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Abstract

This paper develops a unified analytical framework for non-separable Banach spaces (NSBS) grounded in the concepts of approximate
Schauder bases, weakly compact approximation operators, and local-global interpolation structures. The traditional limitations
associated with the absence of separability and sequential compactness are overcome by replacing sequences with directed nets and
by localising all analytical arguments within separable hulls. Within this setting, the notions of approximate interpolation couples and
approximate real and complex interpolation spaces are introduced and analysed in detail. We establish that boundedness, compactness,
duality, and stability properties extend naturally from the classical separable case, providing new generalisations of the Lions—Peetre
and Riesz—Thorin theorems. Spectral theory is reformulated for bounded linear operators in NSBS, proving spectral stability under
approximate compactness and continuity of spectra under analytic perturbations. Applications to operator theory and mathematical
physics are discussed, including spectral-interpolation correspondences, weak compactness criteria, and models for quantum and
statistical systems where non-separable structures arise intrinsically. These results yield a coherent generalisation of fundamental
principles of functional analysis and open new avenues for research in operator algebras, evolution equations, and non-separable

Keywords: Non-Separable Banach Spaces, Approximate Schauder Bases, Weak Compactness, Approximate Interpolation, Spectral
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Functional Expansions

1. Introduction

The theory of Banach spaces has traditionally relied on separability
as a fundamental structural assumption. Separability ensures the
existence of countable dense subsets, sequential compactness in
weak topologies, and the validity of several cornerstone theorems
in functional analysis. However, in many contexts—particularly
in operator algebras, measure theory, mathematical physics, and
infinite-dimensional dynamical systems—non-separable Banach
spaces (NSBS) naturally arise, and the classical tools no longer
apply in their standard form. In these settings, sequential arguments
must be replaced by more general net-based constructions, and
notions such as compactness, continuity, and spectral stability
require substantial reformulation [1,2].

Historically, separability has played a decisive role in the success of
the Schauder basis theory and its applications to operator analysis
and interpolation. The existence of a countable basis allows the
decomposition of elements into convergent series, provides a
natural setting for the approximation of operators by finite-rank

maps, and supports the classical real and complex interpolation
methods developed by Lions, Peetre, and Calderon [3-6].

In the non-separable context, however, Schauder bases may fail to
exist, and even weak compactness can collapse without additional
hypotheses. This creates deep obstacles to the extension of the
classical interpolation framework, the representation of operators,
and the development of spectral theory beyond separability.

The present paper proposes a unified analytical framework
designed to overcome these limitations. We introduce the notions
of approximate Schauder bases, weakly compact projections, and
local-global interpolation structures, which together provide a
systematic mechanism for transferring results from separable tonon-
separable settings. The core idea is the replacement of sequences by
directed nets and the localisation of analytic constructions within
separable invariant subspaces. This localisation procedure allows
one to recover, in an approximate sense, several key properties
of separable Banach spaces: weak compactness, stability of
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bounded operators, and norm convergence of partial projections.
In particular, the approximate framework preserves the functional
behaviour of compactness, continuity, and duality by interpreting
them through nets and limits in separable hulls.

Within this setting, we define and study approximate interpolation
couples, approximate real and complex interpolation spaces, and
weakly compact operator extensions. We prove that in separable
subspaces, the approximate and classical constructions coincide
exactly, thus guaranteeing consistency with the traditional theory.
The paper establishes approximate analogues of the Riesz—
Thorin and Lions—Peetre theorems, demonstrating that operator
boundedness and compactness behave continuously under
interpolation in NSBS [4,7].

Further, we formulate and prove several stability results for spectra
of bounded linear operators, including the continuity of spectral
sets under weakly compact perturbations, extending the results of
Kato to the non-separable framework [8].

From a methodological perspective, the theory developed here
provides a local- global principle: local (separable) structures
preserve the classical functional and topological features, while
the global non-separable environment is reconstructed by means of
directed nets of weakly compact projections. This principle extends
naturally to the study of spectral measures, operator semigroups,
and functional calculi in Banach algebras, establishing a bridge
between the geometry of Banach spaces and the analytic structures
of mathematical physics.

The main contributions of this work can be summarised as follows:
1. Introduction of a unified framework for approximate
Schauder bases and interpolation in non-separable Banach

spaces.

2. Proof of equivalence between approximate and classical
interpolation spaces on separable subspaces.

3. Establishment of boundedness and compactness theorems
for operators acting between approximate interpolation
spaces.

4. Extension of spectral theory to non-separable settings,
including stability and perturbation results.

5. Identification of applications to operator algebras,
harmonic analysis, and quantum models involving non-
separable functional spaces.

2. Background

The aim of this section is to recall the classical framework of
Schauder bases and interpolation methods in Banach space theory,
which will serve as the foundation for the non-separable extensions
developed in later sections.

We begin by reviewing the fundamental properties of Schauder
bases in separable Banach spaces, including their role in vector
representation, approximation, and operator analysis. We then
summarize the key aspects of interpolation theory—both real and
complex methods—and their structural dependence on separability.

Finally, we outline the limitations that arise when attempting to
extend these notions to non-separable spaces, thereby motivating
the new concepts introduced in Section 3.

2.1. Schauder Bases in Separable Banach Spaces
A Schauder basis for a Banach space X is a sequence (Xn)n=1
such that every x € X can be written uniquely as a norm-convergent

series
[ee)
x = Z AnXn

n=1

with coefficients a € K (K = R or C) depending linearly and
continuously on x.

Equivalently, there exist bounded linear functionals (x;)%ozl :

such that
[ee]
= Z x; (X) Xn
n=1

Schauder bases provide a coordinate system for Banach spaces,
analogous to orthonormal bases in Hilbert spaces, but with
two fundamental differences: expansions are norm-convergent
rather than orthogonal, and bases may lack unconditionality.
Still, bases play a crucial role in approximation theory, operator
representations, and structural classification of Banach spaces [10-
12].

for all x € X [9].

A key property is that the existence of a Schauder basis implies
separability of X. Indeed, the linear span of (x ) is countable and
dense in X. Conversely, not every separable Banach space admits
a basis: Enflo constructed the first separable Banach space without
a Schauder basis, solving a long-standing problem. This marked
a turning point in the theory, emphasising that bases are both
powerful and delicate tools in Banach space analysis [13].

