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Abstract

A portfolio optimization plays a critical role in the financial world. Today the portfolio managers, financial and investment
analysts, quantitative researchers from different financial institutions and companies try to find new or better approaches to
optimize the investment portfolio in comparison with classical techniques. Nobel prized Harry Markowitz in 1952 introduced his
world famous model which is still used by financial scientists in researches as a benchmark or as a background to develop new
approaches. The model has some limitations in terms of data normality assumption, historical mean- variance approach instead of
potential risks evaluation and others. As a result, some assumptions become irrelevant in real market conditions. Black-Litterman
model developed by Fischer Black and Robert Litterman in 1992 attempts to handle some limitations of Markowitz model. This
research project will use the Black-Litterman model as a background for further investigation. The view matrix construction will
use the Machine Learning and Deep Learning models predictions. MLDL-based Black-Litterman model is expected to demonstrate
higher cumulative returns and Sharpe ratios in comparison with classical Markowitz and BL models.

Keywords: Portfolio Optimization, Markowitz Model, Black-Litterman Model, Machine Learning, Deep Learning, Reinforcement

Learning

1. Introduction

Probably one of the most important event for investment or finance
related participants is the introduction by Harry Markowitz in
1952 his new theory of optimal portfolio optimization known as
Modern Portfolio Theory (MPT). The proposed model has several
limitations and drawbacks, which often leads to unpredictable
results when applied in practice. The data normality of distribution
usually makes the model irrelevant for real application but useful
for theoretical researches. Input parameters sensitivity is another
issue because the real market conditions change every time and
a small adjustment in one variable of the model leads to large
changes in asset weights. Another problem that practitioners face
with is the calculation of expected returns and variance is based
on historical datasets. Almost certainly, there will be errors in real
returns and actual variances of investment assets and as a result
pure portfolio performance.

Fisher Black and Robert Litterman, in 1992, introduced a new
approach to optimal portfolio allocation, which to a certain extent

attempts to handle Markowitz model’s limitations. The new
proposed approach uses the combination of subjective views of
investors (or investor) concerning the expected returns of the
assets and market equilibrium vector of expected returns to a new
estimation of returns. There are many research papers dedicated to
different approaches of predicting the expected returns in order to
construct the BL view matrix. S.L Beach et al, used egarch model
to build views in BL model. A. Duqi et al, implemented another
technique based on volatility forecast. All these approaches have
one common characteristic — they use the forecasting models
belonging to a certain class to construct the view matrix [1,2].
This property can potentially lead to frustrating results especially
when the model deals with constantly changing or dynamic regime
changing environment. Not all models can adapt to changing
regimes.

This project research attempts to show whether the implementation
of Reinforcement Learning Agent in couple with Machine
Learning and Deep Learning forecasting approaches can increase
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the performance of the portfolio in comparison with classical MV
and BL methods by construction the optimal strategy of building
the Black-Litterman view matrix.

2. Literature review

It has become an indisputable fact that Machine Learning methods
significantly improves the portfolio performance in comparison
with classical approaches. The researchers implies different ML
techniques to forecast the assets different characteristics [3].
Used in their paper two Random Forest models to predict assets
monthly excess returns and volatility. This approach gave a good
improvement in terms of investor utility and Sharpe ratios. Random
Forest model is one of the best methods for classification tasks
but can also be applied in regression analysis. For such models,
the overfitting is the main problem and the Random Forest based
models should be continuously tested and adjusted to dynamic
market changes.

Francisco Espiga-Fernandez et al. [4]. Applied Deep Reinforcement
learning algorithms for portfolio optimization using DQN, DDPG,
PPO and SAC methods. Some techniques performed better
than others did but in general, the researchers showed a good
performance of RL algorithms compared to MV classical method.
Srijan Sood et al. also implemented the RL algorithms in their
work [5].

Zhang et al [6]. Made a good research where they adopted LSTM
Neural Network approach to optimize Sharpe ratio directly
without predicting the assets future returns. The authors compare
the portfolio strategy with other different techniques showing good
performance. The proposed approach has also a robust dynamic in
the periods of disturbance like COVID-19.

A combination of different approaches was used in the paper
introduced by Liam Smith et al. [7]. The research attempts to
implement different algorithms, including regression analysis,
time-series forecasting and clustering, to analyze historical financial
data and identify patterns that inform investment decisions. The
results are very promising and the authors of the paper made a
robust model that adapts to changing market conditions and can
predict future asset performance with increased accuracy. The

main issue of the approach is potential overfitting coursed by
historical based model learning approaches.

