
Space Sci J, 2025 Volume 2 | Issue 4 | 1

Comment On ‘Lorentz-Invariance and Gauge-Invariance of the Aharonov–Bohm 
Phase’

Commentry

Peter M. Enders*

*Corresponding Author
Peter M. Enders, Kazakh National Pedagogical Abai University, Almaty, 
Permanent Address: Ahornallee 11, D-15712 Konigs Wusterhausen, Germany.
Email: physics@peter-enders.science

Submitted: 2025, Sep 29; Accepted: 2025, Oct 23; Published: 2025, Oct 31

Citation: Enders, P. M. (2025). Comment On ‘Lorentz-Invariance and Gauge-Invariance of the Aharonov–Bohm Phase’. Space 
Sci J, 2(4), 01-04.

Kazakh National Pedagogical Abai University, 
Almaty; permanent address: Ahornallee 11, D-15712 
Königs Wusterhausen, Germany

Abstract
I present an axiomatic foundation of non-integrable phases of quantum wave functions like the Aharonov–Bohm phase 
and show the gauge invariance of the phase difference in the Aharonov–Bohm setup in a much simpler manner than in 
that article by Kholmetskii et al. 
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1. Introduction
In the recent article mentioned in the title [1], the Lorentz invariance as well as the gauge invariance of the Aharonov–Bohm phase 
in the strong relativistic limit have been shown using the principle of superposition of quantum phases. Here, I will add an axiomatic 
foundation of the case of non-integrable phases of quantum wave functions which are linear in the vector potential and analogous 
quantities. Following Dirac [2], Aharonov & Bohm’s Lorentz-invariant formula for the phase shift ([3] p. 486 I) will be shown to be 
gauge invariant, too, and that in a most simple manner.

2. Axiomatic Foundation of Non-Integrable Phases of Quantum Wave Functions
2.1 Relationships Between Interactions and Conserved Quantities According to and Beyond Helmholtz
Helmholtz’s explorations on the relationships between mechanical forces and conservation of energy [4,5] can be generalized as follows 
[6,7].

• For a point-like body, its momentum 
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Helmholtz’s explorations on the relationships between mechanical forces and
conservation of energy [4][5] can be generalized as follows [6][7].

• For a point-like body, its momentum p⃗(t) is a stationary-state function
in the sense that it is time-independent in force-free states, in which
p⃗(t) = p⃗(0) = const. Are there interactions (external forces) which leave
the momentum unchanged? The answer is well known to be ‘no’.

• Next, consider a mechanical system in a stationary state with total
energy E. Are there interactions (external forces) which leave the
amount of E unchanged? The answer is ‘yes’, given by forces of the
form

−∇V (r⃗) + v⃗ × K⃗(t, r⃗, v⃗, a⃗, . . .) . (1)

Here, K⃗(t, r⃗, v⃗, a⃗, . . .) is a rather arbitrary vector function of time t,
position r⃗, velocity v⃗ := ˙⃗r, acceleration a⃗ := ¨⃗r, and higher-order time-
derivatives of r⃗. The second term is due to Lipschitz [8]. Surprisingly
enough, it is missing in all textbooks I am aware of. Its relevance reveals
from this: It is compatible with canonical mechanics, if and only if
K⃗ is restricted to the functional form K⃗(t, r⃗, v⃗, a⃗, . . .) = ∇ × K⃗ ′(t, r⃗).
Eventually, this leads to the magnetic Lorentz force, where K⃗ ′ = qA⃗ [7].

• For a quantum-mechanical system with wave function ψ(r⃗, t) and Hamil-
tonian H(ˆ⃗p, r⃗, t) = H0(ˆ⃗p, r⃗) + Hint(ˆ⃗p, r⃗, t), the expressions

|ψ(r⃗, t)|2 and ⟨ψ(r⃗, t)|H(ˆ⃗p, r⃗, t)|ψ(r⃗, t)⟩ (2)
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Then, the value of ⟨ψE(r⃗, t)|H0(ˆ⃗p, r⃗)|ψE(r⃗, t)⟩ = E is also not changed when
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for the Schrödinger equation, similarly for the Klein-Gordon and Dirac equa-
tions. This is the well-known gauge invariance of Schrödinger wave mechanics.

