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Abstract
In this work, differential transformation method with after treatment technique is applied to develop analytical 
models for the prediction of the behavior and output voltage of cantilever piezoelectric energy harvesters. The 
analytical results are in a good agreement with the experimental results in literature. The first mode of vibration 
has the lowest resonant frequency, and typically provides the most deflection and therefore electrical energy. The 
output voltage increases with the length of the beam but increase in the thickness of the beam decreases the output 
voltage. The results depict that the shape of the cantilever energy harvester plays an important role in improving the 
harvester’s efficiency. It is established that under the same loading, material and geometrical conditions, triangular 
cantilever beams are more efficient than rectangular ones. From the results, it is also established that that among 
all the cantilever beams with uniform thickness, the triangular cantilever, can lead to highest resonance frequency. 
Therefore, in order to obtain more wideband piezoelectric energy harvester, the geometrical and material designs of 
piezoelectric resonant cantilevers must be properly analyzed.
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Introduction
Indisputably, well established technologies have been designed 
and employed for macro-scale and high powered machines and 
technologies. However, the lack of cables induces a constraint on 
power supply for low powered wireless electronic sensors. Also, 
batteries wear out with time, therefore, regular replacement is an 
integral and inevitable part of maintenance for low powered elec-
tronics devices. Employing dense network in the structures, bat-
teries replacement becomes a major time-consuming task that is 
uneconomical and unmanageable. Harvesting energy from ambi-
ent vibrations, wind, heat or light could enable smart sensors to be 
functional indefinitely [1].

 Energy harvesting of scavenging is the conversion of ambient ener-
gy in the environment surroundings into electrical energy. Energy 
harvesters have been designed to capture the ambient energy and 
to convert it to usable electrical power for supplying micro scale 
energy harvesting technologies, low powered electronics devices 
and sensors. The goal is to develop autonomous and self-powered 
devices that do not need any replacement of traditional electro-
chemical batteries. In the class of energy harvesters, there is Vi-

bration energy harvesting device called piezoelectric which con-
verts the kinetic energy from vibration into electrical energy. The 
vibration can come from any source such seismic (ground) vibra-
tions, acoustic pressure waves, forces applied directly to the load 
on the working surface or other surrounding sources. Vibration 
energy harvesting can be achieved by using electrostatic devices, 
electromagnetic field and utilizing piezoelectric based materials 
[1-2]. However, vibration energy harvesting with the piezoelectric 
material can currently generate up to 300 microwatts per cubic 
centimeter, making it an attractive method of powering low-power 
electronics. Consequently, different studies have carried to analyze 
and investigation the energy harvesting capabilities of piezoelec-
tric devices. In a recent work, Hosseini and Hamedi explored the 
geometry of piezoelectric bimorphs to enhance the capabilities of 
energy harvesting [3]. The same authors presented another study 
on the resonant frequency of unimorph triangular V-shaped piezo-
electric cantilever energy harvester [4]. Baker et al. also explored 
the geometries of the structure to increase the power density of 
the energy harvesters [5]. Anderson and Sexton presented sensor 
platform for vibration energy harvesting [6]. Beeby et al. submitted 
on a study on energy harvesting for microsystems applications [7]. 
Erturk and Inman developed a distributed parameter electrome-
chanical model for cantilevered piezoelectric energy harvesters. 
Effects of length/width ratio of tapered beams on the performance 
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of piezoelectric energy harvesters were investigated by Matova et 
al. [9]. More studies on effects of geometry, optimization, design, 
sensitivity analysis and parameters identifications by other authors 
[10-27].

It is well established form the review studies that the geometry of 
a piezoelectric cantilever beam will greatly affect its vibration en-
ergy harvesting ability. However, the need for symbolic and pre-
cise analytical models for predicting the dynamic behavior and the 
corresponding output voltage for the difference geometries of the 
piezoelectric cantilevers cannot be overemphasized. Therefore, in 
this work, differential transformation method with after treatment 
technique is applied to develop analytical models for the prediction 
of the dynamic behavior and output voltage of cantilever piezoelec-
tric energy harvesters. Parametric studies are carried out and the 
results are presented. 

Model Formulation 
Consider a structure of unimorph piezoelectric rectangular can-
tilever is shown in Fig. 1. In Fig. 1, Because of the low thickness 
of the beam, Euler-Bernoulli theory is considered in deriving the 
mathematical modeling of the structure.

