ratio" in fact degraded as a result of this 
optimization from LR = 0. 916, achieved by the Carathéodory 
parameters optimization, to LR = 0.802 produced by it due to 
the second-stage LR maximization in covariance lags. 

This phenomenon was observed across all conducted 
trials, suggesting that further LR enhancement beyond the 
level achieved by the Carathéodory parameterization is not 
helpful for DOA estimation. Note that for the selected 
parameters, the classical MUSIC applied to the sample matrix 
𝐑̂𝐑𝑁𝑁 does not resolve the second and third sources in any of the 
1,000 trials, while in the proposed Maximum Likelihood 
Toeplitz matrix estimation, all three sources were resolved in 
every trial.  
 In Fig. 12, we provide the conventional MUSIC pseudo-
spectrum demonstrating this phenomenon.  
 

 
Fig. 12. 1,000 MUSIC pseudo-spectra of the second and third (unresolved) 

sources of the original sample matrix  𝐑̂𝐑𝑁𝑁  

Let us continue by presenting the results of maximum 
likelihood Toeplitz matrix estimation by analyzing the 
maximum (over the three acting sources) estimation error. 
Since LR optimization over the covariance lags increased the 
likelihood ratio but decreased the "proximity" of the solution 
to the true Toeplitz matrix 𝐓𝐓𝑁𝑁, let us separately analyze the 
results of the first stage of LR maximization using the 
Carathéodory parameterization and the results of the following 
LR optimization of the covariance lags. As expected, despite 
the second stage of LR maximization in covariance lags 
increasing the LR values, the DOA estimation accuracy did not 
improve.  

This result is expected because the "proximity factor" 
above degraded during the second stage of LR maximization 
by fmincon, which used the covariance lags as the optimized 
parameters. The average over all three acting sources RMSE is 
equal to RMSE = 0.1617o with the standard deviation 𝜎𝜎 =
0.1006 for the first-stage LR optimization in Carathéodory 
parameters, and RMSE = 0.1625o and 𝜎𝜎 = 0.1006 for the 
second stage of LR improvement via covariance lag 
optimization. One can see that the improvement in the LR 
value at the second stage of optimization did not translate into 
improved DOA estimation accuracy. 

 Obviously, Monte-Carlo simulation results should be 
compared with the associated Cramér-Rao lower bounds. The 
Fisher information matrix (FIM) is calculated using the 
formula [22]: 
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where 𝛾𝛾𝑗𝑗 are the estimated parameters, equal in our case to the 
DOA parameters (𝜎𝜎𝑗𝑗

2, 𝜃𝜃𝑗𝑗), 𝑗𝑗 = 1, … ,3. For the simulated 
parameters 𝑁𝑁 = 17, 𝑇𝑇 = 85, 𝑞𝑞2 = 10 dB, we got RMSE = 
0.0093 − 0.05673 for the scenario with three true DOAs, 𝜃𝜃 =
30𝑜𝑜, 0𝑜𝑜, and 1𝑜𝑜, which are in good agreement with the results 
of the Monte-Carlo simulations. 

With respect to the conventional "CBF + MUSIC" 
inability to resolve the second and third sources, the ML 
treatment of this sample covariance matrix 𝐑̂𝐑𝑁𝑁 provided the 
practical utility of MUSIC DOA estimation when applied to 
the ML Toeplitz covariance matrix. 

 In Fig. 13, we provide a sample distribution for the LR 
gain (LR[𝐓𝐓ML] − LR[𝐓𝐓𝑁𝑁]) and (LR[𝐓𝐓(𝑚𝑚)

ML ] − LR[𝐓𝐓𝑚𝑚]), and 
with the equalized (𝑁𝑁 − 𝑚𝑚) noise subspace eigenvalues.  
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Even though the final step of LR maximization over the covariance 
lags of the optimized Toeplitz matrix increased the likelihood ratio 
from LR = 1.630 ∙ 10−1 to LR = 1.863 ∙ 10−1, the "proximity ratio" 
in fact degraded as a result of this optimization from LR = 0. 916, 
achieved by the Carathéodory parameters optimization, to LR = 
0.802 produced by it due to the second-stage LR maximization in 
covariance lags.

This phenomenon was observed across all conducted trials, 
suggesting that further LR enhancement beyond the level achieved 

by the Carathéodory parameterization is not helpful for DOA 
estimation. Note that for the selected parameters, the classical 
MUSIC applied to the sample matrix R̂𝑁 does not resolve the 
second and third sources in any of the 1,000 trials, while in the 
proposed Maximum Likelihood Toeplitz matrix estimation, all 
three sources were resolved in every trial.

In Figure 12, we provide the conventional MUSIC pseudospectrum 
demonstrating this phenomenon.
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Let us continue by presenting the results of maximum likelihood 
Toeplitz matrix estimation by analyzing the maximum (over the 
three acting sources) estimation error. Since LR optimization over 
the covariance lags increased the likelihood ratio but decreased the 
"proximity" of the solution to the true Toeplitz matrix 𝐓𝑁, let us 
separately analyze the results of the first stage of LR maximization 
using the Carathéodory parameterization and the results of the 
following LR optimization of the covariance lags. As expected, 
despite the second stage of LR maximization in covariance lags 
increasing the LR values, the DOA estimation accuracy did not 
improve.

This result is expected because the "proximity factor" above 
degraded during the second stage of LR maximization by fmincon, 
which used the covariance lags as the optimized parameters. The 
average over all three acting sources RMSE is equal to RMSE 
= 0.1617o with the standard deviation 𝜎 = 0.1006 for the first-
stage LR optimization in Carathéodory parameters, and RMSE = 
0.1625o and 𝜎 = 0.1006 for the second stage of LR improvement 
via covariance lag optimization. One can see that the improvement 
in the LR value at the second stage of optimization did not translate 
into improved DOA estimation accuracy.

