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Abstract
In this paper, we prove that Reimann's zeta function {(s) = ,J{°°1 Sis=a+t ib,s # 1 on the complex plane is a spiral of
radius r :
r
. bN1-a +oo , D2j Azj-1 )2 (L (1-a)N1-a +oo0 o b2j Baj-1 )2
R ((1—a)2+b2 =1 X war )+ Gyve T @z T 201G X yar)
With :

= Ayjoy = TI(-DPHPRUTPDHKTE (a)

j—1 i12(j—p—1) pr2p+1
* By =Z;=o(_1)p+1b20 P 1)1(2]?_"1 (@)

* a-KF(a), (@a€R), neN",p €N, isthe function that sums the multiplications between all the elements of the
non-repeating combinations of the n elements {a;a+1;a+2;...;; a + n-1n: n€N"} taken p to p (c?)

And coordinate center :

+00 +00

1 1—a b,; —b bz,
2 (1-a)?+b% i (2))! Bojea | (1-a)2+b2 i (2))! Azj-1

We then show that Reimann's zeta function can be extended analytically on all the complex plane except in s =1 by :
=122yt Pzyp o ] g [ B oyt P2y,
§s) = [2 (1-a?+p> 2=y B 21‘1] L [(1—a)2+b2 + 2= (zj)!AZJ-l]

b
¢(s) _[ T -a)2+b? a)2+b2 [( 1)"[,2712] n+1(2j;,K22](] 1n) 1(a)]]

b 2 1
[(1 a)2+b2+2 [( 1)"b2"+121 n+1(2%'K2101n )(a)”
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And finally, we conclude that all non-trivial zeros of the zeta function have a real part a and an imaginary part b
that satisfies the equation :

+oo

1 byt .
5 + z (—1)"h2" Z (ZL]])I [Kzzjgizn)—l(a) —-(1- a)KZZj(i;n—l)(a)]\ -0
n=0

j=n+1

Keywords: Riemann zeta function, Complex analysis

1. Introduction

Reimann's zeta function, often referred to as {(s) is a special mathematical function that plays an essential role in the study of the dis-
tribution of prime numbers and in number theory in general. It was introduced by the German mathematician Bernhard Reimann in the
mid-19th century [1-5]. The Reimann zeta function is defined for complex numbers s of the form

s =a+ bi where a and b are real numbers, and i is the imaginary unit (i* = —1). The formula for Reimann's zeta function is as follows:

+00 +00
1 1
€= Q7=
n=1 n=1

When the real part of s is strictly greater than 1 (a > 1)the series converges, giving a finite value to the Reimann zeta function.

For s =1 it has a simple pole and for any real part s strictly smaller than 1 (a < 1) the series diverges and can be analytically extended
using the functional identity :

s

¢(s) = 257! sin(?) T(1—s) ¢(1— s),

Wlhere I' is Euler's Gamma function. It then becomes possible to use this formula to define zeta for any negative real part s (with {(0)=

-
We deduce that strilctly negative even integers are zeros of zeta (called trivial zeros). {(—2n)=0 and that non-trivial zeros are symmetrical
about the axis a =3 axis and all have a real part between 0 and 1; this region of the complex plane is called the critical band.

As a result, Reimann's hypothesis can be reformulated as follows:

{(s)=0 And 0<a<1 impliesa=%

2. Literature review
2.1. Analytical extension principle

Theorem: Let U be a connected open of Clet f'and g be two holomorphic functions on U, and

let 4 be a part of U admitting an accumulation point that belongs to U. Then

f=gonde f=gonU.

In particular, if f = g in a neighborhood of a point @ of U, then f = g on U
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This theorem is usedlto prove many uniqueness results for holomorphic functions. For example, the only holomorphic function f:C—C
that verifies f ( ) == for all n> 1 is the function f(z)=z. We apply the previous theorem to A= {— n21}, U=Cnoting that 0€C is an
accumulation pomt of A.

Definition? - Let U be an open of the set C of complex numbers and f an application of U in C.
® We say that fis derivable (in the complex sense) or holomorphic at a point z, of U if the following limit, called the derivative of f at
z, exists:

£(20) = lim fz) — f(zo).
=3 Z—Z)

e We say that f'is holomorphic on U if it is holomorphic at any point of U.
e In particular, a holomorphic function on C.

2.2. Bernoulli numbers

The Bernoulli numbers, noted B, (or sometimes b, so as not to confuse them with Bernoulli polynomials), are a series of rational num-
bers.

These numbers were first studied by Jacques Bernoulli* (which led Abraham de Moivre to give them the name we know today), looking
for formulas to express sums of the type :

Z M= o™ 4+ 1m 4 om S (n - 1)m

For integer values of m, this sum is written as a polynomial of variable n whose first terms are:

n—1
1/m+1 1 /m+1 1 fm+1 1 fm+1 .
kmi m+l = m it m—-1 _ = m—3 - m—5 )
2 m+1(" 2( 1 )" +6( 2 )" 0\ 4 )" Tm\l e JU T

With : (n) ok nl |
k El(n —k)!

