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Abstract
In forensic odontology, teeth are essential components of the stomatognathic system, since they constitute excellent material for 
research, thanks to their almost indestructible structure and therefore the information linked to their size and characteristics, 
is extremely useful in determining sex and age. In this study, which corresponds to a sample of 524 lower plaster models (286 
male subjects and 238 females) of patients assisted in an orthodontic clinic in Montevideo, Uruguay, the mesiodistal diameter 
(width), and gingivo-incisal height of the 2 canines and the intercanine distance are measured for sex identification based 
on odontometric measurements and their ratios. Different binary classifiers from what is known as supervised classification 
methods are applied in the statistical learning paradigm. Several methods are proposed and their performance is evaluated 
by working with test and learning samples and evaluating different metrics to measure the accuracy of the models, showing a 
performance greater than 65%. The details of this project are on the OSF platform in the project. Relaciones Odontom´etricas 
en Odontolog´ıa Forense (Odontometric Relationships in Forensic Dentestry) en https://osf.io/javru/
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1. Introduction
There has long been a need and desire for human identification, given their sociopolitical nature and ambition to differentiate themselves 
from others. Indeed, the dynamics and changing collective organizations are characterized by the desire to individualize and hold their 
members civilly, administratively, commercially, and5 criminally liable [1-3]. In the forensic field, a positive identification must be based 
on the intervention of a multidisciplinary team capable of performing an appropriate reconstruction of the individual’s biological profile, 
using four essential components: age, sex, height, and ancestry [2,4-7]. Dental organs exhibit taphonomic resistance, being composed 
of almost indestructible structures, thus enabling post-mortem odontometric, comparative, and reconstructive analyses [8,9]. The most 
commonly used measurements, obtained from plaster models, are the mesiodistal, vestibulopalatine, mesiovestibular-distopalatine, 
and distovestibular-mesiopalatine diameters, the gingivoincisal height, and the intercanine distance, which constitute several indices 
[3,6,7,10-13]. Teeth, in general, and permanent canines in particular, are indicated to demonstrate sexual dimorphism by several authors 
in different populations around the world [14-16]. In these studies, taking size into account has guided the process of sex determination, 
taking into account the fact that most teeth develop before skeletal maturation, making these measurements a valuable indicator of sex, 
mainly in subadult individuals, in the absence or emergence of secondary sexual characteristics [17]. Legal and/or forensic dentistry has 
benefited from the invaluable contribution of statistics, developing predictive models tailored to the conditions of each case [7]. In view 
of the above, this work seeks to find methods that allow identifying the sex with the highest degree of accuracy, using statistical models, 
as parsimonious as possible, based on the measurements of lower canines, and the relationships between these, for a sample of plaster 
models of patients assisted in an orthodontic clinic in the city of Montevideo, Uruguay.

For this purpose, the work is divided into 3 parts, the first one presents some binary classifiers in the Methodology section that can 
be used for the previously proposed objective, then we see how they work empirically as shown in the Materials section and then 
in the Conclusion section we propose some alternatives to always improve the models for sex identification based on odontometric 
measurements. 

2. Methodology
There are several binary classifiers that can be used in the field of statistical learning, more specifically what is known as supervised 
classification, where there is an input data matrix X and one or more variables Y with labels. From X, each observation xi is classified, 
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assigning it a label. For this purpose, some binary classifiers are presented, which are based on different types of input variables. 

3. Discriminant Analysis Method
Discriminant Analysis (DA) is a multivariate statistical technique for supervised classification but has two purposes, the description, 
where it is of interest to analyze whether there are differences between a series of groups into which a population is divided with respect 
to a set of variables and, if so, to find out why. On the other hand, DA seeks to make predictions through a systematic procedure for 
classifying new observations of unknown origin into some of the groups considered [18-20].

Although this work focuses on binary classifiers (i.e., there are two groups), there are k samples of size ng (g = 1, 2, . . . k) from k 
populations from which p quantitative characteristics are measured. Using this information, we want to determine which of those k 
populations a new observation is most likely to have been randomly selected from. Each element of the population is assigned to one 
of the groups according to a specific decision rule, trying to make the smallest possible errors. The analysis has a certain” predictive” 
power because, in a way, the criteria used to classify a current population can be used for new elements that are incorporated into it. 
The disadvantage of this method is that it is limited to quantitative explanatory variables that also follow a varied Normal distribution. 
Functions are sought that best discriminate between groups, which is why it is necessary to define decision rules, ensuring the fewest 
errors possible.

When classifying, three types of distance are of interest:
•	  Distance between units.
•	  Distance between populations.
•	 Distance between unit and population.

4. Distance between Individuals
The Mahalanobis distance between individuals i and l is: 

When classifying, three types of distance are of interest: 58

� Distance between units. 59

� Distance between populations. 60

� Distance between unit and population. 61

Distance between individuals 62

The Mahalanobis distance between individuals i and l is: 63

Dil =
√
(xi − xl)′Σ−1(xi − xl) ∀i ̸= l. (1)

where x′
i = (xi1, xi2, . . . , xip)

′ observed vector of individual i, Σ variance and 64

covariance matrix. 65

Distance between populations or groups 66

Dgg′ =
√
(µg − µg′)′Σ−1(µg − µg′) ∀g′ ̸= g. (2)

where µ′
g = (µ1g, . . . , µpg)

′ centroid, vector of means of the p variables. Σ matrix of 67

variances and covariances. 68

Distance between individual i and centroid of each group 69

Dig =

√
(xi − µg)′Σ

−1
g (xi − µg). (3)

where x′
i = (xi1, xi2, . . . , xip)