Obviously, Monte-Carlo simulation results should be compared 
with the associated Cramér-Rao lower bounds. The Fisher 
information matrix (FIM) is calculated using the formula [26]:
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2, 𝜃𝑗), 𝑗 =  1, … ,3. For the simulated parameters 
𝑁 =  17, 𝑇 = 85, 𝑞2 = 10 dB, we got RMSE = 0.0093 − 0.05673 for 
the scenario with three true DOAs, 𝜃 =  30𝑜, 0𝑜, and 1𝑜, which are in 
good agreement with the results of the Monte-Carlo simulations.

With respect to the conventional "CBF + MUSIC" inability 
to resolve the second and third sources, the ML treatment of 
this sample covariance matrix R̂𝑁 provided the practical utility 
of MUSIC DOA estimation when applied to the ML Toeplitz 
covariance matrix.

In Figure 13, we provide a sample distribution for the LR gain 
(LR[𝐓ML] − LR[𝐓𝑁]) and (LR[T(m)

ML] − LR[𝐓𝑚]), and with the 
equalized (𝑁 − 𝑚  ) noise subspace eigenvalues.
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Fig. 13. Sample distribution of the LR gain of LR[𝐓𝐓ML] − LR[𝐓𝐓𝑁𝑁], and 
LR[𝐓𝐓(m)

ML] − LR[𝐓𝐓𝑁𝑁], where 𝐓𝐓ML= maximized LR with no eigenvalues 
equalization, 𝐓𝐓(m)

ML  = ML Toeplitz matrix with equalized (𝑁𝑁 −𝑚𝑚) noise 
subspace eigenvalues, 𝐓𝐓𝑁𝑁 = true Toeplitz covariance matrix  

 
While the noise subspace eigenvalues equalization 

somewhat degraded the LR of the ML Toeplitz matrix, the 
likelihood ratio of the Toeplitz matrix 𝐓𝐓(𝑚𝑚)

ML  still exceeded the 
LR value of the true Toeplitz matrix 𝐓𝐓𝑚𝑚. Despite these 
differences, the DOA estimation accuracy provided by both 
Toeplitz matrices is practically the same and consistent with 
the CRB. 
 Recall that the traditional MUSIC, applied to the sample 
covariance matrix, failed to resolve these close-in sources. In 
Fig. 14 and Fig. 15, we introduce 1,000 MUSIC pseudo-
spectra, calculated for Toeplitz matrices with maximized LR, 
first using the Carathéodory Toeplitz matrix parameterization 
and then maximizing LR using the covariance lags directly.  
 

 
Fig. 14. 1,000 MUSIC pseudo-spectra of the first (top figure) and second and 

third sources (bottom figure) after LR maximization in “DoAs”-only 
parameters 

 

 
 
 
 

 
Fig. 15. 1,000 MUSIC pseudo-spectra of the first (top figure) and second and 
third sources (bottom figure) after two-stage LR maximization in the “DoAs” 

and “traditional” parameters 
 

 
Despite the second step of LR maximization using 

covariance lags slightly increasing the optimized LR values, 
the DOA estimation accuracy in both steps remains largely 
unchanged. Note also that the restriction of the signal subspace 
dimension by alternating projections sufficiently increased the 
dynamic range of the MUSIC pseudo-spectrum, but did not 
improve the spectral peak positions and associated DOAs 
estimation errors. 
 In Fig. 16, we compare the MUSIC pseudo-spectra of the 
original ML Toeplitz matrix with the results of alternating 
projections that left only three signal subspace eigenvalues 
above the noise eigenvalue floor in the modified p.d. Toeplitz 
matrix. 
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dynamic range of the MUSIC pseudo-spectrum, but did not 
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Fig. 16. MUSIC spectrum: original ML Toeplitz matrix vs. alternating 

projections 
 

V. LR MAXIMIZATION IN THE “UNDERSAMPLED” 
TRAINING CONDITIONS  

 Obviously, if the MUSIC DOA estimates exist for a small 
training sample support (𝑇𝑇 < 𝑁𝑁), it would be prudent to 
extend the Maximum Likelihood methodology to this class of 
problems and treat it as the "benchmark" for the provided 
accuracy. For example, we may be looking for the maximum 
of the "modified sphericity" test (38): 
 

LR(𝕏𝕏𝑇𝑇|𝐓̂𝐓𝑁𝑁 )⏟        
𝑇𝑇<𝑁𝑁

= det[ 𝕏𝕏𝑇𝑇H𝐓̂𝐓𝑁𝑁−1𝕏𝕏𝑇𝑇]

[1𝑇𝑇  Tr(𝕏𝕏𝑇𝑇
H𝐓̂𝐓𝑁𝑁−1𝕏𝕏𝑇𝑇) ]

T, (39) 

 
introduced in [16], where the pdf of this test for the case when 
𝐓̂𝐓𝑁𝑁 is equal to the true covariance matrix 𝐓𝐓𝑁𝑁 is also introduced. 
Note that this ratio maximization requires some care. Indeed, 
the important properties of the maximum likelihood are proven 
for an asymptotically large i.i.d. sample volume 𝑇𝑇 → ∞. For a 
finite T, none of these properties are accurate, while for a small 
T, they may not hold. Indeed, the LR (39) gets smaller for a 
growing i.i.d. sample support T. Indeed, since 
 

𝐗𝐗𝑡𝑡 = 𝐓𝐓𝑁𝑁
1/2𝛏𝛏𝑡𝑡,    𝛏𝛏𝑡𝑡~ℂ𝒩𝒩(0, 𝐈𝐈𝑁𝑁), (40) 

 

LR(𝐗𝐗𝑇𝑇|𝐓𝐓𝑁𝑁) =
det[𝕴𝕴𝑇𝑇H𝕴𝕴𝑇𝑇]

