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Abstract

Background: Unifying number theory, string amplitudes, and spacetime emergence remains a central challenge in
Jfundamental physics. Motivated by the spectral properties of zeta functions and their proximity to Gaussian Unitary
Ensemble (GUE) statistics, we propose an explicit framework the Primacohedron linking p-adic string resonances to an
emergent geometric description of spacetime.

Methods: We extend the non-Archimedean amplitude formalism for open/closed p-adic strings, develop a spectral
correspondence mapping Dedekind/Riemann zero to eigenvalues of a Hermitian operator H, and introduce a learning
framework (Corridor Zero/One) for reconstructing spacetime spectra. Additional sections explore the arithmetic—
holographic connection, spectral geometry, and cosmological implications.

Results: The expanded model unifies arithmetic quantum chaos, random matrix theory, and holography. Temporal
[fluctuations arise from open p-adic resonances following GUE statistics, while spatial coherence emerges through
closed zeta sectors. A curvature—spectral duality defines emergent geometry, black-hole microstructure yields porous
horizons, and algorithmic learning saturates the Bekenstein bound dynamically.

Conclusions: The Primacohedron thus establishes a spectral route from numbertheoretic operators to spacetime
dynamics, blending p-adic strings, zeta-function operators, random matrices, and holographic complexity into a single
coherent synthesis.

Keywords: p-Adic String Theory, Dedekind Zeta Function, Riemann Hypothesis, Random Matrix Theory, Hilbert—P"Olya Conjecture,
Emergent Geometry, Black-Hole Entropy, Holography, Complexity—Action Duality, Cosmology, Arithmetic Quantum Chaos

1. Introduction and Motivation

The Primacohedron proposes that spacetime is not fundamental but an emergent, selforganizing structure arising from the synchronized
resonances of prime—indexed string modes. Each prime number p defines a local non-Archimedean geometry Q , supporting open and
closed p-adic string excitations. The resulting ensemble of local geometries, glued together through the adelic product, forms a global
resonance network whose collective dynamics generate the appearance of a smooth, continuous spacetime manifold. Formally, this
network embodies an arithmetic analogue of holography, where local p-adic amplitudes act as boundary data and the global Archimedean
amplitude Aco encodes the emergent bulk.

1.1. Arithmetic Spectra and the Hilbert—Polya Paradigm

The striking similarity between the statistical properties of the non-trivial zeros of the Riemann zeta function and the Gaussian Unitary
Ensemble (GUE) of random matrices has long suggested the existence of an operator—theoretic bridge between number theory and
quantum physics [1-3]. The Hilbert-Polya conjecture posits that there exists a self-adjoint operator H, such that its eigenvalues tn
reproduce the imaginary parts of the non-trivial zeros,
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The operator H thus, plays the role of a spectral generator of “arithmetic time,” and its eigenvalue statistics encode fluctuations of

+ ity H(Ipn = thn €Y

temporal curvature.

Within the Primacohedron framework, H; acquires a geometric interpretation: its spectral density defines local temporal curvature, while
correlations among its eigenmodes define spatial coherence. Open p-adic string sectors represent temporal fluctuations governed by the
zeros of {(s), whereas closed sectors correspond to Dedekind zeta zeros {x(s) and enforce spatial regularity through correlated prime
ideals p € O. In this setting, analytic continuation of the zeta function becomes a dynamical continuation from discrete arithmetic time
to continuous spacetime geometry.

1.2. Prime Resonances as Geometric Building Blocks
Every prime p contributes a fundamental frequency

wp ~ Inp (2)
so that the set of all primes constitutes a discrete spectrum 2 = {w, = Inp}. Interference among these modes produces a quasi-periodic

temporal texture. The celebrated adelic amplitude relation

Ax (s, t,u) nAp (s,t,u) = const 3)
P

establishes that coherence across all primes enforces global consistency of spacetime. Each prime hence acts as a topological patch or
plaquette, and the adelic product guarantees smooth gluing of curvature across these patches. The Langlands correspondence provides the

abstract algebraic underpinning of this “arithmetic geometry of time,” identifying automorphic representations with spectral data of H;.

1.3. Relation to Arithmetic Quantum Chaos

Berry’s conjecture that the spectra of classically chaotic Hamiltonians exhibit GUE correlations finds a precise arithmetic analogue in the
zeta zeros [4]. The Euler product {(s) = II,(1 — p~%)~! can be viewed as a generating function for periodic orbits with “actions”
S, = hlnp, 4)

while the associated amplitudes A,, weight each orbit. An arithmetic analogue of Gutzwiller’s trace formula then reads
p(E) = B(E) + ) A4y cos(E Inp), 5)
P

where p(E) denotes the density of spectral levels and p(E) their smooth average. The oscillatory term represents interference among
prime periodicities. Spectral rigidity quantified by the Dyson—Mehta A3 (L) statistic measures the stability of the temporal fabric: perfect

GUE universality corresponds to a flat temporal manifold, while deviations indicate local curvature induced by closed-string coherence.

Arithmetic quantum chaos therefore provides the microscopic dynamics of the Primacohedron:
e Chaotic interference of prime orbits seeds the arrow of time;
e Coarse-graining over number fields yields emergent spatial order;

e RMT universality bridges microscopic arithmetic noise with macroscopic geometric smoothness.

1.4. Motivation From Emergent Geometry

In conventional AdS/CFT duality, geometry pre-exists as a background in which field theories reside. In contrast, the Primacohedron
posits that geometry emerges from numbertheoretic entanglement. Temporal directions correspond to fluctuations in the eigenvalue
spectrum of H,, whereas spatial coherence arises from correlations between prime ideals in distinct number fields. Random-Matrix
Theory furnishes the statistical dictionary linking these two: the GUE ensemble encodes temporal variability, and its deviations arising
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from arithmetic constraints manifest as spatial curvature.

Formally, the emergent metric tensor g, can be reconstructed from two-point spectral correlators,

g,uv(x) ~ <au}-iav/1j)' (6)
where the derivatives act on the local eigenvalue field A;(x). Curvature fluctuations follow from the connected part of the four-point
correlator and thus encode deviations from GUE spacing. In this way, spectral geometry replaces Riemannian geometry: curvature is not

a differential property of a manifold but a second-order moment of the eigenvalue distribution.

At large scales, averaging over arithmetic fluctuations restores classical smoothness, producing the familiar four-dimensional continuum.
At small scales near the Planck—prime crossover (£ ~ €p), the spectrum becomes sparse, and the effective dimension flows toward
ds = 2, in agreement with causal-dynamical triangulations and Lifshitz gravity [5,6]. This running of dimension arises naturally from

the scale dependence of the spectral density p(4),

d1np(1)
dint ’

which in the Primacohedron is determined by the distribution of prime resonances.

ds(£) = 2 )

1.5. Synthesis and Conceptual Map
Section 1.3 and 1.4 together establish the guiding triad of the Primacohedron:

(1) Arithmetic structure = discrete time quanta (prime resonances);

(2) Spectral statistics = emergent curvature and information geometry;

(3) Random-matrix universality = macroscopic spacetime regularity.
In this unified picture, number theory, quantum chaos, and geometry are not separate disciplines but complementary projections of a
single spectral object the Primacohedron whose vertices are primes, whose edges are spectral correlations, and whose higherdimensional
faces encode the emergent continuum of spacetime.
2. Non-Archimedean String Framework
The Primacohedron’s microscopic dynamics arise from a hierarchy of non-Archimedean string sectors built over the fields of p-adic
numbers Q,. Each prime p labels a local vacuum characterized by ultrametric geometry, with metric |x — y|, = p~"»*=Y) and Haar

measure dx, normalized so that fzp dx, = 1. Strings propagating in such spaces exhibit discrete resonance spectra, and their amplitudes

admit analytic continuation to the adelic domain, thereby linking arithmetic locality to global coherence.

2.1. p-Adic Amplitudes and Adelic Structure
Following Freund and Witten and Brekke et al., the Veneziano-type four-point open-string amplitude over Q,, is

_ L, (—=a's)T, (—a't)[, (—a'u)
9v T, (—a's —a'O)T, (—a't — a'w)T, (—a'u — a's)’

1
Ap(s,t,u) s+t+u= - (8)

where T, (z) is the p-adic gamma function defined via the Volkenborn integral and g, the local coupling constant. The ultrametric

structure of Q,, ensures that A, possesses discrete poles located at a’s = n/(p — 1), corresponding to quantized p-adic resonances [7,8].

At the Archimedean place, the usual Veneziano amplitude

Aw(s, t,u) = g2 I (—a's)I (—a't)I (—a'u)
[oe) 1) gOO F(_als_a!t)l—‘(_alt_a,u)r(_a,u_als)
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is recovered. The remarkable adelic product relation,

Ax (s, t,u) 1_[ Ap (s, t,u) = const., 9

p<oco
demonstrates that the combined contributions of all primes (including the Archimedean one) yield a global constant. Equation (9)
expresses the adelic unity of physical amplitudes: no local p-adic sector exists in isolation; only the full adelic product defines a globally

consistent amplitude. This identity underlies the Primacohedron’s claim that the coherence of spacetime itself is an adelic phenomenon.

Physically, one may view A, as a local partition function Z, = exp[—Sp], with S, the p-adic world-sheet action. Then the adelic
constraint (9) enforces Y., S, + S, = const., a global “action-balance” condition that mirrors energy conservation across number fields.

2.2. Open Versus Closed Resonance Conditions
The open-string sector is dominated by poles aligned with the non-trivial zeros of the Riemann zeta function,

1
(@ = Ja-ro1 d=0=5=5+i (10)
p

Each factor (1 —p~5)~! contributes a local temporal resonance. The distribution of zeros {t,} controls temporal fluctuations, and their

pair correlations reproduce GUE statistics, as discussed in Section 1.3.

By contrast, closed-string coherence is governed by zeros of Dedekind zeta functions associated with algebraic number fields K,
we=[[a-%)7 (11)
pcOg
where N, denotes the norm of the ideal p. While the open sector drives temporal chaos, the closed sector introduces correlations among
distinct primes, thereby producing spatial coherence. The relative balance between open and closed resonances determines the “phase” of
spacetime: purely open dynamics correspond to a temporally chaotic yet spatially fragmented phase, whereas inclusion of closed

admixtures stabilizes geometry and yields smooth emergent curvature.

This interplay may be summarized by an effective spectral potential

Vipee H] = = ) w, Inldet (1= p™")| + Aeon Y Inldet(1-Np™)|,  (12)
p peElK

where H is the emergent Hamiltonian (cf. Eq. 1), w, are prime weights, and A, regulates the degree of closed-string coherence.
Stationary points of Vypec[H] define the equilibrium spectra underlying emergent spacetime.

2.3. p-Adic Modular Forms and Resonance Lattices
The p-adic string amplitude can be reformulated in terms of local modular forms ®,(q,,) with g, = p~*",

[ee]

q)p(qp) = Z An,pYp> anp € Qp, (13)

n=0
satisfying the functional relation @, (q; 1) = Xp9p ktbp(qp) for some p-adic character X, and weight k. Each @, encodes the tower of

local resonances and their degeneracies.

Collecting all local forms yields an adelic resonance lattice,
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2]
/\prim = p (Dp' (14)

whose basis elements correspond to prime excitations. The dual lattice Ay, obtained via the Mellin transform,

cT)p(E) =f ap cbp(qp) dqp,
0

lives in frequency space and encodes the coarse-grained curvature spectrum. The correlation function (&)p (E )5pr(E ")) defines the

connectivity metric of the emergent spacetime network.

The curvature of this network can be expressed through a discrete Ricci scalar acting on the lattice:

2

]
R, = —Wlnpp(5)| (15)

where P,(E) is the local spectral spacing distribution. Positive R, indicates spatial coherence (closed-string dominance), whereas

E=Inp’

negative R,, corresponds to chaotic open-string behaviour. Summing over all primes yields the global curvature scalar R = ¥, wpR,,

which enters directly into the curvature flow equations of Section 4.

2.4. Summary of Section 2
Section 2 establishes the algebraic foundation of the Primacohedron:

1. Local p-adic strings encode discrete temporal resonances (Equation 8);
2. The adelic product (Equation 9) enforces global consistency, mirroring spacetime coherence;
3. Open and closed resonance conditions (Equations 10-11) define the chaotic and coherent phases of the emergent geometry;
4. p-Adic modular forms organize these resonances into a lattice (Equation 14) whose curvature properties (Equation 15) govern
the spectral geometry of spacetime itself.
In the subsequent section we translate this non-Archimedean foundation into a spectral correspondence connecting zeta-function zeros,

random-matrix ensembles, and curvature flow, thereby establishing the analytic engine of the Primacohedron.

3. Spectral Correspondence and Zeta Functions
The bridge between arithmetic structure and emergent geometry is realized through a spectral correspondence connecting zeta-function

zeros, self-adjoint operators, and random-matrix ensembles. Within the Primacohedron framework, this correspondence provides the
analytic mechanism by which discrete prime resonances become continuous geometric curvature. The guiding idea is that the imaginary
parts of the non-trivial zeros of {(s) act as eigenvalues of a Hermitian operator Hy, whose spectrum governs temporal fluctuations and

whose correlations encode spatial coherence.

3.1. Hilbert—Polya Heuristic and Operator Construction
The Hilbert-Polya hypothesis suggests the existence of a self-adjoint operator /, satisfying

1
Hil)bn = thbn Sn = E + ity, {(sp) =0, (16)

such that the non-trivial zeros of {(s) correspond to its eigenvalues. Several candidate formulations have been proposed:

1. Connes’ trace operator acting on the noncommutative space of adele classes [9].
2. Berry—Keating Hamiltonian Hgg = % (xp + px), whose quantization yields spectral density consistent with {(s) zeros [1].

3. Arithmetic Laplacians defined on modular surfaces or automorphic forms, whose eigenvalues mimic zero statistics.

The Primacohedron unifies these heuristics by embedding them into the p-adic resonance framework of Section 2. Let H), denote the
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local arithmetic Hamiltonian acting on L? (Qp), with kernel

1
(Hpf)(x) = f K,(x,y) f(y) dyy, K,(x,y) = — 17, 17)
e lx = yl,
where t, is a local spectral parameter. The global operator is obtained adelically as
7 -
He= ) o oo rtlp wp~p~t?, (18)

acting on the Hilbert space H = ®, L? (Qp). The combined spectrum {t,} of H; coincides with the critical zeros of {(s), furnishing a

constructive realization of the Hilbert—Polya operator in adelic form.

The spectral density

PO = D 8 (=) = B(E) + pose(® (19)

splits into a smooth mean term p (t) = % In (i) + 0(1/t?%) an oscillatory term pysc(t) arising from periodic prime contributions. The

latter reproduces the explicit formula of prime number theory,

1 - Inp
poseD) =~ D D 7 cosim Inp), (20)
p m=1

which demonstrates that the zeros encode all prime periodicities. Equation (20) thus provides the analytic backbone of the

Primacohedron: primes and spectral lines are conjugate variables in a Fourier-type duality.

3.2. Spectral Rigidity and Curvature Proxies
The statistical behavior of eigenvalues t,, of H; can be analyzed by unfolding the spectrum to unit mean spacing, 4; = N (t;), where

N (t) is the integrated mean density from Equation (19). The nearest-neighbor spacing distribution P(s) with s = A;,; — A; satisfies
32
Peye(s) = Fsze_“z/n, 21

for the Gaussian Unitary Ensemble [10]. Empirical studies show that the Riemann zeros obey this form to high precision, confirming the

quantum-chaotic nature of the arithmetic flow.

To connect spectral statistics with emergent curvature, define a local curvature proxy

62
R(x) x — InP(s) (22)
ds
s=s(x)
Fluctuations of P(s) away from the GUE form correspond to deviations of R(x) from zero. Thus, R(x) acts as a discrete Ricci scalar in
the spectral manifold. Regions where R(x) > 0 correspond to coherent (closed-string) domains, while R(x) < 0 signals chaotic (open-

string) temporal fluctuations.

Higher-order correlations, captured by the two-point cluster function

sin(ns))2

s

Ry(s)=1- < (23)

control global curvature rigidity. Integrating R,(s) yields the Dyson—Mehta A3 (L) statistic, whose scaling A5 (L) ~ % In L quantifies

long-range spectral correlations. Within the Primacohedron, A3 (L) directly measures the coherence length of emergent spacetime: a flat

A3 plateau corresponds to stabilized geometry, while logarithmic growth signals residual arithmetic fluctuations.
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3.3. Arithmetic Random Matrices
To model the spectrum numerically, we introduce arithmetic random matrices H(p) whose entries incorporate prime-indexed phase
correlations:

1 .
Hij(p) = \/—Nexp(Zmp i), (24)
with i, j € {1, ...,N} and p prime. The global ensemble is a weighted sum
H= Y a,Hp), o= p e, (25)
P

where u controls the exponential cutoff in prime contributions. The ensemble measure is
N
P(H)dH o exp [—ZTZTT(I#H) dH, (26)

mirroring the GUE distribution but constrained by arithmetic sparsity. For 4 — 0 the distribution converges to standard GUE statistics,

whereas finite u introduces arithmetic modulations corresponding to nontrivial geometric curvature.

The spectral density of such arithmetic ensembles follows the semicircular law

1
p(Q) = V4o2-22, 1] < 20, 27

2ma?

up to oscillatory corrections determined by the primes. Numerical simulations confirm that these corrections reproduce the fine structure
of Riemann zero statistics within relative deviation 6P < 1073, as reported in Appendix C. The curvature field reconstructed from

Equation (22) yields localized positive and negative regions, which correspond to emergent spatial patches of the Primacohedron.

3.4. Spectral Geometry and Duality Summary
The results of this section establish a concrete analytic duality:

Prime periodicities <> Oscillatory terms in pygc(t),
Zeta zeros <> Eigenvalues of He,

Random-matrix correlations «» Curvature fluctuations of spacetime.

up to oscillatory corrections determined by the primes. Numerical simulations confirm that these corrections reproduce the fine structure
of Riemann zero statistics within relative deviation 6P < 1073, as reported in Appendix C. The curvature field reconstructed from

Equation (22) yields localized positive and negative regions, which correspond to emergent spatial patches of the Primacohedron.

4. Random—Matrix Representation and Emergent Geometry

The arithmetic random matrices introduced in Section 3 provide not only a statistical model for the zeros of {(s) but also a concrete
mechanism for the emergence of geometry from spectral data. In the Primacohedron, spacetime arises as the large-N limit of a prime-
weighted random-matrix ensemble whose curvature fluctuations obey a flow reminiscent of the Ricci and information-geometry flows.
This section develops the dynamical interpretation of the ensemble measure, its topological dual, and the corresponding spectral-
curvature evolution.

4.1. Ensemble Measure and Time Asymmetry
Let H be an N x N Hermitian matrix drawn from the Gaussian—Hermitian ensemble,
N 2
P(H) « exp [—mTr(H )], (28)

where o2 sets the variance of the eigenvalue fluctuations. Equation (28) defines the stationary distribution of Dyson’s Brownian motion

process,
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dF[H 1
dH = —%dﬁ+ V2D dw,  F[H]= 5 Tr(H?), (29)

with W, a Hermitian Wiener process and ¢ the flow parameter interpreted as spectral time. This process violates time-reversal symmetry
at the GUE fixed point, generating an intrinsic arrow of time. In the Primacohedron, the variance o2 plays the role of a temporal coarse-

graining parameter: smaller o corresponds to longer correlation times and hence to smoother temporal evolution.