′ observed vector of individual i. Σg variance-covariance 70

matrix of group g. 71

Unit i is classified into group g if Dig < Dig′ ∀g′ ̸= g. 72

In generic form, P (g′|g) is the error of classifying an observation from group g into 73

group g′, where the probability of error of classifying an observation from group g′ into 74

group g is: 75

P (g′|g) =
∫

Rg′

fg(x)dx. (4)

The probability of misclassifying all observations belonging to group g: 76

P (g) =

k∑
g′=1, g′ ̸=g

P (g′|g) = 1− P (g|g). (5)

The total probability of misclassification is: 77

P (R, f) =

k∑
g=1

πgP (g). (6)

The decision rule is the one that minimizes the total probability of error. 78

May 3, 2025 3/20

 . CC-BY-NC 4.0 International licenseIt is made available under a 
 is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity. (which was not certified by peer review)

The copyright holder for this preprint this version posted May 9, 2025. ;https://doi.org/10.1101/2025.05.07.25326932doi:medRxiv preprint 



Int J Prev Med Care, 2025    Volume 3 | Issue 2 | 3

When classifying, three types of distance are of interest: 58

� Distance between units. 59

� Distance between populations. 60

� Distance between unit and population. 61

Distance between individuals 62

The Mahalanobis distance between individuals i and l is: 63

Dil =
√
(xi − xl)′Σ−1(xi − xl) ∀i ̸= l. (1)

where x′
i = (xi1, xi2, . . . , xip)

′ observed vector of individual i, Σ variance and 64

covariance matrix. 65

Distance between populations or groups 66

Dgg′ =
√
(µg − µg′)′Σ−1(µg − µg′) ∀g′ ̸= g. (2)

where µ′
g = (µ1g, . . . , µpg)

′ centroid, vector of means of the p variables. Σ matrix of 67

variances and covariances. 68

Distance between individual i and centroid of each group 69

Dig =
√
(xi − µg)′Σ

−1
g (xi − µg). (3)

where x′
i = (xi1, xi2, . . . , xip)

′ observed vector of individual i. Σg variance-covariance 70

matrix of group g. 71

Unit i is classified into group g if Dig < Dig′ ∀g′ ̸= g. 72

In generic form, P (g′|g) is the error of classifying an observation from group g into 73

group g′, where the probability of error of classifying an observation from group g′ into 74

group g is: 75

P (g′|g) =
∫

Rg′

fg(x)dx. (4)

The probability of misclassifying all observations belonging to group g: 76

P (g) =

k∑
g′=1, g′ ̸=g

P (g′|g) = 1− P (g|g). (5)

The total probability of misclassification is: 77

P (R, f) =

k∑
g=1

πgP (g). (6)

The decision rule is the one that minimizes the total probability of error. 78

May 3, 2025 3/20

 . CC-BY-NC 4.0 International licenseIt is made available under a 
 is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity. (which was not certified by peer review)

The copyright holder for this preprint this version posted May 9, 2025. ;https://doi.org/10.1101/2025.05.07.25326932doi:medRxiv preprint 

Principle of maximum likelihood 79

The principle consists in assigning observation i to the population where the observed 80

vector x′
i = (xi1, xi2, . . . , xip)

′ has the greatest likelihood of occurring, that is, i is 81

assigned to group g if: 82

f(xi|g) > f(xi|g′) ∀g′ ̸= g (7)

⇒ f(xi|g)
f(xi|g′)

> 1. (8)

Principle of a posteriori probability 83

The principle is to assign observation i to the population with the highest posterior 84

probability (the probability that i belongs to g conditioned on the observed vector xi). 85

The posterior probability, according to Bayes’ Theorem, is stated as follows: 86

P (i ∈ g|x = xi) =
πgP (xi|g)
P (xi)

=
πgf(xi|g)

k∑
g′=1

πg′f(xi|g′)
.

(9)

where πg = P (i ∈ g) is the prior probability of belonging to group g. 87

Unit i is classified into group g if: 88

P (i ∈ g|x = xi) > P (i ∈ g′|x = xi) ∀ g′ ̸= g. (10)

The proposed rules are optimal if the joint distribution is known, with all 89

parameters known. 90

Classification Rules applied to 2 groups 91

Given xi ∼ Np(µ,Σ) the density function is: 92

f(xi|g) =
1

(2π)p|2 |Σg|1|2
exp

{
−
1

2
(xi − µg)

′Σ−1
g (xi − µg)

}
. (11)

93

π̂g |Sg|−1|2 exp
{
− 1

2
D̂2

ig

}

k∑
g′=1

π̂g′
∣∣Sg′

∣∣−1|2
exp

{
− 1

2
D̂2

ig′

} .
(12)

Two cases are distinguished: 94

1. In the case of equality of variance matrices, observation i is assigned to group g if: 95

π̂g exp

{
−
1

2
D̂2

ig

}
> π̂g′ exp

{
−
1

2
D̂2

ig′

}
∀g′ ̸= g. (13)

2. In the case of matrices of different variances, observation i is assigned to group g 96

if: 97

π̂g |Sg|−1|2
exp

{
−

1

2
D̂

2
ig

}
> π̂g′

∣∣Sg′
∣∣−1|2

exp

{
−

1

2
D̂

2
ig′

}
∀g′ ̸= g. (14)
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5. Principle of Maximum Likelihood
The principle consists in assigning observation i to the population where the observed vector x′ = (xi1, xi2, . . . , xip)′ has the greatest 
likelihood of occurring, that is, i is assigned to group g if:

6. Principle of a Posteriori Probability
The principle is to assign observation i to the population with the highest posterior probability (the probability that i belongs to g 
conditioned on the observed vector xi). The posterior probability, according to Bayes’ Theorem, is stated as follows:
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When the cost of error is not considered 98

