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Abstract

This paper presents a structural reinterpretation of the wave equation based on the interplay among second-order hyper-
exponential functions, Hamilton's quaternions, and a geometric model of revolution around a line segment. Owing to
the natural compatibility between these hyper-exponential functions and quaternions, the proposed framework yields a
decomposition of the solution into two distinct terms. The main result is that, under this hyper-exponential representation,
the d’Alembertian operator admits a quaternionic decomposition into two mutually cancelling components. This
reformulation provides a new perspective on the underlying structure of partial differential operators.

1. Introduction

A wave function satisfying the wave equation has been previously derived using second-order hyper-exponential functions defined on
the real domain, which satisfy F(v)" = f(v)F(v). When f(v) € C®(R), the solution F(v) of the differential equation is also real
analytic. In this paper, we extend this framework by incorporating Hamilton’s quaternions alongside the hyper-exponential functions
to explore whether new mathematical insights can be obtained. The real analyticity of F(v) ensures compatibility with the quaternionic
differential operators developed in the subsequent sections. Under this condition, the solution exists as a real analytic function, allowing
the wave equation and the d'Alembert operator to be treated naturally within an analytic framework.

The conventional method is outlined below.
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which vanishes under the above condition. Therefore, a solution of the wave equation is
¢(x,y,2z,ct) = C,F(w)g + C2,F(v); .
Here Cjand C, are arbitrary constants.

2. Revolution around a Line Segment

Considering a line segment embedded in three-dimensional space, a revolution around it can be established a priori. Thus, by placing a
line segment perpendicular to a plane, one can define the angle of rotation 8 around the segment, measured from a reference direction
on the plane starting at the intersection point.
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Based on this concept, we consider a vector of zero magnitude originating at the foot of the segment and associate the rotation angle
0 with it. The positive direction of rotation is defined as the direction in which a right-handed screw advances along the segment in
accordance with 0. Finally, we place the origin at the center of the line segment, designating its endpoints as ¢ and -a .

Figure 1: Revolving around a line

As shown in Table 1, we assume a full revolution around the line segment. Therefore, we set x = a cos0.

6=m 3 0 =2m

The value of 0. 6=0
0 =—
2
0

0 =

T

The value of x. x=a x=0 X =-a X =

Table 1: The Mapping between 6 and x

From another perspective, as shown in Figure 2, it can also be said that the vector of zero magnitude
starting from x and perpendicular to the real axis revolves around the line segment with parameter 6.

Position vector The vector of zero magnitude originating at x revolves

x =acosf around the line segment with 6.
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Figure 2: Revolving around the x-axis

Therefore, this single loop is equivalent to one full circuit around a circle of radius » = a in the complex plane

Imaginary axis

Real axis

Figure 3: A Circle of Radius r = a in the Complex Plane

That is, a single revolution of the vector of zero magnitude around the line segment corresponds to one full circuit around a circle of
radius r = a in the complex plane. This suggests that the structure associated with the line segment may be identified with that of the
complex plane.

3. The Wave Equation and the d'Alembertian Operator
Let us consider the wave equation again.
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Here ¢ is constant.
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We now consider the d'Alembertian operator introduced above. |' Ix2 L dv? :
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That is, when second-order hyper-exponential functions are used as a solution, it follows that the quaternionic d'Alembertian operator

can be decomposed into the sum of two distinct partial differential operators associated with opposite directions in the complex plane.

4. An Example
Based on the preceding discussion, we present the following examples.

4.1.Case 1: f(v) =—1
Let us consider the case, where I=1,m=n=0.
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Adv Theo Comp Phy, 2026 Volume 9 | Issue 2 | 3



2 3 a9 d d \* 1/d 9 \*
(Wﬂa—yz*ﬁ‘m) P =5 (g5 zaet) PO+ 3 (5 zag!) s

_1/0 @ z 1,0 98 \* .

(a:ﬁﬁl) sm(x—ct)+E(a—El) sin(x — ct)

2 a0 a0 2\ . 1/ 92 da ada 2\ .
=E(W+Z(£&+E£)I_W>S"‘(" Dty <6x2 (aa*aa)“m)sm(x‘“”
:%(—sin(x—ct)+(sin(x—ct)+sin(x—ct))l+sin(x—ct))

+ % (—sin(x — ct) — (sin(x — ct) + sin(x — ct) )I + sin(x — ct) )

=sin(x —ct)I —sin(x—ct) I =0
Therefore, in this case, the expression decomposes into a pair of functions that cancel each other out on the imaginary axis.

4.2. Case 2: f(v) =V

Let us consider the case, where I = S—ﬁ, = ﬂ, = %
10 10 10
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Therefore, in this case, the expression decomposes into a pair of functions that cancel each other out in four-dimensional space.

5. Conclusion
The proposed solution form for the wave equation can be decomposed into the sum of two functions. It has been demonstrated that the
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d'Alembertian operator can be naturally reformulated using second-order hyper-exponential functions and quaternions. This research
confirms that our proposed approach offers a novel perspective on conventional methods for solving the wave equation. As described
above, second-order hyper-exponential functions are naturally compatible with Hamilton's quaternions, and further application to partial
differential equations may be possible.
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