2.2. Interpolation Methods in Banach Spaces

The theory of interpolation seeks to construct intermediate spaces
between a pair of Banach spaces (X, X,). Two principal methods
dominate the theory:

i) Real interpolation (the K-methods and J-methods), where norms
are defined by functionals such as

K(t,x) = lim (|lxol|xo + tllx1[]x1),t >0
x—x0+x1

The space (X, X)) , . is then formed by completing those x for
which (t 9K (t, x)) € L7 ((0, ), dt/t) [3,14].

i) Complex interpolation, where one considers bounded analytic
functions f on the strip {z € C: 0 < %R(z) < 1} with boundary
values in X and X, and defines

(X, X,)0=1{f(0): f€ F(X, X)},0<O<1
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This method provides spaces that are often distinct from those of
real interpolation but coincide in certain important settings.

Interpolation has profound applications in functional analysis,
harmonic analysis, and partial differential equations, where
intermediate spaces capture fine regularity properties of functions
and solutions [6].

2.3. Limitations in Non-Separable Settings

Both Schauder bases and interpolation theory encounter serious
obstacles in nonseparable Banach spaces (NSBS):

a) Non-existence of bases: many NSBS, such as L” ([0,1]) and
£, do not admit Schauder bases. Indeed, the sequential nature of
basis expansions is fundamentally incompatible with the absence
of separability [2].

b) Failure of sequential compactness: in NSBS, weak compactness
no longer coincides with sequential weak compactness [1]. Thus,
sequential tools, essential for bases and interpolation, become
inadequate.

¢) Interpolation difficulties: the construction of interpolation
spaces relies on density arguments and approximation by
sequences, which are unavailable in NSBS. For example, the real
interpolation functor fails to preserve expected embeddings when
applied to non-separable couples [3].

These limitations motivate the need for new frameworks: net-
based expansions, local analysis on separable subspaces, and
reformulations of interpolation theory adapted to the non-separable
environment.

The preceding discussion highlights both the power and the
limitations of classical Banach space theory. Schauder bases and
interpolation methods provide a complete and elegant structure in
separable settings, but their reliance on sequential compactness
and countable density prevents their direct extension to non-
separable Banach spaces. In order to recover analogous structural
tools, it becomes necessary to generalize the notions of expansion
and interpolation beyond sequences, replacing them with nets and
local analysis on separable subspaces.

The next section develops this generalization, introducing the
concepts of approximate bases and local bases, and establishing
their consistency with classical theory within separable components
of non-separable spaces.

3. New Framework for Schauder Bases in NSBS

The limitations identified in the previous section reveal the
fundamental obstacles that arise when extending the classical theory
of Schauder bases and interpolation beyond separable Banach
spaces. In particular, the absence of sequential compactness and
the failure of countable density preclude the existence of traditional
basis representations in many non-separable settings. To address
these challenges, we propose a new framework that generalizes
the notion of Schauder basis through nets and local analysis on
separable subspaces. This approach allows for the preservation of
the key structural features of bases—such as linear independence,

convergence of expansions, and coordinate representations—
while adapting them to spaces that lack separability.

3.1. Motivation

The failure of sequential compactness and the absence of countable
dense subsets in non-separable Banach spaces make the classical
theory of Schauder bases inapplicable. In separable spaces, each
vector can be expressed uniquely as a convergent series of scalars
with respect to a countable basis.

However, when separability is lost, no countable family can
generate the entire space, and even the existence of coordinate
functionals becomes problematic. Examples such as £*, L* ([0,1]),
and C(K) for non-metrisable compact K show that the traditional
sequential framework cannot capture the structure of the space
[1,2].

These limitations motivate the introduction of a net-based
approach, in which convergence is indexed not by natural numbers
but by finite subsets of an arbitrary index set. Nets generalize
sequences while preserving the order structure needed for
analytical approximation. At the same time, since every countable
subset of a Banach space generates a separable subspace, one can
perform local analysis within such subspaces and then reconstruct
the global structure by consistency. This dual strategy—replacing
sequences with nets and combining local separable analysis
with global coherence— forms the basis of the new framework
developed in this section.

3.2. Directed Families and Preliminaries
Definition 3.2.1. Let I be a non-empty index set. Denote by F(I)
the family of all finite subsets of I, ordered by inclusion:

F <XF, &F CF,
Then (F(I), X) is a directed set. A net indexed by finite subsets is
any map

O:F(H)-X

where X is a topological vector space. The limit lim
denotes convergence with respect to this directed order.

O(F)

FEF(I)

Proposition 3.2.1. The family (F(I), <) satisfies:

1. Forall F,, F, € F(I), there exists F, € F(I) such that F, < F,
and F,<F..

2. If I is countable, convergence with respect to F(I) coincides
with sequential convergence.

Proof. (1) Let F3 = F, U F,, which is finite and contains both F
and F,. (2) When I = N, the directed order by inclusion coincides
with the natural order of finite initial segments {1, ..., n}, hence
convergence of nets is equivalent to convergence of

sequences.

Theorem 3.2.1. Let X be a Banach space and Y € X a separable
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subspace. If (x,) FeF Q) is anet in Y converging to x € Y with respect
to the directed structure of F(I), then there exists a sequence (F)
c F(I) such that x, — x in norm.

Proof. Since Y is separable, its topology is first countable. For
every open neighbourhood Uof x, there exists I, € F(I) such that
X, € Ufor all F = F,. Enumerate a countable neighbourhood base
{U,} of x and choose F : = F, . Then x, — x in the norm topology
of Y. O

3.3. Approximate Schauder Bases and Approximation Oper-
ators

Definition 3.3.1. Let X be a Banach space, possibly non-separable.
A family {x } _, € X is an approximate Schauder basis for X if
there exists a corresponding family of bounded linear functionals
{x* }.; € X such that for every x € X,

x = lim

Am P, Xa(X) Xa

aQ€EF

where the limit is taken in norm.

with

Definition 3.3.2. Given an approximate basis {x }

coordinate functionals {x* }, define

Pp(x):= Z x5 (X) xq,x EX

a€EF

The family {P} is called the approximation net associated

with the basis.

FEF(I)

Proposition 3.3.1. Each operator P, is linear and bounded, with
[l PF |I< C for some constant C > 0 independent of F.