The first Bernoulli numbers are given in the following table:

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
1 1 1 1 1 5 691 7
By, 1 — 5 0 | -3 | 0 ;3 |0 -5 |0 & 0 -7 O 3

Jacques Bernoulli knew a few formulas like :

1+2+3+---+(n—1):%n2—g :”(“2_1),
12+22+32+...+(n_1)2:%ns_%2+% :n(”—l)ﬁ(zﬂ—l)’
1s+23+33+,,_+(n71)3:%nk%3+%n2 :”2(”4—1)2;
- _ 2 gp
14+24+34+"'+(ﬂ—1)4:%ns—%n“+%n3—% :n(n 1)(2n ;()J(Sn 3n 1};
15+25+35+___+(n_1)5:%nﬁ_ ;n5+1—52n4—ﬁn2 _ n2(n_1)2(i;2_2n_1)'

Bernoulli observed that the expression :
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n—1

=Y KT =0" 41" 42"+ 4 (- 1)

Is always a polynomial in 7, of degree m + 1, and defines the Bernoulli numbers B, by :

'mll k

- m! Bk m+l—k __ 1 - (m+1 m+1k - )
S Z (m+1-k ‘k'n m—l-lé( k ) Z "ma1l-k

In particular, the coefficient of 7 in the polynomial S (n) is the number B,.

2.3. Special values of the Reimann zeta function4

23.1.In0 and 1

In zero, we have : {(0)= —%

In 1 there is a pole, so {(1) is not finite but the limit is —coon the left and +ooright :

lim {(s) =t

s—1%

2.3.2. Positive Even Integers
The exact values of the zeta function at even positive integers can be expressed from Bernoulli numbers:

. (2)2n—182n .
Vn e N, {(2n) = (1) HW?TZ

2.3.3 Odd Positive Integers
There is no general formula for calculating the zeta function for odd positive integers.
The sum of the harmonic series is infinite:

(1) L4 4a4a
= —+-+-.=
¢ 23 4

The value {(3) is also known as Apéry's constant (1.202..) and appears in the electron's gyromagnetic ratio. The value {(5) appears in
Planck's law (1.036...).

2.3.4 Negative Integers
In general, for any negative integer, we have :

Bn+1
—n) = (-1)" =
((m) = (-1 =
Trivial" zeros are negative even integers:
{(=2n) =0 (Bzn41=0:n>0)

3. Graphic Observations
We introduce the function s—Z(s) for all s in the set of complex numbers s = a+bisuch that :

N N
1 1
Z(s) = E,_s: E | A+ b

n=1 n=1

We have the following equality:

Jim Z(s) = ()
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And since :

1 ) cos(bin(n sin(bln(n
na+bi =n"%x e—tbln(n) - (na ( )) —iX (na( ))
This gives :
" cos(bin(n)) - sin(bin(n))
cos(bln(n sin(bln(n
(= i 3OOy, i)
N—+o0 na N-+o0 na

n=1 n=1

Figure 1 shows the graphical representation of Z(s) in the complex plane when N varies between N1=10° a N,=6x10° for some real
numbers (a,b).

Indications :

We know that :
o (54 1x49.773832478...) = 0

e (4 ix101.317851006..) =0
2

49.773832478...; 101.317851006...are estimates of the imaginary part of some non-trivial zeros of the zeta function.

20

Im(Z(s))

Re(Z(s))

13 20

-20

Figure 1 Graphical representation of Z(s) of N; = 103 a N, = 6 X 10 in the complex plane
when s = -+ i X 49.773832478 ...
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20

Im(Z(s))

| R
0 25

=25

Figure 2: Graphical representation of Z(s) of N; = 10% a N, = 6 x 10° in the complex plane

whens=%+i><40

0
Im(Z(s))
8 |

Re(2(s))

-10 8 10

-10

Figure 3: Graphical representation of Z(s) of N; = 10% a N, = 6 x 10° in the complex plane

when s = =+ i x 101.317851006 ...

T2
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Im(Z(s))

Figure 4: Graphical representation of Z(s) of N; = 10% a N, = 6 x 10° in the complex plane

whens=§+ix100

4E+32 Im(z(s))

3F4+32

Re(Z(s))

1E+33

-1E+33

-5E+32

Figure 5: Graphical representation of Z(s) of N; = 102 a N, = 6 x 105 in the complex plane
whens = =5+ x 100
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Im(Z(s))
8E+32
/
6E+32
4E-m/
A
Re(Z(s))
-2E+33 2E+33

-8E+32

Figure 6: Graphical representation of Z(s) of N; = 103 a N, = 6 x 10° in the complex plane
whens = =541 x50

From figures 1, 2, 3, 4, 5 and 6, we can draw the following conclusions:

*  When N—+oo, Z(s):s=a+biin the complex plane is a spiral with radius 7€R depending on N, a and b and a center with coordinates
(u,v)ER? dependingonaand b ;

*  When a=1/2 and b takes one of the values of the imaginary part of the non-trivial zeros of the zeta function, the spiral appears to
have the origin of the reference frame as its center (0,0).