 [1𝑇𝑇 Tr(𝕴𝕴𝑇𝑇
H𝕴𝕴𝑇𝑇)]

T, (41) 

 
where  
 

𝕴𝕴𝑇𝑇H𝕴𝕴𝑇𝑇 =∑𝛏𝛏𝑡𝑡𝛏𝛏𝑡𝑡H
𝑁𝑁

𝑡𝑡=1
,    𝛏𝛏𝑡𝑡~ℂ𝒩𝒩(0, 𝐈𝐈𝑇𝑇). (42) 

Obviously, for 𝑁𝑁 > 𝑇𝑇 with a smaller T, the random matrix 
in [39] gets closer to the diagonal matrix, which increases the 
LR value. Indeed, for 𝑁𝑁 = 17 and 𝑇𝑇 = 5, the sample LR 
average is LR = 3.514 ∙ 10−1, while for 𝑇𝑇 = 17 (𝑇𝑇 = 𝑁𝑁), this 
likelihood ratio has a minimal mean value LR[17] = 2.478 ∙
10−8. Therefore, for the "undersampled" training conditions, 
the growth of the training sample volume reduces the 
"expected" likelihood of the true covariance matrix, while for 
the "oversampled" scenarios (𝑇𝑇 ≥ 𝑁𝑁), the expected likelihood 
"grows" with the sample support. Therefore, since some DOA 
estimation methods for 𝑚𝑚 ≪ 𝑁𝑁 exist for 𝑇𝑇 < 𝑁𝑁, finding the 
"benchmark" is not that straightforward due to the discussed 
properties of the likelihood ratio test. 
 Let us introduce another special case for the data, 
described by the p.d. Toeplitz covariance matrix. This case is 
based on the fundamental property of the multivariate vector 
𝐗𝐗𝑡𝑡 , described by the p.d. Hermitian Toeplitz matrix 𝐓𝐓𝑁𝑁: 
 

E[𝐗𝐗𝑡𝑡𝐗𝐗𝑡𝑡H] = 𝐓𝐓𝑁𝑁, (43) 

 
which suggests that the inverted and complexly conjugated 
vector 𝒥𝒥𝐗𝐗∗ is described by the same covariance matrix 𝐓𝐓𝑁𝑁. 
Using this property of the Toeplitz covariance matrix data set, 
for the sample volume T that exceeds half of the antenna 
dimension: 
 

𝑇𝑇 > 𝑁𝑁2, (44) 

 
we may introduce the sample matrix 𝐓̂𝐓𝑁𝑁 
 

𝐓̂𝐓𝑁𝑁 =
1
2𝑇𝑇 [∑𝐗𝐗𝑡𝑡𝐗𝐗𝑡𝑡H

𝑇𝑇

𝑡𝑡=1
+∑𝓙𝓙𝐗𝐗𝑡𝑡∗𝐗𝐗𝑡𝑡T𝓙𝓙T

𝑇𝑇

𝑡𝑡=1
], (45) 

 
that should have the same mean value 
 

E[𝐓̂𝐓𝑁𝑁] = 𝐓𝐓𝑁𝑁, (46) 

 
and a total number of distinct training samples exceeding N. In 
this case, we may use the LR expressions derived for the 
"superior" case, bearing in mind that the statistical dependence 
of the training data should reduce the "expected" likelihood 
ratio of the true Toeplitz covariance matrices. 
 Let us now introduce an example with 𝑚𝑚 = 3 independent 
sources in an N = 17-element antenna array, where the i.i.d. 
sample volume 𝑇𝑇 = 10 allows us to exceed the antenna 
dimension of 𝑁𝑁 = 17 by "doubling" the sample volume, as 
described by (45). For comparison, we also simulated a 
scenario using T = 20 truly independent Gaussian training 
vectors to evaluate the losses associated with the statistical 

Figure 16: MUSIC Spectrum: Original ML Toeplitz Matrix vs. Alternating Projections
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training sample support (𝑇 < 𝑁), it would be prudent to extend the 
Maximum Likelihood methodology to this class of problems and 
treat it as the "benchmark" for the provided accuracy. For example, 
we may be looking for the maximum of the "modified sphericity" 
test (38): 
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"grows" with the sample support. Therefore, since some DOA 
estimation methods for 𝑚𝑚 ≪ 𝑁𝑁 exist for 𝑇𝑇 < 𝑁𝑁, finding the 
"benchmark" is not that straightforward due to the discussed 
properties of the likelihood ratio test. 
 Let us introduce another special case for the data, 
described by the p.d. Toeplitz covariance matrix. This case is 
based on the fundamental property of the multivariate vector 
𝐗𝐗𝑡𝑡 , described by the p.d. Hermitian Toeplitz matrix 𝐓𝐓𝑁𝑁: 
 

E[𝐗𝐗𝑡𝑡𝐗𝐗𝑡𝑡H] = 𝐓𝐓𝑁𝑁, (43) 

 
which suggests that the inverted and complexly conjugated 
vector 𝒥𝒥𝐗𝐗∗ is described by the same covariance matrix 𝐓𝐓𝑁𝑁. 
Using this property of the Toeplitz covariance matrix data set, 
for the sample volume T that exceeds half of the antenna 
dimension: 
 

