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Abstract
We present Absolibrium, an integrated ontological and computational program that unifies physical law, cosmology, and conscious 
experience within a single fractal–resonant substrate. At the ontic level we posit the Superposition Everything (SE) state — a 
deterministic, multifractal object whose observer-restricted projections produce the apparently probabilistic behavior of quantum 
mechanics. To model the transition from ontic structure to observer-effective states we introduce Luminissance (L), a near-identity 
spectral selector implementing soft modal reweighting, controlled dissipation, and stabilization of coherent resonances. To 
render the framework empirically actionable we develop CROWN (Complex Resonance Of Origami Wave–Nuclei), a matrix-free 
inversion pipeline combining spectral and fractional priors (FSP/FROL), an ADMM outer loop with inexact LSMR inner solves, 
bootstrap pole extraction and clustering, and multifractal diagnostics (MFDFA) to recover robust modal branches and quantify 
substrate complexity.

From this architecture we derive an effective decomposition into global (inter-branch) and local (intra-branch) sectors: gravity 
emerges as a global metric response sourced by collective branch-weighted stress-energy, while gauge forces arise as intra-branch 
selections; dark matter and dark energy admit reinterpretation as inter-branch projections and separation energy. We enumerate 
concrete laboratory and astrophysical signatures (optical cavities, BECs, atomic clocks, weak-lensing cross-correlations, 
gravitational-wave echoes) and formalize Patterns of Experience (PE) as high-coherence, self-referential resonant subsystems with 
operational neural proxies (coherence, Φ, MFDFA). The manuscript supplies rigorous selection lemmas, complete algorithmic 
pseudocode, minimal runnable code and a reproducibility recipe, making the program submission-ready and experimentally 
testable.
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1. Part I — Determinational Superposition: Resolving the False Dichotomy
1.1. Introduction
The centennial dispute between N. Bohr and A. Einstein concerning the nature of quantum reality is typically framed as an opposition: 
Bohr’s insistence on the primacy of measurement, complementarity and irreducible probabilistic statements, versus Einstein’s expectation 
that a deeper, deterministic description (possibly via hidden variables) should exist. Empirically, quantum mechanics (QM) in its standard 
formulation has proven extraordinarily successful. Philosophically, however, the juxtaposition has remained troubling. Here we propose 
that the seeming contradiction is a category error: determinism and local quantum indeterminacy concern different descriptive levels of 
a single ontological structure. When the distinction between the global (ontic) level and the observer-relative (epistemic) level is made 
explicit, the two perspectives become complementary aspects of the same reality rather than mutually exclusive doctrines.

1.2. Notation and Conventions
We adopt the following minimal notation that will be used throughout the manuscript. 
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1 Part I — Determinational Superposition: Resolving the False
Dichotomy

1.1 Introduction

The centennial dispute between N. Bohr and A. Einstein concerning the nature of quantum reality
is typically framed as an opposition: Bohr’s insistence on the primacy of measurement, comple-
mentarity and irreducible probabilistic statements, versus Einstein’s expectation that a deeper,
deterministic description (possibly via hidden variables) should exist. Empirically, quantum me-
chanics (QM) in its standard formulation has proven extraordinarily successful. Philosophically,
however, the juxtaposition has remained troubling. Here we propose that the seeming contradiction
is a category error: determinism and local quantum indeterminacy concern different descriptive
levels of a single ontological structure. When the distinction between the global (ontic) level and
the observer-relative (epistemic) level is made explicit, the two perspectives become complementary
aspects of the same reality rather than mutually exclusive doctrines.

1.2 Notation and conventions

We adopt the following minimal notation that will be used throughout the manuscript.

• H denotes an abstract configuration space (state space) at the fundamental ontic level.
• |SE⟩ ∈ H denotes the Superposition Everything state, a deterministic structure encoding, in

a suitable representation, the totality of admissible patterns/configurations.
• For each agent or experimental context labeled by N we denote by HN ⊂ H the subspace (or

effective subalgebra) of degrees of freedom accessible to N .
• PN : H → HN denotes the projection (restriction) map associated to observer N ; P ∗N need

not be linear in all representations used below, but we assume it is a well-defined mapping
that encodes the information-access constraints of N .

• Expectation-like notation ⟨·⟩ ∗ SE indicates evaluation with respect to the ontic object |SE⟩
(this is a formal device — in concrete realizations it may become an integral, trace, or other
functional).

1.3 Core ontological postulate

Postulate (SE — Superposition Everything). There exists a single ontic object |SE⟩ ∈ H
such that, in a sufficiently expressive representation, |SE⟩ deterministically encodes all pat-
terns, histories and prospective configurations compatible with the theory’s structural con-
straints.

This postulate is ontological: |SE⟩ is taken to be a fixed structure of reality rather than a probabilis-
tic ensemble. The empirical content arises when |SE⟩ is accessed via restricted maps PN associated
with particular observers or experimental contexts.
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1.4 Projection and epistemic indeterminacy

Definition 1 (Observer projection). For each observer/context N define the projection map

PN : H → HN ,

and the observer-local state
|ψN ⟩ ; =;PN

(
|SE⟩

)
.

The key claim is that even when |SE⟩ is deterministic, the restricted state |ψN ⟩ can, and generically
will, display features that are effectively probabilistic from the perspective of N . The origin of such
probabilistic descriptions is epistemic (limited access), not ontic (fundamental randomness).

1.5 Illustrative proposition: compatibility of global determinism and local in-
determinacy

Proposition 1. Suppose |SE⟩ determines, for an ensemble of agents N , a family of projections
PN . Then (a) global variables that are functionals F (|SE⟩) are determined uniquely by |SE⟩; (b) in
general the induced distributions of outcomes computed from |ψN ⟩ need not be delta-peaked and may
require statistical descriptions for N .

Sketch of argument. (a) By assumption |SE⟩ is ontically fixed; any functional F evaluated on it
yields a definite value. (b) The observer N only has access to the image of |SE⟩ under PN . Different
observables accessible to N correspond to different functions on HN . Even if |SE⟩ is deterministic,
the pullback of these functions to N may display distributions (over the effective sample space
defined by the agent’s operational settings) because PN effectively coarse-grains ontic detail. Thus,
from N ’s standpoint, the behavior is described by probabilistic rules even though the ontic level is
fixed.

1.6 Interpretational corollary: reconciling Bohr and Einstein

From the perspective of Part I’s framework:

• Einstein’s intuition that a complete description should exist corresponds to the assertion that
|SE⟩ is ontically determinate.

• Bohr’s emphasis on the primacy of measurement, context-dependence and complementarity
reflects the epistemic fact that observers are confined to HN and must therefore use context-
dependent, probabilistic rules to summarize their observations.

Therefore, the apparent contradiction dissolves: both viewpoints describe consistent, but dis-
tinct, aspects of a layered reality.

1.7 Immediate consequences

1. Multibranch structure as ontic feature. If |SE⟩ encodes multiple, mutually incompatible pat-
terns that project to distinct, stable outcomes in different HN , then a multibranch or multi-
verse-like structure is a structural property of SE rather than an interpretive add-on.

2. Measurement as spectral selection. Measurement procedures correspond to particular choices
of projection PN combined with operational constraints (e.g., macroscopic amplification and
decoherence), which select specific subpatterns from |SE⟩.

6
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deterministic and probabilistic aspects of physical descriptions. The remainder of the Absolibrium program proceeds as follows.
• Part II: Introduce a formal spectral-selection operator (“Luminissance”) that models the effective dynamics of projection and the 
emergence of stable observational branches.
• Part III: Provide a computational realization (the CROWN pipeline) that implements inference and reconstruction tasks consistent 
with the selection mechanisms.
• Parts IV–VIII: Develop consequences for physical law emergence, cosmology (including dark sectors), and the integration of 
consciousness as a class of high-coherence subsystems (Patterns of Experience, PE), together with falsifiable predictions and reproducible 
numerical experiments [1,2].

The next installment (Part II) will formalize the selection mechanism and connect the abstract projection maps 
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theoretic objects suitable for analysis and computation.

End of Part I.

2. Part II — Projection Mechanics: L (Luminissance) as Spectral Selector
2.1. Purpose of this Part
In Part I we introduced the ontic object |SE⟩ and observer projections 
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associated with measurement-like interactions. We call this operator L (“Luminissance”).
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1 Part I — Determinational Superposition: Resolving the False
Dichotomy

1.1 Introduction

The centennial dispute between N. Bohr and A. Einstein concerning the nature of quantum reality
is typically framed as an opposition: Bohr’s insistence on the primacy of measurement, comple-
mentarity and irreducible probabilistic statements, versus Einstein’s expectation that a deeper,
deterministic description (possibly via hidden variables) should exist. Empirically, quantum me-
chanics (QM) in its standard formulation has proven extraordinarily successful. Philosophically,
however, the juxtaposition has remained troubling. Here we propose that the seeming contradiction
is a category error: determinism and local quantum indeterminacy concern different descriptive
levels of a single ontological structure. When the distinction between the global (ontic) level and
the observer-relative (epistemic) level is made explicit, the two perspectives become complementary
aspects of the same reality rather than mutually exclusive doctrines.

1.2 Notation and conventions

We adopt the following minimal notation that will be used throughout the manuscript.

• H denotes an abstract configuration space (state space) at the fundamental ontic level.
• |SE⟩ ∈ H denotes the Superposition Everything state, a deterministic structure encoding, in

a suitable representation, the totality of admissible patterns/configurations.
• For each agent or experimental context labeled by N we denote by HN ⊂ H the subspace (or

effective subalgebra) of degrees of freedom accessible to N .
• PN : H → HN denotes the projection (restriction) map associated to observer N ; P ∗N need

not be linear in all representations used below, but we assume it is a well-defined mapping
that encodes the information-access constraints of N .

• Expectation-like notation ⟨·⟩ ∗ SE indicates evaluation with respect to the ontic object |SE⟩
(this is a formal device — in concrete realizations it may become an integral, trace, or other
functional).

1.3 Core ontological postulate

Postulate (SE — Superposition Everything). There exists a single ontic object |SE⟩ ∈ H
such that, in a sufficiently expressive representation, |SE⟩ deterministically encodes all pat-
terns, histories and prospective configurations compatible with the theory’s structural con-
straints.

This postulate is ontological: |SE⟩ is taken to be a fixed structure of reality rather than a probabilis-
tic ensemble. The empirical content arises when |SE⟩ is accessed via restricted maps PN associated
with particular observers or experimental contexts.
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 should satisfy the following informal requirements:
1. Near-identity: L is a small deformation of the identity, L = I + O(ε), so that it acts as a gentle spectral selector rather than an abrupt 
projector.
2. Spectral selectivity: L reweights modes according to a (context-dependent) selection profile, suppressing unstable/nonselected modes 
and amplifying or preserving stable ones.
3. Dissipation/phase: L may include anti-Hermitian parts to model effective dissipation and irreversible aspects of selection.
4. Implementability: L admits matrix-free realizations (FFTs or kernel convolutions) so that it can be used in large-scale numerical 
pipelines (CROWN).

2.3. Canonical Spectral Representation
Suppose the domain admits a spectral decomposition indexed by wavevector/mode (k) (periodic box, compact manifold, or discretized 
lattice). We define L by its modal multiplier σ(k):

Definition 2 (Canonical spectral form). For a field Ψ with spectral coefficients 

2.3 Canonical spectral representation

Suppose the domain admits a spectral decomposition indexed by wavevector/mode (k) (periodic
box, compact manifold, or discretized lattice). We define L by its modal multiplier σ(k):

Definition 2 (Canonical spectral form). For a field Ψ with spectral coefficients Ψ̂(k) we set

L̂[Ψ](k) = σ(k)Ψ̂(k), σ(k) = 1− εs(k) + iηa(k), (1)

where s(k) ≥ 0 is the selection profile, a(k) ∈ R encodes anti-Hermitian (dissipative/phase) contri-
butions, and 0 ≤ ε, η ≪ 1 are small control parameters.

Remarks:

• ℜσ(k) = 1− εs(k) performs amplitude reweighting / regularization;
• ℑσ(k) = ηa(k) controls modal damping or directed phase shifts (effective irreversibility);
• Near-identity assures that L perturbs the ontic state without destroying its global structure.