4. Hypothesis (0)

Based on graphical observation, hypothesis (0) can be formulated:

The analytical extension of Reimann's zeta function can be written as {(s)=u+iv and (u,v) are the coordinates of the center of the Z(s)
spiral towards infinity.

5. Demonstration
From (1) we have :

-1 J cos(bln(n)) . i z sin(bln(n))
0= g 3 Dy $ s
n=1 n=1
Posing f(n) = —cos(il:(n)) and g(n) = —Sin(lill:(n))

By applying the Euler-Maclaurin formula, which can be expressed as follows:
For a function f continuously differentiable 2k times on the segment [p, ¢] (with £ > 1) we have:

N k
1 N N b, i . .
Z f(n) — w + fl f(x)dx + ZW‘S!(IE(Z]_I)(N) _ f(21—1)(1)) + Ry,
n=1 j=1
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The numbers b,j denote Bernoulli numbers, and the remainder R, is expressed using the Bernoulli polynomial B k :
LY e
Rk:——/ z)Bop(z — |z|) dz.
iy ), 7 @Bt~ 1z)
The functions f'and g are continuously differentiable 2k times on the segment [/, N] (with £> 1), then :

Wy f) = B [V fGodx + 25 2L (FAITDN) - FAID (D)

Mg = EER 4 [V gGodx + 215 2L (@I W) - g@ID (1)

lim R, =0

k—+o0

Calculation of le f(x)dx et le g(x)dx :

ot _ M o (bin(e)) = [—cos(bln(x))] L p¥ snlbine)

= ¥ cos(bln(N)) — — + L [V Snint) (@#1)
1) - Y in(binGo) = [Eesin(binG)]. - 12 f)* )

= X sin(bin(N)) — - [V @)
Substitute [ N“’S('J’CM nd | Nm(“—"("))m both ties :
[t N s (bin(V)) — -+ = x [E sin(bin(N)) — 1 f7" <Rt

[1 +(2 a)z] x [ coslbin) _ N2, [cos(bin(w)) + = sin(bin())] - =
_ f1N cos(bl:(x)) _ [Nll__ax[COS(bln(N>)+2_La§in(bm(1"))]‘ﬁ]
i [1+(2%) |

[ @) - N in(bin(N) — 2= x [ cos(bin(N)) — = + L [V )]

1 xa

= [1 + (%)2] X fN sin(bin() _ 1__ X [sm(bln(N)) — —cos(bln(N))]

- a)2
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1-
N sin(bin(x)) _ [—N [sm(bln(N))——cos(bln(N))]+(1 a)Z]

e EEmy

This gives :
f f(x)dx = fN cos(bin(x)) _ [Nl [cos(bln(N))+—sm(bln(N))]—_]
i o] >
f g(x)dx = fN sm(bln(x)) [ X[sm(bln(N))——cos(bln(N))] W]

x® [1+ m)z]

Calculation of f@~D(N) et f&-D(1):

Calculating the first and second derivatives of f:

[cos(bln(x))] x%~1 cos(bin(x))-bx* Lsin(bin(x) —acos(bln(x))—bsin(bln(x))
- x2a xa+1

[cos(bln(x))]” _ [—acos(bln(x))—bsin(bln(x)) ! — _ax [cos(bln(x)) _px [sm(bln(x))]

xat1 a+1 a+1

% [—(a+l)cos(bln(x))—bsin(bln(x))] _bx [bcos(bln(x))—(a+l)sin(bln(x))]

xat2 x0+2

_ (a(a+1)-b?) cos(bln(x)) +(b(a+1)+ab)sin(bin(x))
- xa+2

We can see that the derivative of order & of f'can be written as :

0 Ay sin(bln(x)) + By cos(bln(x))
f = xatk

A, et B, Are factors that depend on a and b and the derivation order £.
Al = _b Bl = -

A, =b(a+a+1) B,=a(a+1)—b?

f(k+1) _ [Ak sin(bln(x))+Bkcos(bln(x))]’ A, x [Sin(bln(x))] + B, X [cos(bln(x))]

xatk xatk a+k

beos(bin(x))—(a+k)sin(bin(x))
£ Ok+1

—bsin(bin(x))—(a+k)cos(bin(x))
[ R+

= A x| | + B x

__ (AgXb—BgX(a+k))cos(bin(x))—(ArXx(a+k)+BgXxb)sin(bin(x))
- ya+k+1

Curr Res Stat Math, 2024
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And so we have the following two equalities:

Ak+1 = _(Ak X (a+k) +Bk Xb)

3)

Bi+1 = (Ax X b — By X (a + k))

They are used to calculate the remainder of the factors:

A; = —(A; %X (@+2)+ B, xb)
=—(M@a+a+1)x(@a+2)+ (ala+1) —b?) xb)
= b3 —blala+1D)+al(a+2)+ @+ 1D(a+2)

B;= (A, Xb—B, X (a+2))
=b(a+a+1)xb—(ala+1)—b? X (a+2)

= b?*(a+a+1+a+2)—a(a+1)(a+2)

We know that the combination without repetition of n elements taken p by p is equal to :
n!