     Fig. 1. Schematic of a simple unimorph cantilever beam [24]

The governing equation of motion for a beam embedded by a sin-
gle piezoelectric layer under the influence of base excitation is as 
follows [16, 27]:

If we assumed constant mass and second moment of inertia, we 
have

Subjected to the following initial and the boundary conditions

Initial conditions

Boundary conditions

The voltage equation is given as (Hosseini et al., 2019)

Initial conditions

                                         V(0)=V0

In this work, the base excitation, zb is given as

                               Zb(x,t)=ZoWb(X)sinϖt

Method of Solution using Differential Transform Method
The relatively new approximate analytical method, differential 
transformation method is used to analyze the phenomena under 
investigation. The differential transformation method (DTM) has 
proven to be more effective than most of the other approximate 
analytical methods as it does not require many computations. It 
solves nonlinear problems without linearization, discretization, re-
strictive assumptions, perturbation and discretization or round-off 
error. It is capable of greatly reducing the size of computational 
work while still accurately providing the series solution with fast 
convergence rate. Also, it reduces the complexity of expansion of 
derivatives and the computational difficulties of the other tradi-
tional and approximation analytical methods [28]. The advantage 
of using DTM is the possibility for dealing with wide range of ex-
citation frequency. Using the approximate method, the effects of 
the nonlinear parameters in the model equation on the dynamic 
response of the beam are investigated.

Using the Galerkin’s decomposition procedure to separate the spa-
tial and temporal parts of the transverse displacement functions, 

where zrel(x,t) is the transverse displacement functions, qk(t) is gen-
eralized coordinate of the system is the time-dependent parameter 
of the oscillation, N is number of assume modes and wk(x) is the 
k-mode shape of the cantilever beam or a trial/comparison func-
tion that will satisfy both the geometric and natural boundary con-
ditions. The trial function is given as

For the four first-modes of linear cantilever beam, the parameters  
β1 are given in Table 1.

(9)

(8)

(7)

(6)

(5)

(4)

(3)

(2)

(1)
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Table 1: The four first-modes of linear cantilever beam
i βkl ϖk(rad/s)
1
2
3
4

1.8751
4.6941
7.8548
10.9955

15.6762
98.2410
275.0800
539.0360

The natural frequencies for the four mode shapes are shown in Ta-
ble 1. It is shown in the Table that the margins between the fre-
quencies are quite large.

Substitute Eq. (8) and Eq. (9) for the first mode shape of the canti-
lever beam into Eq. (2) and (5) and apply the Galerkin decomposi-
tion method. After collecting the like terms, the following equation 
is obtained:

Determination of Displacement-Voltage Equation of the Beam 
In this section, the application of differential equation for the 
transverse displacement of the beam is presented. The dynamic 
and voltage equations in Eqs. (10) and (11) are solved using the 
differential transformation method.

Method of Solution using Differential Transform Method
The basic definitions and the operational properties of the differ-
ential transformation method are given in our previous work [27].
Applications of differential transform method to the nonlinear 
Eqs. (10) and (11) give the DTM recursive relations as 

After re-arrangement of Eqs. (12) and (13), we have

And the transformed initial conditions expressed as;

                                        Q0=z0, Q0=u0, V0=v0,

Using the transformed conditions on the transformed governing 
equation, the term by term solution becomes;

(11)

(16)

(12)

(13)

(14)

(15)

(10)
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                                                      From the definition of the differential transform method, we have

                                                           Q(t)=Q0+Q1t+Q2t
2+Q3t

3+Q4t
4+Q5t

5+Q6t
6+Q7T

7+Q8t
8+Q9t

9+Q10t
10+Q11t

11

                                                                                                             and

                                                           V(t)=V0+V1t+V2t
2+V3t

3+V4t
4+V5t

5+V6t
6+V7t

7+V8t
8+V9t

9+V10t
10+V11t

11

The power series solution gives solution in the form of truncated series. This truncated series is periodic only in a very small region. In 
order to make the solution periodic over a large range, sine and cosine-after treatment (SAT and CAT-technique).
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(17)

(18)

Results and Discussion
Using MATLAB for the simulations, the analytical models are 
simulated and parametric studies are carried out. As it was well 
established, it should therefore be pointed out that compared to 
other structural forms of beams, a cantilever beam can obtain the 
maximum deformation and strain under the same conditions [24]. 
The larger deflection leads to more stress, strain, and consequently 
a higher output voltage and power. Therefore, the vast majority of 
piezoelectric vibration energy harvesting devices use a cantilever 
beam structure. This give reasons for the present analysis on canti-
lever beam as the results are presented.