2.4 Integral-kernel and non-spectral forms

If a spectral basis is inconvenient, L may be represented by an integral kernel L(x, y):

(
LΨ

)
(x) =

∫
L(x, y)Ψ(y)dµ(y),

with L satisfying locality/decay and near-identity properties:

L(x, y) = δ(x− y) + εL̃(x, y), ∥L̃∥L1 ≪ 1.

The kernel and spectral multiplier are related by Fourier transform when the domain is translation-
ally invariant:

σ(k) = L̂(k) = 1− ε
̂̃
L(k) + iηÂ(k).

2.5 L and observer projection

The operational collapse/selection for observer N is modelled by the composition

|ψN ⟩ ∝ PN

(
L |SE⟩

)
. (2)

Normalization yields a well-defined observer state in HN . In many practical contexts PN will further
implement coarse-graining (partial trace, coarse-grained sampling, detection thresholds); L provides
the spectral reweighting prior to coarse-graining.

2.6 Spectral-response lemma (selection stability)

Lemma 1 (Spectral-response). Let L be given by (1) with s(k), a(k) continuous and bounded. Con-
sider a modal family Ψ̂λ(k) parameterized by external control λ (e.g., coupling strength, measurement
setting). Suppose for a subset K∗ of modes the selection weight satisfies s(k) ≤ s∗ small on K∗,
while for its complement s(k) ≥ s∗ > 0. Then, under the action of L, modes in K∗ are preserved to
O(εs∗) while complement modes are suppressed by O(εs∗). If ηa(k) < 0 on complement modes the
suppression is dissipative.
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• ℑσ(k) = ηa(k) controls modal damping or directed phase shifts (effective irreversibility);
• Near-identity assures that L perturbs the ontic state without destroying its global structure.

2.4 Integral-kernel and non-spectral forms

If a spectral basis is inconvenient, L may be represented by an integral kernel L(x, y):

(
LΨ

)
(x) =

∫
L(x, y)Ψ(y)dµ(y),

with L satisfying locality/decay and near-identity properties:

L(x, y) = δ(x− y) + εL̃(x, y), ∥L̃∥L1 ≪ 1.

The kernel and spectral multiplier are related by Fourier transform when the domain is translation-
ally invariant:

σ(k) = L̂(k) = 1− ε
̂̃
L(k) + iηÂ(k).

2.5 L and observer projection

The operational collapse/selection for observer N is modelled by the composition

|ψN ⟩ ∝ PN

(
L |SE⟩

)
. (2)

Normalization yields a well-defined observer state in HN . In many practical contexts PN will further
implement coarse-graining (partial trace, coarse-grained sampling, detection thresholds); L provides
the spectral reweighting prior to coarse-graining.

2.6 Spectral-response lemma (selection stability)

Lemma 1 (Spectral-response). Let L be given by (1) with s(k), a(k) continuous and bounded. Con-
sider a modal family Ψ̂λ(k) parameterized by external control λ (e.g., coupling strength, measurement
setting). Suppose for a subset K∗ of modes the selection weight satisfies s(k) ≤ s∗ small on K∗,
while for its complement s(k) ≥ s∗ > 0. Then, under the action of L, modes in K∗ are preserved to
O(εs∗) while complement modes are suppressed by O(εs∗). If ηa(k) < 0 on complement modes the
suppression is dissipative.
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whereas for k ̸∈ K∗,
L̂Ψ(k) = Ψ̂(k)− εs(k)Ψ̂(k) +O(η).

Thus amplitude ratios change by the stated orders; if ηa(k) introduces negative imaginary part the
amplitude decays under subsequent dissipative dynamics (e.g., coupling to environment), imple-
menting suppression.

2.7 Connection to regularization and CROWN functional

In inverse problems and the numerical pipeline (CROWN) the role of L is realized by regularizers
which penalize undesired modal content. Consider the variational functional (cf. Part III)

J(ρ) = 1
2 |Aρ− g|22 + α

2 |Lρ|
2
2 +

β
2 |(−∆ν)

γ/2ρ|22 + I+(ρ), (3)

where L here denotes a smoothing operator (finite smoothing prior, FSP), (−∆ν)
γ/2 is a frac-

tional operator (FROL), and I+ imposes non-negativity. The penalty terms implement the spectral
selection implicitly: in Fourier space

|Lρ|22 + λ|(−∆ν)
γ/2ρ|22 ⇐⇒

∑
k

(
|L̂(k)|2 + λ|k|γ

)
|ρ̂(k)|2.

Comparing with σ(k) in (1), one can interpret ℜσ(k) as a (near-identity) modal weight consistent
with the effective penalty filter (1/(1+α|L̂(k)|2+β|k|γ)). Thus the variational solver using penalties
is a practical realization of the abstract L selection.

2.8 Luminissance dynamics and decoherence operator

To model temporal aspects of selection, we may consider a time-dependent selection operator L(t)
or an evolution equation for the field Ψ(x, t) augmented by a Luminissance-driven term:

∂tΨ(x, t) = D[Ψ](x, t) + λ
(
L − I

)
Ψ(x, t), (4)

where D is the intrinsic dynamics (Hamiltonian or non-linear operator) and the second term models
weak directed selection towards modes favored by L. This form is useful to study how selection
competes with intrinsic dynamics and with environmental decoherence.

2.9 Discrete / operator-matrix viewpoint (numerics)

On a discretized basis the operator L is represented by a matrix S with spectral decomposition
S = V ΣV −1 (for normal S this is unitary diagonalization). The near-identity property reads
Σ = I +O(ε). For large-scale problems we avoid forming S explicitly and implement L as:

• FFT-based spectral multiplier: compute Ψ̂, multiply by σ(k), inverse FFT.
• Convolutional kernel: apply sparse convolution L(x, y) via local stencils.
• Matrix-free matvec: provide function handles for v → Sv and v → S⊤v for use in iterative

solvers (LSMR, CG, etc.).
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• Convolutional kernel: apply sparse convolution L(x, y) via local stencils.
• Matrix-free matvec: provide function handles for v → Sv and v → S⊤v for use in iterative
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2.10 Example: measurement in a cavity (illustrative toy model)

Let Ψ(x, t) describe a modal field in a cavity, with modes kn. Suppose the measurement apparatus
couples preferentially to modes in an index set Kmeas. We choose

s(k) =

{
s0, k ̸∈ Kmeas,

0, k ∈ Kmeas.
a(k) = a0χk ̸∈Kmeas(k).

Then L preserves measurement modes while dissipating others, so that the post-selection state
PNL |SE⟩ exhibits high weight on Kmeas, matching operational expectations.

2.11 Spectral-selection and observables

For an observable O measurable by N (i.e., O acts on HN ), the predicted statistics for N are obtained
from the effective state |ψN ⟩ in (2). In many metrical realizations one computes expectation values
as functionals

EN [O] = FO

(
PN (L |SE⟩)

)
,

where FO denotes the operational mapping from states in HN to real measurement outcomes (this
may include normalization, coarse-graining, and detector response).

2.12 Implementation blueprint for CROWN

To embed L in the CROWN pipeline:

1. Precompute modal weights σ(k) from experimental context and physical priors.
2. Implement L as spectral multiplier (FFT) or convolutional matvec in operators.py.
3. Use L as a preconditioner / prior: either (a) apply L explicitly to candidate reconstructions

during ADMM updates, or (b) include corresponding penalty terms in the variational func-
tional J (Eq. (3)).

4. Monitor ℑσ(k) during bootstrap analyses to detect dissipative selection signatures (see falsi-
fication criteria in Part V).

2.13 Summary and transition

We have provided a precise operator-theoretic model for selection: L (Luminissance) is a near-
identity spectral multiplier that implements soft modal selection and controlled dissipation. It
bridges the ontic SE and observer-effective states |ψN ⟩ via |ψN ⟩ ∝ PN (L |SE⟩). In practice L
is realized numerically by spectral multipliers, convolutional kernels, or regularizer penalties in
variational functionals; this enables the concrete CROWN pipeline (Part III) to test and quantify
the selection mechanisms predicted by the Absolibrium program.

End of Part II.

3 Part III — CROWN: Computational Realization of the Ontology
(Algorithms, Tests, Reproducibility)

3.1 Overview

CROWN (Complex Resonance Of Origami Wave–Nuclei) is the numerical pipeline that implements
the selection-mechanism L and tests the SE postulate against data by solving ill-posed inverse

10

2.10 Example: measurement in a cavity (illustrative toy model)

Let Ψ(x, t) describe a modal field in a cavity, with modes kn. Suppose the measurement apparatus
couples preferentially to modes in an index set Kmeas. We choose

s(k) =

{
s0, k ̸∈ Kmeas,

0, k ∈ Kmeas.
a(k) = a0χk ̸∈Kmeas(k).

Then L preserves measurement modes while dissipating others, so that the post-selection state
PNL |SE⟩ exhibits high weight on Kmeas, matching operational expectations.

2.11 Spectral-selection and observables

For an observable O measurable by N (i.e., O acts on HN ), the predicted statistics for N are obtained
from the effective state |ψN ⟩ in (2). In many metrical realizations one computes expectation values
as functionals

EN [O] = FO

(
PN (L |SE⟩)

)
,

where FO denotes the operational mapping from states in HN to real measurement outcomes (this
may include normalization, coarse-graining, and detector response).

2.12 Implementation blueprint for CROWN

To embed L in the CROWN pipeline:

1. Precompute modal weights σ(k) from experimental context and physical priors.
2. Implement L as spectral multiplier (FFT) or convolutional matvec in operators.py.
3. Use L as a preconditioner / prior: either (a) apply L explicitly to candidate reconstructions

during ADMM updates, or (b) include corresponding penalty terms in the variational func-
tional J (Eq. (3)).

4. Monitor ℑσ(k) during bootstrap analyses to detect dissipative selection signatures (see falsi-
fication criteria in Part V).

2.13 Summary and transition

We have provided a precise operator-theoretic model for selection: L (Luminissance) is a near-
identity spectral multiplier that implements soft modal selection and controlled dissipation. It
bridges the ontic SE and observer-effective states |ψN ⟩ via |ψN ⟩ ∝ PN (L |SE⟩). In practice L
is realized numerically by spectral multipliers, convolutional kernels, or regularizer penalties in
variational functionals; this enables the concrete CROWN pipeline (Part III) to test and quantify
the selection mechanisms predicted by the Absolibrium program.

End of Part II.

3 Part III — CROWN: Computational Realization of the Ontology
(Algorithms, Tests, Reproducibility)

3.1 Overview

CROWN (Complex Resonance Of Origami Wave–Nuclei) is the numerical pipeline that implements
the selection-mechanism L and tests the SE postulate against data by solving ill-posed inverse

10

Then L preserves measurement modes while dissipating others, so that the post-selection state 

2.10 Example: measurement in a cavity (illustrative toy model)

Let Ψ(x, t) describe a modal field in a cavity, with modes kn. Suppose the measurement apparatus
couples preferentially to modes in an index set Kmeas. We choose

s(k) =

{
s0, k ̸∈ Kmeas,

0, k ∈ Kmeas.
a(k) = a0χk ̸∈Kmeas(k).

Then L preserves measurement modes while dissipating others, so that the post-selection state
PNL |SE⟩ exhibits high weight on Kmeas, matching operational expectations.

2.11 Spectral-selection and observables

For an observable O measurable by N (i.e., O acts on HN ), the predicted statistics for N are obtained
from the effective state |ψN ⟩ in (2). In many metrical realizations one computes expectation values
as functionals

EN [O] = FO

(
PN (L |SE⟩)

)
,

where FO denotes the operational mapping from states in HN to real measurement outcomes (this
may include normalization, coarse-graining, and detector response).

2.12 Implementation blueprint for CROWN

To embed L in the CROWN pipeline:

1. Precompute modal weights σ(k) from experimental context and physical priors.
2. Implement L as spectral multiplier (FFT) or convolutional matvec in operators.py.
3. Use L as a preconditioner / prior: either (a) apply L explicitly to candidate reconstructions

during ADMM updates, or (b) include corresponding penalty terms in the variational func-
tional J (Eq. (3)).