Ch=—o—"

p!x (n—p)!

Considering the function a—K?(a), (a€ER), nEN#*,pEN et n>p+1 which sums the multiplications between all the elements of the non-re-
peating combinations of the n elements {a;a+1;a+2;....;a+n-1:n€N=} taken p by p :

2!
Kzl(a) =@+ (@+1); Czl - 11x(2-1)! =2
2!
K;(a) =a(a+1); ;= 2x(2-2)! 1
K2(a)=a(a+1) +ala+2)+(a+1)(a+2); C; = Z!X(33!_2)! =3
3!
3!
K3 (@) =a(a+D(a+2); = = 1
We'll have :
A, = —bK?(a) ; B, = —K{(a)
A, = bK2(a) ; B, = —(b*K7 (@) — K7 (a))

Az = b*K3(a) — bK(a) ; B; = b*K3 (a) — bK3 (a)

Ay = —(b°K;(a) —bK;(a)) By =b*K}(a) — b*Ki(a) + Ki(a)
Curr Res Stat Math, 2024
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As = —(b°KS(a) - b*K(a) + bK5(a))  ; Bs = —(b*Ks(a) — b?KS(a) + K3 (a)

Ag = b°Kz(a) — b*K¢(a) + bKS(a) ; Be = —(b°K{ (a) — b*KZ(a) + b?Kg(a) — K¢S (a))

We observe that A, and B, can be written in terms of the parity of the derivation order k :
V k€ENx*si k=2n+1meN:

n
A= ) (DPFMIREDR (a)
0 )

n
Banni= ), (DPHIBDREE @)
p:

VkeN'sik=2n :n€eN*:

n

n
Bn=),  COPHPIR @

Demonstration by recurrence :
Fork=1:
A = Zgzo(—1)p+n+1b2(n‘p)+1K22,f+1(a) =—bK(a) =—b

By = Npoo(~DPMIDPPK R (@) = —K{(a) = —a

Fork=2:
Ay = XTI (~1)PHrp2=p+1 2071 () = pK1(a) = b(a + a + 1)
B, = ¥3_o(=1)P*p2-PIKTP(q) = —(b2KP (a) — K3(a)) = a(a + 1) — b?

Assuming : V k€ENx* si k=2n :neN= :

n

n
B, = Ep_o(—1)p+nb2<n-r’>1<§,f(a)

From (3) we have :

Ak+1 = _(Ak X (a+k)+Bk Xb)

By+1 = (Ax X b — By X (a + k))

Curr Res Stat Math, 2024
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So:
A2n+1 = _(AZn X (a + 271) + BZn X b)

= —(a+2n) Tp_,(-1)PHp2-PIFIKIP () — p¥R_(—1)PHp2MPIKIP (a)
= (a+ 2n) XP_, (~1PHHp2 LR 2P (g) 4 S (— )P 2RI ZR ()
— Zgzl(_l)p+n+1b2(n—p)+1(a + Zn)KZZf;_l(a) + Zgzl(_1)p+n+1b2(n—p)+1K225(a) +
(—D™b* 1K 14 (a)
= Yn_ (—1)PH 2P (g 4 20)KP T (@) + Kok (@)] + (D™ IKD, L (@)
— gzl(_l)p+n+1b2(n—p)+1 K22£?+1(a) + (_1)n+1b2n+1K20n+1(a)
— Zgzo(_l)p+n+1b2(n—p)+1 K221117+1(a)
Because (a + 2n)K2?~"(a) + K22 (a) = K2, , (@) (Appendix 1)
Bont1 = (Azn X b — By X (a + 2n))
= b YR (—1)PHH2OPIHIKEIPT () — (a + 2n) BR_o(— 1P H2PIKIP ()
= Yss (-1 p2PIR IR () + ¥ (~ )P 2P (a + 20)K, Y (a)
= Yroi(—)PHHp2- K22 (@) + (a + 2n)KE (@)] + (— 12 (a + 2n)KZR (a)
= Tpos(= PR PCRE (@) + (1) (a + 2m)K5R (a)
= Zpoo(-DPMIBZOPIKG (a)

Because :

Kzzﬁﬂ(a) + (a+ Zn)KZZ,f(a) = Kzz,ffll(a)

et (a + 2n)K2'(a) = K31 (a) (Appendix 1)

And since we're interested in derivatives of order (2j—1) :

. Ayiq sin(bln(x)) + B,;_,cos(bln(x))
fAD(x) =2 T

Curr Res Stat Math, 2024 Volume 3 | Issue 1| 13



Replacing n by (j—1) in (4) :

j-1 e
Ayjy = Z (_1)p+1b2(1—p—1)+1K;}0_1(a)

