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Abstract

In this paper, we consider fully original method to construct the orthogonal parabolic coordinates [1],[2] for any
dimension N. Unlike the three-dimensional case that is produced by rotation about the parabolic symmetry axis, we
Jjoin three paraboloids that possess three-fold rotational symmetry. In N-dimensional case, we combine N paraboloids
that have rotational symmetry of order N. Moreover, for any dimension, we can obtain the Laplace-Runge-Lenz vector.
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1.Two-Dimensional Parabolic Coordinates
In the Euclidean space E*we will use the Cartesian coordinates (x,y), where the origin of the Euclidean space is the point (x = 0,y = 0).

Consider an arbitrary directed /ine | € E?and the segment [a,b] € [ that passes throw the point (0,0) (the origin of the plane E?). Note
also that the center of [a,b] seats at (0,0). Let the points a(x ,y ) and b(xb), where (x v ), (x,.,) are coordinates of the points a,b, be ends
of the segment [a,b].

Moreover, if we consider the points a; b as radius-vectors @, E, then we suppose that

jal = [b] = 1.
On the other hand, the radius-vectors @, and ( Z_),) collapse

a+b=0. (1)

If the vectors are considered component-wise, then we have two equations
Ty + 2 =0,
Yo +yp = 0.

Now, we can define the orthogonal curves U(c), B(t) as
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Ao): o= \/\/:c2+y2+:cax—|—yay,
B(r): 7= \/Vx2+y2+xbx+yby,

Where, in the right-hand sides of equalities (3), the numbers (x ,x ), (,.y,) are coordinates of the points a; b and x; y are variables. Further
note that (o), B(1), see (3), are confocal parabolas and the direction of the parabolic symmetry axes coincides with the orientation of
the segment [a, b].

(3)

Note also that we have the equality
To + Yoy + 2o + Yoy = 0. (4)

We can see, if the parabolas (o), B(t) correspond to identical values of o, 1, that the union of parabolas A(c) U B(t) = AB(o, 1)
possesses 2-fold rotational symmetry with respect to the point (0, 0).

Recall that the parabolic foci situate at the point (0, 0). Note that parabolas 2, B are outside of the segment [a, b].

A(o) UB(1) =: AB(o,7)

In particular, from (4), we have that guarantees the orthogonality of the grid (o, 1).

\/ﬁy2 = E (02 + 7‘2) (5)

2

2. Three-Dimensional Space

Three-dimensional space [E3 has Cartesian coordinates (x, y, z). Let a two-dimensional plane S be situated anyhow in E? and the regular
(equilateral) triangle AABC € S be oriented arbitrary in S. Moreover, the triangle AABC is centered, i.e., the center of the triangle (center
of the circle that circumscribes the triangle AABC) is located at the origin of the plane S (for simplicity, we suppose that the origin of
the plane S coincides with the origin of the space E?).

Similarly, to the two-dimensional case, consider three points a(x_y ,z ); b(x,y,z,) and c(x,y .z ) that are situated at the vertices of the

triangle AABC. Analogously to the previous case, radius-vectors a, p and ¢ collapse.

S

=lel =1,
¢=0. (6)

al = |
i+

SH
+

If we rewrite component-wise vector equality (6), we receive

Ty + Ty + . =0,
Yo+ Up Ty =0,
Za+ 20+ 2. = 0.

We have orthogonal confocal paraboloids
A(o) : a:\/\/:v2~|—y2+22+xax+yay+zaz,
B(r): 7= \/\/x2+y2+z2+xbx+yby+zbz, (7)

C(x) : X:\/ 224+ Y2 + 22 + 2.7 + Yoy + 2oz
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Note that A(c), B(t), E(x) are confocal paraboloids and the directions of the symmetry axes of the paraboloids coincide with the

directions of radius-vectors a a, p and c.

Moreover, the symmetry axes of the paraboloids U, B, € lie on the plane S and all the paraboloids are three-dimensional surfaces, which
are outside of the plane S.

If we join three confocal paraboloids (7)

A(o) UB(1) UE(x) =: ABC(o, T, X), (8)

that correspond to the identical values of o, T, x we obtain that a surface (8), formed by paraboloids (7), possesses rotational symmetry
of order three.

Similarly, to the two-dimensional case, we will have the following useful equality

Tal + Yoy + 2aZ + Tox + Yy + 262 + Tex + Yoy + 2c2 = 0. 9)

Note also that from (9) we obtain

Vat+y? 422 =

(02 + 724 Xz) .

Wl

3. Four-Dimensional Space

Consider also the four-dimensional case. Note that we must take an arbitrary three- dimensional space F € E* and a tetrahedron ABCD €
F and we must consider four radius-vectors that go from the center to vertices of the tetrahedron. Note that four-dimensional paraboloids
are outside of the space F.
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