1Dirac’s [2] phase β is the negative of the Aharonov-Bohm phase [1][3].
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Dirac ([2] p. 66) notes,

“The connection between non-integrability of phase and the
electromagnetic field given in this section is not new, being es-
sentially just Weyl’s Principle of Gauge Invariance in its modern
form.”3

That gauge invariance has been dealt with in Subsection 2.2.
2In an Aharonov-Bohm setup [3], outside the coil, along the paths of the electrons, the

vector potential A⃗ is a gradient field.
3Dirac refers to [12]. On p. 331, Weyl writes, “Es scheint mir darum dieses nicht aus

der Spekulation, sondern aus der Erfahrung stammende neue Prinzip der Eichinvarianz
zwingend darauf hinzuweisen, daß das elektrische Feld ein notwendiges Begleitphänomen
nicht des Gravitationsfeldes, sondern des materiellen, durch Ψ̄ dargestellten Wellenfeldes
ist.” En.: Therefore, this new principle of gauge invariance, which does not come from
speculation, but from experience, seems to me to indicate compellingly that the electric
field is a necessary accompanying phenomenon not of the gravitational field, but of the
material wave field represented by Ψ̄. Weyl’s Ψ̄ is not our ψ.
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(F µν being the Faraday tensor). This way, the gauge invariance is obvious.
In case that the path lies completely in the 3d position space, sµ = (0, −s⃗)

([2] p. 67), formula (9) simplifies to
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Φ being the magnetic flux through the surface S [3].

4 Summary and conclusions
Generalizing Helmholtz’s explorations of the relation between forces and
energies [4][5], I have presented an axiomatic foundation of the Aharonov-
Bohm phase [3] and related it to Dirac’s non-integrable phase [2]. The phase
factors (not the phases β themselves) uniquely determine the electromagnetic
field [13].

Using results of Dirac’s 1931 pioneering work on non-integrable phases
and magnetic monopoles [2], I have shown that Aharonov & Bohm’s formula
(7) for the phase shift is not only Lorentz invariant but also gauge invariant,
and that in a much simpler manner than in [1].

Admittedly, in this treatment, the Aharonov-Bohm phase ϕAB is a semi-
classical, non-relativistic, and linear (low-field limit) functional of the scalar
and vector potentials as given in Aharonov & Bohm’s original article [3].
Within Schrödinger wave mechanics, the more general expression

ϕAB = 1
ℏ

�

s

Hint(ˆ⃗p, r⃗, t) dt (11)

(after [1] (2), where ℏ = 1) is non-linear in the vector potential. However, a
non-linear and fully quantised description of the (Ehrenberg-Siday-)Aharonov-
Bohm effect as well as its description for non-closed paths (for references, see
[1]) are far beyond the scope of this comment.

5

3 Gauge invariance of the phase β (7)
According to Dirac (cf. [2] (4)), the expression (7) for the phase β can be
transformed as

β = q

ℏ

�

∂S

Aµ dsµ = q

ℏ

�

S

(∂µAν − ∂νAµ) dSµν = q

ℏ

�

S

F µνdSµν (9)

(F µν being the Faraday tensor). This way, the gauge invariance is obvious.
In case that the path lies completely in the 3d position space, sµ = (0, −s⃗)

([2] p. 67), formula (9) simplifies to

β = q

ℏ

�

∂S

A⃗ · ds⃗ = q

ℏ

�

S

(∇ × A⃗) · dS⃗ = q

ℏ

�

S

B⃗ · dS⃗ = q

ℏ
Φ , (10)

Φ being the magnetic flux through the surface S [3].

4 Summary and conclusions
Generalizing Helmholtz’s explorations of the relation between forces and
energies [4][5], I have presented an axiomatic foundation of the Aharonov-
Bohm phase [3] and related it to Dirac’s non-integrable phase [2]. The phase
factors (not the phases β themselves) uniquely determine the electromagnetic
field [13].

Using results of Dirac’s 1931 pioneering work on non-integrable phases
and magnetic monopoles [2], I have shown that Aharonov & Bohm’s formula
(7) for the phase shift is not only Lorentz invariant but also gauge invariant,
and that in a much simpler manner than in [1].

Admittedly, in this treatment, the Aharonov-Bohm phase ϕAB is a semi-
classical, non-relativistic, and linear (low-field limit) functional of the scalar
and vector potentials as given in Aharonov & Bohm’s original article [3].
Within Schrödinger wave mechanics, the more general expression

ϕAB = 1
ℏ

�

s

Hint(ˆ⃗p, r⃗, t) dt (11)

(after [1] (2), where ℏ = 1) is non-linear in the vector potential. However, a
non-linear and fully quantised description of the (Ehrenberg-Siday-)Aharonov-
Bohm effect as well as its description for non-closed paths (for references, see
[1]) are far beyond the scope of this comment.