- (5)
-t i 2(j 2p+1
Byj_1 = szo(_1)p+1bz(1—p—1)1(2}’_1 (a)
@j-1) _ Azj sin(bln(N)) + B;j_1cos(bin(N))
f (V) = Na+2j-1
(6)
. Ayiq sin(bln(l)) + B,;_1cos(bin(1))
f(zj V() = : 1a+2j—1] = B3j1

Calculation of g#V(N) et g@-V(1):
sin(bin(x))
x4 ’

By doing the same for the function g(x)=

[sin(bln(x))]’ _ bx®~1 cos(bin(x))—ax® 1sin(bin(x) _ beos(bin(x))—asin(bin(x))

B Ay, sin(bln(x)) + By cos(bln(x))

k
'g( ) xa+k

We show by recurrence that : Vk € N* A, = By, et B, = —A;
For k = 1it's true.

Assuming that Vk € N* A = By, et B, = —Aj

(k) _ Bk sin(bin(x))-Agcos(bin(x))
) - xa+k

(k+1) _ By sin(bin(x))—Agcos(bln(x)) !
9 - [ xatk ]

sin(bin(x)) !
xa+k -

Ak % [cos(bln(x))

xa+k

=Bk><[

=BkX

[bcos(bln(x))—(a+k)sin(bln(x))

[—bsin(bln(x))—(a+k)cos(bln(x))
xa+k+1

xatk+1

]—Akx

__ (Bgxb+AgXx(a+k))cos(bin(x))+(Arxb-BXx(a+k))sin(bln(x))
- a+k+1

Curr Res Stat Math, 2024 Volume 3 | Issue 1| 14



A;(+1:AkXb—BkX(a+k)

Bry1 =B Xb+ A X (a+k)

We know that :

Apy1=—(Ar X (a+ k) + B, xb)
Bry1 = (A X b — By X (a +k))
We therefore have equality :

14 — ! —
Ajy1 = Biyr and Byyy = —Apyq

As aresult: Vk € N* A, = By et B;, = —Ay
And the derivatives of order (2j—1) of g can be calculated as follows:

A’zj—1 sin(bln(x))+B£j_1cos(bln(x))

g(Zj_l) = xa+2j-1

_ By sin(bln(x))—Azj_lcos(bln(x))

- xa+2j-1
Consequently :

Ci-D(y) = By sin(bin(N)) — Azj_lcos(bln(N))
g Nat2j-1
(7)
. Byj_y sin(bin(1)) — A,;_,cos(bin(1))
9(2] 1)(1) = 1a+2j-1 =—Ayj1

Calculation of ¥¥_, f(n) and ¥V_, g(n):

According to Euler-Maclaurin we have :

W fo) =TS [V pGodx + 18 2L (FETIW) - FHTI (D)

(1) N N [e) by j— i—
Mg = EE 8+ [V g(dx + Bi5 2 (9@ W) - @O (D)

According to relationships (5); (6) and (7) :

+o0 b2j (Azj—1 sin(bln(N))+sz_1cos(bln(N))

+oo b2j (c(2j-1 2j-1 —
AL (FeW) - fE W) = i 2L e ~Byj1)

Na+2j-1 + Azj—l)

+oo ﬁ (2j-1) _ (2j-1) _ V't sz BZj—l sin(bln(N))—Azj_lcos(bln(N))
j=1 (2])'('9 (N) g (1)) — 4j=1 (2])|(

Curr Res Stat Math, 2024 Volume 3 | Issue 1| 15



Posing :

o, b Ayi_
- Z 1((2%[ Naijzji1)
b Byi—
- Z ((zjj)l Naijzji1)
S e T TR
oo ¢ b2j
- W =370 (2%! X Azj-1)
We'll have :
+ oo
(2])| (f(Z] 1)(N) f(z; 1)(1)) = Usin(bln(N)) + Vcos(bln(N)) —w,
+o0o

(Z )'( g@=V(N) — g@i- 1)(1)) = Vsin(bin(N)) — U cos(bIn(N)) + W,

From (2) we have :

cos(bIn(N)) [%x[cos(bln(N))+ﬁsin(bzn(zv))]—ﬁ]

f+f(N) N 1
Rt [ f)dx = S+ = [1+(£)2]

g +g(N) n ng(x) _ sin(bin(N)) [N1 [sm(bln(N))——cos(bln(N))]+(1 a)z]
2 1 2N@ 2
[1+ E) ]
Posing :
pN1-a i
" U= (1_2)22 - (:Z)ubz
[1+(a) ]
- VI _ L I\il__aa _ L (l—a)Nl_a
~2ne [1+(L)2] T 2Ne T (1-a)2+b?
1-a
1 = 1 1-a
. [ — - 1l-a _ _— _ __ -
R i
b
" WZ’ — (a-a)? _ b