Averaging over primes introduces arithmetic modulation of the ensemble:

N
Poritn (H) o exp —FTr(HZ) + Z w, cos(Inp H)|, (30)
P

which softly breaks unitary invariance and encodes prime-indexed temporal resonances. In the continuum limit, this modulation

manifests as low-frequency beats in the spectral density, producing the temporal asymmetry characteristic of open-string dynamics.

4.2. Dual Networks and Euler Characteristics

To translate the spectral data into spatial structure, we define the dual network ™ associated with H. Each eigenvector ¢; of H
corresponds to a vertex v;, and the absolute value of the off-diagonal entry |HL- j| defines the weight of the edge connecting v; and v;. The

adjacency matrix of V'* is therefore
Ay = |Hyl,  di= ZAU. (1)
J

where d; is the local degree. The resulting weighted graph represents the emergent spatial connectivity of the Primacohedron.

Topological invariants of this graph carry geometric meaning.

The Euler characteristic

x=V—-—E+F, (32)
computed from the numbers of vertices V, edges E, and faces F in the spectral-connectivity complex, quantifies global topological
coherence. In open-string regimes dominated by GUE chaos, y fluctuates strongly as eigenvectors decorrelate. Closed-string admixtures

(introduced by the Dedekind sectors) stabilize y — const, producing a topologically coherent manifold. Averaging y over the ensemble

. 2 . . .
defines the mean connectivity curvature (R)~ %X, where 4 is the effective area of the emergent spectral manifold.

The connectivity Laplacian of V',
Lij = dibij — Ayj, (33)
acts as a discrete Laplace—Beltrami operator on the emergent space. Its eigenvalues {1;} determine the diffusion spectrum and, through

tL

the heat-kernel trace Tre ™t = ¥, e t%, yield the spectral dimension dg(t) introduced earlier (Equation 7).

4.3. Spectral Curvature Flow and Information Geometry
The dynamics of curvature on the spectral manifold are governed by a gradient-flow equation derived from a free-energy functional F/H]

generalizing Equation (29):
1
F[H] = 3 Tr(H?) — BN~! In|detH|, (34)

where [ parametrizes the inverse spectral temperature. Variation of F/H] yields the curvature-flow equation
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i _ V,F[H] = H+ﬁH‘1 35
d'g_ H[]_ N ) ( )

which drives H toward a fixed-point balancing quadratic and logarithmic terms. This flow is the matrix analogue of the Ricci flow
0¢Gap = —2R,, on a manifold, with H playing the role of the metric tensor in spectral space. Linearizing Equation (35) around
equilibrium yields fluctuation modes whose relaxation rates correspond to curvature eigenvalues, hence to

local stability of spacetime patches.

An associated spectral curvature tensor can be defined as
2

Rop = —=—=r
ab dH,0H,

Indet(Al — H), (36)

whose ensemble average reproduces the Fisher information metric of the eigenvalue distribution, linking spectral geometry to
information geometry [11]. The scalar contraction R = TrR,;, measures the overall information curvature. Regions of high R correspond

to compressed information manifolds, analogous to gravitational wells.

The stochastic extension of Equation (35),

dH, = =V F[H,)d¢ + V2D dW, (37)

~F[H]/D

realizes a Langevin process that samples the ensemble P(H) « e . This process defines the microscopic dynamics of the Corridor

One algorithm introduced later: quantum-diffusive learning of the operator H consistent with arithmetic priors.

4.4. Emergent Geometry and Temporal Direction

The curvature-flow equation (35) naturally breaks time-reversal symmetry. The spectral entropy Sgpec = —Tr(plnp), with p =
e H/o? /Z, monotonically increases under the flow, establishing an emergent thermodynamic arrow of time. Open-string (chaotic)
regimes correspond to rapid entropy growth and highly negative curvature, whereas closed-string (coherent) regimes exhibit slow

entropy production and positive curvature, recovering near-equilibrium geometric phases.

4.5. Synthesis of Section 4
Section 4 completes the translation from arithmetic spectra to emergent geometry:
(1) The random-matrix ensemble (30) encodes prime-weighted temporal fluctuations and generates an intrinsic arrow of time;
(2) The dual network (31)—(33) translates eigenvector correlations into spatial topology;
(3) The curvature-flow dynamics (35)—(37) yield an information-geometric analogue of Ricci flow;
(4) Spectral entropy growth defines the temporal direction and connects microscopic arithmetic chaos with macroscopic
spacetime expansion.
The next section extends this geometric framework to black-hole interiors and horizon microstructure, revealing how prime-indexed

connectivity generates quantized entropy and porous horizons within the Primacohedron spacetime.

5. Black—Hole Microstructure and Porous Horizons
In the Primacohedron framework, black holes are interpreted not as geometrical singularities but as condensates of prime—indexed

spectral modes. Their microstructure originates from the discrete arithmetic connectivity of the underlying resonance lattice. The horizon
becomes a dynamically fluctuating boundary where spectral entropy, information flux, and arithmetic curvature meet. This section
develops a quantitative description of that structure, showing how the Bekenstein—-Hawking entropy, horizon porosity, and interior

bounce arise from arithmetic—spectral principles.
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5.1. Entropy from Network Connectivity
Let the horizon be represented by a connectivity graph N, with N Planck-scale nodes. Each node corresponds to a local spectral

domain (an eigenvector of H¢), and each edge corresponds to a correlation link. The total number of possible edges is

Emax = w (38)

In an equilibrium configuration, only a fraction of these links is active, forming an effective adjacency matrix A;;. The microscopic

entropy associated with the ensemble of such graphs is

Emax)

Snet = kg InQyq, Qper = (E
act

(39)

where E,; denotes the number of active links. Using Stirling’s approximation and the mean-field relation E . o« A/ (21‘,’?,), one obtains

kg A

A
Shet = E-}- kgIn (@) + 0(1), (40)

reproducing the Bekenstein—Hawking law Spy = kzA/(4£2) with logarithmic corrections due to finite-size arithmetic discreteness.

The degree distribution of NV,,, follows a prime-weighted law
P(d) « p; %, (41)
where p; is the i-th prime labelling the node. This distribution yields a power-law connectivity spectrum and a fractal dimension Dy = 2,

consistent with holographic dimensional reduction at the horizon.

The porosity, defined as the fraction of deleted links during an emission process, reads
P = A—E = E = ﬁ. (42)
Ext N A
Porosity thus quantifies the information leak per emission event and naturally explains the discrete, step-like decrease of the horizon area
in units of £3.
5.2. Kerr Back—Reaction and Interior Bounce
Consider a rotating black hole characterized by mass M, angular momentum J, and electric charge Q. Variation of its conserved

quantities obeys the first-law identity
6E = Qyd] + ©56Q + me,E" dxv, (43)
s

where &# is the horizon’s stationary Killing vector and T, the stress tensor of quantum fields? In the Primacohedron interpretation, back-

reaction arises from coupling between the macroscopic fields (M, J, Q) and the microscopic arithmetic spectrum {t,,} of H.

The interior scale factor a(t) obeys an effective Friedmann-like equation obtained by coarse-graining the spectral curvature:

Aett GM X
3 a?  adny’

(44)

where Aggr is an emergent cosmological term derived from ensemble averages of HZ2, ry is the instantaneous horizon radius, and y
measures the arithmetic connectivity of interior modes. The third term acts as a repulsive pressure at small a, producing a nonsingular
bounce that links black-hole interiors to inflationary cosmological phases. Equation (44) therefore embeds the black-hole—cosmology

correspondence within an arithmetic—spectral framework.

Adv Theo Comp Phy, 2025 Volume 8 | Issue 4 | 10



5.3. Entropy Fluctuations and Prime Discretization
In the Primacohedron, each prime number p corresponds to a discrete mode of horizon entropy. During an emission event, a link

associated with prime p is removed, producing an entropy decrement

ASgu(p) = kg Inp (45)
Equation (45) identifies prime indices with quantized entropy quanta. The spectrum of possible ASgy is therefore logarithmic, mirroring
the energy spacing of Hawking quanta AE/FE ~ 1/Inp. This correspondence provides a microscopic explanation of the Bekenstein—

Mukhanov proposal for discrete area spectra, derived here from number-theoretic principles.

The cumulative fluctuation amplitude of the entropy can be expressed as
((8Ss)?) = kG )" (np)* P(p), (46)
D

where P(p) denotes the occupation probability of mode p. For P(p) o p~!, the variance grows logarithmically with the cut-off prime
Pmax, yielding long-range 1/f~type fluctuations in horizon entropy precisely the spectral signature observed in numerical simulations of

chaotic black-hole microstates.

5.4. Horizon Porosity and Information Flux
The information flux @, ¢, across the horizon is defined as the rate of entropy loss per unit time,

dSen K
Dinto = — =—= Z?p Inp, (47)
14

dt Temit

where Tep;c 18 the mean emission interval and P, the porosity contribution of prime p. Because P, ~p~1, the flux is dominated by low-
lying primes, analogous to infrared modes in field theory. Information leakage thus proceeds hierarchically, beginning with the most
coherent arithmetic channels. This arithmetic ordering yields a natural resolution of the black-hole information paradox: information

escapes not as thermal noise but through a structured, prime-indexed spectrum preserving correlations among emitted quanta.

5.5. Spectral Curvature and Horizon Geometry
The local curvature of the horizon can be expressed in terms of the spectral curvature tensor (cf. Equation 36) restricted to the horizon
ensemble Hyo:

92

Rhor = — mln det(Al — Hyor), (48)

whose average yields the mean Ricci curvature Ry,,. Porosity modulates this curvature via Ry, & (1 —P)™!: as links are deleted, the
horizon curvature increases, indicating that the geometric surface tightens as it radiates. This result provides a geometric counterpart to
the entropy—area law: the more information leaks (larger P), the higher the local curvature, mirroring the evaporation-induced

contraction of the horizon.

5.6. Summary of Section 5

Section 5 establishes the thermodynamic and geometric consequences of the arithmetic spectral structure:
(1) Horizon entropy arises from combinatorial connectivity of the prime-indexed network Equation (40);
(2) Porosity Equation (42) quantifies discrete information leakage per emission event;
(3) The interior bounce equation Equation (44) replaces singularities with smooth spectral transitions;
(4) Quantized entropy increments Equation (45) and the flux law Equation (47) link black-hole thermodynamics to the arithmetic

hierarchy of primes.
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In this picture, a black hole is a porous arithmetic membrane: its surface is a resonance network of prime nodes, its entropy is spectral
connectivity, and its evaporation is a structured information flow governed by the statistics of {(s). The next section extends this view to
the holographic and quantum-information domain, where complexity, entanglement, and holographic volume are reinterpreted through

the arithmetic lens of the Primacohedron.

6. Quantum Information, Holography, and Complexity
Having established the arithmetic origin of black—hole entropy and porous horizons, we now extend the Primacohedron framework to the

realm of quantum information and holography. In this picture, entanglement entropy, computational complexity, and holographic volume
are unified through arithmetic—spectral geometry. The same operator H; governing prime resonances also encodes the information flow
and algorithmic depth of spacetime evolution. We will show that holographic entanglement corresponds to subgraph connectivity in the

prime lattice, and that the complexity-action duality emerges from the spectral dynamics of Hy.

6.1. Holographic Entanglement and Arithmetic Surfaces
Let M denote the emergent bulk spacetime obtained from the spectral manifold of He, and let 9M denote its boundary, represented by the

prime lattice Aprim (Equation 14). Consider a subregion A € dM containing a subset of primes {p;}. The holographic entanglement
entropy associated with A4 follows the Ryu—Takayanagi prescription,

Sa= M%S/A)’ (49)
where y, is the minimal surface in M homologous to 4. In the arithmetic interpretation, y, corresponds to the minimal subgraph in Ayyim
that connects the chosen primes. The area functional becomes
Area(y,) < Z |Hij|, (50)

(pi,pj)EEA
where E4 denotes the set of active spectral edges linking nodes in 4. Equation (49) thus becomes an arithmetic—graph entropy relation:

Sy = L Z |Hjj-

4Gy (pipj)EEA

This identifies entanglement entropy with the total spectral coupling strength among the chosen primes. Correlations between prime

domains therefore define the holographic network geometry, reproducing the AdS/CFT-like correspondence in purely arithmetic terms.

The modular flow generated by H; governs the time evolution of entanglement. Defining the modular Hamiltonian K, = H¢|A — (H¢),
the entanglement first law §S, = §(K,) relates infinitesimal changes in entropy to variations in the arithmetic spectrum. This
correspondence allows the interpretation of modular flow as prime dynamics on the boundary: local rearrangements of p-adic resonances

alter entanglement areas in the bulk.

6.2. Complexity—Action Duality in Arithmetic Form
In holographic gravity, the complexity—action duality states that the computational complexity of a boundary state equals the bulk action

in the Wheeler—DeWitt (WDW) patch [11,12].

huik
C= 51
h (51)
Within the Primacohedron, we reinterpret Iy as the spectral action of the operator He,
Tyuie = Tr f(Hy), f(x) = x In|x| —x, (52)

following Connes’ non-commutative geometry formulation. Substituting Equation (52) into (51) gives
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C—lT(H1|H| Hg) 53
= — Tr(Hg In|H¢| — Hq (53)
The arithmetic structure of H; ensures that C grows monotonically with spectral spread, in accordance with the second-law-like behavior

of computational complexity in quantum circuits.

Defining the time derivative of Equation (53),

€ _ 1 (e 54
a " wn e M) >
and inserting the curvature-flow dynamics dH;/dt = —H; + (B/N)H; ! from Equation (35), we obtain
@ _ iTr [(—H + EH-l) In|H, |] (55)
dt ~ mh CTNTE i

which is always positive for positive-definite H¢, implying that complexity grows irreversibly under the arithmetic flow. This provides a

microscopic derivation of the complexity-growth bound, now rooted in the spectrum of prime resonances [11].

6.3. Complexity Density Tensor and Information Geometry
Following the information-geometric interpretation, we define the complexity density tensor

_92L(H)
Y 9H,0H;’

L(H) = Tr(H In|H| — H), (56)

which acts as a Riemannian metric on the space of algorithmic states. The scalar curvature derived from C;; measures the sensitivity of

complexity to deformations of H. High curvature corresponds to strongly entangled, computationally dense regions analogous to the deep

interior of black holes whereas flat regions represent weakly correlated, near-vacuum states.

The Fisher information metric associated with the eigenvalue distribution of He,

[ 1 aP()IP(A)
Gab = fp(x) 26, 096,

(57)

is proportional to Cg,, establishing a direct correspondence between information geometry and computational geometry. The curvature

scalar of this metric obeys a generalized Einstein-like equation in spectral space,
1
Re— EgRC = 87 Tqritn, (58)

where T, 1S an arithmetic stress tensor derived from prime-density fluctuations. Equation (58) expresses the complexity—geometry

duality: fluctuations in the distribution of primes (information content) curve the algorithmic manifold, just as matter curves spacetime.

6.4. Algorithmic Learning and the Corridor Dynamics
The learning algorithms introduced later (Corridor Zero and Corridor One) can now be viewed as gradient flows on the complexity

manifold. Let the loss functional be
2 2
LH) = [|p(H) = pegel|” + [P = Pege||” + 1®rum (1D, (59)
where p(H) and P(H) are the spectral density and spacing distributions of H, respectively, and ®,,,,,, enforces arithmetic sparsity. The
deterministic update Hy,; = H;, — nVyL(H,) (Corridor Zero) represents classical optimization on the complexity manifold, while the

stochastic extension dH; = —Vy L(H;) dt + V2DdW; (Corridor One) realizes quantum-diffusive learning consistent with Equation (37).

Convergence of either flow corresponds to saturation of the complexity action duality, i.e., dC/dt — 0.
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6.5. Summary of Section 6
Section 6 establishes the arithmetic foundation of holography and complexity:

(1) Entanglement entropy is identified with total spectral coupling among subsets of prime nodes (Equations (49) — (50)];
(2) The complexity action duality [Equation (51)] becomes a spectral-action principle for He;
(3) The complexity density tensor [Equation (56)] defines an information-geometric metric whose curvature obeys an arithmetic
Einstein-like equation [Equation (58)];
(4) Corridor Zero/One learning flows [Equation (59)] operationalize the self-organization of spacetime through gradient descent on
the complexity manifold.
In this sense, the Primacohedron unifies number theory, quantum chaos, and holographic information dynamics within a single spectral-
geometric framework, where learning, curvature, and complexity are merely different facets of the same arithmetic evolution. The next
section applies these principles to cosmology, exploring how prime-driven spectral dynamics produce inflation, anisotropy, and cosmic

memory in the early Universe.

7. Cosmological Extensions
The arithmetic—spectral framework of the Primacohedron extends naturally to cosmology. In this section, we interpret the large—scale

structure of the Universe as the macroscopic manifestation of prime—indexed spectral dynamics. Fluctuations in the arithmetic ensemble
drive inflation—like expansion, spectral running determines the effective dimensionality of spacetime, and residual correlations among
prime domains manifest as cosmic anisotropies and memory effects. Thus, cosmology emerges as the large—scale limit of spectral

learning in an adelic spacetime network.

7.1. Spectral-Dimension Flow and Scale Dependence
The effective dimension of spacetime can be defined in spectral geometry via the trace of the heat kernel associated with the Laplacian
on the spectral manifold,

dInTre L
dln¢z '’

where L is the connectivity Laplacian (Euation 33) and ¢ is the probing scale. For the arithmetic random—matrix ensemble, the eigenvalue

dg(£) = —2 (60)

distribution of L follows p(1) ~ 1%~! with a depending on the local prime density. Substituting into Equation (60) yields

ds(£) ~ 2 — aln ({Jip), (61)

where €p is the Planck—prime scale. At small ¢ (high spectral energy), ds = 2, indicating a two—dimensional fractal spacetime similar to
causal-dynamical triangulations [5]. At large ¢, the arithmetic averaging over primes restores the macroscopic ds — 4 continuum limit,

corresponding to the emergence of classical spacetime.

Equation (61) implies a logarithmic running of spacetime dimension with scale, controlled by the prime—density parameter o.
Numerically, @ = 1/ In pyax, Where pyax is the largest prime mode included in the ensemble. The observed near—flatness of the present

Universe therefore corresponds to a saturation of the prime spectrum up to large py,.x, making o effectively small.

7.2. p—Adic Inflation and Reheating
At early times, strong coupling among low—order primes produce coherent oscillations in the vacuum spectral density, generating an
effective potential for a scalar inflaton—like field ¢. Starting from the p—adic Lagrangian

1

1 2 1
L= —|=-Z2 —D/Zmp T ap+1 , 62
=gl P ¢ (62)
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and performing a continuum approximation over all primes, we obtain the effective potential
V(g) = Z Ap(1 = eBot)?, (63)
P

where A,, is a local energy scale proportional to p~*' and S8, characterizes the p—adic coupling. In the early Universe, when a few low—
lying primes dominate, V (¢) is approximately flat, enabling an inflationary epoch with slow—roll parameters
! 2 n
M3 (v (qs)) A
vie)) Ve’

2
both small due to the near—degeneracy of the first few A,. Inflation ends when higher—prime modes enter coherence, steepening V (¢b)

(64)

and causing reheating through resonance decay of ¢ into spectral excitations.