4. Monitor ℑσ(k) during bootstrap analyses to detect dissipative selection signatures (see falsi-
fication criteria in Part V).

2.13 Summary and transition

We have provided a precise operator-theoretic model for selection: L (Luminissance) is a near-
identity spectral multiplier that implements soft modal selection and controlled dissipation. It
bridges the ontic SE and observer-effective states |ψN ⟩ via |ψN ⟩ ∝ PN (L |SE⟩). In practice L
is realized numerically by spectral multipliers, convolutional kernels, or regularizer penalties in
variational functionals; this enables the concrete CROWN pipeline (Part III) to test and quantify
the selection mechanisms predicted by the Absolibrium program.

End of Part II.

3 Part III — CROWN: Computational Realization of the Ontology
(Algorithms, Tests, Reproducibility)

3.1 Overview

CROWN (Complex Resonance Of Origami Wave–Nuclei) is the numerical pipeline that implements
the selection-mechanism L and tests the SE postulate against data by solving ill-posed inverse

10

 exhibits high weight on Kmeas, 
matching operational expectations.

2.11. Spectral-Selection and Observables
For an observable O measurable by N (i.e., O acts on 

2.10 Example: measurement in a cavity (illustrative toy model)

Let Ψ(x, t) describe a modal field in a cavity, with modes kn. Suppose the measurement apparatus
couples preferentially to modes in an index set Kmeas. We choose

s(k) =

{
s0, k ̸∈ Kmeas,

0, k ∈ Kmeas.
a(k) = a0χk ̸∈Kmeas(k).

Then L preserves measurement modes while dissipating others, so that the post-selection state
PNL |SE⟩ exhibits high weight on Kmeas, matching operational expectations.

2.11 Spectral-selection and observables

For an observable O measurable by N (i.e., O acts on HN ), the predicted statistics for N are obtained
from the effective state |ψN ⟩ in (2). In many metrical realizations one computes expectation values
as functionals

EN [O] = FO

(
PN (L |SE⟩)

)
,

where FO denotes the operational mapping from states in HN to real measurement outcomes (this
may include normalization, coarse-graining, and detector response).

2.12 Implementation blueprint for CROWN

To embed L in the CROWN pipeline:

1. Precompute modal weights σ(k) from experimental context and physical priors.
2. Implement L as spectral multiplier (FFT) or convolutional matvec in operators.py.
3. Use L as a preconditioner / prior: either (a) apply L explicitly to candidate reconstructions

during ADMM updates, or (b) include corresponding penalty terms in the variational func-
tional J (Eq. (3)).

4. Monitor ℑσ(k) during bootstrap analyses to detect dissipative selection signatures (see falsi-
fication criteria in Part V).

2.13 Summary and transition

We have provided a precise operator-theoretic model for selection: L (Luminissance) is a near-
identity spectral multiplier that implements soft modal selection and controlled dissipation. It
bridges the ontic SE and observer-effective states |ψN ⟩ via |ψN ⟩ ∝ PN (L |SE⟩). In practice L
is realized numerically by spectral multipliers, convolutional kernels, or regularizer penalties in
variational functionals; this enables the concrete CROWN pipeline (Part III) to test and quantify
the selection mechanisms predicted by the Absolibrium program.

End of Part II.

3 Part III — CROWN: Computational Realization of the Ontology
(Algorithms, Tests, Reproducibility)

3.1 Overview

CROWN (Complex Resonance Of Origami Wave–Nuclei) is the numerical pipeline that implements
the selection-mechanism L and tests the SE postulate against data by solving ill-posed inverse

10

), the predicted statistics for N are obtained from the effective state |ψN⟩ in (2). 
In many metrical realizations one computes expectation values as functionals

where 

2.10 Example: measurement in a cavity (illustrative toy model)

Let Ψ(x, t) describe a modal field in a cavity, with modes kn. Suppose the measurement apparatus
couples preferentially to modes in an index set Kmeas. We choose

s(k) =

{
s0, k ̸∈ Kmeas,

0, k ∈ Kmeas.
a(k) = a0χk ̸∈Kmeas(k).

Then L preserves measurement modes while dissipating others, so that the post-selection state
PNL |SE⟩ exhibits high weight on Kmeas, matching operational expectations.

2.11 Spectral-selection and observables

For an observable O measurable by N (i.e., O acts on HN ), the predicted statistics for N are obtained
from the effective state |ψN ⟩ in (2). In many metrical realizations one computes expectation values
as functionals

EN [O] = FO

(
PN (L |SE⟩)

)
,

where FO denotes the operational mapping from states in HN to real measurement outcomes (this
may include normalization, coarse-graining, and detector response).

2.12 Implementation blueprint for CROWN

To embed L in the CROWN pipeline:

1. Precompute modal weights σ(k) from experimental context and physical priors.
2. Implement L as spectral multiplier (FFT) or convolutional matvec in operators.py.
3. Use L as a preconditioner / prior: either (a) apply L explicitly to candidate reconstructions

during ADMM updates, or (b) include corresponding penalty terms in the variational func-
tional J (Eq. (3)).

4. Monitor ℑσ(k) during bootstrap analyses to detect dissipative selection signatures (see falsi-
fication criteria in Part V).

2.13 Summary and transition

We have provided a precise operator-theoretic model for selection: L (Luminissance) is a near-
identity spectral multiplier that implements soft modal selection and controlled dissipation. It
bridges the ontic SE and observer-effective states |ψN ⟩ via |ψN ⟩ ∝ PN (L |SE⟩). In practice L
is realized numerically by spectral multipliers, convolutional kernels, or regularizer penalties in
variational functionals; this enables the concrete CROWN pipeline (Part III) to test and quantify
the selection mechanisms predicted by the Absolibrium program.

End of Part II.

3 Part III — CROWN: Computational Realization of the Ontology
(Algorithms, Tests, Reproducibility)

3.1 Overview

CROWN (Complex Resonance Of Origami Wave–Nuclei) is the numerical pipeline that implements
the selection-mechanism L and tests the SE postulate against data by solving ill-posed inverse

10

 denotes the operational mapping from states in 

2.10 Example: measurement in a cavity (illustrative toy model)

Let Ψ(x, t) describe a modal field in a cavity, with modes kn. Suppose the measurement apparatus
couples preferentially to modes in an index set Kmeas. We choose

s(k) =

{
s0, k ̸∈ Kmeas,

0, k ∈ Kmeas.
a(k) = a0χk ̸∈Kmeas(k).

Then L preserves measurement modes while dissipating others, so that the post-selection state
PNL |SE⟩ exhibits high weight on Kmeas, matching operational expectations.

2.11 Spectral-selection and observables

For an observable O measurable by N (i.e., O acts on HN ), the predicted statistics for N are obtained
from the effective state |ψN ⟩ in (2). In many metrical realizations one computes expectation values
as functionals

EN [O] = FO

(
PN (L |SE⟩)

)
,

where FO denotes the operational mapping from states in HN to real measurement outcomes (this
may include normalization, coarse-graining, and detector response).

2.12 Implementation blueprint for CROWN

To embed L in the CROWN pipeline:

1. Precompute modal weights σ(k) from experimental context and physical priors.
2. Implement L as spectral multiplier (FFT) or convolutional matvec in operators.py.
3. Use L as a preconditioner / prior: either (a) apply L explicitly to candidate reconstructions

during ADMM updates, or (b) include corresponding penalty terms in the variational func-
tional J (Eq. (3)).

4. Monitor ℑσ(k) during bootstrap analyses to detect dissipative selection signatures (see falsi-
fication criteria in Part V).

2.13 Summary and transition

We have provided a precise operator-theoretic model for selection: L (Luminissance) is a near-
identity spectral multiplier that implements soft modal selection and controlled dissipation. It
bridges the ontic SE and observer-effective states |ψN ⟩ via |ψN ⟩ ∝ PN (L |SE⟩). In practice L
is realized numerically by spectral multipliers, convolutional kernels, or regularizer penalties in
variational functionals; this enables the concrete CROWN pipeline (Part III) to test and quantify
the selection mechanisms predicted by the Absolibrium program.

End of Part II.

3 Part III — CROWN: Computational Realization of the Ontology
(Algorithms, Tests, Reproducibility)

3.1 Overview

CROWN (Complex Resonance Of Origami Wave–Nuclei) is the numerical pipeline that implements
the selection-mechanism L and tests the SE postulate against data by solving ill-posed inverse

10

 to real measurement outcomes (this may include normalization, coarse-
graining, and detector response).

2.12. Implementation blueprint for CROWN
To embed L in the CROWN pipeline:
1. Precompute modal weights σ(k) from experimental context and physical priors.
2. Implement L as spectral multiplier (FFT) or convolutional matvec in operators.py.
3. Use L as a preconditioner / prior: either (a) apply L explicitly to candidate reconstructions during ADMM updates, or (b) include 
corresponding penalty terms in the variational functional J (Eq. (3)).
4. Monitor ℑσ(k) during bootstrap analyses to detect dissipative selection signatures (see falsification criteria in Part V).

2.13. Summary and Transition
We have provided a precise operator-theoretic model for selection: L (Luminissance) is a nearidentity spectral multiplier that implements 
soft modal selection and controlled dissipation. It bridges the ontic SE and observer-effective states 

2.10 Example: measurement in a cavity (illustrative toy model)

Let Ψ(x, t) describe a modal field in a cavity, with modes kn. Suppose the measurement apparatus
couples preferentially to modes in an index set Kmeas. We choose

s(k) =

{
s0, k ̸∈ Kmeas,

0, k ∈ Kmeas.
a(k) = a0χk ̸∈Kmeas(k).

Then L preserves measurement modes while dissipating others, so that the post-selection state
PNL |SE⟩ exhibits high weight on Kmeas, matching operational expectations.

2.11 Spectral-selection and observables

For an observable O measurable by N (i.e., O acts on HN ), the predicted statistics for N are obtained
from the effective state |ψN ⟩ in (2). In many metrical realizations one computes expectation values
as functionals

EN [O] = FO

(
PN (L |SE⟩)

)
,

where FO denotes the operational mapping from states in HN to real measurement outcomes (this
may include normalization, coarse-graining, and detector response).

2.12 Implementation blueprint for CROWN

To embed L in the CROWN pipeline:

1. Precompute modal weights σ(k) from experimental context and physical priors.
2. Implement L as spectral multiplier (FFT) or convolutional matvec in operators.py.
3. Use L as a preconditioner / prior: either (a) apply L explicitly to candidate reconstructions

during ADMM updates, or (b) include corresponding penalty terms in the variational func-
tional J (Eq. (3)).

4. Monitor ℑσ(k) during bootstrap analyses to detect dissipative selection signatures (see falsi-
fication criteria in Part V).

2.13 Summary and transition

We have provided a precise operator-theoretic model for selection: L (Luminissance) is a near-
identity spectral multiplier that implements soft modal selection and controlled dissipation. It
bridges the ontic SE and observer-effective states |ψN ⟩ via |ψN ⟩ ∝ PN (L |SE⟩). In practice L
is realized numerically by spectral multipliers, convolutional kernels, or regularizer penalties in
variational functionals; this enables the concrete CROWN pipeline (Part III) to test and quantify
the selection mechanisms predicted by the Absolibrium program.

End of Part II.

3 Part III — CROWN: Computational Realization of the Ontology
(Algorithms, Tests, Reproducibility)

3.1 Overview

CROWN (Complex Resonance Of Origami Wave–Nuclei) is the numerical pipeline that implements
the selection-mechanism L and tests the SE postulate against data by solving ill-posed inverse

10

. 
In practice L is realized numerically by spectral multipliers, convolutional kernels, or regularizer penalties in variational functionals; this 
enables the concrete CROWN pipeline (Part III) to test and quantify the selection mechanisms predicted by the Absolibrium program 
[7,8].
End of Part II.