There are many research papers dedicated to Black-Litterman
model. The researchers try to find new approaches of expert views
formulation. Stoilov et al. [8]. Proposed to compare implied and
mean asset returns to build view matrix. The approach implies
active management as only a limited amount of historical data and
short-term forecast shift are used. In general, the algorithm can be
used in real market but in order to ensure the robustness on regime
changes more investigations should be made.

Jia et al. [9]. Assumed that investors’ views regarding the assets
returns are entirely private information and proposed to adjust
variances based on corresponding assets options. Modifying
the experts view in the Black-Litterman model using modern
approaches is perhaps the most popular direction for today. As an
additional examples [8-12].

3. Approach

The project will use Black-Litterman model to allocate the assets
into an optimal portfolio. The main purpose is to adjust the view
matrix of the model to improve the portfolio performance.

We attempt to accumulate the power of Machine Learning and
Deep Learning approaches to derive a set of forecasts for each
financial asset and, using the Reinforcement Learning techniques,
choose the optimal prediction. We will construct the loss function
based on which the Reinforcement Learning Agent will build the
optimal strategy of choosing the most correct forecast derived
by different ML and DL models. The expected result is the view
matrix, which will be dynamically adjusted to reconstruct the
portfolio based on new weights.

4. Methodology

4.1. Data

The historical datasets will be used for different financial assets
from technological, real estate, energy, financial services, consum-
er defensive sectors and others to implement a modified Black-Lit-
terman model in the project. The project research will include the
assets presented in Table 1:

Asset name Ticker Short description

Rio Tinto RIO One of the biggest multinational British-Australian metals and
mining corporation

AT&T T The American transnational telecommunication company

Philip Morris International PM The American multinational tobacco company

British Petroleum BP Transnational British oil company

Allianz ALV.DE The German multinational insurance company

AstraZeneca AZN The international British-Swedish pharma and biotech
company

Siemens SIE.DE The German engineering company

Boeing BA The American aerospace manufacturer

3M MMM The American multinational chemical company

Vornado Realty Trust VNO The American Real estate company

Table 1: Portfolio Assets Short Description
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All the data are downloaded using Yahoo Finance API services.
Before the modeling, we split the data into training (90%) and
testing datasets (10%):

1. Training dataset — the assets prices data are used to calculate
implied equilibrium returns, Covariance matrix, make predictions
of assets returns etc. The main purpose is to train the models and
use the results to construct the view matrix of BL model. The
length is 90% of all dataset. This set is also splitted into training
(80%) and view building sets (20%).

ii. Testing dataset — the asset prices data are used to simulate (test)
the constructed portfolio on new data to derive and analyze the

performance metrics.

4.1. Features

The project implements several prediction models using ML, DL
and RL approaches. The main component of prediction model is
features. A researcher can use both periodic or statistical economic
indicators published by various providers and technical indicators
based on mathematical calculations. We will use technical indica-
tors both trending and momentum as features to train the models.
A summary of all indicators are presented in Table 2.

Feature name Type

Short description (formula)

Simple Moving Average (SMA) trending

P+ P+ +h,
n

SMA =

where:
Pn —the price of an asset at period n
n —the number of total periods

Exponential Moving Average (EMA) trending

EMA; = <Pl- * (

Smt
1+n

Smt
1+n

)) +EMA;_; (1 —( )

where:

EMA — exponential moving average
Smt — smoothing factor (by default 2)
n — number of days

Relative Strength Index (RSI) momentum

100
Average gain
Average loss

RSI =100 — [

]
1+

where:
Average gain — average of all gains for certain period
Average loss— average of all losses for certain period

Kaufman Adaptive MA (KAMA) momentum

KAMA; = KAMA;_, + SC * (P, — KAMA;_, )

where:

Rate of Change (ROC) momentum

SC = [ER = (SCfast - SCslow) + SCslow]z
Change
Volatility
Change = ABS(Close; — Close;_4q)
10

ER =

Volatility = ZABS(Closei — Close;_4)

—
Closie Price; — Close Price;_,
ROC; =

Close Price;_,

where:
ROC — rate of change
n — number of periods

Stochastic RSI (StochRSI) momentum

RSI — min(RSI)

StochRSI =
o¢ max(RST) — min(RST)

where:

RSI — current RSl level

min(RSI) — lowest RSI level over the last n periods
max(RSI) — highest RSl level over the last n periods
n —number of periods