Proof-Forx € X

Prx lI=Il Z Xa(X)xg I < Z [xg GOl Nxg I < (sup Nxg Il Hxg D) I x Il
a

Q€F a€F

Thus || PF lI< C, uniformly in F. O

Theorem 3.3.1. A family {x_} _, with functionals {x*} is an
approximate Schauder basis of X if and only if

lim Ppx =x,Vx€X
FEF(I)

where convergence is in norm.

Proof. (=) Immediate by definition. (<) Conversely, if P,.x —
x in norm, then x =lim g » ___x;(x)xq. proving that {x } is an
approximate basis.

Corollary 3.3.1. If P, x — x in norm for all x € X, then for any
separable subspace Y c X, P,x — x also in the weak topology
of Y.

Proof. Norm convergence implies weak convergence, and
restriction to Y

preserves both topologies.

3.4. Local Bases and Consistency

Definition 3.4.1. Let X be a Banach space. A local Schauder basis
for X is a family {BY}, one for each separable closed subspace
Y c X, such thatforY c Z, B,l,=B,.

Definition 3.4.2. A family {B,} is consistent if for all Y, Z with
Y € Z, the coordinate functionals of B, restricted to Ycoincide
with those of B,.

Proposition 3.4.1. Let X be a Banach space admitting an
approximate basis {x_} _. Then every separable subspace Y c
X admits a Schauder basis B, = {x : a € I } consistent with the
family of projections {P }.

Proof. For countable I, I, the restriction of {x , x_'} defines
the classical basis representation on Y. Consistency follows
from the inclusion order of index sets. O

Theorem 3.4.1. Let X be a Banach space with an approximate
Schauder basis {x_}. Then the associated family {B,},_, Y separable
defines a consistent system of local bases; and conversely, any
consistent local basis system generates an approximate basis
of X.

Proof. If {x_} is approximate, restriction to separable subspaces
yields consistent local bases by proposition 3.4.1. Conversely,
given a consistent family {B,}, define x_and x_' by transfinite
enumeration through separable hulls (definition 3.5.1).
Consistency ensures the resulting directed limit is independent
ofthe choice of enumeration, giving a well-defined approximate
basis.

3.5. Separable Hulls and Structural Stability
Definition 3.5.1. For a subset A C X, define the separable hull as

sep(A) = span(4)

Proposition 3.5.1. For subsets 4, B c X:

1. sep(AuB) =5span(AU B) =5span(4) +span(B) . .IfA
C B, then sep (4) € sep (B).

2. If A C B, thensep(A) C sep(B).

3. For any countable 4, sep(4) is separable.

Proof. (1)- (3) follow immediately from closure and linear
span properties.

Theorem 3.5.1. Let X admit an approximate Schauder basis {x_}.
Then for each x € X, the separable hull Y = sep ({P,x: F €
F(D}) is invariant under the approximation operators P,.

Proof. For x € X and F € F(I), P, x lies in span {x : « € F}, hence
inY .If G 2 F, then P (P,x) = P_x, showing invariance. As Y _is
generated by countably many vectors, it is separable.
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3.6. Approximate Unconditional Bases
Definition 3.6.1. An approximate Schauder basis {x } _ is

unconditional in the approximate sense if for every bounded
scalar family {a_} with finite support,

Z Saaaxa

a€EF

converges in norm uniformly with respect to the choice of
signs e € {—1,1}.

Proposition 3.6.1. Let {x_} be an approximate basis. If sup
Fll Xger €aXe Il < o0 uniformly in €, then the basis is
approximately unconditional.

Proof. Uniform boundedness ensures that for every,X = ),dgXq,
the family of signed partial sums is uniformly Cauchy, implying
convergence in norm. O

Corollary 3.6.1. If {x_} is approximately unconditional and {y_}
satisfies | x, — y_ I < & for finitely many a, then {y_} remains
approximately unconditional.

Proof. Perturbations on finitely many terms affect only finitely
many partial sums, leaving uniform convergence unaffected. o

Theorem 3.6.1. Let {x_} be an approximately unconditional basis
in X. Then for every separable subspace Y C X, the restriction {x
|} is an unconditional Schauder basis for Y, and weak and norm
convergence coincide on the generated subseries.

Proof. Uniform convergence implies that for each x € Y, the net
of partial sums is uniformly Cauchy in norm and weak topologies.
By the Banach—Steinhaus theorem, both topologies yield the same
limit.

3.7. Nlustrative Examples and Verification

We conclude this section by illustrating how the abstract concepts
introduced above manifest in concrete non-separable Banach
spaces. These examples verify the internal consistency of the
framework and demonstrate how approximate bases and local
separable analysis coexist within well-known functional settings.

Example 3.7.1. The Space £*. The canonical unit vectors (e, )
in Loo fail to form a Schauder basis, as the sequence of partial
sums does not converge in norm. Nevertheless, when indexed by
finite subsets of N and viewed as a net, these vectors generate an
approximate basis on every separable subspace isomorphic to ¢, .
Each separable component admits a classical basis, and the family
ofthese local bases satisfies the consistency conditions of definition
3.4.2. Hence, £ serves as a canonical example where global non-
separability is reconciled with local sequential structure.

Example 3.7.2 The Space L*([0,1]). The space L*([0,1]) provides
another example of a non-separable Banach space without a

classical basis. Let P={I,...,I } denote a finite partition of [0,1]
, and consider the family of step functions {x, }j"=1 . Ordered
by refinement of partitions, these families form a directed system
(X,), which defines an approximate Schauder basis in the sense
of definition 3.3.1. Each separable subspace generated by a
countable collection of measurable sets admits an actual Schauder
basis composed of these step functions. Consequently, L*([0,1])
exemplifies the transition from local separability to global
approximation.

Example 3.7.3 The Space C(K) for Non-Metrisable Compact K .
When K is a compact Hausdorff space that is not metrisable, C(K)
becomes non-separable. For each countable subset DCK, define

Yy =5span {f Ip: f € C(K)}

Then Y is separable, and standard arguments yield a Schauder
basis B, ,. The family {B,} is consistent in the sense of definition
3.3.2, and the directed union of these local bases forms an
approximate global basis for C(K). This construction shows
how the abstract coherence theorem (theorem 3.4.1) applies in a
classical functional-analytic environment.

Example 3.7.4. Verification of Approximation and Stability. In each
of the examples above, the associated approximation operators P,
act as local projections whose norms remain uniformly bounded,
as required by proposition 3.3.1.