� i is assigned to group 1 if: π1f(xi|1) > π2f(xi|2), the classification rule is usually 99

presented in the following form 100

f(xi|1)
f(xi|2)

>
π2

π1
. (15)

Regarding a priori probabilities, they are usually estimated based on the 101

proportion that each group represents in the sample. 102

� If equal a priori probabilities are also assumed, i is assigned to group 1 if: 103

f(xi|1)
f(xi|2)

> 1. (16)

Considering different costs and prior probabilities for each group, i is assigned to 104

group 1 if: f(xi|1)
f(xi|2) >

π2C(1|2)
π1C(2|1) where C(1|2) is the cost of classifying a unit in group 1 105

when it comes from group 2 and C(2|1) is the cost of classifying a unit as 2 when it 106

comes from group 1. 107

Discriminant Function for Linear Discriminant Analysis 108

The classification rules from which the linear discriminant function is derived are 109

hypothesized as follows: 110

� Joint normal distribution in each group. 111

� Equal variance and covariance matrix (Σ1 = Σ2 = . . . = Σk). 112

According to what is stated in maximizing P (i ∈ g|x = xi) is equivalent to 113

maximizing πg exp{− 1
2D

2
ig}. Applying logarithm 114

and replacing µ with x̄ and Σ with S: 115

loge π̂g −
1

2
D̂

2
ig = loge π̂g −

1

2
{(xi − x̄g)

′
S

−1
(xi − x̄g)} =

loge π̂g −
1

2
x
′
iS

−1
xi +

1

2
x̄
′
gS

−1
xi+

1

2
x
′
iS

−1
x̄g −

1

2
x̄
′
gS

−1
x̄g.

(17)

The “score” of observation i in the linear discriminant function estimated for 116

group g is: 117

Lig = loge π̂g + x̄′
gS

−1xi −
1

2
x̄′
gS

−1xg g = 1 . . . k. (18)

or otherwise the discriminant function is 118

Lg = Xb+ C

Lig = b′gxi + cg = b1gx1ig + b2gx2ig + . . .+ bpgxpig + cg. (19)

con b′g = x̄′
gS

−1 y cg = 1
2
x̄′
gS

−1x̄g + log π̂g 119

The estimated classification function of observation i in group g is: 120

Ligg′ =
1

2
x̄′
gS

−1xi +
1

2
x′
iS

−1x̄g

−1

2
x̄′
gS

−1x̄g − 1

2
x̄′
g′S

−1xi −
1

2
x′
iS

−1x̄g′ = (x̄g − x̄g′)S
−1[xi −

1

2
(x̄g + x̄g′)].

(20)

May 3, 2025 5/20

 . CC-BY-NC 4.0 International licenseIt is made available under a 
 is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity. (which was not certified by peer review)

The copyright holder for this preprint this version posted May 9, 2025. ;https://doi.org/10.1101/2025.05.07.25326932doi:medRxiv preprint 

When the cost of error is not considered 98

� i is assigned to group 1 if: π1f(xi|1) > π2f(xi|2), the classification rule is usually 99

presented in the following form 100

f(xi|1)
f(xi|2)

>
π2

π1
. (15)

Regarding a priori probabilities, they are usually estimated based on the 101

proportion that each group represents in the sample. 102

� If equal a priori probabilities are also assumed, i is assigned to group 1 if: 103

f(xi|1)
f(xi|2)

> 1. (16)

Considering different costs and prior probabilities for each group, i is assigned to 104

group 1 if: f(xi|1)
f(xi|2) >

π2C(1|2)
π1C(2|1) where C(1|2) is the cost of classifying a unit in group 1 105

when it comes from group 2 and C(2|1) is the cost of classifying a unit as 2 when it 106

comes from group 1. 107

Discriminant Function for Linear Discriminant Analysis 108

The classification rules from which the linear discriminant function is derived are 109

hypothesized as follows: 110

� Joint normal distribution in each group. 111

� Equal variance and covariance matrix (Σ1 = Σ2 = . . . = Σk). 112

According to what is stated in maximizing P (i ∈ g|x = xi) is equivalent to 113

maximizing πg exp{− 1
2D

2
ig}. Applying logarithm 114

and replacing µ with x̄ and Σ with S: 115

loge π̂g −
1

2
D̂

2
ig = loge π̂g −

1

2
{(xi − x̄g)

′
S

−1
(xi − x̄g)} =

loge π̂g −
1

2
x
′
iS

−1
xi +

1

2
x̄
′
gS

−1
xi+

1

2
x
′
iS

−1
x̄g −

1

2
x̄
′
gS

−1
x̄g.

(17)

The “score” of observation i in the linear discriminant function estimated for 116

group g is: 117

Lig = loge π̂g + x̄′
gS

−1xi −
1

2
x̄′
gS

−1xg g = 1 . . . k. (18)

or otherwise the discriminant function is 118

Lg = Xb+ C

Lig = b′gxi + cg = b1gx1ig + b2gx2ig + . . .+ bpgxpig + cg. (19)

con b′g = x̄′
gS

−1 y cg = 1
2
x̄′
gS

−1x̄g + log π̂g 119

The estimated classification function of observation i in group g is: 120

Ligg′ =
1

2
x̄′
gS

−1xi +
1

2
x′
iS

−1x̄g

−1

2
x̄′
gS

−1x̄g − 1

2
x̄′
g′S

−1xi −
1

2
x′
iS

−1x̄g′ = (x̄g − x̄g′)S
−1[xi −

1

2
(x̄g + x̄g′)].