𝑇𝑇 > 𝑁𝑁2, (44) 

 
we may introduce the sample matrix 𝐓̂𝐓𝑁𝑁 
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and a total number of distinct training samples exceeding N. In 
this case, we may use the LR expressions derived for the 
"superior" case, bearing in mind that the statistical dependence 
of the training data should reduce the "expected" likelihood 
ratio of the true Toeplitz covariance matrices. 
 Let us now introduce an example with 𝑚𝑚 = 3 independent 
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sample volume 𝑇𝑇 = 10 allows us to exceed the antenna 
dimension of 𝑁𝑁 = 17 by "doubling" the sample volume, as 
described by (45). For comparison, we also simulated a 
scenario using T = 20 truly independent Gaussian training 
vectors to evaluate the losses associated with the statistical 
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problems and treat it as the "benchmark" for the provided 
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introduced in [16], where the pdf of this test for the case when 
𝐓̂𝐓𝑁𝑁 is equal to the true covariance matrix 𝐓𝐓𝑁𝑁 is also introduced. 
Note that this ratio maximization requires some care. Indeed, 
the important properties of the maximum likelihood are proven 
for an asymptotically large i.i.d. sample volume 𝑇𝑇 → ∞. For a 
finite T, none of these properties are accurate, while for a small 
T, they may not hold. Indeed, the LR (39) gets smaller for a 
growing i.i.d. sample support T. Indeed, since 
 

𝐗𝐗𝑡𝑡 = 𝐓𝐓𝑁𝑁
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Obviously, for 𝑁𝑁 > 𝑇𝑇 with a smaller T, the random matrix 
in [39] gets closer to the diagonal matrix, which increases the 
LR value. Indeed, for 𝑁𝑁 = 17 and 𝑇𝑇 = 5, the sample LR 
average is LR = 3.514 ∙ 10−1, while for 𝑇𝑇 = 17 (𝑇𝑇 = 𝑁𝑁), this 
likelihood ratio has a minimal mean value LR[17] = 2.478 ∙
10−8. Therefore, for the "undersampled" training conditions, 
the growth of the training sample volume reduces the 
"expected" likelihood of the true covariance matrix, while for 
the "oversampled" scenarios (𝑇𝑇 ≥ 𝑁𝑁), the expected likelihood 
"grows" with the sample support. Therefore, since some DOA 
estimation methods for 𝑚𝑚 ≪ 𝑁𝑁 exist for 𝑇𝑇 < 𝑁𝑁, finding the 
"benchmark" is not that straightforward due to the discussed 
properties of the likelihood ratio test. 
 Let us introduce another special case for the data, 
described by the p.d. Toeplitz covariance matrix. This case is 
based on the fundamental property of the multivariate vector 
𝐗𝐗𝑡𝑡 , described by the p.d. Hermitian Toeplitz matrix 𝐓𝐓𝑁𝑁: 
 

E[𝐗𝐗𝑡𝑡𝐗𝐗𝑡𝑡H] = 𝐓𝐓𝑁𝑁, (43) 

 
which suggests that the inverted and complexly conjugated 
vector 𝒥𝒥𝐗𝐗∗ is described by the same covariance matrix 𝐓𝐓𝑁𝑁. 
Using this property of the Toeplitz covariance matrix data set, 
for the sample volume T that exceeds half of the antenna 
dimension: 
 

𝑇𝑇 > 𝑁𝑁2, (44) 

 
we may introduce the sample matrix 𝐓̂𝐓𝑁𝑁 
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that should have the same mean value 
 

E[𝐓̂𝐓𝑁𝑁] = 𝐓𝐓𝑁𝑁, (46) 

 
and a total number of distinct training samples exceeding N. In 
this case, we may use the LR expressions derived for the 
"superior" case, bearing in mind that the statistical dependence 
of the training data should reduce the "expected" likelihood 
ratio of the true Toeplitz covariance matrices. 
 Let us now introduce an example with 𝑚𝑚 = 3 independent 
sources in an N = 17-element antenna array, where the i.i.d. 
sample volume 𝑇𝑇 = 10 allows us to exceed the antenna 
dimension of 𝑁𝑁 = 17 by "doubling" the sample volume, as 
described by (45). For comparison, we also simulated a 
scenario using T = 20 truly independent Gaussian training 
vectors to evaluate the losses associated with the statistical 
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and a total number of distinct training samples exceeding N. In this 
case, we may use the LR expressions derived for the "superior" 
case, bearing in mind that the statistical dependence of the training 
data should reduce the "expected" likelihood ratio of the true 
Toeplitz covariance matrices.

Let us now introduce an example with 𝑚 = 3 independent sources 
in an N = 17-element antenna array, where the i.i.d. sample 
volume 𝑇 = 10 allows us to exceed the antenna dimension of 𝑁 
= 17 by "doubling" the sample volume, as described by (45). 
For comparison, we also simulated a scenario using T = 20 truly 
independent Gaussian training vectors to evaluate the losses 
associated with the statistical dependence of the training data. As 
with the previous example, the input SNR was selected in a way 
that makes MUSIC incapable of resolving the close sources, and 
for 𝑇 = 10, the standard MUSIC applied to the same sample matrix 
R̂𝑁 failed in all 1,000 trials. The training sample volume "doubled" 
by (45) in the Carathéodory parameterization in the MATLAB 
fmincon routine, allowed us to increase the probability of correct 
initializations to 822 (out of 1,000 trials) for 𝑇 = 20 i.i.d. training 
samples and 289 (out of 1,000 trials) for the "doubled" training 
samples (𝑁 = 10 × 2 = 20) using the Toeplitz property (45)-(46).

Finally, note that our second LR maximization using the 
covariance lags (Vandermonde) parameterization followed the 
previously established trend and increased the success rate of the 
Carathéodory parameterization from 820 to 822 successful trials 
(for 𝑇 = 20 i.i.d. training samples). 

These examples were provided for the minimal "superior" 𝑇 
= 20 (𝑇 ≥ 𝑁) number of training samples that demonstrated 
that it has practically the same performance as the original (𝑇 
= 20) and the "doubled" by (45) number of training data. For 
the truly i.i.d. training samples, the gains are more significant. 
Yet, the proposed technique allows for the LR maximizing the 
conventional likelihood for scenarios with 𝑇 ≥ 𝑁/2 using the same 
LR maximization technique and growing the maximum with an 
increased sample volume 𝑇 >  𝑁/2. For 𝑇 >  𝑁, this way of doubling 
the volume of training data does not improve ML estimation 
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performance. This was demonstrated in the scenario with the 𝑁 = 
17 ULA, three sources, and 𝑁 = 85.