The sensitivity of resonant cantilever piezoelectric energy harvest-
ers is directly proportional to the resonant frequency. It is note-
worthy that a cantilever beam can have many different modes of 
vibration with a different resonant frequency. The first mode of 
vibration (Fig. 4.1) has the lowest resonant frequency, and typi-
cally provides the most deflection and therefore electrical energy. 
Accordingly, energy harvesters are generally designed to operate 
in the first resonant mode. So, the present analysis and the sim-
ulations are based on the resonant of the first resonant mode as 
shown in Fig. 4.1. The undamped dynamic response of the beam 
is presented in Fig. 4.1. The first normalized mode shapes of the 
beams for the cantilever beam are shown in Fig. 1 Also, the figure 
shows the deflection of the beams along the beams’ span at buckled 
and mode shape. As expected, the result show that the amplitude of 
the vibration is maintained throughout the vibration period of the 
cantilever beam. However, if the damping parameter is considered, 
the deflection of the beam reduces as the time progresses as the 
energy generated by the beam reduces correspondingly.

Fig. 4.1 first normalized mode shapes of the cantilever energy harvester

Table2: The Beam geometry and shape function

Geometry Visual Shape function Resonant Frequency
Generic

Rectangular

Triangular tapered

Trapezoidal V-shaped
(Quadrilateral)

w(x)

w(x) = w

1

1

( ) 1 xw x w
l

 = − 
 



  

Fig. 4.3 and 4.4 present the impacts of cantilever geometrical struc-
ture on the output voltage, from the figures, it was established that 
the rectangular beam produces lowest output voltage. However, a 
triangular tapered cantilever gives the maximum output voltage. 
Also, the results depict that changing the shape of the cantilevers 
could affect the generated output power and voltage. Therefore, in 
order to obtain more wideband piezoelectric energy harvester, the 
design of piezoelectric resonant cantilevers must be properly car-
ried out.

Additionally, as shown in the results, the cantilever geometrical 
structure plays an important role in improving the harvester’s ef-
ficiency as it greatly affects its vibration energy harvesting abili-
ty. Therefore, a triangular tapered cantilever has been found to be 
the optimum design, because it ensures a large constant strain in 
the piezoelectric layer resulting in higher power output compared 
with the rectangular beam with the width and length equal to the 
base and height of the corresponding triangular tapered cantilever 
beam [24].

Fig. 4.5 and 4.6 shows the effects of beam length and thickness on 
the output voltage. Although, the output voltage increases with the 
length of the beam, it was shown that increase in the thickness of 
the beam decreases the output voltage. This is because, as the thick-
ness of the beam increases, the weight of the beam increases and 
deflection of the vibration decreases which consequently affect the 
output voltage.

Conclusion
In this work, differential transformation method has been used to 
develop a highly precise explicit analytical model for approximat-
ing the output voltage of cantilever energy harvesters. The analyt-
ical results are in a good agreement with the experimental results, 
and the relative error is negligible. It was established that the shape 
of the cantilever beam or the cantilever geometrical structure plays 
an important role in improving the harvester’s efficiency. In fact, 
it was shown that under the same loading, material and geometri-
cal conditions, triangular cantilever beams are more efficient than 
rectangular ones. It turns out that the shape can have a significant 
effect on the output voltage and therefore maximum output pow-
er density. From the results, it was established that that among all 
the cantilever beams with uniform thickness, the triangular canti-
lever can lead to highest resonance frequency. The output voltage 
increases with the length of the beam but increase in the thickness 
of the beam decreases the output voltage. The results in this work 
present a strong potential to be used in the design and optimiza-
tion of triangular cantilever piezoelectric energy harvesters. 

Nomenclature
Ca viscous air damping coefficient
Cs equivalent strain rate 

Fig. 4.2 Dynamic behavior of the cantilever energy harvester Fig. 4.5. Effect of the cantilever energy harvester length on the 
output voltage

Fig. 4.6. Effect of the cantilever energy harvester thickness on the 
output voltage

Fig. 4.3. Comparison of the results for different geometry of can-
tilever energy harvester

Fig. 4.4. Comparison of the experimental and analytical results 
for the 1st triangular cantilever energy harvester
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Ep Young’s modulus piezoelectric layers 
Es Young’s modulus for substrate
f frequency of vibration,
H total thickness of the of the cantilever beam
I area moment of inertia
Is total cross-sectional area moment of inertia 
It rotary inertia of the tip mass
l length of the cantilever beam
M internal moment, 
m mass per unit length of the beam 
mt tip mass 
tp piezoelectric thickness
ts substrates thickness 
v output voltage
w width of the cantilever beam,
z transverse displacement of the neutral axis 
zb base excitation displacement
ρp piezoelectric density
ρs substrates density
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