(20)

May 3, 2025 5/20

 . CC-BY-NC 4.0 International licenseIt is made available under a 
 is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity. (which was not certified by peer review)

The copyright holder for this preprint this version posted May 9, 2025. ;https://doi.org/10.1101/2025.05.07.25326932doi:medRxiv preprint 

6.1 Discriminant Function for Linear Discriminant Analysis
The classification rules from which the linear discriminant function is derived are hypothesized as follows:
• Joint normal distribution in each group.
• Equal variance and covariance matrix (Σ1 = Σ2 = . . . = Σk).

The classification region is 121

Rgg′ : Ligg′ > log(
π̂g′

π̂g
) (21)

In the case of equal a priori probabilities the rule reduces to Ligg′ > 0. Another way to 122

put it is: observation i is classified in the group g if Lig > Lig′forall g′ ̸= g. 123

Logistic Regression Model 124

The response variable Yi is a Bernoulli random variable, with possible outcomes: 125

success, failure encoded as {0, 1}, probability distribution: 126

P (Yi = 1) = πi , P (Yi = 0) = 1− πi and expected value, [19]. 1: E(Yi|X) = πi. 127

P (Y = 1|X) = π =
eXβ

1 + eXβ
. (22)

P (Yi = 1|Xi) = πi =
eβ0+β1X1i+β2X2i+...+βpXpi

1 + eβ0+β1X1i+β2X2i+...+βpXpi
. (23)

The model proposed in (23) can be linearized by performing the following 128

transformation: 129

loge

(
π

1− π

)
. (24)

This transformation is called a Logit transformation. The quotient π
1−π = eXβ is 130

what is called odds, which is a probability ratio, the probability of success over the 131

probability of failure, and it is considered a “measure of risk”. For example, when it is 132

said that the odds are 4 to 1 (odds=4) that a person x will suffer from a disease, it is 133

equivalent to saying that the probability of disease is 0.8. 134

Predicting the value of the response variable based on certain values of other 135

explanatory variables involves determining the critical value above which the estimates 136

of the expected value imply a value of 1 for the response variable. Large values of πi 137

imply Yi = 1 while small values of πi imply Yi = 0, so it is a problem for the researcher 138

to determine when an estimate is considered a very large or very small value. 139

K-neighbor methods 140

Another binary classifier that can be used and that, unlike AD and ARL, is what is 141

called the k nearest neighbors (kNN), which is non-parametric, very easy to implement 142

and based on a very intuitive notion to understand and is based on the Bayesian 143

classifier, which as stated by [21], is the one with the lowest error rate, on average. The 144

Bayesian classifier assigns each observation to the most probable class, conditioned on 145

its predictor values, that is, a test observation, conditioned by the predictor vector x0 to 146

the class j where it is verified 147

P (Y = j|X = xo). (25)

is maximum. For the binary classifier case, the Bayesian classifier that if there are 2 148

classes g1 and g2 , P (Y = 1|X = x0) ≤ 0.5 ends up classifying in g1. 149

Fig shows the Bayesian decision boundary for simulated data, where values that fall 150

on the orange side of the boundary will be assigned the orange class 151

1For the purpose of simplifying the notation in the text, πi = π(Xi) = E(Yi|Xi) will be used
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This transformation is called a Logit transformation. The quotient	         is what is called odds, which is a probability ratio, the 
probability of success over the probability of failure, and it is considered a “measure of risk”. For example, when it is said that the odds 
are 4 to 1 (odds=4) that a person x will suffer from a disease, it is equivalent to saying that the probability of disease is 0.8.

Predicting the value of the response variable based on certain values of other explanatory variables involves determining the critical 
value above which the estimates of the expected value imply a value of 1 for the response variable. Large values of πi imply Yi = 1 while 
small values of πi imply Yi = 0, so it is a problem for the researcher to determine when an estimate is considered a very large or very 
small value.

7. K-Neighbor Methods
Another binary classifier that can be used and that, unlike AD and ARL, is what is called the k nearest neighbors (kNN), which is non-
parametric, very easy to implement and based on a very intuitive notion to understand and is based on the Bayesian classifier, which as 
stated by, is the one with the lowest error rate, on average [21]. The Bayesian classifier assigns each observation to the most probable 
class, conditioned on its predictor values, that is, a test observation, conditioned by the predictor vector x0 to the class j where it is 
verified 

is maximum. For the binary classifier case, the Bayesian classifier that if there are 2148 classes g1 and g2 , P (Y = 1|X = x0) ≤ 0.5 ends 
up classifying in g1.149 Fig shows the Bayesian decision boundary for simulated data, where values that fall150 on the orange side of 
the boundary will be assigned the orange class 
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In the case of equal a priori probabilities the rule reduces to Ligg′ > 0. Another way to122 put it is: observation i is classified in the group 
g if Lig > Lig′ forall g′ ̸= g.

6.2 Logistic Regression Analysis
The response variable Yi is a Bernoulli random variable, with possible outcomes:
success, failure encoded as {0, 1}, probability distribution:

Fig 1. Example of a Bayesian Classifier with 2 groups and 2 variables (taken
from An introduction to statistical learning: with applications in R, page
38).