Finally, let us get back to the properties of the likelihood ratio (12) 
for the case of a very small sample support (𝑇 ≪ 𝑁). The expected 
likelihood ratio of the true covariance matrix  
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LR(𝐑̂𝐑𝑁𝑁|𝐓̂𝐓𝑁𝑁) = det[ 𝕏𝕏𝑇𝑇
H𝐓̂𝐓𝑁𝑁

−1𝕏𝕏𝑇𝑇]

[1
𝑇𝑇  Tr(𝕏𝕏𝑇𝑇

H𝐓̂𝐓𝑁𝑁
−1𝕏𝕏𝑇𝑇) ]

T, 

𝕏𝕏𝑇𝑇
H𝐓̂𝐓𝑁𝑁

−1𝕏𝕏𝑇𝑇 = 𝕴𝕴𝑇𝑇𝕴𝕴𝑻𝑻
H = ∑ 𝛏𝛏𝑡𝑡𝛏𝛏𝒕𝒕

H
𝑇𝑇

𝑡𝑡=1
,   𝕴𝕴𝑻𝑻 ∈ ℂ𝑇𝑇𝑇𝑇𝑇𝑇, 

(47) 

𝕏𝕏𝑇𝑇
H𝐓̂𝐓𝑁𝑁

−1𝕏𝕏𝑇𝑇 = 𝕴𝕴𝑇𝑇𝕴𝕴𝑻𝑻
H = 𝐶𝐶𝐶𝐶(𝑁𝑁′). 

 
𝕏𝕏𝑇𝑇

H𝐓̂𝐓𝑁𝑁
−1𝕏𝕏𝑇𝑇 is a (𝑇𝑇x𝑇𝑇)-variate random matrix with a complex 

Wishart distribution averaged over 𝑁𝑁/𝑇𝑇 vectors. The 
distribution of this "expected likelihood" was found by R.C.S. 
Pillai and B.N. Nagarsenker [39]. While analytical formulas 
could be applied for the calculations, the existence of the zonal 
polynomial and Meijer's G-function 𝑊𝑊𝑁𝑁,𝑁𝑁
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significantly complicates such computation. 
 Finally, let us explore the limits of the efficient ML DOA 
estimation. Let us introduce an example with the same three 
sources, directions of arrivals (-30°, 0°, 1°), and the same SNR 
per source of 10 dB, with a very limited training sample 

support 𝑇𝑇 = 7 such that even its "doubling" does not exceed 
the antenna dimension 𝑁𝑁 = 17 but by a very small margin. In 
general, this example illustrates the decay in maximum 
likelihood performance, despite the LR values exceeding those 
of the true covariance matrix 𝐓𝐓𝑁𝑁 in every trial. 

Of course, the conventional MUSIC, applied to the 
"doubled" sample matrix, failed to resolve the DOAs of the 
second and third sources in any of the 1,000 trials. The LR 
maximization in this scenario provided a successful resolution 
of the three acting sources in 300 out of 1,000 trials. While 
only in 300 trials were the close-in sources successfully 
resolved, in the remaining 700 trials, the close-in second and 
third DOAs were not resolved. For the 300 resolved sources, 
the standard deviation was 1.08° and the mean error modulus 
was 0.299°. 
 Let us once again state that the likelihood exceeded that 
of the true covariance matrix in all 1,000 trials, but this did not 
imply proper DOA estimation. 

VI. CONCLUSIONS AND RECOMMENDATIONS 

The analysis of the numerical maximization of the 
likelihood ratio for a p.d. Toeplitz covariance matrix revealed 
several properties that we believe are important from both 
theoretical and practical perspectives. 

In particular, we demonstrated that numerical LR 
maximization, utilizing Vandermonde parameterization,  
applied to random initial Toeplitz matrices, can often yield an 
inappropriate solution with negative eigenvalues. Yet, in all 
cases where the MATLAB fmincon routine converges to a 
positive definite Toeplitz matrix, the process converges to the 
same solution as if initiated by a true Toeplitz covariance 
matrix, irrespective of the initial matrix. Our numerous 
attempts to initiate the fmincon routine with matrices far from 
the true covariance matrix with LR values < 10−20 (!), 
nevertheless, finally converged to the same solution as the one 
initiated by the true covariance matrix. 

The obtained calculation results cannot be treated as proof 
of global optimality. Yet, the substantial volume of 
optimization results—obtained from a variety of random initial 
approximations that converged to the same solution—allows 
for the cautious conjecture that the optimization problem, as 
formulated here, is convex and that the identified optimum is 
global.  

Naturally, this assertion requires rigorous mathematical 
proof. Indeed, the fact that—starting from the true covariance 
matrix—we converge to the very same solution serves as a 
significant argument in support of such a proof. A further 
argument in favor of this proof is that this solution yields a 
likelihood function value that exceeds that of the true 
covariance matrix and coincides with the value attained when 
the process is initialized with the true Toeplitz covariance 
matrix. 
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dependence of the training data. As with the previous example, 
the input SNR was selected in a way that makes MUSIC 
incapable of resolving the close sources, and for 𝑇𝑇 = 10, the 
standard MUSIC applied to the same sample matrix 𝐑̂𝐑𝑁𝑁 failed 
in all 1,000 trials. The training sample volume "doubled" by 
(45) in the Carathéodory parameterization in the MATLAB 
fmincon routine, allowed us to increase the probability of 
correct initializations to 822 (out of 1,000 trials) for 𝑇𝑇 = 20 
i.i.d. training samples and 289 (out of 1,000 trials) for the 
"doubled" training samples (𝑁𝑁 = 10 × 2 = 20) using the 
Toeplitz property (45)-(46). 
 Finally, note that our second LR maximization using the 
covariance lags (Vandermonde) parameterization followed the 
previously established trend and increased the success rate of 
the Carathéodory parameterization from 820 to 822 successful 
trials (for 𝑇𝑇 = 20 i.i.d. training samples). 