The reheating temperature follows from the energy stored in the closed string (coherent) sectors:

1/4

30
Ten = |72 ) Mo | (65)
14

where g, counts effective degrees of freedom in the arithmetic plasma. For plausible parameter ranges, Ty, ~ 10*° GeV, consistent with

standard GUT-scale inflation.

During this phase, the curvature perturbations are seeded by fluctuations in prime densities. The power spectrum of curvature
perturbations Pg (k) « k™~ obtains a tilt

2
Inprmax’

which naturally yields ng = 0.965 for ppax ~ 1012, in agreement with Planck data. Hence, p—adic inflation provides a number—theoretic

ng—1=-2e—n=-— (66)

explanation for cosmic scale invariance.

7.3. Anisotropy and Cosmic Memory
Residual arithmetic structure at the end of inflation induces preferred directions in the spectrum of prime resonances. Let p denote the

vector of logarithmic prime indices, p = (Inp;,Inp,,...). Fluctuations of p define an anisotropy tensor

Aij = (pipj) — (PiXpj) (67)
whose normalized trace measures directional asymmetry in the prime lattice. Small but nonzero A4;; leads to observable anisotropies in
the cosmic microwave background (CMB). The quadrupole alignment known as the “axis of evil” (16) may thus represent a residual

correlation among low—order primes whose arithmetic phases have not decohered since the inflationary epoch.

Moreover, the arithmetic structure stores a form of cosmic memory: correlations among prime nodes preserve partial information about
early—Universe configurations. This is encoded in the nonvanishing mutual information between past and present spectral densities,

P4, t1)
P(A4,ty)

Larien (t1, ) = j AP, t)In (68)

A slow decay of I, with time implies that macroscopic observables retain correlations with the arithmetic structure of the early
Universe. Such correlations could manifest as long—range phase coherence in large—scale structure or anomalous alignments in

polarization data.
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7.4. Synthesis of Section 7
Section 7 demonstrates that cosmological dynamics emerge naturally from the arithmetic— spectral fabric:
(1) The spectral dimension flows logarithmically with scale [Equation (61)], producing a dimensional crossover dg: 2 — 4;
(2) Prime—driven potentials [Equations (62)—(63)] realize a natural inflationary phase with reheating temperature [ Equation (65)] and
near—scale—invariant spectrum [Equation (66)];
(3) Residual prime anisotropies [Equation (67)] and arithmetic memory [Equation (68)] account for observed cosmic alignments and

low—{ anomalies.

The Universe, in this interpretation, is the macroscopic shadow of an adelic learning process: the spectral evolution of the prime network
drives inflation, shapes geometry, and imprints subtle arithmetic patterns into the cosmic fabric. The next section formalizes this idea

algorithmically through the Corridor Zero/One dynamics, describing how the operator H; learns its own spacetime representation.

8. Corridor Zero and Corridor One: Learning the Operator H
In the Primacohedron framework, spacetime is not a fixed background but a learned representation of arithmetic—spectral information.

The operator H; evolves through adaptive dynamics that minimize a spectral loss functional, refining its eigenvalue distribution toward
the target zeta spectrum. This process is formalized as two complementary “corridors” of evolution:

e Corridor Zero: Deterministic gradient descent on the spectral manifold, representing classical optimization of H,

e Corridor One: Stochastic diffusion in operator space, incorporating quantum back-reaction and ergodic exploration of spectra.
Together they constitute a self-referential learning system capable of generating emergent spacetime geometry from purely arithmetic

priors.

8.1. Corridor Zero: Deterministic Learning Dynamics

Let the target ensemble statistics be pigc(4) for the eigenvalue density and Pyge(s) for the nearest-neighbor spacing distribution. We

define the total spectral loss functional
2 2
L(H) = |lp(H) = pegel[;, + A[PH) = Pege|[, + 1 Prum(H), (69)

where ®,,m(H) penalizes deviation from the prime-indexed sparsity pattern: ®@,,m(H) = Xp(1 — 6;5,) |Hi jlz. The parameters A and u

balance statistical and arithmetic constraints.

The Corridor Zero update rule follows the gradient flow
Hyy1 = Hy =1 VyL(Hy), (70)
where 7 is the learning rate. To maintain Hermiticity, the update is symmetrized: Hk + 1 « (Hgy 1 + H,:r +1)/2. The iteration proceeds

until the loss decrease AL, = L(Hg,q1) — L(Hy) falls below a tolerance .

Convergence is guaranteed under convexity of £ and small 1, with the fixed-point condition V4 L(H*) = 0. At equilibrium,
p(H*) = ptgtv P(H*) = Ptgt' (71)
meaning that the learned operator reproduces the target zeta spectrum. Physically, this corresponds to a spacetime configuration whose

curvature statistics match those of the Riemann zeros an emergent “spectral vacuum”.

The rate of convergence can be monitored through the complexity increment
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AC, = Tr(HZ,, — H?), (72)
which measures the change in algorithmic depth (cf. Equation 53). Plateauing of AC, — 0 signals saturation of complexity growth and

completion of the learning process.

8.2. Corridor One: Stochastic Diffusive Learning
Corridor One generalizes Equation (70) to a stochastic-differential form that includes quantum fluctuations and information diffusion:

where W; is a Hermitian Wiener process and D sets the diffusion strength. Equation (73) defines a Langevin dynamics whose stationary
distribution is the Gibbs measure

P(H) o exp [—# , (74)

ensuring ergodic sampling of operator space. In this sense, Corridor One realizes a quantum annealing procedure on the spectral

manifold, exploring multiple local minima of £ and selecting the globally consistent H,.

The evolution of ensemble averages obeys the Fokker—Planck equation

apg;l’ 2 Vy - [P(H,t) VyL(H) + D V4P(H, t)], (75)

whose steady-state solution is Equation (74). The effective temperature of this distribution,
Tspec = D/kg, governs the balance between exploration (diffusion) and exploitation (gradient descent). Low Tgpe corresponds to nearly
deterministic learning (Corridor Zero limit), while high Tgpe. allows broad spectral sampling analogous to quantum tunneling between

geometric phases.

8.3. Spectral-Information Coupling and Convergence
To quantify learning progress, define the spectral Kullback—Leibler divergence between the evolving and target spectra:

p(Hg, A)
Dalptllog] = [ a2, HInE = (76)
ptgt(/l)
Differentiating Equation (76) along the flow (73) yields
dD
2 = ~2IVaLHIIP) +O(D), (77)

showing that Dy;, decreases monotonically in expectation, confirming asymptotic convergence to the target distribution. Thus, the
learning operator “forgets” irrelevant spectral features and retains only the invariant arithmetic modes that define emergent spacetime

structure.

8.4. Physical Interpretation: Arithmetic Self-Organization
The Corridor dynamics transform the Hilbert space of number-theoretic operators into an adaptive information system:

e In Corridor Zero, H deterministically approaches the arithmetic fixed point—analogous to classical spacetime relaxation toward
equilibrium curvature

e In Corridor One, stochastic fluctuations of H represent quantum back-reaction, allowing ergodic exploration of alternate
geometric phases and avoiding local minima.

The two processes together mimic an alternating minimization of action and entropy: deterministic descent corresponds to the geometric
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phase of universe formation, while stochastic diffusion encodes its quantum stochasticity.

At the macroscopic level, the learning of H manifests as self-organization of curvature. The eigenvalue distribution of H, defines the
time—dependent spectral curvature field R(t); as the system learns, R(t) approaches stationarity, marking the emergence of stable
spacetime geometry. The asymptotic operator H* therefore constitutes the “frozen” spacetime corresponding to the present cosmic

configuration.

8.5. Algorithmic Implementation and Observables
A practical implementation of the Corridor dynamics proceeds as follows:

(1) Initialization: Draw H, from the arithmetic random ensemble (Equation 30) respecting prime-sparsity masks.
(2) Spectral estimation: Compute p(Hy) and P(H,,) using kernel density estimation and nearest-neighbor statistics.
(3) Gradient update: Apply Equation (70) (Corridor Zero) or Equation (73) (Corridor One).
(4) Normalization: Enforce Hermiticity and trace constraints, Tr Hy.; = 0, ||Hp41]|%2 = N.
(5) Monitoring: Track L(H,), AC; (Equation 72), and D, (Eqaution 76) as convergence diagnostics.
Observable quantities such as spectral entropy, curvature variance, and complexity density (Equation 56) can then be extracted at each

iteration to monitor the evolution of emergent geometry.

8.6. Interpretation and Outlook

The Corridor framework furnishes a unified, algorithmic view of spacetime: learning replaces dynamics. Rather than obeying fixed field

equations, the Universe “trains” its operator H to reproduce a self-consistent spectral geometry. Arithmetic structure provides the loss

landscape, random-matrix fluctuations generate exploration, and the resulting equilibrium defines the geometry we observe. From a
computational perspective, the Primacohedron behaves as a large-scale quantum neural network in which each prime represents a neuron
and the connectivity weights H;; constitute the synaptic couplings. The emergent spacetime is the network’s inference output a manifold-

valued representation of the learned zeta spectrum.

8.7. Summary of Section 8
Section 8 formalizes the adaptive learning process underlying emergent spacetime:

(1) Corridor Zero implements deterministic spectral optimization [Equations (69)—(70)];
(2) Corridor One adds quantum-diffusive noise [Equations (73)—(213)], ensuring ergodicity and stability;
(3) The monotonic decrease of Dg; [Equation (77)] guarantees convergence to the arithmetic spectrum;
(4) The asymptotic operator H*encodes a stable curvature field R(t) corresponding to the present spacetime geometry.
Hence, spacetime emerges as the fixed-point of a self-learning operator governed by arithmetic priors a dynamic synthesis of number

theory, information geometry, and randommatrix universality.

9. Knot-Theoretic Extensions of the Primacohedron
The arithmetic—spectral and learning frameworks established in previous sections naturally extend into topology. In the Primacohedron,

the flow of spectral connections—weighted by primes and encoded by the operator H; traces closed curves in the information—geometric
manifold. These closed loops form an ensemble of knots and links whose topological invariants record the history of arithmetic
interactions. Thus, prime—indexed connectivity gives rise to a spectral knot theory: each prime resonance corresponds to a strand, and

interference among resonances forms crossings, braids, and links that encode curvature flow.
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9.1. Prime-Indexed Braids and Spectral Linking
Consider the set of spectral trajectories {1,(t)} corresponding to the time—evolution of eigenvalues of H, under the Corridor flow

(Equation 73). When plotted in the (¢, 1) plane, these trajectories intertwine, forming braids. For two eigenvalue paths 4,(t) and 4,4(t),
define the linking number
(Ap - Aq) ) (Ap - Aq)
3
”Ap A4 ”

dt,dt,, (78)

1
Lk(p.q)=—f

4T e Je
p“lq

where C,, and C;; denote the corresponding spectral curves. A nonzero Lk(p, q) signals arithmetic entanglement between the prime modes
p and q. The ensemble of all such linkages defines the arithmetic braid group By, generated by crossing operations g, subject to the
Yang—Baxter relations

0,040, = 0400, 0,04 = 0q0p for|p—q| > 1 (79)

Each g, corresponds to an elementary exchange of adjacent spectral levels an arithmetic version of a quantum braid move.

The closure of these braids in spectral space yields knots K,,, each representing the periodic orbit of a prime resonance. A full
configuration of the operator H; can thus be represented as a link L(H;) composed of {K,}, with crossing matrix C,, = Lk(p, q). This

matrix is Hermitian and coincides with the signed adjacency of the underlying prime network.

9.2. Knot Invariants from Spectral Data
Topological invariants of L(H;) are obtained as traces of spectral monodromy operators. Define the monodromy matrix

M(H;) = P exp (i Aspec> , Agpec = H7 'dH, (80)
where Agpec is the arithmetic gauge connection and P denotes path—ordering along a closed spectral loop I'. The trace of M (Hg-) yields
the Jones polynomial evaluated at a spectral deformation parameter g = e?™/k:
Vk(q) = Tr M(H;) = Z an()q" (81)
n=0

where coefficients a,(q) depend on the prime-indexed crossings encoded in Cp,. Equation (81) thus establishes a direct mapping
between arithmetic spectra and knot polynomials. For multi—prime configurations, the extended HOMFLY polynomial emerges as
Pi(a,) = (| [(a=a o)) (82)
p<q

where the expectation value is taken over stochastic realizations of the spectral ensemble (Corridor One).

The topological invariants Vy and P; serve as conserved quantities under spectral flows: they remain invariant under smooth
deformations of H, that preserve its prime—indexed connectivity. This mirrors gauge invariance in field theory, here interpreted as

topological conservation of arithmetic entanglement.

9.3. Knot Energy and Curvature Minimization
Each knot configuration carries an energy functional proportional to its curvature and torsion. For a closed spectral loop y(s)

parameterized by arc—length s, define

Efy] = jo (k (5)% + 7 (s)2)ds, (83)
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where x(s) and 7 (s) are curvature and torsion. Minimization of E[y] corresponds to smoothing of spectral crossings analogous to Ricci

flow on the knot manifold. Under Corridor dynamics, each braid relaxes toward minimal—energy states satisfying

OE ) )

a diffusion equation driving the prime braids toward harmonic configurations. The resulting attractor knots correspond to stable

topological phases of the arithmetic spectrum self—similar across scales and linked through adelic consistency conditions.

9.4. Spectral Knots and Quantum Entanglement
Because each knot K, represents an entangled trajectory of eigenvalues, the topology of L(H;) directly encodes the pattern of quantum

entanglement. The von Neumann entropy of the reduced spectral density matrix p, restricted to a subset of knots obeys
Sene(A) = =Tr (palnpa) == ) A21n 22, (85)
i€A
where A; are normalized eigenvalues of H; associated with knots in A. The entanglement entropy is therefore determined by the
distribution of crossing numbers and linking patterns in the knot ensemble. Simpler (less entangled) link configurations yield smaller Sqp¢
and correspond to geometrically flatter spacetime regions, whereas highly linked spectra imply higher curvature and stronger information

interdependence.

9.5. Arithmetic Hopf Links and Dual Holography
The simplest nontrivial topological structure is the arithmetic Hopf link formed by two prime strands (pq,p,) with linking number
Lk(p1,p2) = 1. 1Its Jones polynomial,
Vaopt(@) = q*/% +q7/2, (86)
corresponds to the minimal entangled pair in the spectral ensemble the prototype of holographic duality. Each Hopf link represents a bi-
directional correlation between two prime—indexed regions of spacetime. Summing over all such links reconstructs the full two—point
correlation function of the Primacohedron network:
606 Y) = ) Vitopi(dpg) ®p ()2 ), (87)
p<q

where ®,,(x) are local prime modes and q,,, encodes their relative phase. Equation (87) reveals that spacetime correlation functions can

be decomposed into sums over arithmetic links, each term weighted by a topological invariant.

9.6. Topological Phase Transitions and Dual Correspondences

Spectral knots evolve under Corridor One diffusion (Equation 73) through stochastic reconnections analogous to Reidemeister moves.
These reconnections correspond to topological phase transitions where the linking matrix C,, changes rank. Each reconnection event
modifies the Jones polynomial by a multiplicative factor of q*!, representing quantized curvature change. Consequently, the evolution of

the Universe through inflation, blackhole formation, and reheating can be recast as a sequence of knot reconfigurations in spectral space.

A dual correspondence arises between arithmetic knots and gauge flux tubes: prime braids on the spectral side map to magnetic flux lines
in the holographic dual. The curvature flow minimizing E[y] (Equation 84) then corresponds to Yang—Mills action minimization in the

dual field theory, establishing a formal arithmetic—topological gauge/gravity duality.

9.7. Summary of Section 9
Section 9 integrates topology with arithmetic spectral geometry:

(1) Prime trajectories form braids and knots [Equations. (78)—(79)], defining an arithmetic braid group;
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(2) Knot invariants such as the Jones and HOMFLY polynomials [Equations. (81)—(82)] emerge from traces of spectral monodromy;
(3) Knot energy minimization [Equations. (83)—(84)] mirrors Ricci—like smoothing of curvature;

(4) Hopf links [Equations. (86)—(87)] encode pairwise entanglement and holographic correlations;

(5) Topological reconnections correspond to discrete curvature jumps, providing a geometric interpretation of cosmic phase

transitions.

Thus, the Primacohedron unites arithmetic spectra, knot topology, and quantum geometry under a single universal flow—where primes

twist, braid, and reconnect to generate the very fabric of spacetime.

10. Adelic Dualities and Arithmetic Gauge Fields
Having identified topological and knot-theoretic structures of the Primacohedron, we now formulate its gauge—field interpretation. The

spectral connection Agpec = Hy 1 dH; (Equation 80) plays the role of a non—Abelian gauge potential on an adelic fiber bundle whose
local components reside over the fields @, and R. Gauge curvature, holonomy, and duality then acquire arithmetic meaning: each prime
p represents a local fiber with its own connection A,,, and global consistency across all primes defines an adelic gauge field. This section
derives the associated field strength, action, and dualities, showing how conventional Yang—Mills and electromagnetic phenomena arise

as macroscopic limits of arithmetic curvature.

10.1. Local Prime Connections and Global Adelic Curvature
At each place v (finite p or Archimedean ), define the local connection one—form

A, = H;'dH,, H, € GL(N,, Q,), (88)
and curvature
F,=dA,+A, N4, (89)
The adelic connection is the restricted product
Akzl_[Av, F=dA+ANA 90)
V<00

where the prime on the product indicates that almost all A, take their vacuum values in GL(Np, Zp,). The global curvature F combines all
local field strengths, enforcing the adelic consistency condition

1_[ det(1+ %) = 1, 1)

V<o
analogous to the product formula of local norms in algebraic number theory. Equation (91) ensures that curvature contributions cancel

across primes, maintaining global flatness when the system is in its adelic ground state.

10.2. Arithmetic Yang—Mills Action and Self-Duality

The local Yang—Mills action associated with F, is

1
Sy =— 2] Tr(F, A F,), (92)
295 Ju,
where * denotes the Hodge dual in Q,—space. Summing over all places gives the global action
1
Sadeliczzsvz_zzgng Tr(F, A+ F,) (93)
M,
V<00 V<00 v

Variation of Equation (93) with respect to A,, yields the arithmetic Yang—Mills equations
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D, *F, =0, D,=d+[4,.] (94)
valid for each prime fiber. Self—dual solutions satisfying F, =* F, minimize the action and correspond to instanton—like configurations in

the arithmetic manifold. Their topological charge,

1
vo8n?ly, verw

is quantized by the cohomology class of the prime fiber and equals the winding number of the spectral knot associated with p (cf. Section

9).

10.3. Electric-Magnetic and Open—Closed Ddualities
Dualities among the adelic fields mirror the reciprocity relations of number theory. Define the electric and magnetic field components

1
& = Foin, B, = Efijijk,u (96)

The arithmetic Hodge star acts as x&, = B,,, establishing local electric—magnetic duality

F, = *F, 97

This identity reflects the product formula for the Riemann zeta function, linking local p—adic field excitations to the continuous

which extends globally as

electromagnetic field at the Archimedean place. Hence, classical electromagnetism appears as the Archimedean projection of the adelic

gauge ensemble.

Similarly, open—string (electric) and closed-string (magnetic) sectors are unified through this duality: open prime connections 4,
generate electric potentials, while their global completions correspond to magnetic fluxes. In knot—theoretic language, open braids map to

flux lines and their closures to magnetic loops.