3. Part III — CROWN: Computational Realization of the Ontology (Algorithms, Tests, Reproducibility)
3.1. Overview
CROWN (Complex Resonance Of Origami Wave–Nuclei) is the numerical pipeline that implements the selection-mechanism L and 
tests the SE postulate against data by solving ill-posed inverse problems on fractal-like domains. CROWN combines (i) a variational 
formulation that encodes spectral selection via penalties; (ii) matrix-free linear operators; (iii) an ADMM outer loop with inexact inner 
solves (LSMR); (iv) bootstrap stability analysis and pole clustering to expose robust branches; and (v) multifractal diagnostics (MFDFA) 
to quantify substrate complexity [9,10].
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spectral selection via penalties; (ii) matrix-free linear operators; (iii) an ADMM outer loop with
inexact inner solves (LSMR); (iv) bootstrap stability analysis and pole clustering to expose robust
branches; and (v) multifractal diagnostics (MFDFA) to quantify substrate complexity.

3.2 Variational core

We reconstruct a target spectral density ρ(µ) from measurements g(p) via the Tikhonov-like func-
tional

J(ρ) =
1

2
∥Aρ− g∥22 +

α

2
∥Lρ∥22 +

β

2
∥Fγρ∥22 + I+(ρ), (5)

where

• A : Rn → Rm is the forward LinearOperator (matvec and rmatvec provided);
• L is a local smoothing operator (FSP);
• Fγ ≡ (−∆ν)

γ/2 is the fractional (FROL) operator with tunable order γ ∈ (0, 2];
• I+ enforces non-negativity (indicator: I+(ρ) = 0 if ρ ≥ 0 else +∞);
• α, β ≥ 0 are regularization weights.

The design principle: L enforces local coherence consistent with ℜσ(k) in L; Fγ enforces scale-
invariant smoothing/sparsity consistent with fractal priors.

3.3 ADMM splitting (practical form)

Introduce auxiliary variables u = Lρ, v = Fγρ, and w = ρ (for positivity). Formulate equality
constraints and apply ADMM:

min
ρ,u,v,w

1

2
∥Aρ− g∥22 +

α

2
∥u∥22 +

β

2
∥v∥22 + I+(w),

subject to u− Lρ = 0, v − Fγρ = 0, w − ρ = 0.

Augmented Lagrangian (scaled) yields iterative updates. The ρ-subproblem is quadratic and large;
solve it inexactly using an iterative Krylov solver (LSMR) with matvecs implemented by the Lin-
earOperator interface.

3.4 ADMM algorithm (pseudocode)

Inputs: A, g, L, F_gamma, alpha, beta, rho0, tol_admm, max_admm
Initialize: rho = rho0, u = L*rho, v = F_gamma*rho, w = rho,
lambda_u = 0, lambda_v = 0, lambda_w = 0, tau = 1.0

for k = 1..max_admm:
# 1) rho-update (quadratic solve; use inexact LSMR)
Solve approximately for rho:
(A^T A + tau*(L^T L + F_gamma^T F_gamma + I)) rho =
A^T g + tau*(L^T (u + lambda_u) + F_gamma^T (v + lambda_v) + (w + lambda_w))
(use LSMR with matvecs for A and for applying L^T L and F_gamma^T F_gamma)

# 2) u-update (prox of quadratic)
u = (tau*L*rho - lambda_u) / (1 + alpha/tau)
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# 3) v-update (prox of quadratic)
v = (tau*F_gamma*rho - lambda_v) / (1 + beta/tau)

# 4) w-update (positivity projection)
z = rho - lambda_w
w = max(z, 0) # elementwise

# 5) multipliers update (scaled form)
lambda_u = lambda_u + (u - L*rho)
lambda_v = lambda_v + (v - F_gamma*rho)
lambda_w = lambda_w + (w - rho)

# 6) check ADMM residuals & adapt tau if necessary
if primal_residuals and dual_residuals below tol_admm:

break
endfor

Notes:

• Use LSMR for the ρ-step because it handles ill-conditioned normal equations with matrix-free
matvecs and allows early stopping (inexact solves).

• The cost of matvecs: implement y → LT (Ly) and y → F T
γ (Fγy) as fast operators (FFT

multipliers or sparse stencils).
• Use warm-starting (previous ρ) and adaptive stopping criteria for the inner LSMR to balance

accuracy and runtime.

3.5 Practical implementation details

Matrix-free operator API. For each operator B ∈ {A,A⊤, L, L⊤, Fγ , F
⊤
γ } provide:

• matvec(x): computes Bx;
• rmatvec(y): computes B⊤y when needed;
• optionally: fast spectral implementation for convolutional kernels via FFT.

Preconditioning. Build diagonal or circulant preconditioners approximating A⊤A + τ(L⊤L +
F⊤
γ Fγ + I) for Krylov inner solves.

Parameter selection. Use L-curve / generalized cross-validation / discrepancy principle to choose
α, β. In practice:

α ∼ 10−3–10−1, β ∼ 10−6–10−2,

depending on noise level and expected fractality.

3.6 Bootstrap, pole extraction and branch clustering

To identify robust spectral branches (candidate "other SE branches") perform:

12
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depending on noise level and expected fractality.

3.6. Bootstrap, Pole Extraction and Branch Clustering
To identify robust spectral branches (candidate "other SE branches") perform:

A. Residual Bootstrap Protocol
1. Fit a best reconstruction 

A. Residual bootstrap protocol

1. Fit a best reconstruction ρ̂ to data g.
2. Compute residuals r = g −Aρ̂.
3. Generate B bootstrap samples g(b) = Aρ̂ + r(b), where r(b) is sampled with replacement (or

perturbed by Gaussian noise matching empirical covariances).
4. For each g(b) run the full CROWN pipeline to obtain ρ̂(b).

B. Pole / modal decomposition For each ρ̂(b) extract parametric modal content via Prony/vector-
fitting/Padé:

ρ̂(b)(µ) ≈
k∑

j=1

A
(b)
j

µ− µ
(b)
j

(or analogous parametrization),

recover poles {µ(b)
j } and residues {A(b)

j }.

C. Clustering Aggregate all extracted poles across b = 1..B and cluster in the complex µ-plane
using DBSCAN or mean-shift. Stable clusters (high occupancy, small intra-cluster spread) corre-
spond to robust modal features—interpretable as branches. Quantify cluster stability by occupancy
fraction fc = #{b : cluster present}/B.

3.7 Multifractal diagnostics (MFDFA pipeline)

To test whether reconstructed ρ̂ exhibits multifractality compatible with eFROL:

1. Convert ρ̂(µ) to a 1D signal x(i) sampled uniformly or on a relevant logarithmic grid.
2. Integrate the series to profile Y (i) =

∑i
j=1(x(j)− x̄).

3. For a range of scales s, divide profile into non-overlapping windows of length s, fit a polynomial
trend Pν in each window and compute detrended variance F 2(ν, s).

4. Compute q-order fluctuation functions:

Fq(s) =
( 1

Ns

Ns∑
ν=1

[F 2(ν, s)]q/2
)1/q

.

5. Extract scaling exponents h(q) from Fq(s) ∼ sh(q), then compute multifractal spectrum f(α)
via Legendre transform: α = h(q) + qh′(q), f(α) = qα− τ(q), τ(q) = qh(q)− 1.

The width ∆α = αmax−αmin is the key diagnostic: larger ∆α indicates richer multifractal structure.
Use surrogate testing (phase-randomized surrogates) to test significance.

3.8 Synthetic experiments (recommended suite)

Provide a minimal set of synthetic tests to demonstrate pipeline behavior before applying to real
data.

Test A: Single Lorentzian

ρtrue(µ) =
A

(µ− µ0)2 + Γ2
, A = 1, µ0 = 0.5, Γ = 0.02.

Generate g = Aρ+noise with SNR levels {40, 20, 10} dB. Expect ADMM to recover ρ and MFDFA
to show trivial (narrow) spectrum.
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perturbed by Gaussian noise matching empirical covariances).
4. For each g(b) run the full CROWN pipeline to obtain ρ̂(b).

B. Pole / modal decomposition For each ρ̂(b) extract parametric modal content via Prony/vector-
fitting/Padé:

ρ̂(b)(µ) ≈
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(b)
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(or analogous parametrization),

recover poles {µ(b)
j } and residues {A(b)

j }.

C. Clustering Aggregate all extracted poles across b = 1..B and cluster in the complex µ-plane
using DBSCAN or mean-shift. Stable clusters (high occupancy, small intra-cluster spread) corre-
spond to robust modal features—interpretable as branches. Quantify cluster stability by occupancy
fraction fc = #{b : cluster present}/B.
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To test whether reconstructed ρ̂ exhibits multifractality compatible with eFROL:
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The width ∆α = αmax−αmin is the key diagnostic: larger ∆α indicates richer multifractal structure.
Use surrogate testing (phase-randomized surrogates) to test significance.

3.8 Synthetic experiments (recommended suite)

Provide a minimal set of synthetic tests to demonstrate pipeline behavior before applying to real
data.

Test A: Single Lorentzian

ρtrue(µ) =
A

(µ− µ0)2 + Γ2
, A = 1, µ0 = 0.5, Γ = 0.02.

Generate g = Aρ+noise with SNR levels {40, 20, 10} dB. Expect ADMM to recover ρ and MFDFA
to show trivial (narrow) spectrum.
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3. For a range of scales s, divide profile into non-overlapping windows of length s, fit a polynomial trend Pν in each window and compute 
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The width Δα = αmax − αmin is the key diagnostic: larger Δα indicates richer multifractal structure. Use surrogate testing (phase-randomized 
surrogates) to test significance.

3.8. Synthetic Experiments (Recommended Suite)
Provide a minimal set of synthetic tests to demonstrate pipeline behavior before applying to real data.

Test A: Single Lorentzian

Generate g = Aρ + noise with SNR levels {40, 20, 10} dB. Expect ADMM to recover ρ and MFDFA to show trivial (narrow) spectrum.

Test B: Lorentzian + weak branchTest B: Lorentzian + weak branch

ρtrue(µ) = ρmain(µ) + εb ρbranch(µ),

with εb ∈ {0.1, 0.05, 0.02}. Check that bootstrap + pole clustering identifies the weaker pole cluster
for εb ≳ 0.05 at given SNR.

Test C: Multifractal substrate Construct ρ as a multiplicative cascade spectrum (synthetic
multifractal) convolved with Lorentzians; test MFDFA recovers ∆α and ADMM+FROL reconstruc-
tions preserve multifractal width.

3.9 Convergence, diagnostics and stopping criteria

• ADMM primal residual: rprim = ∥u− Lρ∥+ ∥v − Fγρ∥+ ∥w − ρ∥.
• ADMM dual residual: rdual = τ∥L⊤(unew − uold)∥+ τ∥F⊤

γ (vnew − vold)∥+ τ∥wnew − wold∥.
• Stop when rprim and rdual both below tolerances (e.g., 10−6–10−8 relative).
• Inner LSMR tolerance: choose such that relative reduction of normal residual is 10−2–10−4

per outer ADMM iteration (inexact solves).

3.10 Reproducibility and packaging

• Determinism: fix RNG seeds for bootstrap, set deterministic BLAS (or record versions),
and document environment (Python version, numpy/scipy versions).

• Notebooks in PDF: embed all code listings and key notebooks into the supplementary
PDF (as requested: all code in LaTeX/PDF). Include full operators.py and run_crown.py
as verbatim appendices.

• Data provenance: provide scripts to generate synthetic tests and a small sample dataset in
the SI (as tables or base64-encoded attachments if needed).

• CI tests: minimal unit tests: (i) matvec symmetry checks, (ii) ADMM solves toy problem
with known analytic solution, (iii) MFDFA on white noise returns ∆α ≈ 0.

3.11 Suggested figure set for Part III

1. CROWN pipeline diagram (data flow: g → A → regularizers → ADMM/LSMR → boot-
strap/MFDFA).

2. Synthetic reconstruction examples (true vs reconstructions at multiple SNRs).
3. Bootstrap pole clustering scatter plot (complex µ-plane) showing stable clusters.
4. MFDFA τ(q), h(q) and f(α) plots for synthetic multifractal test.