T (1-a)2+b?
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We'll have :

w + lef(x)dx U sin(bln(N)) +V’ cos(bln(N)) + Wy

M + [ g(x)dx = V" sin(bln(N)) — U’ cos(bin(N)) + Wj

This gives :
YN_, f(n) =U’sin(bin(N)) + V' cos(bln(N)) + W{+U sin(bln(N)) +
V cos(bIn(N)) — W,

= (U’ + U)sin(bin(N)) + (V' + V)cos(bln(N)) + Wy — W)

N_1g(n) =V'sin(bin(N)) — U’ cos(bin(N)) + W, + Vsin(bln(N)) —
U cos(bln(N)) + W,

= (V' + V)sin(bin(N)) — (U' + U) cos(bIn(N)) + W; + W,

N
Z gn) ="+ V)sin(bln(N)) —(U"+ U) cos(bln(N)) + W, + W,

n=t (®)
N

fn)=WU"+ U) sin(bln(N)) + '+ V)cos(bln(N)) + W) —w,
1

n=
Note that :
2 N 2

+ gn) — (W, + W)

n=1

N
[Z HOBZETN = U+ U+ (V' +V)?

Since we always have :

[A sin(x) + B cos(x)]? + [B sin(x) — A cos(x)]? = A% + B?

We know that the general equation of a spiral of variable radius » and center («,v) in the Cartesian plane can be written as follows:
[x—ul® +[y—v]* =r?

Replacing x by YN_, f(n) and y by — ¥N_, g(n) in the equation, we conclude that :

V(a,b) ER?,a+1,b#0,Z(s)=YN_, f(n) —i x¥N_, g(n) in the complex plane is a

spiral of radius r = \/(U’ + U)?2+ (V' +V)? and center

(W] — W, ,—(W; + W,)). This corroborates our observation.
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sin(bln(n))

na

f) =

cos(bln(n))
— = —andg(n) =

r=yU + U)2+ V' +V)2

bN1l-a by Ay 2 1 1-q)N1-¢a Do B, 2
( n J'r:i 2j o Azj-1 )) +( +( ) + -!-:1 2j o B2j1 ))
(1—-a)?+b? J=1MNepnr etz 2N@  (1-a)?+b? J=hepnr vatei-1

Wi — Wy, — (W; + W)

1-a b2] -b b2}
(‘—m—zj 1(y B2j-1) EmE ] 2 Azi-1))

From (1) we have :

5 cos(bln(n) N, in(bin()
z(a“b):NliToozw—ileirprM

n na
n=1 n=1

= lim Zf(n)—Lx lim zg(n)

Jm Y f(n) = lim (U'+ U)sin(bin(N)) + (V' + V)cos(bin(N)) + Wi — W,

Jim YN_1g(n) = lim (V' + V)sin(bln(N)) — (U' + U) cos(bln(N)) + W; + W,

N—+co

We know that :
1< sin(bln(N)) <land -1< cos(bln(N)) <1

pNl-@a by Ay
' +oo ¢ D2j 2j-1
" Ut U= TG X verao)
1, a- a)N1~ +o0 , b2j Baj-1

] ! = —_— PO (—L x —L—

VitV = 2N (1-a)2+b2 + J=1((2j)! Na+21-1)
s W, =Vi® &XB . )

1 j=1 (2]-)! 2j-1
1 1-a

. W =

2 (1-a)?+b?
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n — 't &
Wy = dj=q 2! X Azj-1)

, b
W2 = (1-a)2+b?
= Ay = ;,;t(—1)p+jb2(j_p‘1)+11{22}0_1(a)
" By, = ( 1)P+ip2U-p- 1)K2P+1( )
Whena>1:

lim (U'+ U)=0
N-+o0
lim (V' +V)=0
N—->+o00
So:
Nl_igloo Yh=f(m) =wi—-w;

1

2 a- a)2+b2 211[(21)' Bzf—l]

-1 __ 1-a _ baj P+ p2(-p=1) g 2P+1
=~ T~ i o X Zho(=DPb K7 (@)
Nlirp Yh=1g(m) =W, + W,

_ b yto[bz ,

T (1-a)2+b? j=1 [(Zj)! X A2]—1]

2 byj X 2 (_1)p+jb2(j—p—1)+1K22]P_1(a)]

(1 a)2+b2 S e

We know that the zeta function when a > 1 converges.