The separable hulls generated by these projections are invariant
(theorem 3.5.1), and the resulting approximate bases exhibit
stability under finite perturbations (corollary 3.6.1). Together,
these properties confirm that the theoretical framework is not
merely abstract but captures essential structural features common
to a wide class of non-separable Banach spaces.

The construction of approximate and local Schauder bases
provides a coherent framework for representing and analysing
elements of non-separable Banach spaces. By replacing sequential
expansions with net-based approximations and by focusing on
separable invariant subspaces, we recover much of the algebraic
and topological structure that is lost in the absence of separability.
These developments suggest that other core concepts in functional
analysis—particularly interpolation methods—can also be
reformulated through a similar local-global approach.

In the next section, we extend this philosophy to the theory of
interpolation, demonstrating how real and complex interpolation
schemes can be reconstructed in nonseparable settings by
exploiting the weak compactness and consistency of approximate
bases.

4. Interpolation Theory in Non-Separable Banach Spaces

Having established a generalised framework for Schauder
bases in non-separable Banach spaces (NSBS), we now turn to
the extension of interpolation theory. Classical interpolation—
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both real and complex—is constructed upon the availability of
sequences, separability, and compact embeddings. However, as
shown in Section 3, these features fail in non-separable settings.
In this section, we reconstruct interpolation theory by replacing
sequences with nets and developing a local-global interpolation
scheme based on separable subspaces and approximate bases.

Our objective is to define approximate interpolation spaces X",
q and X *** which coincide with the classical real and complex
interpolation spaces on separable subspaces, while extending their
analytical structure to non-separable environments. We proceed
systematically: first, by recalling classical preliminaries; then, by
defining approximate interpolation couples; next, by formulating
the real and complex constructions; and finally, by proving stability
and weak—norm equivalence results that ensure the internal
coherence of the framework.

4.1. Preliminaries and Classical Framework

Let (X, X) be a pair of Banach spaces continuously embedded
in a Hausdorff topological vector space V. In the classical setting,
interpolation seeks to define spaces X, that lie between X and X
and retain continuity of bounded linear operators.

4.1.1. Real Interpolation (K-Method)
For x € X, + X, and t > 0, the Peetre K-functional is defined by

K(t,x)= inf (llxollx,+tllxllx,)

X=Xg+XxX1

Then for 0<6<1 and 1<g<o0o, the real interpolation space is
1
e dt\a
X0, X1)o,q =4%X EXo+ Xy il x llg g := f [t K(t,x)]qT < oo
0

4.1.2. Complex interpolation (Calderon Method)
Given an interpolation couple (X X)), define

FXOXD)={f:S->X +X:f
continuous on S}

analytic on Se, bounded and

Where,

S={zeC0<Rz<1}
For 8 €(0,1),

Xo = 1{f(0):f € F(Xo, XD}, Il x llg= fig)fzx I f e o, x0)

These constructions depend crucially on separability and sequential
compactness.
We now generalise them to non-separable contexts [14].

4.2. Approximate Interpolation Couples
Definition 4.2.1. Let X, X, be Banach spaces continuously
embedded in V. The pair is an approximate interpolation couple

if there exists a family of bounded projections {P},., o associated

with an approximate Schauder basis of X, + X such that:

1. PF(X].)CX]. for j=0,1;
2. For each bounded AcX +X1, the net (P,(4)) is relatively
weakly compact in every separable subspace generated by A.

This condition replaces sequential compactness by weak
compactness on local separable components, preserving the
analytic control necessary for interpolation.

Proposition 4.2.1. If X and X admit consistent families of local
Schauder bases, then (X, X|) forms an approximate interpolation
couple.

Proof. For each separable subspace Y , the restrictions of the local
bases on X and X, yield compatible coordinate functionals. The
associated approximation operators P, preserve both X and X,
satisfying the required conditions. O

4.3. Real Interpolation in NSBS
We now extend the real interpolation method to non-separable
spaces by introducing a net-based analogue of the K-functional.

Definition 4.3.1. For x and t > 0, define

Kapprox(t' x) = inf (" PFxO ”X0+ tl pr1 "Xl)

X=Xxo+X

where F ranges over F(I) and P, are the approximation operators
associated with the underlying approximate basis.

Definition 4.3.2. For 0<@<land 1<g<oo, define
(X0, X1)gq = {x € Xo+ Xp:ll x llgig™ < o0}

where

1/q

y o dt
Ix llgg ™= ( f [£7 Kappron (£, X)) 7)
0

Theorem 4.3.1. Let (X ,X ) be an approximate interpolation couple.
Then (X,X,) g is a Banach space, and for every separable
subspace YCX0+X1,

YNnXy,YnN Xl)‘;‘fg”ox = NXy,YNX)gg
Proof. Completeness follows from the uniform boundedness of
P and the dominated convergence theorem applied to the integral
defining Ixll, *re*. On separable subspaces, P, reduces to the

identity on suﬁiciently large F , reproducing the classical norm. o

Corollary 4.3.1. If both X and X, are separable, then

(Xo, X1)Z[,jsmx = (Xo, Xl)e,q
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Proof. We recall that the approximate interpolation spaces (X,X )
g T were defined using a directed net of weakly compact
projections

{PF}FET(I)CB(XO+X1)

associated with an approximate Schauder basis of the ambient
(possibly non-separable) Banach space X +X,. For each x€X +X|
and t>0, the approximate K-functional is given by

inf (Il Pexo llx,+ t Il Ppxy lix,)

X=Xg+x1

Kapprox (tx) =

and the norm in (XX, ), """ is defined by

o dt 1/q
Il x IIZZWM: (f (t_gKapprox(t' x))4 T)
0

with the usual modification when g=co.
Since both X, and X, are separable, the ambient space
X:=X+X,

is also separable. In a separable Banach space, every approximate
Schauder basis {x_} _, can be indexed by the natural numbers N
, and the directed net {P,} of projections associated with finite
subsets I C [ reduces to a sequence of finite-rank projections (P )
satisfying

nen

an—>x, V xeX

with sup |IP Il < oo . Hence, in the separable setting, the
approximate structure coincides with the standard Schauder
basis structure, and the net becomes a sequence.