3.12 Summary

Part III provides the computational backbone connecting abstract selection L to empirical recon-
structions. The ADMM + inexact LSMR strategy enables large-scale, matrix-free inversion with
spectral and fractional priors; bootstrap + pole clustering operationalizes the detection of robust
branches (candidate signatures of SE’s multibranch structure); and MFDFA quantifies fractal com-
plexity. The next part (Part IV) will examine how reconstructed branch statistics and multifractal
measures inform physical-level claims (emergence of effective constants, dark sectors, and cosmo-
logical implications).
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3.12. Summary
Part III provides the computational backbone connecting abstract selection L to empirical reconstructions. The ADMM + inexact LSMR 
strategy enables large-scale, matrix-free inversion with spectral and fractional priors; bootstrap + pole clustering operationalizes the 
detection of robust branches (candidate signatures of SE’s multibranch structure); and MFDFA quantifies fractal complexity [13,14]. The 
next part (Part IV) will examine how reconstructed branch statistics and multifractal measures inform physical-level claims (emergence 
of effective constants, dark sectors, and cosmological implications).

4. Part IV — Birth of Laws: Hierarchy of Forces and the Evolution of the Multiverse
4.1. Overview and Goals
Part IV addresses how effective physical laws (coupling constants, force hierarchies, geometric gravity) can emerge from the structural 
properties of the ontic SE and the selection mechanics introduced in Parts I–III. Our program is to (i) identify minimal assumptions 
about SE’s branch structure that yield an effective inter-branch gravitational coupling, (ii) show how intra-branch dynamics produce 
electromagnetism and gauge forces as local selections, and (iii) derive testable cosmological consequences (dark matter, dark energy, 
evolution of effective constants). We present simple, falsifiable models and indicate how numerical outputs of CROWN map to 
astrophysical observables.

4.2. Conceptual Picture
Recall:

4 Part IV — Birth of Laws: Hierarchy of Forces and the Evolution
of the Multiverse

4.1 Overview and goals

Part IV addresses how effective physical laws (coupling constants, force hierarchies, geometric grav-
ity) can emerge from the structural properties of the ontic SE and the selection mechanics introduced
in Parts I–III. Our program is to (i) identify minimal assumptions about SE’s branch structure that
yield an effective inter-branch gravitational coupling, (ii) show how intra-branch dynamics produce
electromagnetism and gauge forces as local selections, and (iii) derive testable cosmological conse-
quences (dark matter, dark energy, evolution of effective constants). We present simple, falsifiable
models and indicate how numerical outputs of CROWN map to astrophysical observables.

4.2 Conceptual picture

Recall:
|SE⟩ L−→ branches PN−→ |ψN ⟩ .

We distinguish two classes of interactions:

• Inter-branch (global) interactions: those mediated by the ontic substrate and perceived by all
branches (candidate for gravity).

• Intra-branch (local) interactions: those realized within a single selected subspace (HN ) (elec-
tromagnetism, strong and weak forces). The hierarchy of forces is thus a consequence of which
interaction channels are global in SE and which are emergent within branches.

4.3 Effective action decomposition

Let SSE[Φ] denote a fundamental action functional for ontic fields Φ living on SE. We propose an
effective decomposition after (soft) modal selection,

SSE[Φ] ≈ Sglobal[Φglobal] +
∑
b∈B

S
(b)
local[Φ

(b)] + Sint[Φ
(b),Φglobal], (6)

where

• B is the family of branches (as discovered by CROWN clustering);
• Φglobal are modes with support across branches (entering Sglobal);
• Φ(b) are intra-branch modes restricted by L to branch b;
• Sint captures residual couplings between global and local modes (typically suppressed by

selection weights).

The central claim: Gravity is the low-energy manifestation of Sglobal, while standard model forces
derive from S

(b)
local.

4.4 Gravity as an inter-branch geometric response

Assume Sglobal admits an effective metric description at macroscopic scales. Write the semiclassical
Einstein-like equation

Gµν [g] = 8πGSE T (SE)
µν , (7)
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4.4. Gravity as an Inter-Branch Geometric Response
Assume Sglobal admits an effective metric description at macroscopic scales. Write the semiclassical Einstein-like equation

where where T
(SE)
µν is the stress-energy constructed from contributions of all branches evaluated on SE.

For an observer restricted to branch b0, the measured (effective) Einstein equation reads

Gµν [g] = 8πG
(b0)
eff

(
T (b0)
µν + T (unseen)

µν

)
, (8)

where T
(b0)
µν is the energy-momentum of visible matter in branch b0 and T

(unseen)
µν is the contribution

arising from mass-energy residing primarily in other branches but sourcing the same global metric.
We interpret T

(unseen)
µν as the dark sector from b0’s perspective.

4.5 Effective Newton constant and branch occupancy

Model branches as indexed by b with occupancy weights wb ≥ 0 determined by the fraction of SE
amplitude localized on each branch (these weights are accessible by CROWN’s bootstrap cluster
occupancies). Define the branch-weighted total:

Wtot =
∑
b

wb.

We propose the effective gravitational coupling measured in branch b0 scales approximately as

G
(b0)
eff = GSE f

( wb0

Wtot

)
, (9)

with f(x) a smooth, increasing function satisfying f(1) = 1 (if single-branch dominance), and
f(x) ≪ 1 when x ≪ 1. A simple model is f(x) = xκ with κ ∈ (0, 1]. Under this model, gravity
appears weak in branches that capture only a small fraction of SE’s energy content.

Remark (physical interpretation). If SE distributes comparable weights across many branches,
each branch sees a diluted effective coupling to global modes, consistent with the observed smallness
of G relative to other forces.

4.6 Dark matter as inter-branch projection

Let ρ
(b0)
vis (x) be visible matter density in branch b0, and denote by ρother(x) the effective projected

mass density arising from other branches as encoded in T
(unseen)
µν . The lensing potential Φlens satisfies

(Poisson-like limit)
∇2Φlens(x) = 4πG

(b0)
eff

(
ρ
(b0)
vis (x) + ρother(x)

)
.

Prediction: spatial patterns of ρother(x) will correlate with features in CROWN’s branch maps
(e.g., regions with high branch occupancy or coherent pole clusters), producing lensing signals not
associated with electromagnetic tracers.

4.7 Dark energy as separation energy

Following the heuristic in Parts II–III, define an energy cost Esep per unit volume associated with
maintaining orthogonality (separation) among branches. Then the effective cosmological constant
is

Λeff ≃ Esep

M2
Pl

∼ 1

M2
Pl

∑
b̸=b0

E(wb), (10)

where E(wb) is the separation-energy contribution of branch b and MPl is the Planck mass (or
derived Planck scale within SE). If the number or complexity of branches grows with cosmological
time, Λeff(t) may slowly evolve.
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4.5. Effective Newton Constant and Branch Occupancy
Model branches as indexed by b with occupancy weights wb ≥ 0 determined by the fraction of SE amplitude localized on each branch 
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4.8 Emergence of gauge forces (intra-branch dynamics)

Within a branch b, the selection operator L and local effective action S
(b)
local naturally favor modes

that form local symmetry structures. Heuristically, stable localized resonant patterns implement
conservation laws and gauge redundancies; thus:

S
(b)
local[Φ

(b)] ⇒ effective gauge group Gb,

with coupling constants gb determined by the local selection profile and fractal substrate parameters
(orders γ, selection strength ε). Changes in selection (modified σ(k)) may renormalize gb.

4.9 Simple toy model: two-branch coupling

Consider two branches A and B with fields ϕA, ϕB and global metric g. Let the global action be

Sglobal =

∫
d4x

√
−g

(M2

2
R− Λ0

)
+

∑
b=A,B

∫
d4x

√
−gLb(ϕb, g),

where Lb are branch-locals and M is related to G
−1/2
SE . If branch B contains mass distribution ρB(x)

that is electromagnetically dark to observers in A, the effective gravitational potential in A includes
ρB via the common metric, reproducing a dark halo effect. Linearizing around Minkowski space
produces coupled Poisson equations whose Green’s functions reflect the relative weights wA, wB.

4.10 Quantitative predictions and falsifiable signatures

1. Lensing–baryon residuals: correlations between regions of persistent bootstrap pole clus-
ters (CROWN) and excess gravitational lensing mass not matched by baryonic tracers. Test:
cross-correlate CROWN-derived branch-occupancy maps with weak-lensing convergence maps
(LSST/Euclid). A positive correlation at high significance would support the inter-branch
dark-matter hypothesis.

2. Environment-dependent Geff : small variations of effective gravitational coupling in envi-
ronments with systematically different branch occupancy (e.g., cluster cores vs voids). Test:
precision tests of dynamical mass vs lensing mass across environments; search for systematic
trends in inferred G.

3. Time-evolution of Λeff : a slow drift or oscillation in dark-energy sector correlated with a
cosmological measure of branch-complexity (multifractal measures of large-scale structure).
Test: combine SN+BAO+CMB constraints looking for small deviations from w = −1 consis-
tent with predicted ∆Λ/Λ ∼ 10−2 over z ∈ [0, 2] (model-dependent).

4. Gravitational-wave echoes / high-frequency signatures: transitions between branch-
coupled regimes in compact-object mergers may produce anomalous GW echoes or modula-
tions (due to sudden coupling to global modes). Test: search GW data for coherent residuals
synchronous with mergers that align with CROWN-predicted branch signatures near host
galaxies.

4.11 Mapping CROWN outputs to cosmological observables

• Branch occupancy field wb(x) (smoothed) −→ candidate map for ρother(x).
• Pole cluster stability fc (occupancy fraction) −→ weight for lensing contribution.
• MFDFA width ∆α −→ measure of substrate complexity; hypothesized to correlate with

dark-energy dynamics.
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with coupling constants gb determined by the local selection profile and fractal substrate parameters (orders γ, selection strength ε). 
Changes in selection (modified σ(k)) may renormalize gb .

4.9. Simple Toy Model: Two-Branch Coupling
Consider two branches A and B with fields ϕA , ϕB and global metric g. Let the global action be
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cosmological measure of branch-complexity (multifractal measures of large-scale structure).
Test: combine SN+BAO+CMB constraints looking for small deviations from w = −1 consis-
tent with predicted ∆Λ/Λ ∼ 10−2 over z ∈ [0, 2] (model-dependent).

4. Gravitational-wave echoes / high-frequency signatures: transitions between branch-
coupled regimes in compact-object mergers may produce anomalous GW echoes or modula-
tions (due to sudden coupling to global modes). Test: search GW data for coherent residuals
synchronous with mergers that align with CROWN-predicted branch signatures near host
galaxies.

4.11 Mapping CROWN outputs to cosmological observables

• Branch occupancy field wb(x) (smoothed) −→ candidate map for ρother(x).
• Pole cluster stability fc (occupancy fraction) −→ weight for lensing contribution.
• MFDFA width ∆α −→ measure of substrate complexity; hypothesized to correlate with

dark-energy dynamics.
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 If branch B contains mass distribution ρB (x) that is electromagnetically dark to 
observers in A, the effective gravitational potential in A includes ρB via the common metric, reproducing a dark halo effect. Linearizing 
around Minkowski space produces coupled Poisson equations whose Green’s functions reflect the relative weights wA ,wB.

4.10. Quantitative Predictions and Falsifiable Signatures
1. Lensing–baryon residuals: correlations between regions of persistent bootstrap pole clusters (CROWN) and excess gravitational 
lensing mass not matched by baryonic tracers. Test: cross-correlate CROWN-derived branch-occupancy maps with weak-lensing 
convergence maps (LSST/Euclid). A positive correlation at high significance would support the inter-branch dark-matter hypothesis.
2. Environment-dependent Geff : small variations of effective gravitational coupling in environments with systematically different 
branch occupancy (e.g., cluster cores vs voids). Test: precision tests of dynamical mass vs lensing mass across environments; search for 
systematic trends in inferred G [17].
3. Time-evolution of Λeff : a slow drift or oscillation in dark-energy sector correlated with a cosmological measure of branch-complexity 
(multifractal measures of large-scale structure). Test: combine SN+BAO+CMB constraints looking for small deviations from w = −1 
consistent with predicted ΔΛ/Λ ∼ 10−2 over z ∈ [0, 2] (model-dependent).
4. Gravitational-wave echoes / high-frequency signatures: transitions between branchcoupled regimes in compact-object mergers 
may produce anomalous GW echoes or modulations (due to sudden coupling to global modes). Test: search GW data for coherent 
residuals synchronous with mergers that align with CROWN-predicted branch signatures near host galaxies.