The Bayes classifier will always choose the class for which (25) is largest, so the error 152

rate will be 1−maxjPr(Y = j|X = x0) at X = x0, [21] state that the global Bayesian 153

error rate would be given by: 154

1− E ( maxjP (Y = j|X)) . (26)

which should be interpreted as the average expected probability value over all 155

possible values of X. 156

As an idea, this seems like something that could work very well; however, it is very 157

difficult to know the conditional distribution of Y |X for real data. For this reason, one 158

alternative is to estimate the conditional distribution and classify a given observation 159

into the group with the highest estimated probability. One method that works with this 160

principle is the k nearest neighbors, kNN. 161

Taking an integer k and an observation x0, the kNN identifies the k points closest to 162

x0 and estimates the conditional probability for cluster j as the fraction of the nearest 163

neighbor set N0, where the answer is j 164

Pr(Y = j|X = x0) =
1

K

∑
i∈N0

I(yi = j). (27)

Therefore, the classifier’s performance will depend on the buffer size k at each point, 165

where for the same data in Figure 1, changing k changes the decision boundary in solid 166

black for the same Bayesian decision boundary in violet dotted line. It can be seen that 167

the change in k is important since for k = 1 the boundary adapts locally with a low bias 168

but large variance , while when k = 100 the classifier has the inverted properties, and 169

the boundary becomes linear. 170
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Figure 1: Example of a Bayesian Classifier with 2 groups and 2 variables (taken from An introduction to statistical learning: with 
applications in R, page 38).
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something that could work very well; however, it is very difficult to know the conditional distribution of Y |X for real data. For this 
reason, one alternative is to estimate the conditional distribution and classify a given observation into the group with the highest 
estimated probability. One method that works with this principle is the k nearest neighbors, kNN.161 Taking an integer k and an 
observation x0, the kNN identifies the k points closest to x0 and estimates the conditional probability for cluster j as the fraction of the 
nearest neighbor set N0, where the answer is j
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in k is important since for k = 1 the boundary adapts locally with a low bias but large variance , while when k = 100 the classifier has the 
inverted properties, and the boundary becomes linear.
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Fig 2. Example of a Bayesian Classifier with 2 groups and 2 variables (extracted from
An introduction to statistical learning : with applications in R, page 41).

Confusion matrices and performance metrics 171

Usually, as a way of measuring the performance of the different classifiers, in this case 172

binary, what is called confusion matrix is used, which allows to see different dimensions 173

of the success capacity for each one, [22], [23], [24]. 174

For this, as a result of the prediction, a table with the following structure is created 175

Table 1. Confusion matrix

Reference

Prediction Event Not event
Event A B

Not evento C D

From Table 1, a series of metrics are developed that allow the classifier’s different 176

performance characteristics to be evaluated on this data. 177

Sen =
A

A+ C
(Sensitivity)

In this case, sensitivity measures the model’s ability to detect true events, which in the 178

case of a health condition (patient), i.e., the ability to detect the vast majority of 179

patients. 180

Esp =
D

D +B
(Specificity)

In the case of specificity, it is the true negative rate, i.e., the model’s ability to detect 181

healthy individuals in the face of a health condition. 182

Therefore, it is desirable to have both metrics with maximum values, which is not 183

possible since they have a negative correlation. A change is any of the metrics; it 184

involves changing the cutoff threshold, which changes the prediction, and in doing so, 185

the confussion matrix is reconfigured. 186
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Figure 2: Example of a Bayesian Classifier with 2 groups and 2 variables (extracted from An introduction to statistical learning : with 
applications in R, page 41). 
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Fig 2. Example of a Bayesian Classifier with 2 groups and 2 variables (extracted from
An introduction to statistical learning : with applications in R, page 41).
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In this case, sensitivity measures the model’s ability to detect true events, which in the case of a health condition (patient), i.e., the ability 
to detect the vast majority of patients.

In the case of specificity, it is the true negative rate, i.e., the model’s ability to detect healthy individuals in the face of a health condition.
Therefore, it is desirable to have both metrics with maximum values, which is not possible since they have a negative correlation. A 
change is any of the metrics; it involves changing the cutoff threshold, which changes the prediction, and in doing so, the confussion 
matrix is reconfigured. 

Continuing with the possible situation of the event being a case of disease, it is also important to know the fraction of people observed 
to have the condition of the event, which is known as prevalence, a term derived from epidemiology.

The positive and negative predictive values (Pred Value (+) and Pred Value (-)) respectively) are the proportions of positive and negative 
results generated by a classifier that are actually true positives and true negatives, respectively. High values for both metrics can be 
interpreted as an indicator of the accuracy of the result generated by the classifier. The Predictive Value (+) and Predictive Value (-) are 
not intrinsic to the classifier, as is the case with the true positive rate and the true negative rate, since the Predictive Values depend on 
the prevalence, as shown in the formula. It should be noted that the Predictive Value (+) and Predictive Value (-), like the NPV, can be 
derived using Bayes’ theorem. A first expression for Pred Value (+) is 

Prev =
A+ C

A+B + C +D
(Prevalence)

Continuing with the possible situation of the event being a case of disease, it is also 187

important to know the fraction of people observed to have the condition of the event, 188

which is known as prevalence, a term derived from epidemiology. 189

The positive and negative predictive values (Pred Value (+) and Pred Value (-)) 190

respectively) are the proportions of positive and negative results generated by a 191

classifier that are actually true positives and true negatives, respectively. High values 192

for both metrics can be interpreted as an indicator of the accuracy of the result 193

generated by the classifier. The Predictive Value (+) and Predictive Value (-) are not 194

intrinsic to the classifier, as is the case with the true positive rate and the true negative 195
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where the expression P (T + |D+) can be seen as the probability that a given person with the disease will be classified by the classifier as 
sick (since it is an event, it will be classified as an event). This can be expressed through sensitivity and specificity.

The same can be said for the positive likelihood ratio LR(-) (in English, English LR(-))

Combining both likelihood ratios produces another metric called ORD (diagnostic odds ratio), which measures the effectiveness of the 
classifier and expresses the relationship between the probabilities of the classifier being positive, if the subject is really positive (has the 
disease) in relation to the probabilities of the classifier being positive, if the subject does not have the disease.