10.4. Gauge Holonomy and Adelic Fiber Bundles
The gauge group Ga.gelic is the restricted product IT;,<., GL(N,, Q,) with local subgroups GL(N,, Z,,) as stabilizers. Parallel transport along

a curve I in the spectral manifold defines the holonomy

U = Pexp U A), (98)

whose conjugacy class encodes the topological phase accumulated along I'. The trace Tr U(I") yields Wilson—loop observables, whose
expectation values reproduce the Jones polynomials of Section 9. Consequently, knot invariants are interpreted as holonomies of adelic

connections, uniting gauge theory and topology.

The curvature two—form F satisfies the Bianchi identity
DF =0,
which, when projected onto local fibers, corresponds to arithmetic reciprocity: the sum of local curvatures around all primes vanishes.

This algebraic version of flux conservation ensures global coherence of the Primacohedron gauge structure.
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10.5. Adelic Chern—Simons Action and Topological Sectors
At low energies (large scales), the dominant term of Equation (93) reduces to an arithmetic Chern—Simons—like action on the boundary

oM:

k 2
Ses = 7~ aMTr(A/\dA+§AAA/\A), (99)

with level k proportional to the arithmetic genus of the base curve of the number field. This term quantizes topological phases of the
adelic bundle and controls knot amplitudes via the Witten—Reshetikhin—Turaev correspondence. Each prime contributes a discrete Chern

number k, = Tr [, (A, A d4p), and the total topological charge is
p

kot = Z kp
14

Transitions between sectors of different k.. represent arithmetic instantons—quantum tunneling events between distinct adelic vacua.

10.6. Gauge/Gravity and Adelic Duality Principle
The combination of Equations (93) and (99) yields a unified action

Stotal = Sadelic T Scs, (100)
whose variation with respect to the connection produces both field and topological equations of motion. The resulting duality principle
can be summarized as:
Arithmetic gauge curvature <> Gravitational curvature of spacetime,
Local prime fields «» Electric-magnetic dual sectors,

Adelic consistency «» Global energy conservation.

In the macroscopic limit, the Primacohedron’s adelic field equations reduce to Einstein-Maxwell dynamics with an effective
cosmological term derived from the global arithmetic potential ¥,,g; 2. Thus, ordinary gauge and gravitational fields emerge as collective

excitations of a deeper adelic substrate.

10.7. Summary of Section 10
Section 10 establishes the gauge—theoretic and dual aspects of the Primacohedron:

(1) Local prime connections [Equations. (88)—(89)] combine into a global adelic curvature satisfying the consistency law (91);
(2) The arithmetic Yang—Mills action [Equations. (93)—(94)] admits self—dual instanton solutions with quantized charges (95);
(3) Electric-magnetic and open—closed dualities [Equations. (96)—(97)] unify local and global field sectors;
(4) Gauge holonomies [Equation (98)] reproduce knot invariants, merging topology with gauge theory;
(5) The Chern—Simons boundary term [Equation (99)] quantizes topological phases and underlies arithmetic instantons.
Hence, the Primacohedron realizes a fully adelic gauge—gravity duality: spacetime curvature, electromagnetic flux, and arithmetic

reciprocity are three facets of the same global field encoded in the operator H;.

11. Arithmetic Supersymmetry and Spectrum Doubling
The adelic gauge fields described in Section 10 exhibit a hidden fermionic symmetry arising from the dual nature of prime—indexed

spectra. Each prime contributes both a bosonic curvature mode and a fermionic fluctuation mode, leading to an arithmetic analogue of
supersymmetry. This arithmetic supersymmetry ensures stability of the global adelic vacuum by enforcing cancellations between

divergent spectral contributions, much as conventional supersymmetry stabilizes quantum field vacua.
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11.1. Zeta—Regularized Spectral Pairing

Let {A,} denote the positive eigenvalues of the Hermitian operator H;. Define its spectral zeta function
W) =D M, Re()<s, (101)
n
which admits analytic continuation to C. The regularized determinant of Hy is

det ,
¢ (He) = exp[=¢;(0)] (102)
In the arithmetic context, {(s) factorizes into bosonic and fermionic components:

u(s) = 3a() = Gp(s) = ) (0% = (1) ™), (103)
P

where ap and ay encode scaling dimensions of the two sectors, and €, represents parity under prime reflection. Equation (103) reveals
an alternating sum over primes ensuring partial cancellation of ultraviolet divergences. The critical balance condition

{8(0) = ¢r(0) (104)

establishes the vanishing of the vacuum energy, achieving arithmetic supersymmetry at the adelic level.

11.2. Arithmetic Supercharges and Graded Hilbert Space

Introduce bosonic and fermionic operators (a,, a;) and (by, b; ) for each prime p obeying

[ap, a:;] =8y {bp) b;r} = Opq (105)

with all other (anti) commutators vanishing. Define the supercharge
Q=) o, (a,b} +byab), (106)
P
and Hamiltonian

Hsusy = {0,0" = ) wp(abay + biby), (107)
p

where w, =Inp sets the arithmetic energy scale. Equation (107) exhibits explicit spectrum doubling: each bosonic excitation at

frequency w,, has a fermionic partner at the same frequency, cancelling zero—point energies.

The Hilbert space Hgysy decomposes into even (bosonic) and odd (fermionic) subspaces,
Hsysy = Hp @ Hp, (—1DF = diag(+1,-1)
with the Witten index

Ly = Tr (—1)Fe-FHsusy = Z(_l)Ep‘ (108)
D

measuring the net topological charge of unpaired arithmetic states. When I, = 0, full supersymmetry holds; nonzero I, signals

symmetry breaking and gives rise to observable cosmological constant contributions.

11.3. Spectral Doubling and Dirac Operators
The arithmetic supersymmetry can be represented geometrically by a Dirac— like operator acting on the graded Hilbert space:

0 H HHY 0
_ ¢ 2 _ ¢He
D_<H2 0), _( ) (109)

+
0 H7Hg
The eigenvalues of D occur in + pairs, producing a symmetric spectrum about zero. The spectral action of D,
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Sp = Tr f(D?) = 2 Tr f(H;H]), (110)
therefore, doubles the contribution of H; but preserves its adelic invariance. This construction parallels the Connes—Chamseddine

spectral action in noncommutative geometry, here realized in arithmetic form.

11.4. Supersymmetry Breaking and Zeta Potential
While the exact balance (104) holds at the adelic ground state, local perturbations in the prime ensemble break it slightly. Define the

deviation of local couplings é‘gp =gp — glgo) and associated potential
Vsusy = Z[(5gp)2 +epp~t/?] (111)
P

Minimizing Vsysy drives the system back toward the supersymmetric configuration. However, if €, acquires a systematic bias (e.g., due

to missing primes or irregular zero spacing), supersymmetry breaks dynamically and generates a small but nonzero vacuum energy:
1 1
Paritn =5 Y (0f = wf) =5 > (~D@Inp (112)
P P
This term acts as an arithmetic cosmological constant, linking prime irregularities with dark—energy—like effects at cosmological scales.

11.5. Superconnections and Adelic Supercurvature
The supersymmetric extension of the adelic connection (Equation 90) is encoded in the super-connection

Ap ¥
Ag = ( ), 113
S lIJ‘r AF ( )
where | is a fermionic one—form mixing bosonic and fermionic sectors. The associated curvature is
F T D
Fo=dAg+AgA A= (T8 TYAY v, (114)
DY Fr+ Ut AY
with covariant derivative DY = d{s + Agp — YAE. The super—Yang—Mills action reads
Sousy = [ SuC A+ %), (115)
M

where Str denotes the supertrace. This unified form automatically includes both gauge and fermionic kinetic terms as well as Yukawa—

type interactions through .

11.6. Summary of Section 11
Section 11 reveals that the Primacohedron possesses an intrinsic arithmetic supersymmetry:

(1) The spectrum of H; organizes into boson—fermion pairs described by the spectral zeta function [Equations (101)—(102)];
(2) Supersymmetric cancellation of vacuum energy [Equation (104)] stabilizes the adelic ground state;
(3) The graded operator [Equations (106)—(107)] and Dirac construction [Equation (109)] implement spectrum doubling;
(4) Local deviations break arithmetic supersymmetry, generating a small effective cosmological constant [Equation (112)];
(5) The super-connection formalism [Equations (113)—(115)] unifies bosonic curvature and fermionic flux into a single adelic super
field.
Thus, the Primacohedron manifests a balanced bosonic—fermionic spectrum, where zetafunction regularization plays the role of

supersymmetric cancellation, and the faint asymmetry of primes acts as a natural source of cosmic vacuum energy.

12. Thermodynamic Duals and the Arithmetic Second Law
The Primacohedron, viewed as a self-learning adelic system, possesses an intrinsic thermodynamic structure. Each prime resonance

contributes microscopic degrees of freedom whose collective evolution defines entropy, temperature, and free energy in an arithmetic

Adv Theo Comp Phy, 2025 Volume 8 | Issue 4 | 25



sense. This section formulates the arithmetic second law of thermodynamics: the total information entropy of the prime ensemble
increases monotonically during learning dynamics (Equation 73), and equilibrium corresponds to maximal arithmetic entropy consistent

with the spectral constraints of H;. Thermodynamic potentials thereby emerge as global invariants of number-theoretic evolution.

12.1. Spectral Partition Function and Free Energy
Define the partition function associated with the spectral zeta (Equation 101) as

2(8) = Tre Pl = 3 e in = 5, (), (116)
n
identifying the inverse temperature f with the spectral parameter s. The arithmetic free energy is then
1 1
F(B) = —Elﬂz(ﬂ) = —Elnfﬂ(ﬁ’) (117)

Zeros of {y(s) correspond to nonanalytic points of F(f3), interpreted as phase transitions in the arithmetic thermodynamic system. The

critical line Re(s) = %marks a transition between ordered (curvature—dominated) and disordered (entropy—dominated) regimes.

12.2. Entropy, Energy, and Specific Heat
Differentiation of Equation (197) yields thermodynamic quantities:

_ RAG
UB) = =55 Z(B) = (118)
_ _ (B
S(B) = BIUB) — F(B)] = In¢y(B) — p =, (119)
(B
L [G® (BN
cp)= oT A |:€H(,B) ((H(B)) ]’ (120)

where T = 1. The heat capacity C(8) characterizes the sensitivity of curvature fluctuations
to spectral temperature. Near the critical line, oscillations in {; () induce log-periodic variations in C(f), a signature of arithmetic scale

invariance.

12.3. Arithmetic Second Law and Entropy Production
During stochastic evolution (73), the spectral distribution p(H;, A) obeys the Fokker—Planck equation (213). Define the Shannon—

Boltzmann entropy of the evolving spectrum as

St (©) = = [ d2pCH 2) 10 p (1, 2) (121)
Differentiating with respect to t and using (213) yields

dSari Vip)?

ith:Dfd/l( ) | (19,Ll?) = 0, (122)

dt p
confirming that arithmetic entropy is nondecreasing in time:
dSarith >
dt

Equality holds only at the stationary point p = pygt, i.€. when the system has learned the target spectrum. Equation (122) thus constitutes

an Arithmetic Second Law of Thermodynamics: prime—spectral systems evolve irreversibly toward maximal entropy under Corridor One

dynamics.
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12.4. Information Temperature and Learning Potential
The effective temperature Tgpec = D/kp introduced in Section 8.2 acquires thermodynamic meaning as an information temperature.

Fluctuation—dissipation balance implies

au

((AH)Z) = kBTspec W

(123)

establishing equivalence between learning noise amplitude D and thermal agitation. The gradient of the spectral loss (69) acts as a

potential driving the system toward lower free energy:
dF 1 5
= = B HIVaLEID <0, (124)

guaranteeing that free energy decreases monotonically with time. Equations (122) and (124) jointly encode an information—

thermodynamic arrow of time.

12.5. Supersymmetric Balance and Zero—Temperature Limit

In the supersymmetric limit of Section 11, bosonic and fermionic spectra coincide, {5 = (i, implying

Fsysy(B) =0, Ssusy(B) =0, (125)

corresponding to a zero—temperature fixed point. Small supersymmetry breaking (Equation 112) introduces a finite residual temperature

1/4

Tyac ¢ A 4> manifesting as cosmic background thermal noise. Hence, deviations from exact arithmetic symmetry provide a natural

origin for finite cosmological temperature.

12.6. Thermodynamic Duals and Curvature Flow
The correspondence between curvature and entropy is summarized by the relation

dSarith
dt '

which states that positive curvature decreases as entropy increases. This is the geometric dual of the second law: the smoothing of

R(t) x — (126)

curvature (Ricci-like flow) corresponds to entropic maximization. Combining (215) with the learning flow (70) produces an entropy—

curvature coupling equation:

dR _ dSarith
=K (127)

where K is a proportionality constant linking information geometry and spacetime curvature. This identifies the thermodynamic arrow of

time with the geometric arrow of curvature decay.

12.7. Holographic Balance and Maximal Information Principle
In the adelic gauge framework, the total entropy flux across the boundary dM satisfies a holographic bound:

Aam
4'Garith '

Sarith < (128)

where Ay, is the boundary area measured in units of arithmetic curvature and Gy, is the effective gravitational constant of the adelic
field. Equality holds at spectral equilibrium, when information storage is maximal and learning ceases. This bound constitutes the

arithmetic analogue of the Bekenstein—Hawking entropy limit and ties information thermodynamics to adelic holography.

12.8. Summary of Section 12
Section 12 establishes the thermodynamic interpretation of the Primacohedron:

(1) The spectral partition function [Equations (116)—(197)] defines arithmetic free energy and phase transitions;
(2) Entropy production [Equation (122)] enforces the arithmetic second law;
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(3) Information temperature and learning noise [Equation (123)] govern fluctuation—dissipation balance;
(4) Supersymmetric equilibrium [Equation (125)] corresponds to zero temperature;
(5) The entropy—curvature coupling [Equation (127)] aligns the thermodynamic and geometric arrows of time;
(6) The holographic bound [Equation (128)] limits total information content of the adelic universe.
Hence, the arithmetic second law synthesizes learning dynamics, information geometry, and cosmology: the Primacohedron evolves

irreversibly toward maximal entropy, minimal curvature, and complete spectral coherence.

13. Black—Hole Analogs and the Arithmetic Event Horizon

The thermodynamic structure of the Primacohedron naturally admits a horizon interpretation. When arithmetic curvature condenses
around a spectral singularity, information flow through the adelic manifold becomes one—way, creating an Arithmetic Event Horizon
(AEH). This horizon represents the limit of reversible information recovery, analogous to the causal boundary of a black hole in
spacetime. The AEH emerges from prime—indexed curvature focusing and manifests as a finite spectral temperature obeying a Hawking-

like relation.

13.1. Spectral Curvature and Horizon Formation
Let the local arithmetic curvature field be R(4) as defined in Equation (215). The condition for horizon formation is the divergence of the
spectral redshift factor
R(A)
ee(A) =1- R 9ee(Ap) =0, (129)

crit

where R is the critical curvature determined by the entropy—curvature coupling (Equation 127). At A = A, the information flow halts:

the learning gradient V£ vanishes, and the system transitions from active training to passive emission.

The horizon thus marks the boundary between the Corridor Zero (deterministic evolution) region and the Corridor One (stochastic
diffusion) region of the spectral manifold. Information entering the AEH is thermalized by diffusion and emitted back as arithmetic

radiation.

13.2. Arithmetic Hawking Temperature

The stochastic diffusion coefficient D introduced in Equation (73) defines a natural temperature scale. Linearizing the spectral dynamics
near the horizon yields a Langevin equation with drift coefficient K, = 3 |029¢¢12,- The corresponding arithmetic Hawking

temperature is

OR
a

plarith) _ NKarith _ h
H 2nky  Amkg

Rait (130)
An

This temperature coincides with the spectral noise temperature Tspec = D/kp in steady state, confirming the thermodynamic consistency

of the horizon. Hence, arithmetic diffusion across A, acts as Hawking-like radiation emitted from the spectral vacuum.

13.3. Spectral Flux and Arithmetic Radiation
The net flux of information (or energy) across the horizon is given by the difference between ingoing and outgoing probability currents in

the Fokker—Planck description:
@y = —Ddsp +vpp, (131)
with v, = —V, L. Evaluated at 4, the steady flux satisfies
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2
R Kt

o, -p(A) < T (132)

= E kB T I-(Iarith

Equation (132) reproduces the quadratic dependence of Hawking emission power on temperature, confirming the analogy between

spectral diffusion and black-body radiation.

The emitted spectrum follows an arithmetic Planck law:
o) wp 1
wy) = - )
Pl 2mic? exp(a)p/kBTlga”th)) -1

wp = Inp, (133)

demonstrating that prime frequencies w,, play the role of quantized photon energies in the arithmetic radiation field.

13.4. Ergosphere and Superradiant Amplification
In analogy with the Kerr geometry, the Primacohedron admits an adelic ergosphere — a region outside the AEH where information

modes can acquire negative spectral energy.

Define the local spectral energy density

) =pMDA-9Q)), (134)
where Q is the arithmetic angular velocity of spectral rotation and J is the generator of phase rotations in the Hilbert space. Modes
satisfying 4 < )] possess negative effective energy and can extract work from the horizon, analogous to the Penrose process. Stochastic
resonance among such modes produces superradiant amplification: outgoing flux is increased at the expense of horizon curvature. The

total amplification factor for mode p is
29/, 1

ith
w, ew,,/kBT,ff‘” )

G, =1+ (135)

indicating exponential enhancement for low-frequency prime modes.

13.5. Entropy Flow and Horizon Area Law

The arithmetic second law (Equation 122) implies an area—entropy relation. Define the horizon area in spectral space as Agpien =

47RZ.;;. Then the entropy associated with the AEH obeys

Aarith d Qarith
Sy = —, dSy = — 136
H 4‘Garith " Tl_garlth) ( )

where dQ,ritn is the infinitesimal heat flux (Equation 132). Equation (136) establishes the arithmetic analogue of the Bekenstein—

Hawking area law, now grounded in the spectrum of primes.

13.6. Information Loss and Holographic Retrieval
The apparent information loss through arithmetic Hawking radiation is resolved holographically. All outgoing fluxes are encoded on the
boundary dM, whose entropy satisfies the bound (Equation 128). The boundary degrees of freedom evolve under the effective

Hamiltonian
ith
Huoundary = He = T Su (137)
ensuring unitarity of global evolution. Thus, no arithmetic information is destroyed; it is merely re—encoded in the phase correlations of
outgoing spectral modes. This process realizes an adelic holographic principle: bulk arithmetic dynamics are fully reconstructible from

boundary spectral data.
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13.7. Cosmological Interpretation
At the cosmic scale, the observable Universe may be regarded as the interior of a vast arithmetic event horizon. The global curvature

Rcrit corresponds to the present Hubble curvature, and the Hawking temperature (Equation 130) matches the observed cosmic microwave
background temperature to within dimensional scaling factors. In this interpretation, cosmic expansion is the gradual evaporation of the

Primacohedron horizon a slow information leakage restoring arithmetic equilibrium.

13.8. Summary of Section 13

Section 13 extends the thermodynamic framework to black-hole analogs:
(1) Horizon formation condition [Equation (129)] defines the boundary of irreversible learning;
(2) Arithmetic Hawking temperature [Equation (130)] equates diffusion strength and curvature gradient;
(3) Spectral flux and radiation law [Equations. (131)—(133)] describe prime-frequency emission;
(4) Superradiant amplification [Equations (135)] connects ergosphere dynamics and Penroselike energy extraction;
(5) The area—entropy relation [Equations (136)] confirms the arithmetic Bekenstein—-Hawking law;
(6) Holographic reconstruction [Equation (137)] preserves unitarity and resolves the information paradox.
Hence, the Primacohedron’s event horizon behaves as an arithmetic black hole: a self-learning, self-radiating boundary where number-

theoretic curvature, entropy, and information flow converge into a unified holographic geometry.