Truth Strength Index (TSI) momentum

EMAgya,,s

TSI, =100 * ————
co,r,s * EMAEMA‘mlyrs

where:

c0 — current close price

m =c0 —cl—impulse

EMA — exponential moving average

r — smoothing period for impulse calculation
s —smoothing period for impulse smoothing

Detrended Price Oscillator (DPO) trending

n
DPO = Close — SMA(Close, (E + 1))

where:

SMA — simple moving average
Close — close price of an asset
n — cycle period

Table 2: Short Description of Technical Indicators Used as Models Features

J Invest Bank Finance, 2026

Volume 4 | Issue 1 |3



4.2. Black-Litterman model

The Black-Litterman model is a major instrument of this project
research. The purpose is to make an estimation of expected returns
of each asset in question by means of combination of experts
views regarding to assets expected returns and vector of market
equilibrium expected returns.

The first step of modeling the Black-Litterman approach is to find
implied equilibrium returns using the following formula (1):

I1 = AZkat (1)

where:

IT - Implied excess Equilibrium Return vector (N x 1 vector)

A —risk aversion coefficient

> — covariance matrix of excess returns (N x N matrix)

w_ .. —market capitalization weight (N x 1 vector) of the assets.

After rearranging the above formula with substitution p for I1, we
can derive the optimal weights formula (2):

w= (AX)7u (2)

The combined expected returns are calculated by using the
following formula (3):

E[r] = [ + PO P17 (EY) T + PQ1Q] (3)

where:

E[r] — new combined returns (N x 1 vector) (posterior)

T —is a scalar

> —is the covariance matrix of excess returns (N x N matrix)

P — is the matrix that identifies the assets involved in the views

Q — is a diagonal covariance matrix of error terms from experts’
views II — is the implied equilibrium return vector

Q —is the view vector

4.4. Forecasting Models and View Matrix

The research project implements several Machine Learning and
Deep Learning models to make forecasts of assets returns for 5
days ahead. All the models are trained using training period.
Several models are also optimized by applying hyper-parameters
tuning. The models descriptions are summarized in Table 3.

aifi
alfn

adf1

A=( :
adfn

) (4)

The next step is to construct the view matrix. In order to derive
the matrix, the forecasting results of all models are summarized in
one matrix with dimension of n x d, where d — number of assets in
portfolio, n — number of forecasts. See an example of the matrix
in (1).

The project specifies two approaches: averaging all the forecasts
for one asset to derive a single one and the usage of Reinforcement
Learning Agent to make a decision which model to choose based
on historical performance.

The averaging method of constructing the view matrix is
straightforward and does not require special descriptions. The
process of teaching a RL Agent can be summarized in several
steps:

1. Training the models on training datasets for each asset.

2. Making forecasts for each asset at each time step in view building
period (see Figure 2). We summarize all models predictions for
each asset in one matrix with dimension of d x n x t, where d - the
number of assets in portfolio, n — the number of forecasts which
is equal to the length of view building period, t — the number of
prediction models.

3. In this step, we begin the process of teaching the Reinforcement
Learning Agent. Based on all forecasts made by models the Agent
finds the optimal strategy of model choosing. To be specific, the
project implies Deep Q-Network Model (DQN) to train an Agent.
4. The trained RL Agent is being used in the steps when a new
price data is delivered. Based on new data the new features are
calculated to make new forecasts for asset. Among the several
predictions, the Agent makes an optimal choice.

5. Gathering all Agent’s choices for each asset, we construct a
view matrix.

mif1 mef1
1C ;
- mifn Mefn (5)
| myfi m.f, |
(G f)
h mlfn mtfn)
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Model name

Type Model description

DecisionTreeRegressor

LinearRegression

ML  The Machine Learning model that predicts numeric (continuous)
values based on tree-like structure. The model divides the dataset by
key features into smaller sets using the certain rules.

ML  The mathematical model that assumes the linear relationship
between variables. The model searches the optimal weights to
minimize the error term.

SGDRegressor ML  The regression technique that uses Stochastic Gradient Descent
method for finding the optimal parameters of the model.
XGBRegressor ML  TheMachine Learning boosting method that uses penalty techniques
like L1 and L2.
LSTM DL Long-Short term model. Deep Learning Method.
CNN DL Convolutional Neural Network. Deep Learning Method.
Table 3: Short Description of Models Used in the Research
5. Results construct the portfolio. The prices dynamic of the assets is shown

This paper used ten assets from different economic sectors to

in the Figure 3.