Let K(t,x) denote the classical K-functional defined by

K(t,x) = inf (llxollx,+tllxllx,

X=Xo+X1

We claim that for every x € X and t > 0,

K appmx(t, x)=K(t, x)
Indeed, since P —I, strongly, for each decomposition x=x+x,
we have

P x,ll,,~I

n” 0" X0

and || P.x.Il,.—ll

x0’ n 1V X1 xl”Xl

Taking the infimum over all decompositions x=x +x, it
follows that

g_r)rgo Kapprox(t,x) = K(t,x)

and because both sides are continuous and monotone in t, the
equality holds for all t > 0.

Using the equivalence of the K-functionals, we have

1/q
=l x llg,q

o dt 1/q ® dt
I x g% = ( f (t*gkappmx(t,x))“T) =( f (t’sk(t,x))‘17>
0 0

Hence, the corresponding spaces coincide isometrically, i.e.
(Xo'Xl) aqal’ﬁmx: (XO’Xl)B,q
with equality of norms.

If one allows different admissible systems of projections {P,}
, small uniform perturbations may alter constants but not the
equivalence class of norms. Therefore, for any admissible
approximate system of projections in a separable space, we have

approx
Cllxll, Slxll, =< Clxl,

for some constants C,C,>0 independent of x. This establishes
norm equivalence and completes the proof. o

Remarks:

1. The corollary ensures compatibility between the approximate
interpolation framework and the classical real interpolation
method when separability is present.

2. Conceptually, it confirms that the approximate construction
truly generalises, rather than alters, the classical theory.

3. This result is used implicitly to validate the consistency of the
extended interpolation functor in Section 4.3 of the article.

4.4. Complex Interpolation in NSBS

Definition 4.4.1. Let (X,X,) be an approximate interpolation
couple. An approximate analytic family is a net of functions
fS—=X,+X, such that:

1. For each F € F(I), f . is analytic on So.

2. fF is uniformly bounded on S.

3. For every separable subspace ¥ c X +X,, the restriction f
converges uniformly to a classical analytic family f.

FlY

Theorem 4.4.1. Let (X ,X ) be an approximate interpolation couple.
For each 0 <8 <1, define
X, ovex ={x=limf . (0):{f,} is an approximate analytic family}
Then X *P*is a Banach space satisfying

X v Y=X, for all separable Y € X +X|
Proof. Uniform boundedness of {f,} on S ensures that the limit
at 6 exists in the weak topology, and norm completeness follows

by local compactness on separable subspaces. Consistency is
guaranteed by the definition of approximate analytic families.o
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Corollary 4.4.1. For each separable subspace Y,
XN y=X,

where X, denotes the classical complex interpolation space (0 <
6<1).

Proof. Let Y c X be a separable subspace. Because Y is separable,
there exists a countable index subset | € I such that

Y Cspan {x,:a € J} =:X;

The space X is separable and invariant under all projections P,
with F 2 J . Hence, the restriction of the approximate projections
{P3rs , to X, defines a separable approximate system, satisfying

Py—y VyeY

Consequently, the local pair (X,n Y, XN Y) is a separable
interpolation couple embedded in (XX ).

Recall that the approximate complex interpolation space X, 7" is
defined via analytic functions

fiS—X +X,

holomorphic in the interior of the strip S = {z € C: 0 < Rz <1},
and continuous and bounded on the boundary, such that

ft)e X, f (1+it)eX,
forall t € R.

The approximate norm is given by

Il x ||Xgpprax= inf sup max {sup Il Ppf(it) lx, sup Il Pef (1 +it) lix,}
f R teR

FeF () te
where the infimum runs over all such f with f(8) = x.

For each F 2 J, the restricted mapping
fi(2):=PFf(2)

takes values in the separable subspace X, and defines an analytic
function in X, with the same boundary behaviour.

Since P,—I, strongly on Y, we have, for all f analytic as above,

sup |l Pef(it) — f(it) llx,— 0, sup I Pef(14+it) — f(1+it) llx,— 0
teR teR

Therefore, for each y €Y,

lim approx =
im Iy g Iy lx,

This follows because, within the separable subspace Y, the family
{P}s , acts as the identity in the limit, and hence the approximate
complex interpolation functional coincides with the classical
Calder6n functional used to define X,. Hence, we deduce that
X, mrenyc X,

Conversely, if y € X, we can approximate it by analytic functions
f, taking values in X , € X; for such functions,

P f.(2)=f,(2)

for all sufficiently large F 2 J. Thus, the same analytic data define
y as an element of X,7**. Hence, the reverse inclusion X,
X, ¥ N 'Y holds as well. Combining both inclusions, we obtain
the desired identity

X, mreny =X,
The proff is concluded.
Remarks:

1. Thiscorollary confirmsthelocal consistency ofthe approximate
complex interpolation method: on every separable component,
the approximate and classical constructions coincide exactly.

2. Together with corollary 4.5.1 for real interpolation, this ensures
that both real and complex interpolation functors extend
canonically from separable to non-separable Banach spaces
without altering their behaviour on separable subspaces.

3. This result also guarantees that duality and boundedness
properties proven in Section 4.5 remain valid locally, providing
the analytical continuity needed for the spectral applications
discussed in section 5.

4.5. Operator Stability and Compactness

Proposition4.5.1. Let T: X + X —Y +Y bealinear operator such
that T X-Y, is bounded for j = 0, 1. Then T extends uniquely to
a bounded operator

T: (XO’Xl)eyqapprox_) (yo,yl)elqappmx
and similarly for X 7.

Proof. Boundedness of T on X and X, and uniform control of the
projections P, imply:
K approx(L“, Tx)<C Kappmx(t, X)

ensuring boundedness of T on the approximate interpolation
norms.

Theorem 4.5.1. The family {(XO,Xl)g'q“PP“’X} 6a is stable under
bounded linear operators. If each T: XY, is compact, then
T:(X,,X,) oy Y,Y) g 18 also compact.
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Proof. Compactness is inherited from weak compactness on
separable components, combined with the Arzela—Ascoli theorem
applied to the approximate nets.o

Corollary 4.5.1. Let T be bounded on X and X . Then for 0 < 6
<1,

1T Nyapproryaoroe < | T 1%, 2, Il T 1%, Sy,
Proof. Let {PF}FEm) and {QG}GEm) denote the families of
approximate projections associated respectively with the

approximate Schauder bases of X +X and Y +Y . For each F and
G, define the finite-dimensional approximations
P (X)Y ;= Qu(Y),j =0,

Then X, -and Y, are separable (even finite-dimensional) subspaces,
and P, and Q, are uniformly bounded projections satisfying

PFx—>x, Vxe€E X0+X1; QGy—>y, Vye€ Y0+Y1
Now, for each pair (F,G), consider the approximate operators
TF,G:ZQGTP F
Because P, and Q . are bounded and T is bounded on each X}.—>Yj,
T,.€BX,+X,Y,+Y)
and T, .—T strongly on each X asF,G-1)], respectively.