So¥N_, f(n) and 3:N_, g(n) also converge, and the zeta function can be written as :

{(a + ib) = u(a,b) + iv(a,b)

. 2p+1
with u(a, b) = m_zj 1[(2 o Z ( 1)p+1b2(1 p- 1)1{ p+ 1(a )]
b -1 i i—p— 2
and v(a,b) = m Z (ngl X Z 0(—1)p+1b2(1 p 1)+1K2]p_1(a)]
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This result can be interpreted as :

e When N—+oo the radius of the spiral tends towards 0, producing a point on the complex plane with coordinates (u(a,b),v(a,b)).
When a<1:

YN_f(n) and ¥N_, g(n) do not admit a specific limit, but as the function Z(s) diverges it

graphically  represents on the complex plane a  spiral of  radius

r= \/ (U'+ U)?+ (V' +V)? tending towards +oco and with a coordinate center
(u(a,b),v(a,b)) :

b i—1 i i—p— 2p+1
= u(a,b) :E m e} (2%' 21{):0(—1)%11)2(1 P 1)1(2]?’_1 (a)]
« v(ah)=—2— — +o 1[”21 Z L(—1)PHip2U-p- 1)+1K (a)]

(1-a)?+b2 @

We define the function s = Y(s),Vs € C—{1},s = a + ib ,tel que:

Y(s) = u(a,b) + iv(a,b)

)
1 1-a j j—p— 2p+1
e u(ab) = T o 2i- 1[(2])' Z (—1)p+1b2(1 p 1)1(2]?’_1 (a)]
b i i12(j—p—
o (@ b) =~ SA [ X TSP b G (@)
Note that :

»= {(s)etY(s) are holomorphic on C — {1}
» {(s)=Y()on{s=a+ibeC—{1}:a>1}

» {s=a+ibeC—{1}:a>1}isapartof C— {1}
So according to the principle of analytical extension {(s)=Y(s) on C—{1}.

This means that assumption (0) is true and we can write :

VseC—{1},s=a+ib:{(s) = u(a,b)+ iv(a,b)

b
fou@h) =5 -~ I [ X PR PG (@)
2
= v(ab) ——(1 o p s 1[(2 L x 30t (—1)PHip2U-p-Dr1g 2P 1(a)]
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Calculation on] 1[(1;21)' Z;, 10( 1)p+1b2(; p— 1)K2p+1(a)]

b i—1 i i—p— 2p+1
ZJ 1 (2%' 2:1{>=0(_1)p+1b20 : 1)1(2]1?_1 (a)]

b b b b b b
-2 Ki(@) + 1 b?K3(a) — 1 K (a) — b K3 (@) + 22 b?KE (@) — 2 K3 (@) +

% poK(a) — 2 bR (@) + 2 b?KE (@) — 2 K] (@) ..

Calculation of [bz] XZI 10( 1)pP*ip2i-p- 1)K2p+1(a)]

2!

b j—1 i 1h2(j-p— 2
] (2%' 2;=0(_1)p+1b2(1 P 1)+1K2}’_1(a)]

b b b b b b
—2bK7(a) — 1 bK$(a) + 1 b°K3 (@) — 2 bK5 (@) + -1 b*KZ (a) — 2 b°K3 (@) —
2 bKS(a) + 2 b3KH(a) — 2b3KE(a) + 2 b7KY(a) ...

We rearrange the terms of the two expressions:

b
i | x Bpo (- P b2 IR (@)

b, b, be

K@+ K@+ K@ + K@
b, be

02 [ K@) + K@) + K@) ]

b
5[ K@) + 2 K3 @) ]

+b6 :— Ki(a).. ]
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4 [ < T DG (@)

b [ 2K @) + P E @) + S K2 (@) + 2 KE @) . |

by b
BT ORE (a)+ K@) - ]

b [ + K@)

b7 :—K7°(a) ]

We observe that :

baj _1)PHip2U-p-D g 2P+
|G 2o (- DP b2 IR )|

i

— S [ s 2L KTV T @)

@nN!
And :
R o)
b K20-n-1
T | 0mT B 2L KTV @)
Then :

VseC—{l1},s=a+ib:
(10)

05) = [~ gt + D% [ B 2 K27 (@)

2  (1-a)2+b2?

: —b np2n+1 baj ,2(j-n-1)
T X [(1—a)2+b2 [( 1) b Z] =n+1 (2])|K2] 1 (a)]]
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6. Consequences
61.b=0
From (10), when b=0:

(o) 2(j_1)
K21 _ 1 < bZJ'
(@)= 5o+ (2 LK@ =51t ) o [ [ @w
j=1 p=0
We can check that :
1
= {(0) =~
. 1)=21_1_b_ _1 -1
o 1)_2 2 2 12 bz_e)
1 1
- {(—Z)ZE—E—I’)ZZO
»  Generally, we find that {(—2n) = 0 (trivial zeros)
We know that VneN :
{(2n) = ()M E T and ¢(—n) = (—1rzn
(2n)! n+1
So we have the following two equalities VREN :
+00 2(j-1) 221’1 1b2n 1 1
2 — 1 n+1 2n __ —
Z 1_[("“’) O =G © T =12

2(j-1)

byt 1
2(21)' ﬂ(p m =D 1_5

6.2. b#0
The equation : {(s)=0

From (10), Implies :

n 1L 1-a 2 by 2(] n)—1 _
E_(l—a)2+b2 [( 1)nb nz} =n+1 (2j ;. 2j—-1 (a)] 0

" 2n+1 baj 2(1 n—1)
= a>2+bz + EnZ [( D RS =n+1 77 K2j=1 (a)] =0
Implies :

np2n baj 2(] -n)-1 1
[( 1) b Z] n+1(2])| 2] 1 ( )] (1- a)2+b2 2

np2n+1 byj 2(] n—1)
[( 1) b Z] n+1(2])| 2] 1 ( )] (1- a)2+b2
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1