Assets prices dynamic
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Figure 3: Project Assets Price Dynamic

The portfolio of the project utilizes the assets with low correlation as shown in Figure 4.
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Assets correlation matrix
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Figure 4: Project Assets Correlation Matrix

The result section also shows the comparative analysis of different model. We also used several financial metrics to make judgments
asset allocation approaches. We used tree methods to optimize the ~ which approach is better for investments decisions. The results of
portfolio: evenly allocated assets (naive approach) that will serves naive method of portfolio optimization are in Figure 5.

as a benchmark, Markowitz model and modified Black-Litterman

Cumulative returns Performance of Naive Portfolio approach (Testing period)

0.30 4

0.25 1

0.20 4

0.15 4

Returns, %

0.10 4

0.05 1

0.00 -

2024-03 2024-05 2024-07 2024-09 2024-11 2025-01 2025-03 2025-05
Time

Figure 5: Naive Method Cumulative Returns Performance

The results of Markowitz’s method of portfolio optimization are depicted in Figure 6.
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Asset allocation by Markowitz model

0.5 1

0.4

0.3 1

0.2 1

Weights of assets in Markowitz portfolio

0.0

BP ALV.DE AZN SIE.DE BA MMM VNO
Investment assets

RIO T

Figure 6: Optimal Weights Generated by Markowitz Model

We see asset overconcentration issue. The Markowitz model and around 42% is allocated in Allianz stocks. We can observe
gives three weights for Philip Morris, Allianz and AstraZeneca as  the cumulative returns performance of constructed Markowitz
optimal — more than 50% of capital is invested into AstraZeneca portfolio (see Figure 7).

Cumulative returns Performance of Markowitz Portfolio (Testing period)

0.25 4

0.20 4

0.15 A

Returns, %

0.10 A1

0.05 +

0.00 1 : . : : T T T
2024-03 2024-05 2024-07 2024-09 2024-11 2025-01 2025-03 2025-05
Time

Figure 7: Cumulative Returns Performance of Markowitz Portfolio

The optimal weights of modified Black-Litterman approach are = weights structure was changing during the testing period [13,14].
presented in Figure 8. In the graphs, one can observe how the asset
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Asset weights (start)

Asset weights (middle)

Asset weights (end)
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Figure 8: Black-Litterman Weights Structure Changes

We can see a dramatic change in weights for such assets like
Philip Moris, BP, Siemens and AstraZeneka at the very beginning
of testing period. Philip Moris had more than 70% weight in the
beginning of investment testing period. At the middle of testing
period (the middle of the investment year) the weight of Philip
Moris in portfolio changed significantly to 16%. In the end of
testing period BL model recommendation for Philip Moris stayed
the same.

We can observe for AstraZeneka company an increasing dynamic
during the testing period — at the beginning the portfolio did not
hold any stocks of AstraZeneka but in the middle and the end
of investment period we can observe an increasing dynamic of
weights.

The Figure 9 shows the dynamics of portfolio returns generated by
modified Black- Litterman model.

Cumulative returns Performance of modified Black-Litterman Portfolio (Testing period)

0.5 A1

0.4 1

0.3 1

Returns, %

0.2 1

0.1 A

0.0 1

2024-03 2024-05 2024-07 2024-09

2024-11 2025-01 2025-03 2025-05

Time

Figure 9: Cumulative Returns Performance of Bl Portfolio

The following plot consolidates the different approaches performance (see Figure 10 and Table 3).
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The comparison of different asset allocation approaches

—— Markowitz portfolio
Black_Litterman portfolio
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Figure 10: Different Asset Allocation Approaches Performance

Model/approach Expected Return Sharpe Ratio Std. deviation Max DD rate
Naive method 0.003274 0.142731 0.023950 1.218030
Markowitz 0.002442 0.101556 0.023904 0.835240
Black-Litterman (RL) | 0.005474 0.238617 0.022940 2.569488

Table 3: Models Performance Comparative Analysis (Test Period)

The Figure 10 shows that modified Black-Litterman approach
using Machine Learning and Deep Learning modes in couple with
RL trained Agent for optimal prediction model choice has more
smoothed cumulative returns line. Furthermore, the BL method
has the highest Sharpe Ratio, which is described by comparatively
high expected rate of returns and low standard deviation. The
Table 3 summarizes different portfolio performance metrics on
testing period.

All the methods show significant drawdown in the period of March
2025. The Black- Litterman portfolio suffered the most decline but
the method showed the fastest recovery in the near future.