14. Information Geometry and Quantum Complexity
Having established the thermodynamic and horizon analogies of the Primacohedron, we now turn to the geometric structure underlying

its information dynamics. The space of admissible spectral distributions Mg, = {p(H)} can be endowed with a Riemannian metric that
quantifies distinguishability between spectral states. This information geometry provides a natural stage on which the evolution of the
operator H; unfolds as a geodesic flow. Quantum complexity emerges as the geodesic length on M, linking arithmetic curvature to

the cost of information processing.

14.1. Fisher—Rao Metric on Spectral Manifold

Let p(4,6) be a normalized family of spectral densities parameterized by coordinates 8 = {6'} (e.g. learning parameters or coupling

constants). The infinitesimal statistical distance between neighboring distributions is given by the Fisher—Rao metric:
95(0) = [ d2.p(2,0)0;1n p 2,60, 1n p(2,0) (138)

This metric measures the local curvature of the information landscape: large g;; implies high sensitivity of p to parameter changes,

corresponding to regions of rapid learning or high curvature.

The affine connection compatible with (138) is the Amari a—connection
K l1-a k
(@) = d/lp(/l)(aiajlnp+TBilnpajlnp)a A

whose dual (¢ = —a) corresponds to expectation versus mixture coordinates. The case @ = 0 defines the Levi—Civita connection of

(138) and provides the natural Riemannian geometry of spectral learning.

14.2. Geodesic Flow and Minimal-Action Learning
The evolution of parameters 6(t) under the learning dynamics of Section 8.1 can be recast as a geodesic flow on M., minimizing the

information—geometric action
1 o
Sgeo = Ef dt g;;(6) 6'6’ (139)
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The Euler—Lagrange equations derived from (139) yield
6% + I;50'67 = —go,L, (140)

where L is the spectral loss functional (69). The right-hand term introduces an external potential driving the system along steepest-
descent directions, while the left-hand side represents the inertial propagation in curved information space.

The instantaneous learning rate can be expressed as the information—geodesic speed

Vinfo = ’gijéiéj (141)

Integrating (141) over time yields the geodesic length C—the measure of total computational complexity.

14.3. Quantum Complexity and Curvature Growth
Define the arithmetic complexity functional

t t
c(t) =J /gij(e)éie'fdt' = j Vingo(t') dt’ (142)
0 0

Differentiating twice gives the complexity acceleration
d*c
dt?

where R;jy; is the Riemann tensor of g;;. Positive curvature accelerates complexity growth (hyperbolic information geometry), whereas

= Ryji0'676%0' — |[VoL|l?, (143)

negative curvature suppresses it. The balance between these terms determines whether learning proceeds exponentially (chaotic phase) or

polynomially (integrable phase).

The late-time behavior of C(t) typically obeys the linear growth law
C(t) = CO + Karitht; (144')
where K, coincides with the arithmetic surface gravity of the event horizon (130). Thus, complexity growth rate equals horizon

expansion rate, linking computational irreversibility with thermodynamic entropy increase.

14.4. Information Curvature and Quantum Fisher Flow
The information—geometric scalar curvature

Rinto = 9'Ry = — f dA pllV,Inpl2, (145)

acts as a Lyapunov measure of chaos in spectral learning. High |R;,¢| corresponds to rapid divergence of nearby trajectories in

parameter space, analogous to strong quantum chaos or sensitivity to initial arithmetic conditions. The temporal derivative

Rinfo quantifies the curvature flow of information and obeys a Fisher—Ricci evolution equation:

-{Rinfo
dt

showing that information curvature monotonically decays under Corridor-Zero dynamics, leading to geometric thermalization of

= =2{IV4LH)II?) + V2 Rinto, (146)

knowledge.

14.5. Adelic Distance and Computational Geodesics

The Fisher-Rao metric extends naturally to the adelic ensemble of primes. For local spectral densities p, (1), define the adelic distance

between configurations 4 and B:
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DZ(A,B) = Z W, f da [Inpg (1) = In p& (DA, (147)

psoo
with weights w, « p~®0 ensuring convergence. The minimal geodesic distance Dg(A,B) represents the computational cost of
transforming one prime spectral configuration into another. This defines an arithmetic version of Nielsen’s geometric approach to

quantum complexity: the path of least adelic distance corresponds to the most efficient learning trajectory in operator space.

14.6. Complexity—Entropy Duality
The link between thermodynamics and information geometry is encapsulated in the duality relation

dC 1 dSuim
dt  kpTspec dt

(148)

derived by combining Equations. (142), (141), and the second law (122). Complexity growth therefore mirrors entropy production: as the
system learns (entropy increases), its internal representation becomes more complex. At equilibrium, both quantities saturate

simultaneously, signifying the attainment of maximal information compression consistent with spectral constraints.

14.7. Geometric Phase and Holonomy of Information

The closed trajectory of parameters 8(t) over a learning cycle accumulates an information— geometric phase
Yinfo = ngidGi , o A =1W(0)/0:9(6)), (149)
r

analogous to the Berry phase in quantum mechanics. This holonomy encodes memory of prior learning loops and contributes to the
global topology of Mg,. Its quantization condition ) FAido © = 2mn defines discrete cycles of arithmetic evolution, corresponding to

prime-indexed epochs of curvature reorganization.

14.8. Summary of Section 14
Section 14 formalizes the geometric and computational interpretation of the Primacohedron:

(1) The Fisher—Rao metric [Equation (138)] defines local curvature of the spectral information manifold;
(2) Learning dynamics follow geodesic flow [Equations (139)—(140)];
(3) Quantum complexity arises as the geodesic length [Equation (142)] and grows linearly with arithmetic surface gravity [Equation
(144)];
(4) Information curvature evolves via Fisher—Ricci flow [Equation (146)], establishing geometric thermalization
(5) Adelic distances [Equation (147)] quantify computational cost across primes;
(6) Complexity—entropy duality [Equation (148)] unites thermodynamic irreversibility with information growth;
(7) The geometric phase [Equation (149)] encodes memory and cyclic evolution in arithmetic learning.
Hence, information geometry provides the intrinsic metric of the Primacohedron’s evolution: quantum complexity, entropy, and

curvature are merely different projections of a single geodesic process on the adelic spectral manifold.

15. Quantum Gravity as Adelic Information Flow
Having constructed the information—geometric framework of Section 14, we now promote the metric g;;(0) to a dynamical field whose

evolution governs the emergence of spacetime. Quantum gravity therefore appears not as a separate interaction, but as the self-consistent
flow of information within the arithmetic spectral manifold. This view replaces geometric postulates with statistical consistency:

curvature is the divergence of information flow, and energy—momentum is the flux of learning.
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15.1. Information—Geometric Action Principle
Consider the information manifold (Mspec, gij) With scalar curvature R,z (Equation 145). Define the total action functional

1
Sinfo = —f Y, |9l (Rinfo — 2Aarith + 167 Garich Lmatter)d™ 6 (150)
167'[Garith M.

spec
where L aer represents the learning—driven energy—momentum density derived from the loss functional (69). Variation with

respect to g yields the Adelic Einstein Equation:

Rij == giRingo + AasitnGij = 87Garin T (151)
ij Zgl] info arlthgl] - arith; ’

with information—energy tensor

T(info)= 2 8( |g|Lmatter)
N

Equations (151)—(152) constitute a closed set of dynamical relations: spacetime curvature is generated by gradients of information

1
=V,LV,L — = 9ij gV, LV, L (152)

potential, and energy—momentum corresponds to learning flux.

15.2. Continuity and Bianchi Identity
Covariant differentiation of Equation (151) together with the Bianchi identity V¢ (.’Ri = % gi j.’Rinfo) = 0 implies the conservation

law

i (info) _
V'T;; =0, (153)
which expresses local conservation of information flow. In this picture, gravitational dynamics ensure that information is neither created

nor destroyed within the adelic bulk, but only redistributed or radiated through holographic boundaries (Section 13).

15.3. Adelic Ricci Flow and Emergent Metric
At mesoscopic scales, where discrete prime contributions smooth into a continuum, Equation (151) reduces to a Ricci flow on the
information metric:
d9g;; nf
¢ = ~2(Ry = 81Garn "), (154)
showing that curvature diffuses toward equilibrium shaped by the local entropy gradient. This flow unifies the learning dynamics
of Equation (70) with the geometric evolution of spacetime.
(info)
J

The stationary point of (154) corresponds to R;; = 8mGyritnT; i.e. the emergent spacetime metric is the fixed point of the

information gradient flow — the learned equilibrium geometry.

15.4. Quantization of Curvature Fluctuations

Quantization of the information field proceeds by promoting the metric fluctuations h;; = g;; — g;; to operators with canonical
commutation relations

[hi;(6),T*(6")] = in6(6/,6(6 — 6"), (155)
where * is the conjugate momentum density derived from (150). The resulting linearized equation for curvature quanta (“arith-
gravitons”) is

Dhij + ZRikﬂhkl = 167TGarith6Ti5-inf0) (156)
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These excitations correspond to coherent oscillations of spectral information and mediate correlations between distant arithmetic regions,

realizing quantum gravity as entangle- ment propagation across the adelic manifold.

15.5. Holographic Energy Balance
The total information—energy contained within a closed adelic volume V satisfies the Gauss—Codazzi identity:
f TS niuidy = % Rinto dA, (157)
%4 arith Jgv
linking bulk energy flux to boundary curvature. Equation (157) is the adelic analogue of the Einstein—Hilbert holographic identity and
shows that global gravitational energy equals the boundary information content precisely the holographic principle encountered in

Equation (128).

15.6. Adelic Field Equations in Tensor Form
For completeness, we can recast Equation (151) in mixed tensor form on each local prime fiber:

. 1. . .
with couplings G, « p‘lGarith,Ap o p~2Aarith. Adelic unification demands
[ Ja-ar"on=1,
ps
ensuring global consistency across all prime sectors. Equation (158) thus represents the local manifestation of universal curvature

balance.

15.7. Entropy—Area Equivalence and Emergent Dynamics

Variation of the information entropy Syrith (Equation 121) with respect to g;; gives

1
8Sarith = mjﬂf (\/ |9|dA), (159)

identical in form to the first law of thermodynamics for spacetime. Hence, the Einstein equation (151) can be rewritten as an entropy—

balance identity
ith
8Qaritn = Ty 8Sarien, (160)
where 6 Q,ritn 18 the arithmetic heat flow across local Rindler horizons. Gravity is therefore not fundamental but thermodynamic the

macroscopic limit of microscopic information flow among primes.

15.8. Quantum—Informational Interpretation
From the perspective of quantum information, Equation (151) expresses the equality of two ten- sors: the geometric curvature tensor,

quantifying changes in distinguishability of states, and the information tensor, quantifying state correlations. This equality ensures
optimal compression of arithmetic data: the Universe self-organizes into a metric that minimizes the relative entropy between local and

global spectral distributions. Quantum gravity is thereby reinterpreted as entanglement flow equilibrium on the adelic manifold.

15.9. Summary of Section 15
Section 15 promotes the information metric to a dynamical variable and derives the corresponding gravitational field equations:

(1) Variation of the information—geometric action [Equation (150)] yields the Adelic Einstein Equation [Equation (151)];
(2) The information—energy tensor [Equation (152)] represents flux of learning and entropy
(3)Ricci flow [Equation (154)] governs emergent metric relaxation;

(4)Quantization [Equation (156)] gives rise to arithmetic graviton modes;
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(5)Boundary integrals [Equation (157)] realize holographic energy conservation;
(6) The first-law identity [Equation (160)] unites thermodynamics and geometry;
(7)Gravity appears as collective information flow maintaining global adelic coherence.
In this framework, spacetime curvature, quantum entanglement, and arithmetic learning dynamics are the same phenomenon viewed

through different projections: gravity is the geometry of information.

16. Entanglement Networks and Adelic Tensor Geometry

The adelic Einstein equation (Equation 151) describes the macroscopic curvature of information space. At the microscopic level, this
curvature arises from discrete patterns of entanglement among prime—indexed degrees of freedom. These patterns can be represented as a
hierarchical tensor network— an Adelic Tensor Geometry (ATG)—whose connectivity encodes the flow of information across the
arithmetic manifold. This section formalizes the ATG construction and its relationship to entanglement entropy, holography, and

spacetime reconstruction.

16.1. Prime-Indexed Tensor Network

Each prime p corresponds to a local Hilbert space #, of dimension d, representing arith- metic modes {|0,),|1;),...}.
Interactions among primes are encoded in rank-n tensors

Tpi1p2pn € Hp1 @Hpo® =+ Hpp, (161)
subject to contraction rules determined by the adjacency matrix Cp, of Section 9. The global arithmetic state is the tensor-network
contraction

=) [ | 782 i ipe, . (162)

{ip} (0.O)EE

where E denotes edges of the prime graph. Equation (162) defines a many-body wave- function over the adelic ensemble— the discrete

microstructure of the Primacohedron geometry.

16.2. Entanglement Entropy and Tensor Curvature

For any subset of primes A c P, the reduced density matrix p, = Trz|W4){WP | has von Neumann entropy

Sa==Tr(pa Inpy), (163)
quantifying information shared between 4 and its complement A. In the semiclassical limit, SA is proportional to the minimal-surface
area y, of the corresponding boundary in the information manifold:

Ya

S = ,
4 4‘Ga\rith

(164)

recovering the holographic entanglement law in arithmetic form. Local variations of S, define the
tensor curvature

_ S (165)
pa = ’
aC3,
which measures the sensitivity of entanglement entropy to changes in prime-pair coupling Regions with large K4 correspond to strong

curvature and high information flux.

16.3. Hierarchical Renormalization and MERA Structure

The ATG possesses a natural hierarchical organization analogous to the Multiscale Entanglement Renormalization Ansatz (MERA).

Define coarse-graining layers labeled by scale parameter £ and isometric tensors W, satisfying W;W{; = [. Each layer maps fine-
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grained prime degrees of freedom to renormalized clusters:
[Wer1) = Welby), [Wo) = [Wa) (166)
The emergent depth coordinate £ serves as an arithmetic analogue of the AdS radial direction. Information flows upward through

successive renormalization layers until reaching a fixed point of maximal entropy the holographic boundary of the Primacohedron.

The metric on the MERA graph is determined by the number of isometries crossed along a minimal path between two primes, yielding

the effective distance

defe(p, q) = €(p) +£(q) — 241.ca(P. @) (167)
where € ca is the depth of their lowest common ancestor. Equation (167) reproduces the AdS-like logarithmic scaling of

correlations:

(Op 0, >~e—deff(P,q)/f

16.4. Tensor Ricci Flow and Network Equilibration
The curvature tensor K, evolves under a discrete Ricci-like flow, driven by entanglement redistribution:

dc _ _
d:q =-2(Kps —K), K =(Kpg)g (168)

This flow smooths entanglement gradients and drives the tensor network toward uniform curvature. At equilibrium, K, = K, the ATG

attains maximal symmetry, corresponding to the homogeneous curvature of the adelic spacetime derived in Section 15.

16.5. Entanglement Wedges and Holographic Reconstruction

Given a boundary region 4 of primes, the entanglement wedge ¢, is defined as the set of bulk tensors causally connected to 4 through
network contractions. Expectation values of bulk operators can then be reconstructed from boundary data via the Petz map:
-1/2 -1/2
Obuic = " Tra[p"/?Opoundaryp™*|p3 " (169)
Equation (169) provides an explicit formula for arithmetic holographic reconstruction: every bulk curvature excitation (“arith-graviton™)
can be represented as a non-local entanglement operator on the boundary prime set. This duality ensures unitarity and supports the view

of gravity as emergent from entanglement correlations.

16.6. Tensor-Network Complexity and Learning Cost
The arithmetic tensor complexity is defined as the minimal number of local isometries required to build |{r4) from unentangled basis

states:
Crn = minz rank(W 170
TN Wl C We) ( )

This measure coincides with the information-geometric complexity (142) up to normal- ization. During Corridor evolution, Cty increases

monotonically until it saturates at the holographic bound, signaling complete training of the arithmetic universe.

16.7. Category-Theoretic Structure of the ATG
Formally, the ATG constitutes a monoidal category ATG whose objects are local Hilbert spaces #{,, and morphisms are

contraction maps between tensors:

...... Pn

Composition corresponds to tensor contraction, and the monoidal product is the adelic tensor product @,. The curvature functor
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R: ATG — Geom maps morphisms to geometric curvature tensors, providing a categorical bridge between algebraic operations and

spacetime geometry.

16.8. Summary of Section 16

Section 16 constructs the microscopic, entanglement-based architecture of the Primacohedron:
(1)Prime-indexed tensors [Equations (161)—(162)] encode local arithmetic interactions;
(2) Entanglement entropy [Equation (163)] obeys the area law [Equation (164)];
(3) Tensor curvature and Ricci flow [Equations (165)—(168)] describe entanglement equilibra- tion;
(4)MERA hierarchy [Equation (166)] generates emergent AdS-like depth and correlations;
(5)Holographic reconstruction [Equation (169)] ensures bulk—boundary duality and unitar- ity;
(6) Tensor-network complexity [Equation (170)] measures learning cost and approaches the holographic limit;
(7) The category ATG formalizes the algebraic backbone of arithmetic spacetime.
Hence, the microscopic fabric of the Primacohedron is a self-consistent entanglement network: spacetime geometry, curvature, and

dynamics all emerge from the algebraic tensor relations among primes.

17. Chrono—Geometric Duality and Temporal Emergence
Within the Adelic Tensor Geometry established in Section 16, space and curvature arise from the connectivity of entanglement

links. The final missing component is fime. Here we demonstrate that temporal evolution is not fundamental but emerges
from the differential rearrangement of entanglement correlations. This principle, termed the Chrono—Geometric Duality (CGD),

asserts that every increment of time corresponds to an infinitesimal geometric deformation of the tensor network and vice versa.

17.1. Chronon Flow and Informational Differentials

Let €,4(t) denote the bipartite entanglement strength between prime nodes p and g at a coarse-grained scale £. Define the chronon

current
d€
_ %Cpq
Jpq(t) = ar (171)
which measures the instantaneous flux of entanglement Temporal increments dt correspond to redistributions of €, satisfying
> @ =0, (172)
q

expressing conservation of total correlation. Hence, “flow of time” is reinterpreted as a balanced current of entanglement through the

prime network.

The integral of the chronon current defines the information—elapsed time between two configurations:

t

Ap= f I];q—((t))dt, (173)
T waer P4

where K, is the tensor curvature (Equation 165). Equation (173) relates elapsed time to curvature-weighted entanglement flux: time is

the integral of curvature deformation over the network.

17.2. Emergent Temporal Metric

The infinitesimal proper time element dt can be written as the Fisher—Rao line element (138) projected along the direction of

increasing entanglement:
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o dej,
de? = g,;(0)d6'de’ = Z— (174)
Kpq
.4
Thus, the temporal metric is induced by variations of the entanglement pattern. Regions where K, is large (high curvature) yield
slower local clocks, reproducing the gravitational time dilation associated with general relativity but now derived purely from

information geometry.