In the statistical analysis of information retrieval and binary classification systems, the F-score or F-measure is a measure of predictive 
performance. It is calculated from the test’s accuracy and sensitivity, where accuracy is the number of true positive results divided by the 
number of all samples predicted to be positive, including those not correctly identified.

The F1 metric is the harmonic mean of the precision (which is the Pred Value (+)) and the sensitivity (called recall). Therefore, it 
symmetrically represents both precision and recall in a single metric. For other β values, differential weights are applied, valuing one or 
recall more than the other.

This expression has a direct link to the confusion matrix seen from the Type I error and Type II error in the context of hypothesis testing.

8. Materials
In this work, only the measurements of 524 lower plaster models (286 male subjects and 238 females) from patients treated at an 
orthodontic clinic in Montevideo, Uruguay, are taken into account. The mesiodistal diameter (width), gingivo-incisal height of the 4 
canines, and the intercanine distance were measured for sex identification based on odontometric measurements and their ratios, from a 
larger study published in [7,20]. 

To evaluate the performance of the binary classifiers presented in previous sections, the metrics presented in section about Confusion 
matrices and performance metrics are used. The work is implemented in R language and used several libraries like MASS, klar, heplots, 
rsample, class libraries [18,25-28].

For the graphics, ggplot2 , GGally are used, and for the different metrics, caret [24,29-31]. The computational code is available at https://
osf.io/javru/

9. Results and Discussion
After evaluating which measures had anomalous values, the sample is reduced to 511 by removing the values that have DMDd ≥ 8.5 or 
AGId ≥ 11.5 and also for DMDi ≥ 8.5 or AGIi ≥ 11.5. Although in Figure 5 there are almost 30 anomalous values, which are
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Fig 3. Measures considered in the study (own elaboration).

Table 2. Odontometric measurements by sex.

Medidas Statistic M (N=264) F (N=260) p

DMDd x̄ � DE 7.1 � 0.5 6.7 � 0.5 < .001
AGId x̄ � DE 9.3 � 1.1 8.9 � 0.9 < .001
DMDi x̄ � DE 7.1 � 0.5 6.7 � 0.5 < .001
AGIi x̄ � DE 9.3 � 1.1 9.0 � 0.9 < .001
DIC x̄ � DE 26.5 � 2.4 25.5 � 2.0 < .001

Fig 4. Multivariate anomalous observations using Mahalanobis distance, with complete
data.
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Figure 3: Measures considered in the study (own elaboration)/

Table 2: Odontometric Measurements by Sex

Figure 4: Multivariate anomalous observations using Mahalanobis distance, with complete data

Figure 5: Multivariate anomalous observations using Mahalanobis distanceFig 5. Multivariate anomalous observations using Mahalanobis distance.

Table 3. Odontometric measurements by sex without outliers.

Measures Statistic M (N=255) F (N=256) p

DMDd x̄ � DE 7.1 � 0.4 6.7 � 0.4 < .001
AGId x̄ � DE 9.2 � 1.0 8.9 � 0.9 < .001
DMDi x̄ � DE 7.1 � 0.5 6.7 � 0.4 < .001
AGIi x̄ � DE 9.3 � 1.0 9.0 � 0.9 < .001
DIC x̄ � DE 26.4 � 2.3 25.5 � 2.0 < .001
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Measures Statistic M (N=264) F (N=260) p
DMDd (Messiodistal diameter for right side)  x ± DE  7.1 ± 0.5 6.7 ± 0.5 < .001
AGId (Gingivo-Incisal Height for right side)  x ± DE 9.3 ± 1.1 8.9 ± 0.9 < .001
DMDi (Messiodistal DIameter for left side)  x ± DE 7.1 ± 0.5 6.7 ± 0.5 < .001
AGIi (Gingivo Incisal Height for lefty side)  x ± DE 9.3 ± 1.1 9.0 ± 0.9 < .001
DIC (Intercanine Distance)  x ± DE 26.5 ± 2.4 25.5 ± 2.0 < .001
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Table 3: Odontometric Measurements by Sex Without Outliers.

Table 4: Logistic Regression Without Outliers.

Table 5: Metrics for ADL and ADC for testing sample.

Table 6: Logistic Regression Without Outliers for Right Side.

Table 7: Logistic Regression without Outliers for Left Side.

outside the confidence band, but in Table 3, they do not essentially change the mean values but which by themselves can be ”lever” points. 
With the data filtered, the territorial maps are presented using the 2-by-2 variables and considering linear and quadratic boundaries. 
These maps show areas with a significant mix of observations that are misclassified and where there is significant overlap. For the DA, 
LRA, and kNN methods, it is proposed to work with a 75% learning sample and a 25% testing sample.

Looking at the results obtained in Table 4, only one measurement remains as part of the model, and it is one-sided, after applying a 
sequential ANOVA to remove variables. This means that, from a practical point of view, having a model that only uses canine diameter 
or only measurements from one side does not make sense for forensic specialists, which is why it is decided to develop two models, 
only with measurements for each side.

outside the confidence band, but in Table 3, they do not essentially change the mean 247

values but which by themselves can be ”lever” points. 248

With the data filtered, the territorial maps are presented using the 2-by-2 variables 249

and considering linear and quadratic boundaries. These maps show areas with a 250

significant mix of observations that are misclassified and where there is significant 251

overlap. For the AD, ARL, and kNN methods, it is proposed to work with a 75% 252

learning sample and a 25% testing sample. 253

Table 4. Logistic Regression without outliers.