These examples were provided for the minimal "superior" 
𝑇𝑇 = 20 (𝑇𝑇 ≥ 𝑁𝑁) number of training samples that 
demonstrated that it has practically the same performance as 
the original (𝑇𝑇 = 20) and the "doubled" by (45) number of 
training data. For the truly i.i.d. training samples, the gains are 
more significant. Yet, the proposed technique allows for the 
LR maximizing the conventional likelihood for scenarios with 
𝑇𝑇 ≥ 𝑁𝑁/2  using the same LR maximization technique and 
growing the maximum with an increased sample volume 𝑇𝑇 >
𝑁𝑁/2 . For 𝑇𝑇 > 𝑁𝑁, this way of doubling the volume of 
training data does not improve ML estimation performance. 
This was demonstrated in the scenario with the 𝑁𝑁 = 17 ULA, 
three sources, and 𝑁𝑁 = 85.  
 Finally, let us get back to the properties of the likelihood 
ratio (12) for the case of a very small sample support (𝑇𝑇 ≪ 𝑁𝑁). 
The expected likelihood ratio of the true covariance matrix 
(𝐓̂𝐓𝑁𝑁 = 𝐓𝐓𝑁𝑁) is equal to 
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distribution of this "expected likelihood" was found by R.C.S. 
Pillai and B.N. Nagarsenker [39]. While analytical formulas 
could be applied for the calculations, the existence of the zonal 
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significantly complicates such computation. 
 Finally, let us explore the limits of the efficient ML DOA 
estimation. Let us introduce an example with the same three 
sources, directions of arrivals (-30°, 0°, 1°), and the same SNR 
per source of 10 dB, with a very limited training sample 

support 𝑇𝑇 = 7 such that even its "doubling" does not exceed 
the antenna dimension 𝑁𝑁 = 17 but by a very small margin. In 
general, this example illustrates the decay in maximum 
likelihood performance, despite the LR values exceeding those 
of the true covariance matrix 𝐓𝐓𝑁𝑁 in every trial. 

Of course, the conventional MUSIC, applied to the 
"doubled" sample matrix, failed to resolve the DOAs of the 
second and third sources in any of the 1,000 trials. The LR 
maximization in this scenario provided a successful resolution 
of the three acting sources in 300 out of 1,000 trials. While 
only in 300 trials were the close-in sources successfully 
resolved, in the remaining 700 trials, the close-in second and 
third DOAs were not resolved. For the 300 resolved sources, 
the standard deviation was 1.08° and the mean error modulus 
was 0.299°. 
 Let us once again state that the likelihood exceeded that 
of the true covariance matrix in all 1,000 trials, but this did not 
imply proper DOA estimation. 

VI. CONCLUSIONS AND RECOMMENDATIONS 

The analysis of the numerical maximization of the 
likelihood ratio for a p.d. Toeplitz covariance matrix revealed 
several properties that we believe are important from both 
theoretical and practical perspectives. 

In particular, we demonstrated that numerical LR 
maximization, utilizing Vandermonde parameterization,  
applied to random initial Toeplitz matrices, can often yield an 
inappropriate solution with negative eigenvalues. Yet, in all 
cases where the MATLAB fmincon routine converges to a 
positive definite Toeplitz matrix, the process converges to the 
same solution as if initiated by a true Toeplitz covariance 
matrix, irrespective of the initial matrix. Our numerous 
attempts to initiate the fmincon routine with matrices far from 
the true covariance matrix with LR values < 10−20 (!), 
nevertheless, finally converged to the same solution as the one 
initiated by the true covariance matrix. 

The obtained calculation results cannot be treated as proof 
of global optimality. Yet, the substantial volume of 
optimization results—obtained from a variety of random initial 
approximations that converged to the same solution—allows 
for the cautious conjecture that the optimization problem, as 
formulated here, is convex and that the identified optimum is 
global.  

Naturally, this assertion requires rigorous mathematical 
proof. Indeed, the fact that—starting from the true covariance 
matrix—we converge to the very same solution serves as a 
significant argument in support of such a proof. A further 
argument in favor of this proof is that this solution yields a 
likelihood function value that exceeds that of the true 
covariance matrix and coincides with the value attained when 
the process is initialized with the true Toeplitz covariance 
matrix. 
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dependence of the training data. As with the previous example, 
the input SNR was selected in a way that makes MUSIC 
incapable of resolving the close sources, and for 𝑇𝑇 = 10, the 
standard MUSIC applied to the same sample matrix 𝐑̂𝐑𝑁𝑁 failed 
in all 1,000 trials. The training sample volume "doubled" by 
(45) in the Carathéodory parameterization in the MATLAB 
fmincon routine, allowed us to increase the probability of 
correct initializations to 822 (out of 1,000 trials) for 𝑇𝑇 = 20 
i.i.d. training samples and 289 (out of 1,000 trials) for the 
"doubled" training samples (𝑁𝑁 = 10 × 2 = 20) using the 
Toeplitz property (45)-(46). 
 Finally, note that our second LR maximization using the 
covariance lags (Vandermonde) parameterization followed the 
previously established trend and increased the success rate of 
the Carathéodory parameterization from 820 to 822 successful 
trials (for 𝑇𝑇 = 20 i.i.d. training samples). 