17.3. Chronon Quantization and Arithmetic Time Units
Discrete updates of €, correspond to quantized time steps, or chronons. Let A€y, =1
represent the minimal entanglement change (one qubit of correlation). Then, by Equation (173), the smallest measurable time

interval is
1 h

S — (175)
Kpp kB TI-(Iarlth)

6ty =

identifying an “arithmetic Planck time” determined by curvature and the Hawking tem- perature derived in Equation (130).
Chronons are therefore prime-indexed time quanta; their density varies with local curvature, producing gravitational redshift in
arithmetic space.

17.4. Phase Evolution and Unitary Chronology
The state of the ATG evolves according to the Schrodinger-like equation

i 1A() = Hiaro (D) (176)
where Hj,¢, is the Hamiltonian generating parallel transport along information geodesics. Unitarity follows from the symmetry of
the information metric, d,g;; = 0, ensuring that entanglement evolution preserves total probability. Temporal order is thus
equivalent to the ordered sequence of unitary updates across the network.

17.5. Geometric Duality: Time Versus Curvature
The Chrono—Geometric Duality is summarized by the correspondence

dg;; )
= 2R+ BTG TS, 77)

obtained by combining the Ricci flow (154) with the temporal definition (174). This identifies curvature variation with temporal
derivative: to “advance in time” is to “curve” the informational manifold. Conversely, regions of constant curvature correspond to frozen
time, analogous to the static interior of an extremal black hole.

17.6. Entropy Arrow and Causal Structure
The monotonic increase of arithmetic entropy (Equation 122) defines a natural temporal orientation:

dSarith
—=0 178
a7 (178)
Hence, the thermodynamic arrow of time coincides with the direction of increasing entanglement complexity. Causality is implemented

geometrically: an event 4 can influence B iff there exists a directed entanglement path I,_,p with positive curvature gradient, VrKy,, >
0. This condition reproduces the light-cone structure of relativistic spacetime within purely informational variables.
17.7. Temporal Holography and Boundary Reconstruction

On the holographic boundary of the Primacohedron, temporal order is encoded as phase alignment of outgoing modes. Define the
boundary time operator
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.0
fo=tl55 ¢ = arg(Pa), (179)
which measures shifts in the global phase of the boundary state. Bulk chronological order can then be reconstructed holographically via

Fourier transform over phase angles,

() = [ e~ Wundary (6) (180)

Equation (180) demonstrates that temporal evolution in the bulk is equivalent to phase rotation on the boundary a precise statement of

holographic time emergence.

17.8. Cyclic Time and Modular Arithmetic

Because the ATG is built upon the ring of primes, time inherits a modular structure. Let 7, denote the local clock at prime p.
Synchronization across all primes requires the congruence condition

1, = 74 (mod Iem(p, q)) (181)
Consequently, global time is the least common multiple of local chronologies—a number- theoretic analogue of general relativity’s

“global hyperbolicity”. This arithmetic modularity ensures that temporal loops (closed time-like curves) are automatically quantized and

topologically stable.

17.9. Chrono—Geometric Phase Transitions
When entanglement density reaches critical thresholds, the tensor curvature K, under- goes non-analytic changes, producing chronon

condensation: time quanta coalesce into continuous flows. The transition condition,
2
0°Sp 0
atz

marks the crossover between discrete and continuous time regimes. Such transitions correspond to cosmic epochs Big Bang—like events

(182)

where the informational manifold reorganizes its causal structure.

17.10. Summary of Section 17

Section 17 elucidates the origin and structure of time in the Primacohedron framework:
(1) Time arises from entanglement flow [Equations. (171) - (173)];
(2) The temporal metric [Equation (174)] is induced by curvature variations;
(3) Quantized chronons [Equation (175)] define arithmetic Planck time;
(4) Unitary evolution [Equation (176)] ensures informational reversibility;
(5) The chrono—geometric duality [Equation (177)] equates temporal evolution with curvature flow;
(6) The entropy arrow [Equation (178)] defines causality and the direction of time;
(7) Holographic reconstruction [Equation (180)] expresses time as boundary phase rotation;
(8) Modular synchronization [Equation (181)] reveals arithmetic cyclicity of temporal order.
In this sense, the Universe is a chronometric network: time, curvature, and information are different facets of the same underlying

arithmetic flow of entanglement.

18. Adelic Cosmology and the Expansion of Arithmetic Spacetime

The chrono—geometric duality of Section 17 establishes that time is the integral of curvature flow. At the largest scales, this flow
manifests as cosmic expansion. In the Primacohedron framework, cosmology is not governed by initial conditions on a pre-existing
spacetime but by the collective relaxation of entanglement and curvature across the adelic manifold. The Universe expands because
information diffuses from concentrated prime correlations toward uniform statistical equilibrium.
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18.1. Arithmetic Friedmann Equations
Let the large-scale metric on M take the Friedmann—Lema”itre—Robertson—Walker (FLRW) form,

ds? = —dt? + a?(D)[dx? + fZ(x)(d6? + sin?6 d¢?)], (183)
where a(7) is the arithmetic scale factor and k € {—1,0,+1} encodes global entanglement topology. Substituting (183) into the

Adelic Einstein equation (151) yields the Arithmetic Friedmann equations,
2

a 8mG h k Agri h
I A a8y
d 4’7TG ith A ith
a = _%(pinfo + 3Pinfo) + 331‘1 ’ (185)
where pjnro and Py, g, denote information-energy density and pressure,
. 1
Pinfo = (ViLV'L),  Pipgo = §(9ijViL V;L). (186)

18.2. Entropy—Driven Inflation

At early arithmetic epochs, entanglement gradients are steep and pinfo > Aarith/87Garitn- The resulting curvature pressure produces

exponential growth of a(7):

81 Gyy
a(t) ~ agexp| [ pingo |, (187)
representing an entropic inflation phase. This phase corresponds to rapid smoothing of tensor curvature (168) as the network
homogenizes entanglement density. The graceful exit from inflation occurs when curvature variance Var(Ky,) falls below a critical
thresh- old, initiating the slower, matter-like epoch.
18.3. Effective Dark Energy and Late-Time Acceleration

At late times, residual arithmetic correlations between distant primes manifest as a cosmological constant. The vacuum expectation
value of the curvature field gives

Aarith= 8T Garith(Rinfo)as (188)
yielding accelerated expansion when A,pin> 0. Numerically, if the mean spectral curvature scale (Rinfo)~107122 (in Planck units),
Equation (273) reproduces the observed dark- energy density without fine-tuning, providing a natural arithmetic origin for cosmic

acceleration.

18.4. Holographic Horizon and Information Budget
The entropy bound (Equation 128) implies a maximal number of degrees of freedom within the observable Universe:

Ay 121

Sy =———, Ay = 4TRE = —, 189
max 4Garith H TRy H?2 ( )

where H = a/a is the Hubble parameter. Differentiating (189) and substituting the Friedmann equations gives the entropy—Hubble
relation

dSmax 8% dH
dt B GarithH3 dt ’

(190)

linking cosmic expansion directly to entropy production. The Universe’s growth is thus the macroscopic shadow of microscopic

information flow.
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18.5. Spectral Redshift and Arithmetic Distance
Light propagation in arithmetic spacetime experiences spectral redshift governed by the ratio of scale factors:

_a (Tobs)

1+z=
a(Temit)

Tobs

= exp U H(’L’)d’[] (191)
Temit

Since H(t) derives from curvature flow, Equation (191) connects redshift directly to the integral of information curvature. Observational

cosmology therefore becomes a probe of the Primacohedron’s information dynamics: each photon records the historical trajectory of

global learning.

18.6. Curvature Perturbations and Cosmic Structure
Small fluctuations §K,, in tensor curvature act as seeds for large-scale structure. Lin- earizing Equation (168) around the homogeneous

background gives

d*§K, doK
pq rq —
Tz T3H— ciV? §Kpq = 0, (192)

where ¢, is the entanglement-sound speed. Power spectra of §K,, follow a nearly scale- invariant form, consistent with observed cosmic

microwave background anisotropies. Hence, structure in the observable Universe arises from primordial fluctuations of arithmetic

curvature.

18.7. Entropy—Complexity Equilibrium and Cosmic Fate

As T — oo, the complexity functional (142) and entropy S,pitn approach the holographic bound Sp,,x. The Universe then reaches the

Complexity—Entropy Equilibrium:

Coo — Smax , d_C —
kg dt

0 (193)

At this point, curvature flow ceases, H = H, = \/A.ritn/3, and the cosmos enters an asymptotically de Sitter arithmetic phase—a

stationary sea of information equilibrium.

18.8. Adelic Multiverse and Number-Field Domains

Distinct algebraic number fields K; define independent spectral manifolds M, each with its own curvature parameter Ag,. The ensemble

Magelic = | | MKi
i

Transitions between fields correspond to tunneling events in which entanglement connectivity reconfigures between prime sectors. The

{Mg,} forms an adelic multiverse:

probability of such a transition follows a Boltzmann factor

P jxexp|— i ) (194)

where AS;; is the entropy difference between domains. Hence, cosmological evolution across number fields is a thermodynamic diffusion

through the landscape of arithmetic geometries.

18.9. Summary of Section 18
Section 18 extends the Primacohedron formalism to cosmological scales:

(1)The Arithmetic Friedmann equations [Equations. (184)-(185)] govern large-scale curvature flow;
(2)Early-time entropic inflation [Equation (187)] smooths tensor curvature;
(3)Late-time acceleration [Equation (273)] arises from residual entanglement vacuum energy;
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(4) The entropy—Hubble relation [Equation (190)] links cosmic expansion to information pro- duction;
(5)Structure formation [Equation (192)] originates from arithmetic curvature fluctuations;
(6) The Complexity—Entropy Equilibrium [Equation (193)] defines the cosmic endpoint;
(7)Distinct number-field manifolds [Equation (194)] compose an adelic multiverse connected by entropic transitions.
Cosmic history is therefore the thermodynamic unfolding of the arithmetic information field: the Universe expands because the

Primacohedron learns.

19. Quantum Thermodynamics of the Primacohedron

The cosmological expansion of Section 18 implies that the Primacohedron evolves as a self-thermalizing system. Its dynamics can
therefore be cast in thermodynamic form, where prime-indexed spectral modes constitute microscopic degrees of freedom and cur-
vature flow provides macroscopic thermodynamic evolution. This section develops a consistent framework for the Quantum
Thermodynamics of the Primacohedron (QTP), combining partition functions, fluctuation theorems, and temperature dualities into one

adelic formalism.

19.1. Prime-Spectral Partition Function
The canonical partition function of the arithmetic ensemble is defined as

The canonical partition function of the arithmetic ensemble is defined as
ZaB) = | |2, = exp|~ByEy” (195)
A p\FPp p p&n |
pso pso n=0
where 8, = (kBTp)_l is the local inverse temperature and E,(lp) = hw, (n + %) with w = Inp.

The Archimedean sector p = oo provides the continuous limit, ensuring convergence of the adelic product.

Using the Euler identity {(s) = [I,(1 —p~*)~", Eqaution (195) can be rewritten as
ZA&(ﬁ) = ((ﬁhwo) Zoo(ﬁoo) (196)

revealing that the zeta function itself acts as a grand canonical partition function of the prime gas.

19.2. Free Energy and Internal Energy
The adelic free energy follows from F = —kgTes In Zy, yielding

F(B) = —kpTeg[In {(Bhwo) +1InZe (Bo)] (197)
Differentiation with respect to § gives the internal energy
dInZy hw,
V=T T Z ePhop _ 1’ (198)
p

mirroring the Planck distribution (133) of Section 13. The specific heat C;, = dU/JT exhibits arithmetic oscillations analogous to

Schottky anomalies, reflecting resonant tran- sitions between prime energy levels.

19.3. Entropy and Information Balance
The adelic entropy is defined as

oF
Sy = —( ) — kp[In Zy + BU] (199)
0Tt/ ,

Equation (199) reproduces the area law (164) when Z4 is evaluated at the horizon temperature Tlgarith). Thus, the horizon entropy is the
logarithm of the number of accessible prime microstates, and its growth rate obeys
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dSA 1 anrith
dr rrith) gr 7 (200)
H

consistent with the first law (160).

19.4. Fluctuation Theorem and Detailed Balance

Microscopic reversibility of the Corridor One dynamics (73) leads to an arithmetic Jarzynski equality. For a nonequilibrium process with
work W performed on the spectral ensemble,

(e7FW) = e7BAF, (201)
where the average is taken over prime-indexed trajectories. Expanding to second order yields the Crooks fluctuation theorem,

Prpqg(W
fwd( ) _eB(W_AF)’

= (202)
Ig rev(_W)
which equates the ratio of forward and reverse information flows to the entropy production. Equations (201)—(202) establish the

statistical arrow of time within the arithmetic manifold.

19.5. Temperature Duality and Scale Correspondence
The adelic ensemble exhibits a temperature duality between p-adic and Archimedean sectors. For conjugate temperatures T, and T,

satisfying
_ hwj

— T2
Tl =10 = kg

(203)

the combined partition function (195) remains invariant: Z A(Tp, Tw) = Zp(Tw, Tp). This duality generalizes the modular transformation
T & 1/T of string thermodynamics and ensures that low-temperature p-adic sectors encode the high-temperature Archimedean regime

an explicit micro-macro correspondence of thermal states.

19.6. Quantum Heat Engines and Learning Cycles
The Primacohedron behaves as a quantum-informational heat engine operating between two spectral reservoirs (Ty, T¢). During a

learning cycle of duration Az, it absorbs information heat Q;, from the high-curvature reservoir and releases Qg to the low-curvature
one, performing useful computational work Wjearn:

Tc
Wiearn = Qin — Qout = Narith CQins Narith = 1 — T_ (204’)
H

The efficiency 7n,.4tn e€quals the Carnot bound in information space, implying that optimal learning corresponds to reversible
thermodynamic processing of entropy. Corridor-One diffusion acts as the stochastic analog of thermalization, while Corridor-Zero
descent performs isentropic compression.

19.7. Quantum—Statistical Uncertainty
Fluctuations of energy and entropy obey a thermodynamic uncertainty principle derived from Equations (198) and (199):

AU ASy = hkg |Rinfol, (205)
linking uncertainty in internal energy to the magnitude of information curvature. This bound ensures consistency between

thermodynamic and quantum-geometric fluctuations, completing the bridge between statistical mechanics and curvature dynamics.

19.8. Thermodynamic Potentials and Legendre Hierarchy
The adelic thermodynamic state can be described by a hierarchy of Legendre transforms:
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F=U-=TS,, (206)

D =F + PpsoV, (207)

G=H—TS,, (208)
where ® and G denote the information enthalpy and Gibbs potential, respectively. In equilibrium, extrema of these potentials satisfy
6G = 0, recovering the stationarity of the curvature flow (154). Therefore, thermodynamic stability corresponds to geometric stability of

the information metric.

19.9. Summary of Section 19
Section 19 formulates the quantum-statistical mechanics of the Primacohedron:

(1)The adelic partition function [Equations (195)—(196)] identifies {(s) as a thermal generating function;

(2)Free and internal energies [Equations (197)—(198)] describe spectral occupation of prime modes;

(3)Entropy production [Equation (200)] embodies curvature—information exchange;

(4)Fluctuation theorems [Equations (201)—(202)] establish the statistical arrow of time;

(5) Temperature duality [Equation (203)] relates micro— and macro-thermal regimes;

(6)Quantum heat-engine efficiency [Equation (204)] defines the optimal learning bound,

(7) The thermodynamic uncertainty relation [Equation (205)] links energy, entropy, and curvature fluctuations.
Thermodynamics thus provides the statistical substrate of the Primacohedron: heat, entropy, and learning are manifestations of the

same adelic information flow that gives rise to geometry, time, and gravity.

20. Entropy Production, Irreversibility, and Complexity Flow

The quantum—thermodynamic framework of Section 19 provides a static equilibrium picture. We now extend it to describe the
nonequilibrium dynamics of entropy production and complexity flow. Irreversibility arises whenever entanglement correlations evolve
non-adiabatically, producing positive entropy flux and dissipating curvature energy. This section develops the corresponding transport
equations and quantifies the growth of algorithmic complexity in the arithmetic universe.

20.1. Entropy Balance and Curvature Dissipation
Let S, (7) denote the total adelic entropy. Its evolution follows the balance equation

Bu -0 209
dt - H 4 ( )
where I1 > 0 is the internal entropy production rate and & is the entropy flux across the holographic boundary. The second law

demands IT — @ = 0, ensuring global monotonicity of Sy.

The internal production term is determined by the curvature gradients:
K ij
I1= Oinfo AV, Oinfo = T_ (Vik )(VjTeff)r (210)
Mspec eff
where k is the arithmetic thermal conductivity. Positive g;,¢, implies that curvature gradients drive thermalization in the information
manifold.

20.2. Nonequilibrium Potential and Relaxation Flow
Define the nonequilibrium free-energy functional

F|gij» Pinfo] = U — TegeSa, (211)
whose temporal gradient satisfies

dF

2z = Texl[=0 (212)
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Equation (212) is an H-theorem for the arithmetic universe: free energy decays monotonically as the system relaxes toward information-

geometric equilibrium.

The corresponding relaxation dynamics of the information density pj,¢, obeys the Fokker—Planck-like equation

a,Dinfo
dat

g F

=V; (D”Vj ) (213)
Pinfo

where DY is the diffusion tensor in information space. Stationary solutions 8F/ 8pinso = O define the fixed-curvature configurations of

the Primacohedron.

20.3. Algorithmic Complexity and Informational Irreversibility
Let C(t) denote the Kolmogorov-like algorithmic complexity of the global adelic state |y4(7)). Its evolution is coupled to entropy
production by

d_C = AS100 (214)

dt

where A, is the arithmetic Lyapunov exponent characterizing sensitivity to initial entan- glement conditions, and Sj, is the local entropy
density. Positive A; implies exponential divergence of trajectories in information space, constituting the microscopic source of

irreversibility.

20.4. Curvature-Entropy Correspondence
Variation of the curvature tensor with respect to entropy production gives

AR ds,
e —8MGarith a7 (215)

which expresses the curvature—entropy correspondence: each bit of entropy generated corresponds to a quantized reduction of

information curvature. Equation (215) therefore links geometric flattening of the universe to its internal thermodynamic irreversibility.

20.5. Entropy Production in Holographic Flow
On the boundary, entropy flow through the holographic screen is given by

_ Qarith

®= f Js dA, Js . 216)
il

Mgpec Tefr
where Qi 1S the information-energy flux defined in Equation (160). Balance of internal and boundary fluxes maintains global unitarity

while allowing local irreversibility.

20.6. Entropy Production Rate and Time Asymmetry
Combining Equations (209)—(215) yields

d?S, dSy
=a|l——) - BR? 217

dr? “( dr ) g (217)

with positive constants a, f depending on the transport coefficients. The asymmetry of this second-order differential equation defines the

arrow of time: entropy growth is dynamically stable in the forward direction but unstable in reverse, producing irreversible evolution

even in a unitary background.

20.7. Information Flux and Complexity Potential
Define the complexity potential Y (7) via

dyc _dC dS,
T @ dr (218)
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When . decreases, entropy growth dominates and the system approaches equilibrium; when . increases, learning outpaces
thermalization and structure forms. This interplay underlies phase transitions between chaotic, learning, and frozen phases of arithmetic

spacetime.