5

(F μν being the Faraday tensor). This way, the gauge invariance is obvious.

In case that the path lies completely in the 3d position space, 

3 Gauge invariance of the phase β (7)
According to Dirac (cf. [2] (4)), the expression (7) for the phase β can be
transformed as

β = q

ℏ

�

∂S

Aµ dsµ = q

ℏ

�

S

(∂µAν − ∂νAµ) dSµν = q

ℏ

�

S

F µνdSµν (9)

(F µν being the Faraday tensor). This way, the gauge invariance is obvious.
In case that the path lies completely in the 3d position space, sµ = (0, −s⃗)

([2] p. 67), formula (9) simplifies to

β = q

ℏ

�

∂S

A⃗ · ds⃗ = q

ℏ

�

S

(∇ × A⃗) · dS⃗ = q

ℏ

�

S

B⃗ · dS⃗ = q

ℏ
Φ , (10)

Φ being the magnetic flux through the surface S [3].

4 Summary and conclusions
Generalizing Helmholtz’s explorations of the relation between forces and
energies [4][5], I have presented an axiomatic foundation of the Aharonov-
Bohm phase [3] and related it to Dirac’s non-integrable phase [2]. The phase
factors (not the phases β themselves) uniquely determine the electromagnetic
field [13].

Using results of Dirac’s 1931 pioneering work on non-integrable phases
and magnetic monopoles [2], I have shown that Aharonov & Bohm’s formula
(7) for the phase shift is not only Lorentz invariant but also gauge invariant,
and that in a much simpler manner than in [1].

Admittedly, in this treatment, the Aharonov-Bohm phase ϕAB is a semi-
classical, non-relativistic, and linear (low-field limit) functional of the scalar
and vector potentials as given in Aharonov & Bohm’s original article [3].
Within Schrödinger wave mechanics, the more general expression

ϕAB = 1
ℏ

�

s

Hint(ˆ⃗p, r⃗, t) dt (11)

(after [1] (2), where ℏ = 1) is non-linear in the vector potential. However, a
non-linear and fully quantised description of the (Ehrenberg-Siday-)Aharonov-
Bohm effect as well as its description for non-closed paths (for references, see
[1]) are far beyond the scope of this comment.

5

 ([2] p. 67), formula (9) simplifies to

Φ being the magnetic flux through the surface S [3].

4. Summary and Conclusions
Generalizing Helmholtz’s explorations of the relation between forces and energies [4,5], I have presented an axiomatic foundation of the 
Aharonov Bohm phase [3] and related it to Dirac’s nonintegrable phase [2]. The phase factors (not the phases β themselves) uniquely 
determine the electromagnetic field [13].

Using results of Dirac’s 1931 pioneering work on non-integrable phases and magnetic monopoles [2], I have shown that Aharonov & 
Bohm’s formula (7) for the phase shift is not only Lorentz invariant but also gauge invariant, and that in a much simpler manner than 
in [1].

Admittedly, in this treatment, the Aharonov-Bohm phase ϕAB is a semi-classical, non-relativistic, and linear (low-field limit) functional 
of the scalar and vector potentials as given in Aharonov & Bohm’s original article [3]. Within Schrödinger wave mechanics, the more 
general expression

2In an Aharonov-Bohm setup [3], outside the coil, along the paths of the electrons, the vector potential 

2.3 (Ehrenberg-Siday-)Aharonov-Bohm effect
For any closed path sµ = (ct, −x, −y, −z) in space-time, the phase β (4) can
be written as (cf. [3] p. 486 I, where the action S = ℏβ, and [1] (4))

β = q

ℏ

� (
ϕ(r⃗, t) dt − A⃗(r⃗, t) · dr⃗

)
= q

ℏ

�

Aµdsµ. (7)

Here, the limitations in β (4) are lifted and the vector potential A⃗ is no longer
bound to be a gradient field as in (5).2

In single-connected regions, β ≡ 0. In the Aharonov-Bohm setup [3],
however, the coil makes the region, where the electrons fly, to be not
single-connected. Consequently, β does not vanish but is showing up in
the (Ehrenberg-Siday-)Aharonov-Bohm effect [3][10][11].

The phase β (7) is manifest Lorentz invariant but not manifest gauge
invariant. The latter issue will be addressed in the next section.