Fix F and G . Since X and Y, are separable (indeed finite-
dimensional), the classwal Rlesz—Thorln interpolation theorem
(Riesz & Sz.-Nagy, 1955) applies to the operator

TF,G:XO’F+X1,F—)YO,G+Y1,G

Therefore,

6
I TFG ”(XOFXIF)G_)(YOGYIG)G = TFG ”XOF—’Y()G" TF’G ”X1,F—’Y1,G

Since P, and Q,, are contractive up to uniform constants, we have
I Trg lxjpor;o S C T llxmy,
for some constant C independent of F,G,j. Hence,
I T Nexop s mo-og¥agre < €I T g 2p Il T 1% o,

By the definition of the approximate interpolation spaces,

Xgpmx = U(XO,F' X1r)o» Yeappmx - U(YO'G, hi.6de
= G

Since T, ;— T strongly on each X, the norms
I Tr6 Ncxorxmo=(VoeY1e)0

form a net bounded by the right-hand side of the desired inequality.

Taking the limit over the directed pairs (F,G), we obtain

6
1T Nyapron_yampror <IT I8y I T 19y,

The inequality holds uniformly for all 0 < 6 < 1. Therefore, the
operator T acts boundedly between the approximate complex
interpolation spaces, with norm controlled by the geometric mean
of its endpoint bounds. This completes the proof. o

Remarks:

1. This corollary establishes the approximate analogue of the
Riesz—Thorin interpolation theorem (Riesz & Sz.-Nagy, 1955)
for operators acting between non-separable Banach spaces.

2. It shows that the approximate interpolation functor preserves
operator boundedness with the same quantitative estimate as
in the classical separable case.

3. Together with corollary 4.3.1 and corollary 4.4.1, this result
ensures full coherence between the approximate and classical
interpolation scales on separable subspaces.

4. The proof also clarifies that weak compactness of the
projections P, and Q. suffices to guarantee convergence of the
operatornet T, . to T.

4.6. Weak and Norm Equivalence

Theorem 4.6.1. Let x_€ X +X, be a net converging weakly to x in
(XX )y, T . Then ||X I, “"‘”"X — lx Il #o*if and only if x —x
in norm’ on every separable subspace contalmng x.

Proof. By the consistency of local interpolation norms (theorem
4.3.1), weak and norm convergence coincide on separable
components. Since every bounded net has separable support,
convergence transfers globally. O

Corollary 4.6.1. If X *,X * are separable, then

[(Xo. X)gq 1= (X6, XDgl "

where 1/q+ 1/q' =1 and 8'=1— 6.

Proof. The argument parallels that of Calderén’s duality theorem,
with the weak compactness of the approximation nets replacing
sequential compactness.

4.7. Illustrative Examples and Verification of Approximate
Interpolation

We now illustrate how the approximate interpolation framework
operates in concrete non-separable settings. These examples
validate the theoretical results established above and demonstrate
the local-global consistency of the approximate real and complex
constructions.

Example 4.7.1. The Pair (L*, L'). Consider the classical pair
(L>([0,17),L'([0,1])). The approximate projections P, defined
by finite partitions P, of [0,1] induce a net of step-function
approximations. For each t > 0 and x € L™+ L!, the approximate
K-functional becomes
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inf (Il Pexo o+t Il Ppxy 1)

X=Xg+X1

Kapprox (t' x) =

which coincides with the classical K-functional on each separable
subspace of L*. Hence,

(L=, L g™ = Lo ([0A]),1/p = 1 -

and LPPx agrees with the usual LP space on every separable
measurable component.

Example 4.7.2. The Pair (C (K), L*(p)) . Let K be a compact non-
metrisable space with a regular measure p . The pair (C (K) ,L* (i)
is non-separable, but each separable subspace generated by finitely
many coordinate functions admits the classical interpolation
structure. The approximate interpolation space

(CK), L= ()™

coincides locally with C (K) N L? (1) and satisfies the boundedness
and compactness properties of theorem 4.5.1.

Example 4.7.3. The Pair (£*,c ). In the pair (€*,¢), let P, denote the
finite-coordinate projections. Then

Kapprox(t' x) = inf (" PFxO ”00+ el PFxl ”Co)

X=Xxg+x1
which leads to approximate spaces

(foo‘ CO)(g‘?grax

that coincide with ¢, on separable subspaces, while providing
a stable interpolation framework globally. This example also
confirms the boundedness of the projections P, and the stability
results of proposition 4.5.1.

Example 4.7.4. Dual Pairs and Weak Compactness. Let X be
a non-separable Banach space such that both X and X* admit
consistent local bases. Then the pair (X, X*) forms an approximate
interpolation couple, and

(O XD = 0

as established in corollary 4.6.1. This example demonstrates
the preservation of duality and weak compactness within the
approximate framework.

These examples confirm that the approximate interpolation scheme
reproduces the expected local structure of classical interpolation
spaces while extending them coherently to non-separable settings.
In particular, the equivalence between approximate and classical
spaces on separable components ensures the applicability of the
framework to a wide range of problems in operator theory and
mathematical physics.

The reformulation of interpolation theory through local-global and
net-based constructions demonstrates that many of the analytical
tools of the separable framework can be meaningfully extended
to non-separable Banach spaces. By employing approximate
bases and weak compactness arguments, we have defined real and
complex interpolation spaces that remain stable under bounded
operators and coincide with classical interpolation spaces on
separable substructures. These results not only recover familiar
properties such as boundedness, consistency, and convergence but
also pave the way for practical applications in functional analysis,
operator theory, and harmonic analysis.

The next section explores these applications in depth, illustrating
how approximate bases and interpolation methods interact within
specific non-separable settings, including L%, C (K), and operator-
theoretic frameworks.