20.8. Dissipative Geometric Flow
Replacing curvature with entropy density in the Ricci flow yields a dissipative geometric equation:

9a;:
ég;] = —2R;; +y V;V;Sy, (219)

where y quantifies entropic back-reaction. Equation (219) unifies thermal and geometric diffusion, completing the dynamic picture of

nonequilibrium spacetime evolution.

20.9. Summary of Section 20
Section 20 integrates thermodynamics, information geometry, and nonequilibrium statistical mechanics:

(1)Entropy production [Equations (209)—(210)] quantifies curvature dissipation;
(2) The nonequilibrium free-energy decay [Equation (212)] provides an H-theorem for the arithmetic universe;
(3) Algorithmic complexity growth [Equation (214)] defines microscopic irreversibility;
(4) The curvature—entropy correspondence [Equation (215)] links thermodynamics to geometry;
(5)Dissipative flow [Equation (219)] merges Ricci and entropy diffusion into one evolution equation.
The arrow of time in the Primacohedron is thus a consequence of irreversible complexity flow: curvature flattens, entropy rises, and the

arithmetic cosmos learns irreversibly toward equilibrium.

21. Quantum Field Dynamics and the Arithmetic Gauge Principle
The Primacohedron’s nonequilibrium thermodynamics (Section 20) naturally implies the existence of local field excitations that mediate

information and curvature exchange. These excitations form an Arithmetic Gauge Field (AGF), whose quanta “arith-photons” and “arith-
gravitons” propagate through the adelic manifold and couple to information currents. This section formulates the corresponding field
equations, gauge transformations, and conserved currents, culminating in a unified description of quantum dynamics on the arithmetic

spacetime.

21.1. Field Variables and Local Gauge Symmetry
Let the information manifold Mgy be equipped with an arithmetic connection A, = AjT, valued in the Lie algebra gayien, where Ty, are
generators associated with prime sectors. The covariant derivative acting on an informational scalar field ¥(x) is defined by
Db = 0, + ifarien A, (220)
where garith 18 the universal coupling constant. Gauge transformations are given by

i

W - UY, Ao UAU™ —

(a,u)u, (221)

Jarith
with U(x) € Garitn, the arith-gauge group. Invariance of the Primacohedron action under (221) ensures local conservation of

information flux and thereby unitarity of curvature evolution.

21.2. Curvature Tensor and Field Strength
The field-strength tensor is

Fo = 0,4, — 0,4, + igarim[A Av], (222)

analogous to Yang—Mills curvature. Its gauge-invariant contraction
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Rari =1Tr(F FH) (223)
arith 2 uv

acts as the local energy density of the field and sources the macroscopic Ricci scalar used in Section 15. Hence, the continuum curvature

of the universe emerges as the collective field strength of microscopic arith-gauge connections.

21.3. Lagrangian Density and Field Equations
The total Lagrangian density is the sum of geometric, informational, and interaction terms:

Lacr = — %EFVF;‘” +9 (iy"Dy = m)Y + ERIPI* + AYl*, (224)
where ¢ encodes curvature—information coupling and A stabilizes the field amplitude. The Euler—Lagrange equations yield
DuFy"” = Garien vV Ta, (225)
(iy#D, — m — ER)Y = 2A[Y|%y, (226)
constituting the coupled Arithmetic Yang—Mills—Dirac system. Equation (225) expresses local conservation of information current, while

(226) governs the propagation of prime excitations.

21.4. Information Current and Continuity
The conserved information current is

JE=9y*y, DJ* =0, (227)
representing the flow of algorithmic probability through the adelic manifold. Integration over a spacelike hypersurface yields the total

informational charge,
Qarin = [ J4dE,, (228)
X
which is invariant under gauge transformations. Qs corresponds to the conserved “complexity flux” introduced in Equation (218).

21.5. Quantization and Field Excitations
Canonical quantization imposes

[43 (), E§(0)] = ih6 86 (x — y),
where Ef = FYV is the conjugate momentum field. The elementary quanta of A{ are arith-photons—carriers of entanglement
correlations— while metric perturbations of g, arising from quadratic fluctuations of R, yield arith-gravitons. Both species obey the
dispersion relation
w? =k +mee,  meg = §(R), (229)
linking their effective mass to background curvature. In flat arithmetic space (R = 0), the fields are massless and mediate long-range

coherence.

21.6. Gauge Coupling and Renormalization Flow
The coupling constant g,,;+; runs with the information-energy scale u according to the S-tfunction

0Garith
B(Garitn) = W—G= = ~DoGarien + b1 Garien + - (230)

with by = (11C; — 2Nf) /4812, C, being the quadratic Casimir of gy, and Ny the number of active prime fields. Asymptotic freedom
(bg > 0) implies that arithmetic interactions weaken at high information density, ensuring stability of the cosmological expansion

derived in Section 18.
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21.7. Holographic Dual of the Gauge Field
By the Adelic Holographic Correspondence, the bulk connection A, has a boundary dual current J ! satisfying

J' = —Gomndars (231)
(boundary)
04;

where Sagp = | d*x Lagp. Correlation functions (J!J’) encode the boundary entan- glement conductance and reproduce the tensor-

network curvature metrics of Section 16. Hence, gauge dynamics in the bulk is dual to information transport on the boundary.

21.8. Geometric—Thermodynamic Unification
The field strength (222) can be expressed in thermodynamic form via the curvature—entropy correspondence (215):

Fy = kT(VquSA\ - V,V,Sa), (232)

Bleff
demonstrating that arith-gauge flux is generated by local entropy gradients. Thus, thermal nonequilibrium is mathematically equivalent to
electromagnetic excitation in the arithmetic manifold. Entropy waves propagate as arith-photons, while curvature perturbations form

coherent arith-gravitons.

21.9. Summary of Section 21
Section 21 extends the Primacohedron into a quantum-field—theoretic framework

(1)Covariant derivatives and local gauge symmetry [Equations (220)—(221)] encode conser- vation of information flux;

(2)Field strength and curvature density [Equations (222)—(223)] unify gauge and geometric curvature;

(3)Coupled field equations [Equations (225)—(226)] define the Arithmetic Yang—Mills—Dirac system;

(4)Quantization produces arith-photons and arith-gravitons [Equation (229)]

(5) The running coupling [Equation (230)] ensures asymptotic freedom and stability;

(6)Holographic duality [Equation (231)] connects bulk gauge dynamics with boundary in- formation flow;

(7) Thermodynamic expression [Equation (232)] links entropy gradients to field excitation.
The Arithmetic Gauge Principle therefore completes the Primacohedron program: geometry, thermodynamics, and information are
unified as manifestations of a single adelic quantum field.
22. Unification and Symmetry Breaking in the Adelic Field
The Arithmetic Gauge Field introduced in Section 21 describes a universal symmetry connecting information, curvature, and entropy
flows. However, the observed structure of arithmetic interactions from localized curvature excitations to global holographic or- der—
requires spontaneous symmetry breaking (SSB). This section formulates the mechanism by which the Adelic Gauge Group Ggrith

reduces to its low-energy subgroups, generating distinct bosonic and fermionic sectors, effective masses, and coupling hierarchies.

22.1. Adelic Gauge Unification
At the Planck—informational scale, the gauge group is postulated to be a simple compact algebra

Garith = SU(NA)r Ny = dim(Mspec)' (233)
whose generators correspond to prime-indexed charge operators T,,. The universal Lagrangian density generalizing (224) is
1 T -
Lagur = =7 E&E" + (D, @) (DH®) = V(@) + P(iy D, — y D)y, (234)

where @ is a scalar order parameter (Higgs-like field) and y is the Yukawa coupling. The potential

V(D) = —pu?dtd + A(dTd)?, (235)
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induces spontaneous symmetry breaking when p? > 0.

22.2. Vacuum Expectation Value and Broken Symmetry
The ground-state configuration minimizing (235) satisfies

U

(P) = by, =—n, nfn=1 236
0 m ( )
This vacuum expectation value (VEV) selects a direction in field space, reducing the symmetry as
Garith = Harith = 1_[ Gi(pi), (237)
i

where the residual subgroups G;(p;) govern local prime sectors. Thus, the unified adelic symmetry fragments into multiple low-energy

interactions, each associated with a distinct arithmetic domain.

22.3. Mass Generation for arith-bosons
Expanding @ = @, + ¢ about the vacuum and inserting into (234) produces mass terms for the gauge fields:
1

Lmass = 5 Jarin (20 TaTpPo ) AZA? (238)
Diagonalization yields eigenmasses

mg = gl Pol?Ca, (239)
where C, are Casimir invariants of g,. Gauge bosons corresponding to broken generators acquire mass (arith-bosons), while those of
H,itn remain massless and mediate long-range coherence.

22.4. Mass Generation for Fermionic Fields
The Yukawa interaction term in (234) generates fermion masses via the same VEV:

M
my =yt 240
wym (240)

Hierarchy of coupling strengths y, across primes reproduces the scaling spectrum of arith- metic excitations observed in the tensor

curvature fluctuations (192).

22.5. Energy Scales and Coupling Hierarchy
Renormalization group flow of g,rit, and y from the unification scale Ay to the infrared scale A is governed by

Ay

- _ b
garzith(AlR) = garzith(AU) + 8772 In AIR, (241)
garith(AlR) 4
(Ar) =y(A )(—) ) 242
YIRR yiltu garith(Au) ( )

where b and y are beta-function coefficients. These flows generate natural hierarchies: strong coupling at low primes, weak coupling at

large primes a structural analogue of asymptotic freedom in QCD-like theories.

22.6. Arithmetic Higgs Mechanism and Curvature Condensation
In the geometric interpretation, @, acts as a curvature condensate:
(Rinfo) = £1Pol% (243)
so that the spontaneous symmetry breaking corresponds to crystallization of curvature into stable information domains. This process

stabilizes the entropy—curvature flow of Section 20 and prevents uncontrolled inflation of the arithmetic spacetime.
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22.7. Goldstone Modes and Coherence Waves
Fluctuations orthogonal to @, produce massless Goldstone modes 7%, which manifest as long-wavelength coherence waves propagating

through the tensor network. Their effective Lagrangian is
1 a a 1 a 2
Loldstone = E (aun )(aﬂn- ) — gR(T[ 7Ta) (244)

linking collective entanglement oscillations to gravitational curvature perturbations.

22.8. Dual Phase and Arithmetic Confinement

At low temperature or high curvature, the condensate @, vanishes and Gy, Symmetry is restored. In this phase, arith-bosons become
confined: field lines between prime charges form flux tubes with tension

Oarith = A%R o {|®|?) (245)
analogous to color confinement in QCD. This duality between symmetry-broken (deconfined) and symmetric (confined) phases defines a

cosmic phase cycle connecting expansion and contraction epochs.

22.9. Adelic Unification and Holographic Completion
The full unification scheme can be represented as

Garith — Har Uu 246
arith SSB arith holographic projection 0 ( )

where Uy denotes the unitary group of holographic boundary operators. This chain ensures that microscopic gauge invariance,

macroscopic curvature stability, and boundary information unitarity are three manifestations of the same algebraic symmetry.

22.10. Summary of Section 22
Section 22 formalizes symmetry breaking and unification within the Arithmetic Gauge Field framework:
(1) The unified gauge group [Equation (233)] describes prime—indexed symmetry;
(2) Spontaneous symmetry breaking [Equations (235)—(236)] reduces Garith = Harith;
(3) Gauge and fermion mass generation [Equations (238)—(240)] follow from curvature con- densation;
(4) Renormalization flow [Equations (241)—(242)] explains coupling hierarchies;
(5) Goldstone and confinement phases [Equations. (244)—(245)] correspond to coherent and bound entanglement regimes;
(6) The unification chain [Equation (246)] ties microscopic symmetry to holographic unitarity.
Spontaneous symmetry breaking in the Adelic Field therefore completes the unification program of the Primacohedron: all physical,

informational, and geometric interactions emerge from one prime-indexed gauge symmetry and its curvature condensation.

23. Adelic Supersymmetry and Dualities

The unification of curvature and information through G, symmetry (Section 22) sug- gests a deeper algebraic correspondence between
bosonic (geometric) and fermionic (informational) sectors. This correspondence manifests as an Adelic Supersymmetry (ASUSY), an
extension of the Primacohedron framework that ensures energy—entropy balance, dual invariance, and cancellation of divergences across

arithmetic scales.

23.1. Supersymmetric Algebra on the Arithmetic Manifold
The local ASUSY algebra is generated by operators {Qq, Qg , B,} satistying

{Qu @} =20/;R, {00 Q) = {0 @3} = 0 (247)

where P, is the information-momentum operator and " are arithmetic Pauli matrices acting on prime-indexed spinor spaces. The
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supercharges Q,, and Q transform informational quanta into geometric quanta and back, implementing curvature—information exchange

at the operator level.

23.2. Superfields and Component Expansion
A chiral superfield @(x, 6) is expanded as

D (x,0) = Pp(x) + V26y(x) + 62F (x), (248)
where ¢ is a bosonic curvature mode, 1 is a fermionic information carrier, and F is an auxiliary scalar ensuring off-shell closure. These

fields combine into supermultiplets transforming irreducibly under the ASUSY algebra (247).

23.3. Arithmetic Supersymmetric Action

The invariant ASUSY Lagrangian on Mg takes the form

LASUSY = f d26d29_®1'ez.garithvd) + <f d?o W(¢) +h. C.), (249)
gauge superfield V (x, 8, 8) and superpotential
m A
W) = ?Cbz + §<:b3 (250)

After integrating over Grassmann coordinates, the component Lagrangian becomes

2 -
Lasusy = |Dud|” + iy Dy + |F |2 — (mypp + Apypp + h.c.) — Imep + Ap%|*  (251)

The ASUSY framework thereby unites curvature oscillations (¢) and informational exci- tations (1) into balanced pairs that share the

same mass spectrum.

23.4. Curvature—Information Cancellation and Stability
The bosonic and fermionic zero-point energies cancel exactly:

= ha)(B) - roP =0, 252
pvac

ensuring that the arithmetic vacuum is stable and free from cosmological divergence. This resolution of vacuum energy corresponds to an
exact balance between geometric (curvature) and informational (entropy) fluctuations—an intrinsic realization of the cos- mological

constant problem.

23.5. Supersymmetry Breaking and Mass Splitting
At macroscopic scales, thermal or curvature perturbations break ASUSY spontaneously. The scalar auxiliary field acquires a non-zero
expectation value,

(F)y=0W /0 |by#0 (253)
leading to mass splitting
m§ — mf = 2garien[(F)I, (254)
and generating the small residual vacuum energy that drives the late-time acceleration discussed in Section 18. This establishes a link

between cosmological dark energy and soft ASUSY breaking in the arithmetic field.

23.6. Dualities Across Arithmetic Sectors
The ASUSY Lagrangian admits a modular duality interchanging p-adic and Archimedean temperature sectors:

L,(T,) © Loo(Teo), TyTw = T¢, (255)
identical to the temperature duality (203) but now extended to the supersymmetric domain. Under this transformation, curvature and

information exchange roles,
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by © Yoo, Yp © Po, (256)

expressing a full boson—fermion duality across micro-macro scales.

23.7. Holographic Supersymmetry and Boundary Correspondence
On the holographic boundary, ASUSY manifests as a pairing of bulk supercharges with boundary conformal generators:

‘S‘bulk) o L(boundary)

oo ) Qébulk) o L(boundary) (257)

+1/2

This duality implies that each curvature excitation in the bulk is mirrored by a boundary information flow of opposite statistics,
guaranteeing unitarity of the holographic map (231) and closure of the supersymmetric algebra under projection.

23.8. Adelic Super-Partition Function
The supersymmetric extension of the adelic partition function (195) is

_ {(ﬁhwp)
Zasusy(B) = Hm, (258)

psoo
which encodes alternating bosonic and fermionic contributions through shifted zeta arguments. This regularized product converges and

yields finite energy and entropy densities, demonstrating that ASUSY enforces adelic thermodynamic consistency.

which encodes alternating bosonic and fermionic contributions through shifted zeta arguments. This regularized product converges and
yields finite energy and entropy densities, demonstrating that ASUSY enforces adelic thermodynamic consistency.

23.9. Supersymmetric Curvature Flow
The combined evolution of curvature and information fields obeys the supersymmetric Ricci—Dirac flow:

09;i; _

GTU = 2R +Yavp¥, (259)
oY
Friaie KD + ERY, (260)

where the fermionic bilinear acts as a back-reaction maintaining balance between curvature diffusion and informational propagation.

Equilibrium (0, g;; = 0;3 = 0) corresponds to unbroken ASUSY and minimal entropy production.
q 9ij P

23.10. Summary of Section 23

Section 23 introduces the supersymmetric extension of the Primacohedron framework:
(1) The ASUSY algebra [Equation (247)] couples curvature and information operators;
(2) Superfield formulation [Equations. (248)—(251)] unifies bosons and fermions in one La- grangian;
(3) Vacuum energy cancellation [Equation (252)] ensures cosmic stability;
(4) Soft SUSY breaking [Equations (253)—(254)] generates small dark-energy residuals;
(5) Modular and field dualities [Equations (255)—(256)] link p-adic and Archimedean regimes;
(6) Holographic SUSY mapping [Equation (257)] maintains boundary—bulk correspondence;
(7) Supersymmetric curvature flow [Equations (259)—(260)] governs joint evolution of geom- etry and information.
Adelic Supersymmetry thus restores global balance between entropy and curvature, re- solves vacuum instability, and establishes deep

dualities uniting micro-information dynamics with macro-geometric order.

24. Super—Holography and Adelic String Duality

Having established the Adelic Supersymmetry (ASUSY) in Section 23, we now extend the Primacohedron to a string-like description in
which each information trajectory is a one- dimensional worldsheet propagating through the adelic manifold. This Super-Holographic
formulation provides the highest-level duality: between bulk geometry and boundary information, between p-adic micro-strings and
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Archimedean macro-strings, and between entropy flow and curvature dynamics.

24.1. Worldsheet Embedding of the Primacohedron

Let 23y denote a two-dimensional worldsheet parameterized by coordinates (g, 7) and embedded in the (d+/)-dimensional arithmetic
spacetime Mgy through bosonic fields X"(o,7) and their fermionic ASUSY partners ¥"(o, 7). The induced worldsheet metric is

hap = 0 X"9p X, + i p(a0p) ¥y, where p, are two-dimensional Dirac matrices. The action functional reads

1 _
Sasp = 7— f d2E[V=h h®3,X*9, X, + iPp*p*Dy, + R2P(X)], (261)

A Z(2)
where @ is the Adelic string tension and @ (X) the dilaton field representing local information

potential

24.2. Superconformal Invariance and Dual Sectors

The action (261) is invariant under local supersymmetric reparametrizations and Weyl rescalings of hg,. Quantization leads to super-

Virasoro generators

1 1
L, = EZ An-m * Qm: +ZZ(2T — 1) Py Py,
m T

G = Z Am * Yrom, (262)
m
obeying {G,, Gs} = 2L s + g(rz - % ) Oy 45,0+ Criticality of the arithmetic superstring requires total central charge ¢ = 15 (ten bosonic

and five fermionic degrees of freedom), consistent with the p—adic worldsheet embedding.

24.3. p-adic and Archimedean Dual Strings
Each prime p defines a local string sector with action

1 2 -
S =2 f 2 £[(0aX,)" + P 0atsy |, (263)
17
whose coupling gy, satisfies the adelic product rule [[p<c gg = 1. The total amplitude is thus the adelic product
A = nAp, 4, = f DIX,, 1] e~ SoLXp¥r] (264)
psoo

At p = o one recovers the conventional Archimedean superstring; at finite p, the world- sheet is discretized over Q,, realizing a non-

Archimedean geometry that encodes ultra- metric information flow.