It is also worth noting that the second half of testing period is more
volatile which influences the overall portfolio performance. See
the comparison of stocks average returns and standard deviations
in first and second half of testing period shown in Table 4.

Company Std (1h) Std (2h) diff Return (1h) Return (2h) diff
Allianz 0,00962 0,01225 0,00263 0,0010 0,0021 0,0012
AstraZeneca 0,01186 0,01545 0,00359 0,0015 -0,0005 -0,0020
Boeing 0,02147 0,02602 0,00455 -0,0004 0,0015 0,0019
BP 0,01287 0,01960 0,00673 -0,0005 -0,0001 0,0004
M 0,02291 0,01837 -0,00454 0,0031 0,0014 -0,0016
Philip Morris 0,01025 0,01720 0,00695 0,0016 0,0024 0,0008
Rio Tinto 0,01356 0,01662 0,00306 0,0002 0,0005 0,0003
Siemens 0,01543 0,02086 0,00543 0,0015 0,0022 0,0007
AT&T 0,01232 0,01506 0,00274 0,0015 0,0023 0,0007
Vornado 0,03493 0,02493 -0,01000 0,0027 0,0018 -0,0009

Table 4: Standard Deviations and Average Returns for Portfolio Companies on Testing Period
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Model/approach Expected Return Sharpe Ratio Std

Naive method 0.003791 0.243834 0.015546
Markowitz 0.004188 0.259196 0.016158
Black-Litterman (RL) 0.003462 0.191211 0.018106

Table 5: Models Performance Comparative Analysis (1-st Half of Test Period)

Model/approach Expected Return Sharpe Ratio Std

Naive method 0.002758 0.091681 0.030083
Markowitz 0.000696 0.023507 0.029591
Black-Litterman (RL) 0.006265 0.241403 0.025951

Table 6: Models Performance Comparative Analysis (2-nd Half of Test Period)

6. Discussion

This project research demonstrated how a new approach developed
based on Black- Litterman model can improve investment portfolio
performance in comparison to other classical methods. To be more
specific, this paper attempts to build a new technique of experts’
views construction.

The Machine Learning and Deep Learning models were used to
build assets returns forecasts. In order to choose the best model
I used a trained DQN Agent. Comparing the proposed methods
performance results, we can see Markovitz’s dominance in the
beginning of the testing period. The Black-Litterman approach
is among outsiders but showed a smoothed returns dynamic
indicating a comparatively low variance and risks. Only in the
second half of the testing period, we observe the outperforming
results indicating the ability of ML, DL and RL methods to predict.
The second half is more volatile in comparison to the first half of
the testing period and can be treated as an opportunity to profit
but with more risk. The standard deviation of returns ranges from
0.016 to 0.018 in low-volatile period and from 0.026 to 0.030
in high- volatile period for different investment approaches (see
Table 5 and Table 6).

The modified Black-Litterman asset allocation technique shows
a robust behavior for low- variance market regime and good
performance in case of high-variance or risky regime. We used
only a limited number of assets for developing a new approach
due to large computational costs. It is recommended to use more
historical datasets meaning not only larger time series but also
different financial asset from other economic sectors.

7. Conclusion

This project attempts to discover a better approach of asset
allocation in comparison with equal-weighted and Markowitz
approaches. The paper implies Black-Litterman model developing
new method of expert views matrix construction. The model uses
Stochastic Gradient Descent regression, linear regression, Decision
Tree, Random Forest, Extreme Gradient Boosting regression and
Deep Learning models as LSTM and CNN to predict the assets
price 5 days ahead. After all models predictions are built, we
construct a view matrix by using a trained Agent of DQN model.
The models training is made on training dataset, the RL agent

environment is built on validation dataset derived from training
set. Finally, the constructed portfolio performance is being checked
on testing dataset.

Based on testing performance results, we can conclude that the
modified Black-Litterman model is more preferable for active-
trading investors seeking high profit with relatively low risks. The
comparative analysis shows good figures for BL approach - the
Sharpe ratio is twice as much as Markowitz portfolio metric. Good
performance metric explains high expected return and low risk
factor.

The model can be extended to more assets with longer historical
datasets. Implement real trading terms as transaction fees and
other costs. The implied ML and DL models can be extended
by using more hyper-parameters to tune. Also more features are
recommended to be added to train the models. Among the proposed
technical indicators, which by default have low predictive power
the research can include macroeconomic and public statistical
indicators.

The approach proposed in the paper has good performance and has
potential for further development.
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