2.4 Non-integrable phase and gauge invariance
Before doing so, let us notice the following. The phase β (4) is non-integrable,
if

∂2β

∂x∂y
− ∂2β

∂y∂x
∝ −∂Ay

∂x
+ ∂Ax

∂y
= −Bz ̸= 0 etc. (8)

Dirac ([2] p. 66) notes,

“The connection between non-integrability of phase and the
electromagnetic field given in this section is not new, being es-
sentially just Weyl’s Principle of Gauge Invariance in its modern
form.”3

That gauge invariance has been dealt with in Subsection 2.2.
2In an Aharonov-Bohm setup [3], outside the coil, along the paths of the electrons, the

vector potential A⃗ is a gradient field.
3Dirac refers to [12]. On p. 331, Weyl writes, “Es scheint mir darum dieses nicht aus

der Spekulation, sondern aus der Erfahrung stammende neue Prinzip der Eichinvarianz
zwingend darauf hinzuweisen, daß das elektrische Feld ein notwendiges Begleitphänomen
nicht des Gravitationsfeldes, sondern des materiellen, durch Ψ̄ dargestellten Wellenfeldes
ist.” En.: Therefore, this new principle of gauge invariance, which does not come from
speculation, but from experience, seems to me to indicate compellingly that the electric
field is a necessary accompanying phenomenon not of the gravitational field, but of the
material wave field represented by Ψ̄. Weyl’s Ψ̄ is not our ψ.

4

 is a gradient field.

¯

¯ ¯



Space Sci J, 2025 Volume 2 | Issue 4 | 4

(after [1] (2), where ℏ = 1) is non-linear in the vector potential. However, a non-linear and fully quantised description of the (Ehrenberg-
Siday-)Aharonov-Bohm effect as well as its description for non-closed paths (for references, see [1]) are far beyond the scope of this 
comment.

Acknowledgment
I feel highly indebted to Hassan Bolouri, Jan Helm, Axel Kilian, Rudolf Germer, and Bernd Steffen for helpful discussions. The 
translations have been done using DeepL Pro.

Statements and Declarations 
There are no competing interests.

Data Availability Statement 
No data associated in the manuscript.

References
1.	 Kholmetskii, A. L., Missevitch, O. V., & Yarman, T. (2025). Lorentz-invariance and gauge-invariance of the Aharonov–Bohm 

phase. The European Physical Journal Plus, 140(2), 140.
2.	 Dirac, P. A. M. (1931). Quantised singularities in the electromagnetic field. Proceedings of the Royal Society of London. Series A, 

Containing Papers of a Mathematical and Physical Character, 133(821), 60-72.
3.	 Ankersmit, F. (2012). Meaning, truth, and reference in historical representation. Cornell University Press.
4.	 Aharonov, Y., & Bohm, D. (1959). Significance of electromagnetic potentials in the quantum theory. Physical review, 115(3), 485.
5.	 Helmholtz, H. (1982). Über die Erhaltung der Kraft (Vol. 1). Walter de Gruyter GmbH & Co KG.
6.	 von Helmholtz, H. (1898). Vorlesungen über die Dynamik discreter Massenpunkte (Vol. 1). Verlag von Johann Ambrosius Barth.
7.	 Enders, P. (2019). Classical Mechanics and Quantum Mechanics: An Historic-Axiomatic Approach. Bentham Science Publishers.
8.	 Enders, P. (2009). Towards the Unity of Classical Physics. Apeiron, 16(1), 22.
9.	 Schrodinger, E. (1926). Quantisierung als Eigenwertproblem,(Dritte Mitteilung: Storungstheorie, mit Anwendung auf den 

Strakeffekt der Balmerlinien. Ann. Phys., (4), 470-471. 
10.	 Ehrenberg, W., & Siday, R. E. (1949). The refractive index in electron optics and the principles of dynamics. Proceedings of the 

Physical Society. Section B, 62(1), 8. 
11.	 Aharonov, Y., & Bohm, D. (1961). Further considerations on electromagnetic potentials in the quantum theory. Physical Review, 

123(4), 1511. 
12.	 Weyl,  H. (1986). Elektron und gravitation. I. Surveys in High Energy Physics, 5(3), 261-267. 
13.	 Wu, T. T., & Yang, C. N. (1975). Concept of nonintegrable phase factors and global formulation of gauge fields. Physical Review 

D, 12(12), 3845.