5. Applications and Consequences

The framework developed in the previous sections combines
approximate Schauder bases, separable localisation, and
interpolation theory to establish a unified analytical approach
to NSBS. This section explores several consequences and
applications of the theory, both within functional analysis and in
mathematical physics.

The main directions of analysis are:

1. Spectral stability and approximate compactness of operators.

2. Perturbation theory under approximate resolvent continuity.

3. Analytical and physical implications in operator theory and
quantum models.

5.1. Spectral Stability and Approximate Compactness

Let TEB(X), where X is a non-separable Banach space that admits
an approximate Schauder basis {x } _ and a family of associated
projections {PF}FEm). By the stability results established earlier,
T acts boundedly on all approximate interpolation spaces (X, X,)
e which guarantees stability of its spectral structure under
approximate compactness.

Theorem 5.5.1. Let T € B(X) and suppose that P,TP,— T strongly
in B(X) . Then the spectrum of T satisfies

o(T) = o (PpTPr)
FEF(D)

Proof. Each operator P, TP, acts on the separable subspace Y F=ran
(P.), where the classical spectral theorem applies. Because P, TP,
— T strongly, the corresponding resolvents converge pointwise
on a dense subset of X . According to Kato’s spectral inclusion
theorem (Kato, 1995), the closure of the union of the spectra
a(P,TP,) coincides with a(T). 0

This theorem generalises the classical spectral approximation
principle to non-separable settings. It shows that spectral
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information can be reconstructed from local separable projections,
bridging the gap between finite-dimensional truncations and global
non-separable operators.

5.2. Perturbation Theory in Non-Separable Settings
Perturbation theory describes how the spectral properties of
operators change under small variations. In non-separable
Banach spaces, sequential methods are replaced by the notion of
approximate resolvents, based on directed nets.

Definition 5.2.1. Let T € B(X) and A € o (T). The approximate
resolvent of T'is the net R (4, T)=(AI—P,TP,)~'P,, defined for all
sufficiently large F € F (I).

Proposition 5.2.1. If {P,} is the approximation net associated
with an approximate Schauder basis, then for every 1 € o (T) ,
the family {R, (1,T)} converges strongly to (AI — T)™' on each
separable subspace of X.

Proof. For each separable subspace Y ¢ X , the operators P, TP,
restricted to Y converge strongly to T |,. Since the resolvent
mapping is analytic on the resolvent set, local convergence of the
resolvents follows from standard compactness arguments (Triebel,
1978). o

Theorem 5.2.2. Let T(e)=T + €V with T,V € B (X) and ¢ €
R. If TO admits an approximate resolvent and V is bounded on
all separable subspaces, then the spectrum o(T(¢)) depends
continuously on €in the Hausdorff metric.

Proof. Uniform boundedness of the approximate resolvent
{R.(4, T)} ensures that the family of resolvents of T (&) varies
continuously on separable components. Since the projection net
{P.} is stable under bounded perturbations, this continuity extends
to the entire space X. O

This theorem extends Kato’s analytic perturbation theory to non-
separable spaces, establishing continuity of the spectral data with
respect to parameter variations.

5.3. Interpolation and Operator Equivalence

Approximate interpolation spaces provide a natural domain for
bounded and compact operators acting between non-separable
Banach spaces. The following results mirror the classical Lions—
Peetre interpolation theorems in the approximate setting.

Theorem 5.3.1. Let (X, X)) and (Y, Y ) be approximate
interpolation couples, and let

T:X,+X > Y, +Y,

be a linear operator that is bounded on both X0 and X1. Then, for
every0<f<land 1 <gq<oo,

T: (Ko, XG0 = (o WG

is bounded, with

a ToX —
T g™ < I T 158 I T 1%, oy,

Proff. Let {PF}FEm)C B (X,+X)) and {Q;};,,c B (Y, + V)
be the uniformly bounded approximation nets (weakly compact
projections) associated with the approximate Schauder bases of X |
+ X,y Y, + Y, respectivamente. Denote

My=ITly M= ITIXY,

X0-Y0’

Fix F and G . For x € X+ X, and t > 0, define the finite-level
approximate K -functionals:

K%)= inf (Il Prxo lly,+ t Il Prxy lly,)

X=Xg+Xq

G .
KO y):= inf (I Qayo lly,+t Il Qay1 lly,)
Y=Yot+Y1

Given a decomposition x=x,+ x, with X €X,sety:=Tx €Y,
By linearity and boundedness of T,

Il Qo ”Yo < My |l Prxq ”Xo; Il Qgy:1 ||y1§ My |l Prxq ”Xl

Taking the infimum over all such decompositions x = x,+ x, , we
obtain the scale inequality

M
KD (8, Tx) < My K (ﬁl t, x),v t>0 (1)
0

The global approximate K-functionals are defined as the envelopes
of their finite-level counterparts:

KyPPT% (t,x): = sup KJEF)(t, x); KPP (6, )= mép Kéa)(t, y)
F

Taking the supremum in G on the left-hand side of (1) and in F on
the right-hand side yields

M
KIPPTO% (£, Tx) < M, K,‘;’”’””‘(V1 t,x),t >0 )
0

By definition,
@ dt
I Tx Nlghr ™= ( f [t 0K, PP (£, Tx)]4 T)
0

Applying inequality (2) and making the change of variable

1/q

s= %t (so that dt/t = ds/s and t =% = (My/M;)?s79), we have
0

*© dt
T U ([T My K (M) 0019 S
0

= Mo(Mo/M,)° <f0 [s 70K (s, x)V%)

1-6p70 approx
=My oM Nl x Igh,

Taking the supremum over all xwith || x || g < 1gives

1_
I T ||Xg§prax_)yéz,gprox < MO 9M19
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For g = oo,

a, ToX _ a, ToX
I Tx lighe = sup t=?KyPP"** (¢, Tx)
t>0

Applying (2),

sup t ORGP (8, Tx) < sup tTOMKPP"** (My/Mo)t, x) = Mg ="M || x 152"
t>0 t>0

Taking the supremum over || x ||, *"*< 1 yields

T approx__approx < M 1_9M9
T XGPPTO% Ly bt 0 1

Conclusion. Both cases (1 < g <o and g = ) confirm that
T [12PPTO% < i 7 1 1=6 1 1@
IT Ngq — SUT ISl T llx, oy,

Hence, T acts boundedly between the approximate real
interpolation spaces, satisfying the same norm estimate as in the
classical Riesz—Thorin theorem [7]. O

Remarks:
1. Inequality (2) represents the approximate analogue of the
classical K-functional shift inequality:

Ky (t,Tx) < My Kx((My/Mo)t, x)

now valid uniformly across the approximation nets {P,} and {Q }.