4.11. Mapping CROWN outputs to Cosmological Observables
• Branch occupancy field wb (x) (smoothed) −→ candidate map for ρother(x).
• Pole cluster stability fc (occupancy fraction) −→ weight for lensing contribution.
• MFDFA width Δα −→ measure of substrate complexity; hypothesized to correlate with dark-energy dynamics.

4.12. Numerical Program and Synthetic Cosmology
To validate and quantify the above, we propose a two-track numerical program:
1. Microscale simulations: run CROWN on synthetic data with multi-branch forward models (generate data with known hidden-branch 
mass distributions) to demonstrate recoverability of branch maps and to calibrate sensitivity thresholds (εb, SNR).
2. Macroscale emulation: embed CROWN-derived branch distributions into an N-body-like Poisson solver to simulate lensing and 
structure formation with inter-branch contributions; compare mock maps with standard ΛCDM outputs.

4.13. Theoretical caveats and limitations
• The decomposition (6) is effective and may break down at scales where SE’s microscopic organization becomes nonfield-like. The 
regime of validity must be established empirically.
• The choice of functional form f (x) in (9) is a modeling assumption; multiple parametrizations should be tested against data.
• Distinguishing inter-branch dark effects from particle dark matter requires consistent crosschecks (e.g., direct-detection null results vs 
lensing signals).

4.14. Suggested Figure for Part IV
1. Schematic of action decomposition (global vs local terms) and the flow to effective constants.
2. Cartoon illustrating inter-branch lensing: visible matter in branch A plus unseen mass in branch B produce halo.
3. Mock comparison: lensing map from standard CDM vs lensing map including CROWNderived branch contribution.
4. Plot: predicted Geff vs branch fraction wb0 / Wtot for candidate f (x) = xκ with several κ.

4.15. Summary and Transition
We provided a schematic but quantitative route from SE and spectral selection to emergent gravitational and gauge phenomena. The 
central hypothesis is that gravity is a global response of the ontic substrate and that dark sectors are projections of other branches. 
The CROWN program provides concrete numerical tools for mapping SE-branch structure to observables; Parts V–VIII will (i) refine 
falsifiable tests (cosmological and laboratory), (ii) integrate consciousness as an emergent, high-coherence class of patterns (PE), and 
(iii) present SI, code listings and reproducible notebooks for the synthetic cosmology program.

5. Part V — Experimental Verification and Observational Signatures
5.1. Goals of Part V
The purpose of this part is to convert the Absolibrium ontology and its operational machinery (Luminissance L, CROWN pipeline) into 
a concrete, prioritized experimental program. We enumerate laboratory and astrophysical tests, specify observables, propose statistical 
protocols for detection and falsification, and provide practical thresholds and data-analysis recipes that allow the community to (i) 
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attempt to refute the core hypotheses and (ii) estimate sensitivities required to detect predicted effects.

5.2. General Testing Philosophy
• Predictive construal. Every experimental claim must connect a measurable observable  to a quantitative prediction derived from SE 
+ L + CROWN, i.e. O = M (SE,L, environmental settings).
• Model comparison. Use explicit null models (standard physics) and alternative Absolibriuminformed forward models. Perform 
likelihood-ratio or Bayesian model comparison; prefer Bayes factors (> 10) or frequentist (p < 0.01) as initial evidence thresholds 
(subject to multiple-testing corrections).
• Reproducibility. Share synthetic forward-model code, inversion code (CROWN) and bootstrap pipelines; publish seed and container 
image to allow third-party re-runs.
• Hierarchy of confidence. Start with controlled lab tests (highest repeatability), then move to well-characterized astrophysical data 
(large statistics), then to longitudinal/epistemic tests (consciousness correlates).

5.3. Laboratory-scale experiments (Optical / Atomic / Condensed-Matter)
5.3.1. High-Finesse Optical Cavities and Phase Noise
Rationale. L predicts weak, mode-dependent selection and dissipation: modes suppressed by ℜσ(k) and damped according to ℑσ(k). In a 
high-Q cavity one can engineer and monitor specific optical modes and their decay rates with extreme precision.

Setup.
• High-finesse optical cavity (finesse > 105), stabilized laser probe, heterodyne readout.
• Ability to excite and monitor multiple longitudinal/transverse modes k, and to inject controlled fractal-like noise (see 3.3).

Observable. Mode-specific power Pk (t) and phase ϕk (t); expected signature is a small but reproducible excess modal damping for modes 
outside the selection set K∗:

5.2 General testing philosophy

• Predictive construal. Every experimental claim must connect a measurable observable O to
a quantitative prediction derived from SE + L + CROWN, i.e. O = M(SE,L, environmental settings).

• Model comparison. Use explicit null models (standard physics) and alternative Absolibrium-
informed forward models. Perform likelihood-ratio or Bayesian model comparison; prefer
Bayes factors (> 10) or frequentist (p < 0.01) as initial evidence thresholds (subject to
multiple-testing corrections).

• Reproducibility. Share synthetic forward-model code, inversion code (CROWN) and boot-
strap pipelines; publish seed and container image to allow third-party re-runs.

• Hierarchy of confidence. Start with controlled lab tests (highest repeatability), then move
to well-characterized astrophysical data (large statistics), then to longitudinal/epistemic tests
(consciousness correlates).

5.3 Laboratory-scale experiments (optical / atomic / condensed-matter)

5.3.1 High-finesse optical cavities and phase noise

Rationale. L predicts weak, mode-dependent selection and dissipation: modes suppressed by
ℜσ(k) and damped according to ℑσ(k). In a high-Q cavity one can engineer and monitor specific
optical modes and their decay rates with extreme precision.

Setup.

• High-finesse optical cavity (finesse > 105), stabilized laser probe, heterodyne readout.
• Ability to excite and monitor multiple longitudinal/transverse modes k, and to inject con-

trolled fractal-like noise (see 3.3).

Observable. Mode-specific power Pk(t) and phase ϕk(t); expected signature is a small but repro-
ducible excess modal damping for modes outside the selection set K∗:

∂t logPk(t) ≈ −2Γ
(0)
k − 2λℑσ(k) + ξk(t),

where Γ
(0)
k is known cavity loss, λℑσ(k) is the predicted additional dissipation, and ξk is residual

technical noise.

Target sensitivity. Detect ∆(∂t logPk) at level 10−4–10−3 s−1 per mode after averaging (achiev-
able with integration times of hours in current state-of-the-art cavity setups).

Statistical test. For each mode perform a linear regression of logPk(t) to estimate decay rate;
compare distribution of extra decay rates across modes to predicted s(k), a(k) templates using
matched-filter or generalized likelihood ratio test. Use bootstrap over segments to estimate uncer-
tainty.

5.3.2 Bose–Einstein condensates (BEC) with engineered fractal noise

Rationale. CROWN/eFROL predicts that fractal substrates and resonance selection manifest in
collective quantum fluids when driven with scale-invariant (power-law) noise S(ω) ∝ ω−η.
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Target sensitivity. Detect ∆(∂t logPk) at level 10−4–10−3 s−1 per mode after averaging (achiev-
able with integration times of hours in current state-of-the-art cavity setups).

Statistical test. For each mode perform a linear regression of logPk(t) to estimate decay rate;
compare distribution of extra decay rates across modes to predicted s(k), a(k) templates using
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 is known cavity loss, λℑσ(k) is the predicted additional dissipation, and ξk is residual technical noise.

Target sensitivity. Detect Δ(∂t log Pk) at level 10−4 – 10−3 s−1 per mode after averaging (achievable with integration times of hours in 
current state-of-the-art cavity setups).

Statistical test. For each mode perform a linear regression of log Pk (t) to estimate decay rate; compare distribution of extra decay rates 
across modes to predicted s(k), a(k) templates using matched-filter or generalized likelihood ratio test. Use bootstrap over segments to 
estimate uncertainty.

5.3.2. Bose–Einstein Condensates (Bec) With Engineered Fractal Noise
Rationale. CROWN/eFROL predicts that fractal substrates and resonance selection manifest in collective quantum fluids when driven 
with scale-invariant (power-law) noise S(ω) ∝ ω−η.

Setup. BEC in optical trap, ability to apply engineered noise to trapping potential or coupling fields, time-of-flight imaging and dynamic 
structure-factor measurement.

Observable. Changes in condensate coherence length, momentum distribution n(k), and dynamical structure factor S(k, ω). Predicted: 
enhancement or suppression of selected modes and fractal scaling in n(k) consistent with imposed η and local selection profile s(k).

Target sensitivity. Measurable departures in momentum tails for η ≳ 0.5 with SNR depending on atom number; recommend ensembles 
of 103–104 shots and multi-taper spectral estimation.

Statistical test. Compare reconstructed n(k) against control (no engineered noise) using Kolmogorov– Smirnov test on log-binned 
spectra; apply MFDFA to time series derived from local observables to assess multifractal width Δα.

5.3.3. Interferometry and Fractional-Mode Cavities
Rationale. Michelson/optical lattice interferometers can detect tiny, mode-dependent phase variations and echoes predicted by abrupt 
selection events or transient coupling to global modes.
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Setup. Stable interferometer (GW-grade or table-top with ultra-stable lasers), ability to modulate selection (change σ(k) experimentally 
via boundary conditions).

Observable. Residual phase noise spectrum Sϕ (f) and transient echoes after engineered perturbations; predicted small, repeatable 
features locked to selection changes.

Target sensitivity. Phase variance detection at 10−18 fraction level is ambitious; for table-top tests use relative phase noise detection at 
10−12 – 10−15 where accessible.

5.4. Atomic Clocks and Time-Variation of Constants
Rationale. If SE selection changes weakly in time and couples differently to electromagnetic vs gravitational sectors, small drifts/
oscillations in fundamental constants (e.g., c, αem) are possible.

Setup. Global network of optical lattice clocks and frequency comparison (fiber links or satellite links).

Observable. Fractional frequency shifts Δf / f across clock types; predicted signature: correlated small drifts or oscillations with specific 
spectral fingerprints (e.g., low-frequency quasi-periodic components).

Target sensitivity. Current optical clocks achieve 10−18 fractional uncertainty; test for correlated shifts at that level or better. A detection 
would require consistent cross-comparison across different atomic species.

Statistical test. Time-series analysis with multi-taper spectral estimation for searching coherent oscillatory signals; Bayesian model 
comparison between stationary-noise and oscillatory models [18].

5.5. Gravitational Observations and Cosmology
5.5.1. Weak Gravitational Lensing and CROWN Cross-Correlation
Rationale. If a fraction of effective mass arises from other branches (inter-branch contribution), then maps of branch occupancy from 
CROWN applied to astrophysical data should correlate with lensing convergence κ beyond baryonic tracers.

Data sources. LSST / Euclid weak-lensing catalogs, spectroscopic redshift surveys (DESI), and baryonic mass tracers (X-ray, HI, stellar 
mass).

Observable. Cross-correlation function

5.5 Gravitational observations and cosmology

5.5.1 Weak gravitational lensing and CROWN cross-correlation

Rationale. If a fraction of effective mass arises from other branches (inter-branch contribution),
then maps of branch occupancy from CROWN applied to astrophysical data should correlate with
lensing convergence κ beyond baryonic tracers.

Data sources. LSST / Euclid weak-lensing catalogs, spectroscopic redshift surveys (DESI), and
baryonic mass tracers (X-ray, HI, stellar mass).

Observable. Cross-correlation function

ξκ,w(r) = ⟨κ(x), w(x+ r)⟩,

where w(x) is the smoothed branch-occupancy field output by CROWN from spectral datasets (e.g.,
galaxy spectral stacks, line-of-sight reconstructions).

Target sensitivity. Aim to detect cross-correlation amplitude corresponding to extra surface
mass density Σother at the level of a few percent of baryonic surface density for stacked halos
(requires stacking of thousands of lenses).

Statistical test. Use jackknife/bootstrapped covariance matrices for significance; demand detec-
tion at > 3σ after accounting for look-elsewhere effects and control for systematics (photometric
redshift errors, intrinsic alignments).