Copyright: ©2025 Peter M. Enders. This is an open-access article distributed 
under the terms of the Creative Commons Attribution License, which permits 
unrestricted use, distribution, and reproduction in any medium, provided the 
original author and source are credited.

https://opastpublishers.com/

3 Gauge invariance of the phase β (7)
According to Dirac (cf. [2] (4)), the expression (7) for the phase β can be
transformed as

β = q

ℏ

�

∂S

Aµ dsµ = q

ℏ

�

S

(∂µAν − ∂νAµ) dSµν = q

ℏ

�

S

F µνdSµν (9)

(F µν being the Faraday tensor). This way, the gauge invariance is obvious.
In case that the path lies completely in the 3d position space, sµ = (0, −s⃗)

([2] p. 67), formula (9) simplifies to

β = q

ℏ

�

∂S

A⃗ · ds⃗ = q

ℏ

�

S

(∇ × A⃗) · dS⃗ = q

ℏ

�

S

B⃗ · dS⃗ = q

ℏ
Φ , (10)

Φ being the magnetic flux through the surface S [3].

4 Summary and conclusions
Generalizing Helmholtz’s explorations of the relation between forces and
energies [4][5], I have presented an axiomatic foundation of the Aharonov-
Bohm phase [3] and related it to Dirac’s non-integrable phase [2]. The phase
factors (not the phases β themselves) uniquely determine the electromagnetic
field [13].

Using results of Dirac’s 1931 pioneering work on non-integrable phases
and magnetic monopoles [2], I have shown that Aharonov & Bohm’s formula
(7) for the phase shift is not only Lorentz invariant but also gauge invariant,
and that in a much simpler manner than in [1].

Admittedly, in this treatment, the Aharonov-Bohm phase ϕAB is a semi-
classical, non-relativistic, and linear (low-field limit) functional of the scalar
and vector potentials as given in Aharonov & Bohm’s original article [3].
Within Schrödinger wave mechanics, the more general expression

ϕAB = 1
ℏ

�

s

Hint(ˆ⃗p, r⃗, t) dt (11)

(after [1] (2), where ℏ = 1) is non-linear in the vector potential. However, a
non-linear and fully quantised description of the (Ehrenberg-Siday-)Aharonov-
Bohm effect as well as its description for non-closed paths (for references, see
[1]) are far beyond the scope of this comment.

5

https://link.springer.com/article/10.1140/epjp/s13360-025-06083-9
https://link.springer.com/article/10.1140/epjp/s13360-025-06083-9
https://doi.org/10.1098/rspa.1931.0130
https://doi.org/10.1098/rspa.1931.0130
https://books.google.com/books?hl=en&lr=&id=6_ytDwAAQBAJ&oi=fnd&pg=PR7&dq=3.%09Here+and+in+Sect.+6.12,+an+alternative+representation+with+more+current+wordings+as+well+as+historical+and+review+references+are+given.&ots=svqnvrdo2p&sig=7pjjUbg2l49ijbJM1C7GDbTw6TA
https://link.aps.org/pdf/10.1103/PhysRev.115.485
https://books.google.com/books?hl=en&lr=&id=J-NTEQAAQBAJ&oi=fnd&pg=PA1&dq=5.%09H.+Helmholtz,+%C3%9Cber+die+Erhaltung+der+Kraft+(Reimer,+Berlin,+1847)&ots=JcChIccZdq&sig=YIt0uj4U3Z7seVEsIr4oPYqfzLk
https://books.google.com/books?hl=en&lr=&id=kf8-AQAAIAAJ&oi=fnd&pg=PA2&dq=6.%09H.+v.+Helmholtz,+Vorlesungen+%C3%BCber+die+Dynamik+discreter+Massenpunkte,+2nd+ed.+(Barth,+Leipzig,+1911)&ots=nhn7Am9QpX&sig=VVWjoKgl0O7m0iWlXEjWAq5-l_o
https://doi.org/10.2174/97816810844971190101
https://www.researchgate.net/profile/Peter-Enders/publication/228928662_Towards_the_Unity_of_Classical_Physics/links/00b7d520ab8baa278e000000/Towards-the-Unity-of-Classical-Physics.pdf
https://cir.nii.ac.jp/crid/1571698599208113280
https://cir.nii.ac.jp/crid/1571698599208113280
https://iopscience.iop.org/article/10.1088/0370-1301/62/1/303/meta
https://iopscience.iop.org/article/10.1088/0370-1301/62/1/303/meta
https://journals.aps.org/pr/abstract/10.1103/PhysRev.123.1511
https://journals.aps.org/pr/abstract/10.1103/PhysRev.123.1511
https://doi.org/10.1080/01422418608228774
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.12.3845
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.12.3845