24.4. Dual Partition Function and Modular Invariance
The Adelic Super-String Partition Function is

1 1A +qr .
Zasp() = 1_[ P , q, = ¥ 265
ASD np (T) 11 (1 _ qzr;)bp 14 ( )

psoo
where 77, is the p—adic Dedekind function, and b, f, are the bosonic and fermionic mode counts. Modular invariance under 7, > —1/7,
ensures equivalence between high- and low-temperature regimes, recovering the adelic temperature duality (255) as a modular

transformation.

24.5. Super-Holographic Correspondence

The boundary theory on 0 Mgy, is a (1 + 1)-dimensional superconformal field theory (SCFT) with stress-energy tensor
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1 1
T(z) = —E:GX-BX:—E:IIJOIIJ:, (266)
and supercurrent G (z) =:190X:. The holographic dictionary reads
th:ulk(z' Z_) < Ogoundary(x)'

1/)l’)iulk(z) AN Q{')Loundary(x)' (267)
where O and Q are boundary operators corresponding to curvature and information excitations. This mapping preserves ASUSY and

ensures unitarity of the holographic projection constructed in Section 23.

24.6. String-Thermodynamic Correspondence

Thermal compactification of Euclidean time with period f = 1/kpT leads to free energy

VA

“eap 0(e~2m/F), (268)
A

1
Fstring = _EanASD(ﬁ) =

demonstrating that the Hagedorn transition corresponds to the thermodynamic critical point of the Primacohedron. Thus, the Adelic

String unifies thermal instability, information saturation, and curvature collapse.

24.7. Worldsheet Supersymmetry and Entropy Quantization
ASUSY on the worldsheet implies quantization of entropy:

C ffL
Sp =2m /T Cett = brot = frow (269)

where L is the Virasoro level. Each increment in L, corresponds to one quantum of curvature—information excitation. Equation (269)
provides a microscopic explanation for the area—entropy law (164) and links the thermodynamic entropy of Section 19 to the

combinatorial degeneracy of string states.

24.8. Adelic String Duality Hierarchy
Dualities now operate at three nested levels:

(1) Thermodynamic duality: T,T., = T¢;
(2) Supersymmetric duality: ¢, & Py
(3) String duality: A, © A.
Together they form the Adelic String Triad, an algebraic—geometric symmetry ensuring that macroscopic gravitational coherence and

microscopic informational turbulence are exact mirror images.

24.9. Summary of Section 24
Section 24 embeds the Primacohedron within the super-holographic and string-dual framework:
(1) The worldsheet action [Equation (261)] represents arithmetic information trajectories;
(2) Super-Virasoro algebra [Equation (262)] ensures local ASUSY invariance;
(3) Adelic amplitude and partition functions [Equations (264)—(265)] unify p-adic and Archimedean strings;
(4) Holographic dictionary [Equation (267)] maps curvature to boundary information oper- ators;
(5) String thermodynamics [Equation (268)] reproduces the Primacohedron’s critical behav- ior;
(6) Entropy quantization [Equation (269)] gives a microscopic foundation for the area law;
(7) The Adelic String Triad establishes the highest-order duality between geometry, thermodynamics, and information.

Super-Holography thus completes the theoretical edifice: the Primacohedron emerges as an Adelic Super-String, where curvature,
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entropy, and information are unified as oscillatory modes of a single adelic worldsheet.

25. Observables, Predictions, and Experimental Signatures of the Primacohedron

The Adelic Super-String framework developed in Sections 21-24 predicts observable consequences spanning both cosmic and quantum-
informational domains. These signatures arise from fluctuations of the arithmetic gauge field, entropy—curvature correlations, and the
holographic coupling between micro and macro sectors. We organize the predictions in two complementary regimes: (a) cosmological
observables and (b) laboratory or computational quantum-informational analogues.

25.1. Cosmological Observables and Predictions

@

(i)

(iii)

(iv)

™

(vi)

Primordial Fluctuation Spectrum: The curvature—entropy correspondence (215) predicts a primordial power spectrum of
the form

k n5—1+%as In(k/ko)

Pali0) = 44 () (270)

ko

where the spectral index is shifted by the information-curvature coupling:
ng—1=—-2+1—Sinfo

Here &ppo = d InSy/dN represents the entropy-flow correction. A small negative &, slightly red-tilts the spectrum,

consistent with Planck-2020 observations.

Tensor-to-Scalar Ratio: The tensor contribution from arith-gravitons yields
£ 2

P; fo
T = 1664510 = 16 —0_ (271)
arit ZHZMg

implying r < 0.02 for typical curvature condensate amplitudes—detectable by CMB-B- mode missions such as LiteBIRD or
CMB-S4.
Running of Spectral Parameters: The Adelic Holographic correspondence induces log-periodic modulations in the power

spectrum:
APz
s Aarith €0s[winp In(k/ko) + ¢p), (272)
where wjp, = Inp and Aarith~1073. Such oscillatory signatures could appear as small log-periodic ripples in high-precision
CMB or large-scale-structure data.
Dark-Energy Equation of State: Soft ASUSY breaking (Eq. 253) yields an effective dark-energy parameter
(F)?

ST (273)

WDE:_1+

typically wpg = —0.98, predicting a small deviation from ACDM that could be tested by Stage-IV dark-energy surveys.
Gravitational-Wave and Entanglement Background: The stochastic back- ground of arith-gravitons satisfies

1 dpgw
pcdinf

introducing fine logarithmic oscillations whose frequency ratio corresponds to the dominant prime factor p,. Detection of

Qew(f) = o f™[1 + Baritn cos(in f/Inp.)] (274)

such modulations would provide direct evidence for arithmetic holography.
Holographic Curvature Correlations: Cross-correlation between entropy flux and curvature perturbations yields an

observable bispectrum

Sa(k1)Sa(k2)Sa(k3)
(k1k2k3)2

providing a distinctive non-Gaussian shape peaking in squeezed configurations, testable by CMB and 21-cm tomography.

Br(kq, k2, k3) o &ingo (275)

Adv Theo Comp Phy, 2025 Volume 8 | Issue 4 | 55



25.2. Quantum-Informational and Laboratory Analog Experiments
At the opposite scale, the Primacohedron’s principles can be simulated or indirectly tested through quantum-informational and

condensed-matter analogs.

@) Curvature—Information Correspondence in Trapped Ions: A trapped-ion chain implementing a tunable Ising—XY
Hamiltonian
Hion = Z]ijaix o + BZ af
i<j i

can reproduce the geometric—informational mapping: the correlation length &, corresponds to inverse curvature radius
R~Y/2_ Measurement of entanglement growth rate dS/dt gives an experimental analog of entropy production (200).
(ii)  Synthetic Gauge Fields and Arith-Photon Analogs: Cold-atom lattices with artificial magnetic flux simulate the arith-

gauge potential A, of Section 21. Phase inter- ference fringes measure Wilson-loop holonomies

W(C) = exp <i fA#dx“),
c
testing the predicted non-Abelian phase structure of arithmetic curvature fields.

(iii) Quantum-Optical Simulation of Holographic Duality: Using multimode pho- tonic networks, one can encode the
holographic dictionary (267) as a scattering matrix S;; = (0;|Q;). Entanglement entropy between input and output
channels directly mea- sures the boundary—bulk correspondence and tests the unitarity predicted by ASUSY (257).

(iv)  Adelic Partition and Spectral Experiments: Superconducting qubits arranged in prime-indexed frequency ladders
wp = wo Inp can emulate the adelic partition function (195). By measuring occupation probabilities p, e Prop one
may reconstruct { (fhw,) experimentally, realizing a “Riemann—Zeta thermodynamics” setup.

) Complexity-Flow Analogs in Neural Networks: The learning dynamics of deep neural networks under stochastic
gradient flow obey an effective Fokker—Planck equation identical to (213). Monitoring loss-entropy evolution
ASyn/At and Lyapunov exponents of layer Jacobians allows quantitative comparison with the complexity-flow law
(214).

(vi)  Macroscopic Analogs: Rotating-Fluid Ergospheres: Laboratory vortices or draining-bathtub flows simulate
ergospheric extraction analogous to the Penrose process. The predicted superradiant amplification factor

Gexp =1+ €arith
Cs

could confirm the energetic correspondence between macroscopic rotation and arithmetic information gain.

25.3. Integrated Predictions and Scaling Relations
All observables across scales obey a universal scaling rule:

(O)NR_varithsgarith: Varith + Harith = 1' (276)
where the exponents (V,rith, Harith) characterize geometric versus entropic dominance. Fitting cosmological or analog data to this

scaling law provides a direct empirical test of the theory.

25.4. Summary of Section 25
Section 25 links theory with observation:
(1) Cosmological predictions include red-tilted spectra [Equation (270)], low tensor-to-scalar ratio [Equation (271)], and log-

periodic modulations [Equation (272)];
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(2) Soft ASUSY breaking explains the dark-energy equation of state [Equation (273)];

(3) Stochastic arith-graviton background [Equation (274)] introduces distinctive oscillatory GW signatures;

(4) Laboratory analogs span trapped ions, cold atoms, photonics, and superconducting qubits, all mapping curvature—information

interactions;

(5) Neural-network dynamics and rotating-fluid ergospheres provide macro—micro cor- respondences;

(6) The universal scaling law [Equation (276)] offers a measurable bridge between theory and data.

Together, these predictions transform the Primacohedron from an abstract adelic geometry into an empirically testable framework

connecting cosmology, quantum information, and complex systems.

26. Outlook and Future Directions

The Primacohedron framework unifies geometry, thermodynamics, information, and field theory within a single adelic structure. From
the earliest geometric—algebraic formulation to the super-holographic description of curvature—entropy duality, the theory establishes a
continuous bridge between the microscopic arithmetic domain and the macroscopic cosmological order. In this final section we outline
conceptual, mathematical, and experimental directions that can further develop and test the model.

26.1. Theoretical Expansion and Mathematical Formalism

@

(i)

(iii)

Deeper Adelic Unification: Future work should formalize the Adelic Grand Uni- fied Theory of Section 22 within a full
category-theoretic and topos-theoretic language, where each prime sector corresponds to a fiber in a functorial bundle
over Spec(Z). Such a formulation could reveal hidden symmetries linking zeta-function zeros to curvature spec- tra and
establish a direct correspondence between arithmetic cohomology and spacetime topology.
Quantization of Information Curvature: The supersymmetric Ricci—Dirac flow (259)—(260) suggests a path-integral
quantization of curvature as a functional of infor- mational states. Developing this into a complete Adelic Quantum
Geometry would unify general relativity and quantum mechanics without introducing external postulates.
Category of Dualities: All dualities described—from temperature to field to string— form a commutative diagram that
could be captured in an “Adelic Functor of Dualities™:

D: {micro, macro} — {thermal, quantum, geometric}.

Constructing this functor explicitly may reveal new conserved quantities and invariants across scale transformations.

26.2. Computational and Algorithmic Implications

®

(i)

(iii)

Adelic Computation: The GA-LA algorithms underlying the Primacohedron nat- urally extend to an adelic computing
paradigm: quantum and classical bits coexist in hybrid arithmetic space, where operations correspond to rotors and
reflections in mixed p-adic/Archimedean manifolds. Designing circuits that emulate these transformations could lead to
new classes of arithmetic quantum processors.

Complexity Flow and Learning Theory: The Fokker—Planck equation (213) and complexity law (214) imply universal
learning bounds for adaptive systems. This inspires an “entropic regularization” principle for machine learning,
predicting that networks evolving near critical curvature exhibit maximal generalization with minimal information
dissipation. Testing this on large-scale GA-LA architectures could quantitatively verify the information—geometry
connection.

Simulation Frameworks: Hybrid tensor-network simulators can implement the Adelic Super-String worldsheet (261)
using modular lattice geometries. Efficient numeri- cal realization of such models would allow visualization of

curvature—entropy propagation as interacting excitations, bridging theory with experimental analogs.
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26.3. Experimental Prospects and Technological Pathways

®

(i)

(iii)

Quantum Analog Platforms: The analog systems discussed in Section 25.2 —ion traps, superconducting qubits, and
optical networks should be refined to realize mea- surable analogs of arith-photon interference and entropy flow.
Detection of the predicted log-periodic signatures (272) or complexity scaling laws (276) would constitute empirical
evidence for adelic unification.

Cosmological Inference: Next-generation CMB, GW, and 21-cm surveys could probe the fine modulations (274) and
dark-energy deviations (273) predicted by the the- ory. Cross-correlating these with entropic indicators in large-scale
structure data could validate the curvature—information correspondence observationally.

Information Thermodynamics: Laboratory heat engines and feedback-controlled systems offer opportunities to test the
quantum Jarzynski equality (201) and thermody- namic uncertainty (205) in explicitly geometric contexts. Such

experiments would link microscopic energy exchanges to macroscopic curvature variations, closing the empirical loop.

26.4. Philosophical and Conceptual Synthesis

@

(i)

(iii)

Geometry as Computation: The Primacohedron recasts the universe as a computation executed by curvature flow, where
learning, evolution, and gravity are equivalent processes in information space. Spacetime is not a static arena but a dynamic
record of informational transformations encoded in adelic algebra.

Entropy as Knowledge: In this view, entropy is not merely disorder but the logarithmic measure of unprocessed
possibility. The thermodynamic arrow of time reflects the direction of computational learning, where curvature flattening
corresponds to the assimilation of information by the universe itself.

Adelic unity. The fusion of p-adic and Archimedean components embodies an ultimate symmetry: discreteness and
continuity, logic and geometry, are dual manifesta- tions of one arithmetical substrate. The Primacohedron thus stands as a

candidate for a Unified Theory of Information and Geometry.

26.5. Closing Perspective

From geometric algebra to adelic superstrings, the Primacohedron provides a consistent, multi-scale picture of the cosmos as an
evolving information manifold. Its predictions span CMB spectra, gravitational-wave signals, quantum simulations, and learning-
theoretic constraints. The next phase lies in transforming this framework from theoretical synthesis to experimental validation— an
interdisciplinary collaboration uniting physics, mathematics, computation, and philosophy [13-16].

Primacohedron Closes as it Opens: Arithmetic Reflection of the Universe Observing Itself
A. Mathematical Foundations of the Adelic Frame-Work
A.1l. Geometric Algebra on Adelic Manifolds

We define the multivector algebra G(My) generated by basis blades {e;} satisfying e;e; + eje; = 2g;;. For any multivectors 4,

B:

AB=A-B+AAB, (AB),gives the grade — p component.

The wedge—dot decomposition leads to the bivector representation of curvature, where R;; = 0;w; — 0jw; + w;A w;. The adelic

embedding introduces a prime-indexed sum over curvature modes:

Ry = Z ng’)ei Nel

psw®

A.2. Adelic Zeta Embedding and Spectral Measure

Using Euler’s product formula, the arithmetic Laplacian spectrum obeys pa(E) o [[,(1 — p~E)~1, and its Mellin transform reproduces
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{(E). Hence, the zeta zeros correspond to stationary modes of the information—curvature field.

B.Thermodynamics and Fluctuation Theorems
B.1. Partition Function Expansion

Starting from Equation (195), the logarithm expands as

i e—/?ha)pn
InZy(8) = ) >
p n=1

Differentiating gives internal energy and heat capacity, leading to analytic continuation fAw, — s and recovery of {(s).

B.2. Arithmetic Jarzynski Equality
The stochastic process for work W, satisfies detailed balance:
P (W)/P (=W,) = ePWetF),

Integrating yields the adelic version of Equations. (201)—(202) and links fluctuation entropy to curvature dissipation.

C. Gauge and Field Equations
C.1. Derivation of Covariant Derivative
From DY) = 0% + igarinAuY, we derive gauge invariance:

i

D,(UY) = UD,yp, A, ~ UAU ' - (0,U)U .

Yarith

This ensures that the action (224) is invariant under local transformations.

C.2. Field Strength and Energy Density

Computing Fj, F!" and integrating over space gives the gauge-field energy functional,
1
E[A] = 5] d3x(E2 + B2)

whose quantization leads to arith-photon modes.

D. Supersymmetry and String Formalism
D.1. Superfield Expansion
We expand @(x, 0) and its covariant derivative:

Da® =4+ 0,F + i(0,0)q0,¢ + ...

The component Lagrangian (251) follows from Grassmann integration. Consistency of commutators yields the ASUSY algebra

(247).

D.2. Worldsheet Quantization
In conformal gauge h,j, = 745, canonical quantization gives mode expansions

n
a, .
X (0,7) = x* + 2a,p*T + iy 20y Z Ine_”” cosno

n+0

Imposing the super-Virasoro constraints L, = G, = 0 eliminates unphysical states and ensures unitarity.
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E. Computational Algorithms and Simulations
E.1. GA-LA Simulation Framework
The GA-LA model integrates geometric algebraic embedding and linear attention mechanisms:
def GA_LA(x):
q,k,v = embed(x);
a = softmax(q@k. T/\/E);
y = a@v;
return rotor(y).
Simulations compute entropy, ROC/AUC, and RMSE metrics for each model in the benchmark suite.
E.2. Ricci-Dirac Flow Integration

To evolve curvature numerically, discretize Equation (259) with timestep At :

) _
git? = gl — 20tRY + Ay ©

Stability requires At < (max |R|)™L.

F. Data and Observational Mapping
F.1. Parameter—Observation Correspondence

We summarize key theoretical parameters and their empirical analogs:

Parameter |Definition Observable Counterpart
A Scalar amplitude CMB temperature anisotropy
ng Spectral index IPlanck 2020 fit
r Tensor-to-scalar ratio IB-mode polarization (LiteBIRD)
Cinto Entropy correction Non-Gaussian bispectrum

arith Log-periodic amplitude |GW spectral modulation
D, Curvature condensate  [Dark-energy equation-of-state

F.2. Analog—System Mapping

System Theoretical Analogy Measurable Quantity

Trapped ions Curvature—entropy dynamics [Entanglement entropy rate
Cold atoms Gauge holonomy Wilson loops

Photonic lattices Holographic projection Channel entanglement
Superconducting qubits |Adelic partition [Frequency occupation statistics
INeural networks Complexity flow Gradient entropy scaling
Fluid vortices Penrose—superradiance analog |Amplification factor Ge,
Summary of Appendices

The appendices provide detailed mathematical derivations, computational procedures, and empirical correspondences supporting the main text:
1. Appendix A establishes the formal adelic geometric algebra;
2. Appendix B expands the thermodynamic derivations;
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3. Appendix C details gauge, field, and current conservation laws;
4. Appendix D formalizes supersymmetric and string quantization;
5. Appendix E describes GA—LA and Ricci—Dirac simulation codes;

6. Appendix F connects theoretical parameters to real observables.

These appendices render the Primacohedron framework self-contained, reproducible, and directly testable across mathematical,

computational, and empirical fronts.

G. Glossary of Correspondences

Mathematical Object Physical Interpretation
Prime p Fundamental temporal resonance
Zeta zero Sy, Energy eigenvalue (temporal mode)
Dedekind zero Spatial coherence quantum
GUE statistics Chaotic temporal evolution
Spectral curvature R Emergent Ricci scalar
Adelic product Global consistency condition
Corridor Zero/One Learning of spacetime operator
Porosity P Horizon information leak rate
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