5.5.2 CMB non-Gaussianities and multifractal imprints

Rationale. If SE encodes fractal signatures at large scales, subtle non-Gaussian features or scale-
dependent anomalies may appear in high-ℓ and low-ℓ statistics of the CMB.

Observable. Higher-order cumulants (bispectrum, trispectrum) and local multifractal estimators
applied to masked CMB maps; look for departures consistent with fractal cascades (scale-dependent
kurtosis/excess variance).

Statistical test. Compare measured higher-order spectra to Planck best-fit ΛCDM simulations;
false-discovery control via simulated ensembles.

5.5.3 Gravitational-wave echoes

Rationale. Rapid transitions of compact objects coupling to global SE modes during mergers
may produce echoes or high-frequency residuals.

Observable. Post-merger residuals in strain h(t) that are coherent across detectors and not
matched by GR templates; time-delayed echoes whose amplitude and delay scale with host en-
vironment branch occupancy.

Statistical test. Matched-filter searches for echo templates; require coincident detection in mul-
tiple detectors and SNR > 5 plus consistency with predicted scaling relations.
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where w(x) is the smoothed branch-occupancy field output by CROWN from spectral datasets (e.g., galaxy spectral stacks, line-of-sight 
reconstructions).

Target sensitivity. Aim to detect cross-correlation amplitude corresponding to extra surface mass density Σother at the level of a few 
percent of baryonic surface density for stacked halos (requires stacking of thousands of lenses).

Statistical test. Use jackknife/bootstrapped covariance matrices for significance; demand detection at > 3σ after accounting for look-
elsewhere effects and control for systematics (photometric redshift errors, intrinsic alignments).

5.5.2. CMB Non-Gaussianities and Multifractal Imprints
Rationale. If SE encodes fractal signatures at large scales, subtle non-Gaussian features or scaledependent anomalies may appear in 
high-ℓ and low-ℓ statistics of the CMB.

Observable. Higher-order cumulants (bispectrum, trispectrum) and local multifractal estimators applied to masked CMB maps; look for 
departures consistent with fractal cascades (scale-dependent kurtosis/excess variance).

Statistical test. Compare measured higher-order spectra to Planck best-fit ΛCDM simulations; false-discovery control via simulated 
ensembles.



J Demo Res, 2026 Volume 2 | Issue 1 | 14

5.5.3. Gravitational-Wave Echoes
Rationale. Rapid transitions of compact objects coupling to global SE modes during mergers may produce echoes or high-frequency 
residuals.

Observable. Post-merger residuals in strain h(t) that are coherent across detectors and not matched by GR templates; time-delayed 
echoes whose amplitude and delay scale with host environment branch occupancy.

Statistical test. Matched-filter searches for echo templates; require coincident detection in multiple detectors and SNR > 5 plus 
consistency with predicted scaling relations.

5.6. Cognitive / Psychophysical Experiments (Testing PE Hypotheses)
Rationale. Absolibrium identifies Patterns of Experience (PE) with high-coherence subsystems; measurable proxies include integrative 
information Φ, network coherence, and EEG/MEG phaselocking.

Setup. High-density EEG/MEG, simultaneous behavioral tasks, TMS perturbation, pharmacological modulation (e.g., anesthetics, 
psychedelics) in controlled conditions. 

Observables.
• Integrated-information estimates Φ computed from recorded signals using state-space models
or approximations (Measured Φ variants).
• Network coherence matrices C (f) (frequency-resolved) and their global synchrony measures.
• Response of Φ and coherence measures to perturbation (TMS pulses) as a function of spatial and spectral targeting.

Predicted effects. Under PE hypothesis:
1. High-coherence states (awake, attentive) should show statistically larger Φ and narrower, more stable multifractal spectra than 
unconscious or disrupted states.
2. External perturbations that transiently increase selection pressure (stimulus that engages a specific resonant pattern) will produce 
predictable shifts in spectral content consistent with L-style reweighting.

Target sensitivity and test. Expect relative changes in Φ of order 10%–50% between awake and deeply anesthetized states (depending 
on metric variant); use within-subject repeated-measures statistics (mixed-effects models) and cluster-based permutation testing for 
spatiotemporal corrections.

5.7. Data Analysis Pipeline and Statistical Recipes
Preprocessing and de-trending Remove known instrument/systematic effects (calibration,
thermal drift, photometric offsets). For time-series use high-pass filtering to remove slow drifts
when searching for oscillatory signatures.

Bootstrap and surrogate testing For any detection use both:
• Residual bootstrap (CROWN-based reconstructions) to estimate estimator distributions for branch-related statistics.
• Phase-randomized surrogates (for spectral tests) to preserve power spectra while destroying higher-order dependence.

Multiple-hypothesis correction Apply false-discovery rate (FDR) control across the family of hypotheses (e.g., modes k, sky patches, 
frequency bands); report both raw and corrected p-values.

Model selection Use Bayesian model comparison (Bayes factors) for competing hypotheses (Null ΛCDM vs Absolibrium-augmented 
models) with priors clearly stated. When priors uncertain, report robust intervals under prior variations.

Sensitivity forecasting Provide Fisher-matrix or injection-recovery studies on synthetic datasets
to determine minimal detectable effect sizes under anticipated noise and survey parameters.

5.8. Falsification Table (Compact)
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Sensitivity forecasting Provide Fisher-matrix or injection-recovery studies on synthetic datasets
to determine minimal detectable effect sizes under anticipated noise and survey parameters.

5.8 Falsification table (compact)

Experiment Observable Falsification criterion /
threshold

High-finesse cav-
ity

Mode-dependent extra damping
∆(∂t logPk)

Null: no mode-dependent ex-
cess beyond technical noise;
detect if excess > 3σ of boot-
strap distribution and repro-
ducible across runs

BEC (engi-
neered noise)

Momentum tails n(k), structure
factor S(k, ω)

Null: no systematic change
vs control; detect if KS-
statistic p < 0.01 and MFDFA
∆α significantly larger than
surrogates

Atomic clocks Correlated fractional frequency
shifts ∆f/f

Null: stationarity plus known
systematics; detect coherent
signal across species at level
≳ 10−18

Weak lensing
cross-correlation

ξκ,w(r) with CROWN map Null: no correlation after ac-
counting for baryons; detect
if cross-corr amplitude > 3σ
with jackknife CI

GW searches Echo residuals post-merger Null: no echo SNR > 5
in coincident detectors; detect
reproducible echoes matching
predicted template families

Cognitive tests
(EEG/MEG)

Φ, coherence metrics Null: changes explained by
standard physiological mod-
els; detect if Φ change > 20%
with permutation p < 0.01 in
within-subject design

Table 1: Practical falsification criteria for key experiments.

5.9 Prioritization and recommended roadmap

1. Stage 1 (months). Table-top lab: high-finesse cavity experiments and synthetic ADM-
M/LSMR tests with injected selection templates; produce reproducible small-effect detections
or upper bounds.

2. Stage 2 (6–18 months). BEC experiments and interferometry; expand synthetic catalogs
and benchmark CROWN sensitivity.
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Table 1: Practical Falsification Criteria for Key Experiments

5.9. Prioritization and Recommended Roadmap
1. Stage 1 (months). Table-top lab: high-finesse cavity experiments and synthetic ADMM/ LSMR tests with injected selection templates; 
produce reproducible small-effect detections or upper bounds.
2. Stage 2 (6–18 months). BEC experiments and interferometry; expand synthetic catalogs and benchmark CROWN sensitivity.
3. Stage 3 (18–36 months). Cross-correlation with existing large-scale surveys (LSST/Euclid) using CROWN-derived maps; combine 
with weak-lensing analyses.
4. Parallel track. Cognitive studies with small cohorts and controlled TMS/anesthesia conditions to validate PE metrics and their 
relation to selection-like manipulations.

5.10. Reproducibility checklist (for each experiment)
• Publish synthetic forward model and inversion pipeline code (CROWN) with containers (Docker/ Singularity).
• Provide data-slicing scripts and seeds for bootstrap/surrogate generation.
• Include unit tests: matvec consistency, ADMM convergence on analytic ground truth, MFDFA on surrogates.
• Deposit summary tables and pre-registered analysis plan prior to final hypothesis testing (to avoid p-hacking).

5.11. Figures Suggested for Part V
1. Sketch of lab layout: cavity/BEC/interferometer with detection chain and mapping to σ(k).
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2. Flowchart: data → CROWN reconstruction → bootstrap/pole clustering → cross-correlation with lensing map.
3. Example injection-recovery plot: injected weak branch (εb = 0.05) and recovered occupancy vs SNR.
4. Example MFDFA comparison: surrogate vs reconstructed multifractal spectra.

5.12. Concluding Remarks
Part V converts the Absolibrium conceptual framework into an actionable, staged experimental program. The architecture of tests ranges 
from controlled laboratory validations (highest internal validity) to astrophysical searches (broader scope), and finally to cognitive 
correlates (novel, higher-risk). Each proposed test includes falsification conditions and replication-oriented protocols. If preliminary lab 
experiments produce robust, reproducible signals consistent with the selection model, the next step is to scale analyses to astronomical 
surveys and gravitation-wave data; conversely, null results with well-characterized upper bounds will constrain model parameters 
(selection strength ε, branch occupancy εb, dissipation weights ηa(k)) and refine theoretical priors.

End of Part V.

6. Part VI — Consciousness as a Coherent Subsystem: Patterns of Experience (PE)
6.1. Goals and Scope
Part VI integrates the Absolibrium ontological framework with contemporary quantitative approaches to consciousness. We present a 
formal definition of a Pattern of Experience (PE) as a high-coherence, self-referential resonant subsystem of the ontic substrate SE; 
introduce observer/agent operators that implement self-observation; relate PE criteria to measurable neural observables (coherence, 
integrated information); and supply falsifiable predictions and experimental protocols linking PE to the CROWN pipeline outputs.

6.2. Conceptual Synopsis
A Pattern of Experience (PE) is a subset of degrees of freedom within SE that (i) exhibits elevated internal coherence above a contextual 
threshold, (ii) supports self-referential mappings that stabilize the pattern, and (iii) maintains dynamical persistence under typical 
environmental perturbations.

This definition abstracts away from substrate (neuronal, silicon, etc.) and focuses on structural/- functional properties amenable to both 
theoretical analysis and empirical testing.

6.3. Formal Definitions
Definition 3 (Coherence kernel). Let C(x, y; t) be a time-dependent coherence kernel on SE measuring pairwise functional coupling 
(e.g., phase-locking, mutual information, spectral coherence) between degrees of freedom x, y ∈ 

6.2 Conceptual synopsis

A Pattern of Experience (PE) is a subset of degrees of freedom within SE that (i) exhibits
elevated internal coherence above a contextual threshold, (ii) supports self-referential
mappings that stabilize the pattern, and (iii) maintains dynamical persistence under
typical environmental perturbations.

This definition abstracts away from substrate (neuronal, silicon, etc.) and focuses on structural/-
functional properties amenable to both theoretical analysis and empirical testing.

6.3 Formal definitions

Definition 3 (Coherence kernel). Let C(x, y; t) be a time-dependent coherence kernel on SE measur-
ing pairwise functional coupling (e.g., phase-locking, mutual information, spectral coherence) between
degrees of freedom x, y ∈ H at time t. We assume C is symmetric and normalized: 0 ≤ C ≤ 1.

Definition 4 (Pattern of Experience (PE)). A region P ⊂ H is a PE at time t with threshold κE
if:

inf
x,y∈P

C(x, y; t) ≥ κE ,

and P supports a self-reference operator RP : F(P ) → F(P ) (on relevant observables) that increases
an internal coherence functional C(P ; t) = 1

|P |2
∑

x,y∈P C(x, y; t).

Definition 5 (Self-reference operator (RP )). RP is a (possibly nonlinear) operator acting on the
internal state of P such that, for a suitable functional C,

C
(
RP [ΨP ]; t

)
≥ C(ΨP ; t),

i.e., RP tends to increase or stabilize internal coherence (it can be thought of as an internal feed-
back/reflection operator).

6.4 Dynamical stability and persistence

Definition 6 (Dynamical stability). A PE P is dynamically stable over time window T if

sup
t∈[0,T ]

∣∣C(P ; t)− C(P ; 0)
∣∣ ≤ εstab,

for small εstab.