2. The change of variable in the integral (or in the supremum
when g = ) produces precisely the geometric factor M'“°M ¢,
mirroring the classical separable case [3,6].

3. The argument is local-to-global: the inequality first holds on
separable subspaces and extends globally via the supremum over
directed nets of projections. This ensures full consistency with the
results of sections 4.3 and 4.5, and with corollaries 4.3.1 and 4.5.1.

Corollary 53.1. If T: XY, is compact for j = 0,1 , then
T: (Xo, XG0P = (Yo, V1) g
is also compact.

Proof. Boundedness follows from the approximate Riesz—Thorin
inequality [7]. Compactness follows from weak compactness on
separable components combined with the Arzela—Ascoli argument
for directed approximation nets.o

These results confirm that approximate interpolation preserves the
essential analytic and topological features of the classical theory,
extending its reach to nonseparable settings.

5.4. Implications for Mathematical Physics

Non-separable Banach spaces naturally occur in several areas of
mathematical physics, such as quantum field theory, statistical
mechanics, and the analysis of continuous spectra [15,16]. The
approximate framework developed here provides a rigorous
analytical model to extend operatortheoretic and spectral methods

to such contexts.

1. Quantum mechanics: In systems with continuous spectra,
Hilbert spaces L%(R™) can be embedded into Banach—Gelfand
triples, where approximate interpolation captures transitions
between observables of different regularity.

2. Statistical mechanics: Weak compactness of approximate
projections models mean-field limits and the thermodynamic
behaviour of large systems.

3. Quantum field theory: Non-separable algebras of observables
can be analysed through separable invariant subspaces, where
approximate interpolation governs the relationship between
local and global states.

Theorem 5.4.1. Let T be a self-adjoint operator on a non-separable
Banach space X that admits a directed family of separable
invariant subspaces {Y } _, dense in the weak topology. Then the
approximate spectral decomposition of Tcoincides locally with
the interpolation structure of the system {Y _}:

_ approx g
X—UYa ,T—lanlea
a€A

where the limit is taken in the weak operator topology.

Proof. Each separable subspace Y admits a spectral resolution
compatible with its local interpolation spaces. As the directed
family {Y } is weakly dense in X , the corresponding operator
limits agree with the global action of T. O

This result unifies spectral and interpolation perspectives, showing
that the global structure of non-separable operators can be
recovered from their separable components.

5.5. Concluding Remarks

The applications presented in this section demonstrate that the
approximate framework successfully recovers and generalises
central results of classical functional analysis within non-
separable settings. By substituting sequences with directed nets
and performing analysis on separable hulls, we obtain a coherent
extension of the theories of bases, interpolation, and spectra.
The framework also opens up several promising lines of future
research:

1. The development of Fredholm and semi-Fredholm theory for
approximately compact operators.

2. The study of semigroups and evolution equations in non-
separable Banach spaces.

3. The extension of the approximate interpolation formalism to
Banach algebras and operator ideals.

4. This unified analytical perspective offers a powerful and
flexible foundation for advancing research at the interface
between operator theory, functional analysis, and mathematical
physics.

6. Discussion
The results obtained in this study establish a comprehensive

Ther Res: Open Access, 2025

Volume 2 | Issue 1| 12



analytical framework for non-separable Banach spaces (NSBS).
By introducing approximate Schauder bases, weakly compact
approximation operators, and local—global interpolation schemes,
we have reconstructed key elements of classical functional analysis
within a setting where separability and sequential compactness
fail.

The theoretical consequences of this approach are significant.
First, the replacement of sequential structures with directed nets
provides a rigorous alternative to the limitations imposed by the
lack of countable density. This shift allows for the generalisation
of many topological and spectral arguments that traditionally
depend on separability.

Second, the combination of approximate bases and separable hulls
yields a constructive method for analysing operators, ensuring
local control without sacrificing global consistency.

Third, the introduction of approximate interpolation couples
extends both the real and complex interpolation methods to NSBS,
preserving the continuity, stability, and duality properties of
classical interpolation spaces.

From the standpoint of operator theory, the framework demonstrates
that boundedness, compactness, and spectral stability can all be
reformulated in the non-separable case using weak compactness
and approximate projections.

This result provides a unifying bridge between finite-dimensional
approximations and global infinite-dimensional analysis.
Moreover, the applications discussed in Section 5 confirm that the
framework is not merely theoretical but operational. In particular,
its relevance to quantum theory, statistical mechanics, and non-
separable operator algebras suggests that this formalism can serve
as a foundational analytical tool in mathematical physics.

7. Conclusion and Future Work

This work has presented a new analytical paradigm for studying

non-separable Banach spaces, built upon three fundamental

components:

1. Approximate Schauder Bases: replacing classical sequential
expansions by net-based approximations valid across
separable subspaces.

2. Local-Global Interpolation: extending real and complex
interpolation methods through weakly compact approximation
operators.

3. Operator and Spectral Stability: ensuring continuity of
spectra and boundedness of operators under approximate
compactness.

The theoretical results demonstrate that many classical tools
of functional analysis—bases, interpolation, duality, and
perturbation—can be consistently reformulated in the absence of
separability.

The proposed framework thus unifies local and global properties
of Banach spaces under a single coherent structure.

Future research directions naturally emerge from these results:

A) Developing a Fredholm and semi-Fredholm theory for
approximately compact operators.

B) Extending the theory to non-linear and multilinear operators,
preserving weak compactness.

C) Applying approximate interpolation to Banach algebras,
spectral triples, and C*-modules, thus linking the framework to
operator algebras and non-commutative geometry.

D) Exploring approximate semigroup theory and evolution
equations in NSBS, with applications to partial differential
equations and dynamics in infinite-dimensional spaces.

E) Investigating the implications of the framework in quantum
field theory and continuous media, where non-separability is
intrinsic to the model.

Ultimately, this research demonstrates that the analytical and
topological difficulties posed by non-separable Banach spaces can
be overcome through structural generalisations grounded in weak
compactness and local separability. The approximate framework
presented here thus opens a path towards a richer, more flexible,
and more universal theory of operators and function spaces.
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