These examples were provided for the minimal "superior" 
𝑇𝑇 = 20 (𝑇𝑇 ≥ 𝑁𝑁) number of training samples that 
demonstrated that it has practically the same performance as 
the original (𝑇𝑇 = 20) and the "doubled" by (45) number of 
training data. For the truly i.i.d. training samples, the gains are 
more significant. Yet, the proposed technique allows for the 
LR maximizing the conventional likelihood for scenarios with 
𝑇𝑇 ≥ 𝑁𝑁/2  using the same LR maximization technique and 
growing the maximum with an increased sample volume 𝑇𝑇 >
𝑁𝑁/2 . For 𝑇𝑇 > 𝑁𝑁, this way of doubling the volume of 
training data does not improve ML estimation performance. 
This was demonstrated in the scenario with the 𝑁𝑁 = 17 ULA, 
three sources, and 𝑁𝑁 = 85.  
 Finally, let us get back to the properties of the likelihood 
ratio (12) for the case of a very small sample support (𝑇𝑇 ≪ 𝑁𝑁). 
The expected likelihood ratio of the true covariance matrix 
(𝐓̂𝐓𝑁𝑁 = 𝐓𝐓𝑁𝑁) is equal to 
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Wishart distribution averaged over 𝑁𝑁/𝑇𝑇 vectors. The 
distribution of this "expected likelihood" was found by R.C.S. 
Pillai and B.N. Nagarsenker [39]. While analytical formulas 
could be applied for the calculations, the existence of the zonal 
polynomial and Meijer's G-function 𝑊𝑊𝑁𝑁,𝑁𝑁
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significantly complicates such computation. 
 Finally, let us explore the limits of the efficient ML DOA 
estimation. Let us introduce an example with the same three 
sources, directions of arrivals (-30°, 0°, 1°), and the same SNR 
per source of 10 dB, with a very limited training sample 

support 𝑇𝑇 = 7 such that even its "doubling" does not exceed 
the antenna dimension 𝑁𝑁 = 17 but by a very small margin. In 
general, this example illustrates the decay in maximum 
likelihood performance, despite the LR values exceeding those 
of the true covariance matrix 𝐓𝐓𝑁𝑁 in every trial. 

Of course, the conventional MUSIC, applied to the 
"doubled" sample matrix, failed to resolve the DOAs of the 
second and third sources in any of the 1,000 trials. The LR 
maximization in this scenario provided a successful resolution 
of the three acting sources in 300 out of 1,000 trials. While 
only in 300 trials were the close-in sources successfully 
resolved, in the remaining 700 trials, the close-in second and 
third DOAs were not resolved. For the 300 resolved sources, 
the standard deviation was 1.08° and the mean error modulus 
was 0.299°. 
 Let us once again state that the likelihood exceeded that 
of the true covariance matrix in all 1,000 trials, but this did not 
imply proper DOA estimation. 

VI. CONCLUSIONS AND RECOMMENDATIONS 

The analysis of the numerical maximization of the 
likelihood ratio for a p.d. Toeplitz covariance matrix revealed 
several properties that we believe are important from both 
theoretical and practical perspectives. 

In particular, we demonstrated that numerical LR 
maximization, utilizing Vandermonde parameterization,  
applied to random initial Toeplitz matrices, can often yield an 
inappropriate solution with negative eigenvalues. Yet, in all 
cases where the MATLAB fmincon routine converges to a 
positive definite Toeplitz matrix, the process converges to the 
same solution as if initiated by a true Toeplitz covariance 
matrix, irrespective of the initial matrix. Our numerous 
attempts to initiate the fmincon routine with matrices far from 
the true covariance matrix with LR values < 10−20 (!), 
nevertheless, finally converged to the same solution as the one 
initiated by the true covariance matrix. 

The obtained calculation results cannot be treated as proof 
of global optimality. Yet, the substantial volume of 
optimization results—obtained from a variety of random initial 
approximations that converged to the same solution—allows 
for the cautious conjecture that the optimization problem, as 
formulated here, is convex and that the identified optimum is 
global.  

Naturally, this assertion requires rigorous mathematical 
proof. Indeed, the fact that—starting from the true covariance 
matrix—we converge to the very same solution serves as a 
significant argument in support of such a proof. A further 
argument in favor of this proof is that this solution yields a 
likelihood function value that exceeds that of the true 
covariance matrix and coincides with the value attained when 
the process is initialized with the true Toeplitz covariance 
matrix. 
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training data. For the truly i.i.d. training samples, the gains are 
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significantly complicates such computation. 
 Finally, let us explore the limits of the efficient ML DOA 
estimation. Let us introduce an example with the same three 
sources, directions of arrivals (-30°, 0°, 1°), and the same SNR 
per source of 10 dB, with a very limited training sample 

support 𝑇𝑇 = 7 such that even its "doubling" does not exceed 
the antenna dimension 𝑁𝑁 = 17 but by a very small margin. In 
general, this example illustrates the decay in maximum 
likelihood performance, despite the LR values exceeding those 
of the true covariance matrix 𝐓𝐓𝑁𝑁 in every trial. 

Of course, the conventional MUSIC, applied to the 
"doubled" sample matrix, failed to resolve the DOAs of the 
second and third sources in any of the 1,000 trials. The LR 
maximization in this scenario provided a successful resolution 
of the three acting sources in 300 out of 1,000 trials. While 
only in 300 trials were the close-in sources successfully 
resolved, in the remaining 700 trials, the close-in second and 
third DOAs were not resolved. For the 300 resolved sources, 
the standard deviation was 1.08° and the mean error modulus 
was 0.299°. 
 Let us once again state that the likelihood exceeded that 
of the true covariance matrix in all 1,000 trials, but this did not 
imply proper DOA estimation. 

VI. CONCLUSIONS AND RECOMMENDATIONS 

The analysis of the numerical maximization of the 
likelihood ratio for a p.d. Toeplitz covariance matrix revealed 
several properties that we believe are important from both 
theoretical and practical perspectives. 