Implies, by dividing by b in the second equation and replacing ————
(1-a)2+b2

in the first equation:

j 2 1
[( 1)nb2n21 n+1(2j;' 2](]111) (a)]

byi
(1 - a)z [( 1)nb2n j= n+1 (2];, 22](] 171 1)(61)]

Implies :
b
4+ 3 [( D" L ok [ @ - (- K P )]]=o

So we can say that s=a+ib is a non-trivial zero of the zeta function when a and b are solutions of the equation :

S+ I [( D" 815 o K3 @ - (1 - kg ”(a)]]=o

7. Conclusion
Based on the results of this article, we can define the zeta function on all the complex plane except in s=1 by :

Vs=a+ibeC—{1}

i(s) = [__1—a+2 [( 1)nb2n2] . (ZZ;' 221(]171) 1(a)]]

2 (1-a)2+b2

, b,
X [ + ThS [ (DM B 2 KT P @)

We conclude that s=a+ib is a non-trivial zero of the zeta function when a and b are solutions of the equation :

(1- a)2+b2

b
=+ 2% [( DD L ok [k @) - (1 - oK ”(a)]] =0
We can also write :

_ n (2n) __-—a _1\n (2n+1) ;
¢(s) = 2nZo(=1) (2 )' (@) - )2+b2 + +l[Z 1) (2 +1)' (@) - (1—a)2+b2]

. 1 o b
With : L(a) = E + }-zl (2_2]';' K22]] il(a)

Appendix 1
In this article we have defined the function noted a~K?(a), (a€ER) ,nEN*,p€N and n>p+Iwhich sums the multiplications between all
the elements of the non-repeating combinations of the n elements {a;a+1;a+2;...;a+n-1:n€N*} taken p by p :

n!

p:—
= X =)
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Examples:

2!

Ki(a)=(a)+ (a+1); G = Ix(z—D! 2
2!

K3(a) = a(a+1); ;= 2x(2-2)

K2(@) = a(a+1) +a(a+2) + @+ 1)(a+2): €} =57 =3
3!

K} @)= (@) +(a+ 1)+ (@a+2); C3 =0 = 3

) ' 3 3!
K;(a) =a(a+1)(a+2); (3 = 31%(3-3)! =1

The properties of this function include :

= K@) + (a + 2n)K;T (a) = Kibt (a)

= K2P(a) + (a+ 20K () = K22, (@)

* (a+2n)Ki(a) = K (@)

2n+1

Since we have for all, nEN*,peN,et nz2p+1:

K2 (@) + (a + n)KE (a) = kK271 (@) and (a + K (a) = K1 (@)

n+1

Demonstration:

We know that :

p+1 P _ n! n!
G+ G T (p+D)Ix(n-p-1)! + p!X(n—p)!

_ )(n-p)+(nH(p+1)
- (p+1D)!x(n—-p)!

_ (mH(n-p)+n!(p+1)
- (p+1D)!Ix(n—p)!

nH(n+1)
T (p+1)!x(n—p)!

__ @) ep#l
T (p+D)Ix(n-p)! Chia (@)

And CJ} = C,Tllrll

And since (a+n) it is the (n+1) element of the set :

{aq;a+1;a+2;....;a+n:n€N}
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We therefore have the equivalence :

Ky (@) + (e + mK () = K771 (@) And (a+n)Ki(a) = Kifi (a)

I find that the function a—K?"(a) also verifies the formula which can be stated as follows:
neN,pEN : [Kr@]® =p! K (a)

(p) Is the derivative of order p.

References

1. Bernoulli, J. (1713). Ars conjectandi, opus posthumum: accedit tractatus de seriebus infinitis, et epistola Gallice scripta de ludo pila
reticularis. Impensis Thurnisiorum Fratrum.

2. Epistola gallice scripta de ludo pilae reticularis. (1713). Impensis Thurnisiorum.

3. Riemann, B. (1859). Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse. Ges. Math. Werke und Wissenschaftlicher
NachlaB3, 2(145-155), 2.

4. https://fr.wikipedia.org/wiki/Valeurs_particuli%C3%AS8res_de la fonction z%C3%AAta de

5.  Reimann (consulted on 22/01/2024) https://www.bibmath.net/dico/index.php?action=affiche&quoi=./p/prolongementanalytique.ht
ml (consulted on 01/25/2024)

Copyright: ©2024 Zaroual Ayoub. This is an open-access article
distributed under the terms of the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any
medium, provided the original author and source are credited.

Curr Res Stat Math, 2024 Volume 3 | Issue 1 | 26

https://opastpublishers.com/


https://fr.wikipedia.org/wiki/Valeurs_particuli%C3%A8res_de_la_fonction_z%C3%AAta_de