Measures M (N=255) F (N=256) OR (multivariate)

DMDd 7.1 � 0.4 6.7 � 0.4 0.25 (0.11-0.54, < .001)
AGId 9.2 � 1.0 8.9 � 0.9 0.78 (0.53-1.17, p = .234)
DMDi 7.1 � 0.5 6.7 � 0.4 0.55 (0.27-1.15, p = .114)
AGIi 9.3 � 1.0 9.0 � 0.9 1.16 (0.77-1.75, p = .468)
DIC 26.4 � 2.3 25.5 � 2.0 0.92 (0.84-1.01, p = .088)

Looking at the results obtained in Table 4, only one measurement remains as part of 254

the model, and it is one-sided, after applying a sequential ANOVA to remove variables. 255

This means that, from a practical point of view, having a model that only uses canine 256

diameter or only measurements from one side does not make sense for forensic 257

specialists, which is why it is decided to develop two models, only with measurements 258

for each side. 259

Table 5. Metrics for ADL and ADC for testing sample.

Sensitivity 0.741 0.661
Specificity 0.636 0.606
(+) Valor Pred 0.657 0.611
(-) Valor Pred 0.724 0.655
Precision 0.657 0.611
Recall 0.741 0.661
F1 0.697 0.635
Prevalence 0.484 0.484
Detection Rate 0.359 0.320
Detection Prevalence 0.546 0.523
Balanced Accuracy 0.689 0.633
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Measures Statistic M (N=255) F (N=256) p
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AGId x ± DE 9.2 ± 1.0 8.9 ± 0.9 < .001
DMDi x ± DE 7.1 ± 0.5 6.7 ± 0.4 < .001
AGIi x ± DE 9.3 ± 1.0 9.0 ± 0.9 < .001
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Precision 0.657 0.611
Recall 0.741 0.661
F1 0.697 0.635
Prevalence 0.484 0.484
Detection Rate 0.359 0.320
Detection Prevalence 0.546 0.523
Balanced Accuracy 0.689 0.633

Measures M (N=255) F (N=256) OR (multivariate)
DMDd 7.1 ± 0.4 6.7 ± 0.4 0.16 (0.09-0.26, p < .001)
AGId 9.2 ± 1.0 8.9 ± 0.9 0.89 (0.72-1.11, p = .299)
DIC 26.4 ± 2.3 25.5 ± 2.0 0.92 (0.83-1.01, p = .065)

Measures M (N=255) F (N=256) OR (multivariate)
DMDi 7.1 ± 0.5 6.7 ± 0.4 0.20 (0.12-0.32, p < .001)
AGIi 9.3 ± 1.0 9.0 ± 0.9 0.88 (0.71-1.09, p = .234)
DIC 26.4 ± 2.3 25.5 ± 2.0 0.90 (0.82-0.99, p = .022)
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Table 6. Logistic Regression without Outliers for Right Side.

Measures M (N=255) F (N=256) OR (multivariate)

DMDd 7.1 � 0.4 6.7 � 0.4 0.16 (0.09-0.26, p < .001)
AGId 9.2 � 1.0 8.9 � 0.9 0.89 (0.72-1.11, p = .299)
DIC 26.4 � 2.3 25.5 � 2.0 0.92 (0.83-1.01, p = .065)

Table 7. Logistic Regression without Outliers for Left Side.

Measures M (N=255) F (N=256) OR (multivariate)

DMDi 7.1 � 0.5 6.7 � 0.4 0.20 (0.12-0.32, p < .001)
AGIi 9.3 � 1.0 9.0 � 0.9 0.88 (0.71-1.09, p = .234)
DIC 26.4 � 2.3 25.5 � 2.0 0.90 (0.82-0.99, p = .022)

The same learning sample is used and the results in tables 6 and 7 show that the 260

models on each side are still incomplete since they only consider one measure and 261

therefore, to evaluate the dependence of the results on the training sample, it is 262

proposed to see the robustness by resampling boostrap with 500 samples, where in each 263

one the data table is split into 10 learning/validation samples by cross-validation 264

(V-Fold Cross-Validation), [24]. 265

Fig 6. Bootstrap Distribution Logistic Model, Right side, 500 samples.

Both figures 6 and 7 show that the ARL only considers a single measure, which is 266

why it is ruled out as a parametric model, as it only considers a single measure in each 267

model, even though they may have good performance in classification metrics. 268

Finally, for comparison purposes, the k − neighbors method is applied to the same 269

training sample used for the ADL and ADC, changing the parameter k to see how the 270

metrics vary. 271
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Figure 6: Bootstrap Distribution Logistic Model, Right side, 500 samples.
Both figures 6 and 7 show that the LRA only considers a single measure, which is why it is ruled out as a parametric model, as it 
only considers a single measure in each model, even though they may have good performance in classification metrics. Finally, 
for comparison purposes, the k − neighbors method is applied to the same training sample used for the LDA and QDC, changing 
the parameter k to see how the metrics vary.

Figure 7: Bootstrap Distribution Logistic Model, Left side, 500 samples.Fig 7. Bootstrap Distribution Logistic Model, Left side, 500 samples.

Table 8. Metrics for k = 3 a k = 11.

K 3 5 7 9 11

Sensitivity 0.532 0.532 0.645 0.677 0.661
Specificity 0.606 0.591 0.561 0.606 0.652
(+) Valor Pred 0.559 0.550 0.580 0.618 0.641
(-) Valor Pred 0.580 0.574 0.627 0.667 0.672
Precision 0.559 0.550 0.580 0.618 0.641
Recall 0.532 0.532 0.645 0.677 0.661
F1 0.545 0.541 0.611 0.646 0.651
Prevalence 0.484 0.484 0.484 0.484 0.484
Detection Rate 0.258 0.258 0.312 0.328 0.320
Detection Prevalence 0.461 0.469 0.539 0.531 0.500
Balanced Accuracy 0.569 0.562 0.603 0.642 0.656

Table 9. Metrics for k = 13 a k = 21.