In particular, we demonstrated that numerical LR 
maximization, utilizing Vandermonde parameterization,  
applied to random initial Toeplitz matrices, can often yield an 
inappropriate solution with negative eigenvalues. Yet, in all 
cases where the MATLAB fmincon routine converges to a 
positive definite Toeplitz matrix, the process converges to the 
same solution as if initiated by a true Toeplitz covariance 
matrix, irrespective of the initial matrix. Our numerous 
attempts to initiate the fmincon routine with matrices far from 
the true covariance matrix with LR values < 10−20 (!), 
nevertheless, finally converged to the same solution as the one 
initiated by the true covariance matrix. 

The obtained calculation results cannot be treated as proof 
of global optimality. Yet, the substantial volume of 
optimization results—obtained from a variety of random initial 
approximations that converged to the same solution—allows 
for the cautious conjecture that the optimization problem, as 
formulated here, is convex and that the identified optimum is 
global.  

Naturally, this assertion requires rigorous mathematical 
proof. Indeed, the fact that—starting from the true covariance 
matrix—we converge to the very same solution serves as a 
significant argument in support of such a proof. A further 
argument in favor of this proof is that this solution yields a 
likelihood function value that exceeds that of the true 
covariance matrix and coincides with the value attained when 
the process is initialized with the true Toeplitz covariance 
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exceeding those of the true covariance matrix 𝐓𝑁 in every trial.

Of course, the conventional MUSIC, applied to the "doubled" 
sample matrix, failed to resolve the DOAs of the second and 
third sources in any of the 1,000 trials. The LR maximization in 
this scenario provided a successful resolution of the three acting 
sources in 300 out of 1,000 trials. While only in 300 trials were the 
close-in sources successfully resolved, in the remaining 700 trials, 
the close-in second and third DOAs were not resolved. For the 300 
resolved sources, the standard deviation was 1.08° and the mean 
error modulus was 0.299°.

Let us once again state that the likelihood exceeded that of the true 
covariance matrix in all 1,000 trials, but this did not imply proper 
DOA estimation. 

6. Conclusions and Recommendations 
The analysis of the numerical maximization of the likelihood ratio 
for a p.d. Toeplitz covariance matrix revealed several properties 
that we believe are important from both theoretical and practical 
perspectives.

In particular, we demonstrated that numerical LR maximization, 

utilizing Vandermonde parameterization, applied to random 
initial Toeplitz matrices, can often yield an inappropriate solution 
with negative eigenvalues. Yet, in all cases where the MATLAB 
fmincon routine converges to a positive definite Toeplitz matrix, 
the process converges to the same solution as if initiated by a true 
Toeplitz covariance matrix, irrespective of the initial matrix. Our 
numerous attempts to initiate the fmincon routine with matrices 
far from the true covariance matrix with LR values < 10−20 (!), 
nevertheless, finally converged to the same solution as the one 
initiated by the true covariance matrix.

The obtained calculation results cannot be treated as proof of 
global optimality. Yet, the substantial volume of optimization 
results—obtained from a variety of random initial approximations 
that converged to the same solution—allows for the cautious 
conjecture that the optimization problem, as formulated here, is 
convex and that the identified optimum is global.

Naturally, this assertion requires rigorous mathematical proof. 
Indeed, the fact that—starting from the true covariance matrix—
we converge to the very same solution serves as a significant 
argument in support of such a proof. A further argument in favor 
of this proof is that this solution yields a likelihood function value 
that exceeds that of the true covariance matrix and coincides with 
the value attained when the process is initialized with the true 
Toeplitz covariance matrix.

Note that the finite calculation accuracy leads to some insignificant 
variations of the optimum solution, and this effect needs to be 
closely monitored for larger ULA dimensions (𝑁 > 17) and 
eigenvalue spread (> 1010).

The proposed two-step optimization starts from the Carathéodory 
parameterization and, upon convergence, switches to the 
Vandermonde parameterization. While the maximized LR 
increases during this second stage of optimization, the proximity 
ratio relative to the true matrix decreases.

The numerical analysis discussed above was conducted only 
for 𝑁 = 17; therefore, the revealed properties should be closely 
monitored for uniform linear arrays with larger apertures and 
larger dynamic range, 𝜆1/𝜆𝑁. This particular sequence of Toeplitz 
matrix parameterizations was shown to be appropriate for the 
LR maximization of Toeplitz matrices when the Toeplitz matrix 
has a known a priori number of noise subspace eigenvalues. We 
demonstrated that the Toeplitz p.d. matrices with a known number 
of noise subspace eigenvalues cannot be optimized by the fmincon 
routine.

Specifically, such an LR maximization stops before the LR of the 
true covariance matrix is reached. For this reason, the problem of 
LR maximization of the p.d. Toeplitz matrix with a priori known 
finite signal subspace dimension is proposed to be solved in two 
steps. First, the problem of maximum likelihood Toeplitz matrix 
estimation is resolved with no control over the reduction of the 
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signal subspace dimension. In the second stage, for the resulting 
p.d. Toeplitz matrix with a (globally) maximum-likelihood 
ratio and distinct eigenvalues, the second problem of noise 
subspace eigenvalue equalization is addressed using the method 
of alternating projections. For example, we demonstrated that 
noise eigenvalue equalization somewhat reduces the maximum 
likelihood ratio of the final optimized Toeplitz matrices. However, 
the remaining likelihood ratio still exceeds that of the true Toeplitz 
covariance matrix.

Moreover, the proposed two-stage version of the likelihood 
ratio maximization procedure enabled us to significantly expand 
the method's scope of applicability— encompassing sources 
situated closer to one another, as well as weaker sources—and to 
successfully perform their separation and the optimal estimation of 
their directions of arrival, whereas the standard MUSIC algorithm, 
when applied to the Hermitian (sample) maximum likelihood 
matrix, fails to handle this task [28-52].
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