K 13 15 17 19 21

Sensitivity 0.661 0.694 0.661 0.710 0.726
Specificity 0.636 0.636 0.621 0.636 0.636
(+) Valor Pred 0.631 0.642 0.621 0.647 0.652
(-) Valor Pred 0.667 0.689 0.661 0.700 0.712
Precision 0.631 0.642 0.621 0.647 0.652
Recall 0.661 0.694 0.661 0.710 0.726
F1 0.646 0.667 0.641 0.677 0.687
Prevalencia 0.484 0.484 0.484 0.484 0.484
Detection Rate 0.320 0.336 0.320 0.344 0.352
Detection Prevalence 0.508 0.523 0.516 0.531 0.539
Balanced Accuracy 0.649 0.665 0.641 0.673 0.681
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Fig 7. Bootstrap Distribution Logistic Model, Left side, 500 samples.
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Figure 7: Bootstrap Distribution Logistic Model, Left side, 500 samples.

Table 8: Metrics for k = 3 a k = 11.

Table 9: Metrics for k = 13 a k = 21.

Distribution of prediction metrics
Binary classifier using KNN method
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Fig 8. Performance of the classification model.

When comparing the three classifiers(AD, ARL, and kNN), it is observed that the 272

data present anomalous values that must be filtered out.However, despite this, 273

multinormality is not verified for AD, which should justify its discarding, despite its 274

good performance as a classifier. When using an alternative, also parametric, classifier 275

such as ARL, without the restrictions of distribution in the two groups, the 276

measurements appear to be correlated, which prevents obtaining a model with all five 277

variables. By discarding nonsignificant variables, two models are chosen that consider 278

the two dimensions of each canine (height and diameter), considering each side. 279

However, the idea persists that the only relevant measurement is the mediodistal 280

diameter for both sides, which, strictly speaking, makes it unusable for forensic 281

specialists. Bootstrap resampling corroborates that this is a characteristic of the data 282

and that a potential learning sample does not depend on it. Finally, the third binary 283

classifier used is the kNN, using several values of k, where it can be observed that since 284

the reference for classification is the male sex, the sensitivity (the rate of correctly 285

classified men) vs. the specificity (the rate of correctly classified women) changes, 286

showing a slight bias depending on k, with a behavior that is not monotonous and that 287

if compared with the AD, the bias is maintained and, in addition, for the ADC the 288

metrics are impoverished. 289

Conclusion 290

The conclusions so far show that the classifiers’ performance does not differ drastically 291

when changing, and in particular for the ARL, the fact that only one measure is 292

significant suggests that another attribute should be considered, which was not used 293

because it is a qualitative attribute: crowding (crowded teeth) or diastema (spaced 294

teeth). This attribute was not used to allow for binary classifiers for any type of teeth, 295

and not if those data are removed, which would lead to binary classifiers for normal 296

teeth. 297
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Figure 8: Performance of the classification model.

When comparing the three classifiers (DA, LRA, and kNN ), it is observed that the data present anomalous values that must be filtered 
out.However, despite this, multinormality is not verified for DA, which should justify its discarding, despite its good performance as a 
classifier. When using an alternative, also parametric, classifier such as LRA, without the restrictions of distribution in the two groups, 
the measurements appear to be correlated, which prevents obtaining a model with all five variables. By discarding nonsignificant 
variables, two models are chosen that consider the two dimensions of each canine (height and diameter), considering each side.

However, the idea persists that the only relevant measurement is the mediodistal diameter for both sides, which, strictly speaking, makes 
it unusable for forensic specialists. Bootstrap resampling corroborates that this is a characteristic of the data and that a potential learning 
sample does not depend on it. Finally, the third binary classifier used is the kNN, using several values of k, where it can be observed that 
since the reference for classification is the male sex, the sensitivity (the rate of correctly classified men) vs. the specificity (the rate of 
correctly classified women) changes, showing a slight bias depending on k, with a behavior that is not monotonous and that if compared 
with the DA, the bias is maintained and, in addition, for the CDA the metrics are impoverished.

10. Conclusion
The conclusions so far show that the classifiers’ performance does not differ drastically when changing, and in particular for the LRA, 
the fact that only one measure is significant suggests that another attribute should be considered, which was not used because it is a 
qualitative attribute: crowding (crowded teeth) or diastema (spaced teeth). This attribute was not used to allow for binary classifiers for 
any type of teeth, and not if those data are removed, which would lead to binary classifiers for normal teeth.
For this reason, three paths to follow are proposed as a continuation of the work.
• Filter the data for teeth without crowding or diastema pathologies and evaluate the three proposed classifiers.
• For the case of the LRA, not only evaluate the relevance of joint or side-by-side models using the two measurements of each canine, 
but also the performance of the classification metrics (which was not done in this work).
• For crowded or diastema teeth, evaluate the three classifiers separately.
• For all teeth, test an LRA considering the crowding variable as a regressor, which would perhaps allow for a global model, but which 
would not be comparable with the other classifiers.

Furthermore, as alternatives to testing other classifiers, it is proposed to see how support vector machines that only work with quantitative 
regressor variables work, [21, cap 9], and classification trees that support any type of variable, being a non-parametric method that makes 
it comparable to LRA and that also allows extension through techniques such as random forests and boosting and bagging methods, [21, 
cap 8].
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