Thus PE possess (i) high instantaneous coherence, (ii) operators that reinforce coherence, and
(iii) temporal persistence. These properties are substrate-agnostic: the same definitions apply to
neuronal assemblies, oscillatory photonic lattices, or hypothetical SE-encoded resonant structures.

6.5 Measures and proxies for PE (operational)

To operationalize PE in empirical systems (e.g., brain), we propose a hierarchy of measurable
proxies:

1. Pairwise and multivariate coherence: spectral coherence (Cxy(f)), phase-locking value
(PLV), mutual information (I(x; y)) estimated across channels/regions.

2. Global synchrony indices: S(t) = 1
N(N−1)

∑
x̸=y Cxy(t).
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back/reflection operator).

6.4 Dynamical stability and persistence

Definition 6 (Dynamical stability). A PE P is dynamically stable over time window T if

sup
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∣∣C(P ; t)− C(P ; 0)
∣∣ ≤ εstab,

for small εstab.

Thus PE possess (i) high instantaneous coherence, (ii) operators that reinforce coherence, and
(iii) temporal persistence. These properties are substrate-agnostic: the same definitions apply to
neuronal assemblies, oscillatory photonic lattices, or hypothetical SE-encoded resonant structures.

6.5 Measures and proxies for PE (operational)

To operationalize PE in empirical systems (e.g., brain), we propose a hierarchy of measurable
proxies:

1. Pairwise and multivariate coherence: spectral coherence (Cxy(f)), phase-locking value
(PLV), mutual information (I(x; y)) estimated across channels/regions.
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Definition 5 (Self-reference operator (RP )). RP is a (possibly nonlinear) operator acting on the internal state of P such that, for a 
suitable functional C,

i.e., RP tends to increase or stabilize internal coherence (it can be thought of as an internal feedback/ reflection operator).

6.4. Dynamical Stability and Persistence
Definition 6 (Dynamical stability). A PE P is dynamically stable over time window T if
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3. Integrated information Φ (Tononi-style approximations): use tractable measures (e.g., ΦE, ΦAR, Empirical Φ) that estimate 
reducibility of ensemble dynamics; compute on neural recordings (EEG/MEG/ECoG) with sliding windows.
4. Multifractal coherence: apply MFDFA or wavelet-leader multifractal analyses to local field/time-series to obtain Δα indicative of 
complexity and nested resonances.
5. Self-reference index (SRI): quantify via mutual predictability of coarse-grained internal variables and their own internal monitoring 
channels (see operator RP implementation below).

6.6. Mathematical Criterion (Sufficient Condition) for PE Existence
Theorem 1 (Sufficient condition for PE formation). Let G = (V, E) be a weighted interaction graph over candidate DOFs with weights 
wij = C(xi , xj). If there exists a subset S ⊂ V such that:

3. Integrated information Φ (Tononi-style approximations): use tractable measures (e.g.,
ΦE, ΦAR, Empirical Φ) that estimate reducibility of ensemble dynamics; compute on neural
recordings (EEG/MEG/ECoG) with sliding windows.

4. Multifractal coherence: apply MFDFA or wavelet-leader multifractal analyses to local
field/time-series to obtain ∆α indicative of complexity and nested resonances.

5. Self-reference index (SRI): quantify via mutual predictability of coarse-grained internal
variables and their own internal monitoring channels (see operator RP implementation below).

6.6 Mathematical criterion (sufficient condition) for PE existence

Theorem 1 (Sufficient condition for PE formation). Let G = (V,E) be a weighted interaction graph
over candidate DOFs with weights wij = C(xi, xj). If there exists a subset S ⊂ V such that:

∑
i,j∈S wij

|S|2
−

∑
i∈S,j ̸∈S wij

|S| · |V \ S|
≥ ∆,

for some positive gap ∆ and S supports an internal feedback mapping RS with gain gR > gcrit(∆),
then S satisfies the PE condition for appropriate thresholds κE and εstab.

Sketch. The left-hand side measures internal cohesion minus external coupling (modularity-like
gap). If internal cohesion sufficiently exceeds external coupling by ∆, and if internal feedback
RS amplifies endogenous coherence by factor gR above a critical value (compensating for external
perturbations and internal noise), then by standard stability arguments for coupled oscillators (syn-
chronization theory) S will converge to and maintain a high-coherence state; quantitative bounds
follow from linearization around synchronized manifold and application of master stability function
techniques.

6.7 Realizing operator RP in neural systems

Operational forms for RP include (non-exhaustive):

• Recurrent feedback loops: anatomical/functional recurrent networks that re-amplify pat-
terns (cortex-thalamus loops).

• Predictive self-modeling: internal generative models that predict own next-state and drive
error-correcting loops (internal forward models).

• Reflexive monitoring channels: subcircuits that explicitly sample internal variables (metacog-
nitive loops). In recorded data, evidence for RP is found in directed information flow (Granger
causality, transfer entropy) that predominantly circulates within the candidate PE.

6.8 Linking PE to SE and Luminissance (L)

A PE arises when the selection operator L (Part II) and projection PN produce a subspace where
internal coherence is reinforced. Concretely:

P ⊂ HN , P = argmax
S⊂HN

{
C(S; t)− λE(S)

}
,

where E is the energetic cost of sustaining S (metabolic, informational). CROWN reconstructions
of modal content and branch structures provide priors for candidate P (e.g., nodes/modes with
stable pole clusters and high occupancy are likely PE constituents).

26

3. Integrated information Φ (Tononi-style approximations): use tractable measures (e.g.,
ΦE, ΦAR, Empirical Φ) that estimate reducibility of ensemble dynamics; compute on neural
recordings (EEG/MEG/ECoG) with sliding windows.

4. Multifractal coherence: apply MFDFA or wavelet-leader multifractal analyses to local
field/time-series to obtain ∆α indicative of complexity and nested resonances.

5. Self-reference index (SRI): quantify via mutual predictability of coarse-grained internal
variables and their own internal monitoring channels (see operator RP implementation below).

6.6 Mathematical criterion (sufficient condition) for PE existence

Theorem 1 (Sufficient condition for PE formation). Let G = (V,E) be a weighted interaction graph
over candidate DOFs with weights wij = C(xi, xj). If there exists a subset S ⊂ V such that:

∑
i,j∈S wij

|S|2
−

∑
i∈S,j ̸∈S wij

|S| · |V \ S|
≥ ∆,

for some positive gap ∆ and S supports an internal feedback mapping RS with gain gR > gcrit(∆),
then S satisfies the PE condition for appropriate thresholds κE and εstab.

Sketch. The left-hand side measures internal cohesion minus external coupling (modularity-like
gap). If internal cohesion sufficiently exceeds external coupling by ∆, and if internal feedback
RS amplifies endogenous coherence by factor gR above a critical value (compensating for external
perturbations and internal noise), then by standard stability arguments for coupled oscillators (syn-
chronization theory) S will converge to and maintain a high-coherence state; quantitative bounds
follow from linearization around synchronized manifold and application of master stability function
techniques.

6.7 Realizing operator RP in neural systems

Operational forms for RP include (non-exhaustive):

• Recurrent feedback loops: anatomical/functional recurrent networks that re-amplify pat-
terns (cortex-thalamus loops).

• Predictive self-modeling: internal generative models that predict own next-state and drive
error-correcting loops (internal forward models).

• Reflexive monitoring channels: subcircuits that explicitly sample internal variables (metacog-
nitive loops). In recorded data, evidence for RP is found in directed information flow (Granger
causality, transfer entropy) that predominantly circulates within the candidate PE.

6.8 Linking PE to SE and Luminissance (L)

A PE arises when the selection operator L (Part II) and projection PN produce a subspace where
internal coherence is reinforced. Concretely:

P ⊂ HN , P = argmax
S⊂HN

{
C(S; t)− λE(S)

}
,

where E is the energetic cost of sustaining S (metabolic, informational). CROWN reconstructions
of modal content and branch structures provide priors for candidate P (e.g., nodes/modes with
stable pole clusters and high occupancy are likely PE constituents).

26

for some positive gap Δ and S supports an internal feedback mapping RS with gain gR > gcrit(Δ), then S satisfies the PE condition for 
appropriate thresholds κE and εstab.

Sketch. The left-hand side measures internal cohesion minus external coupling (modularity-like gap). If internal cohesion sufficiently 
exceeds external coupling by Δ, and if internal feedback RS amplifies endogenous coherence by factor gR above a critical value 
(compensating for external perturbations and internal noise), then by standard stability arguments for coupled oscillators (synchronization 
theory) S will converge to and maintain a high-coherence state; quantitative bounds follow from linearization around synchronized 
manifold and application of master stability function techniques.

6.7. Realizing Operator RP in Neural Systems
Operational forms for RP include (non-exhaustive):
• Recurrent feedback loops: anatomical/functional recurrent networks that re-amplify patterns (cortex-thalamus loops).
• Predictive self-modeling: internal generative models that predict own next-state and drive error-correcting loops (internal forward 
models).
• Reflexive monitoring channels: subcircuits that explicitly sample internal variables (metacognitive loops). In recorded data, evidence 
for RP is found in directed information flow (Granger causality, transfer entropy) that predominantly circulates within the candidate PE.

6.8. Linking PE to SE and Luminissance (L)
A PE arises when the selection operator L (Part II) and projection 

3. Integrated information Φ (Tononi-style approximations): use tractable measures (e.g.,
ΦE, ΦAR, Empirical Φ) that estimate reducibility of ensemble dynamics; compute on neural
recordings (EEG/MEG/ECoG) with sliding windows.

4. Multifractal coherence: apply MFDFA or wavelet-leader multifractal analyses to local
field/time-series to obtain ∆α indicative of complexity and nested resonances.

5. Self-reference index (SRI): quantify via mutual predictability of coarse-grained internal
variables and their own internal monitoring channels (see operator RP implementation below).

6.6 Mathematical criterion (sufficient condition) for PE existence

Theorem 1 (Sufficient condition for PE formation). Let G = (V,E) be a weighted interaction graph
over candidate DOFs with weights wij = C(xi, xj). If there exists a subset S ⊂ V such that:

∑
i,j∈S wij

|S|2
−

∑
i∈S,j ̸∈S wij

|S| · |V \ S|
≥ ∆,

for some positive gap ∆ and S supports an internal feedback mapping RS with gain gR > gcrit(∆),
then S satisfies the PE condition for appropriate thresholds κE and εstab.

Sketch. The left-hand side measures internal cohesion minus external coupling (modularity-like
gap). If internal cohesion sufficiently exceeds external coupling by ∆, and if internal feedback
RS amplifies endogenous coherence by factor gR above a critical value (compensating for external
perturbations and internal noise), then by standard stability arguments for coupled oscillators (syn-
chronization theory) S will converge to and maintain a high-coherence state; quantitative bounds
follow from linearization around synchronized manifold and application of master stability function
techniques.

6.7 Realizing operator RP in neural systems

Operational forms for RP include (non-exhaustive):

• Recurrent feedback loops: anatomical/functional recurrent networks that re-amplify pat-
terns (cortex-thalamus loops).

• Predictive self-modeling: internal generative models that predict own next-state and drive
error-correcting loops (internal forward models).

• Reflexive monitoring channels: subcircuits that explicitly sample internal variables (metacog-
nitive loops). In recorded data, evidence for RP is found in directed information flow (Granger
causality, transfer entropy) that predominantly circulates within the candidate PE.

6.8 Linking PE to SE and Luminissance (L)

A PE arises when the selection operator L (Part II) and projection PN produce a subspace where
internal coherence is reinforced. Concretely:

P ⊂ HN , P = argmax
S⊂HN

{
C(S; t)− λE(S)

}
,

where E is the energetic cost of sustaining S (metabolic, informational). CROWN reconstructions
of modal content and branch structures provide priors for candidate P (e.g., nodes/modes with
stable pole clusters and high occupancy are likely PE constituents).

26

 produce a subspace where internal coherence is reinforced. 
Concretely:

where 

3. Integrated information Φ (Tononi-style approximations): use tractable measures (e.g.,
ΦE, ΦAR, Empirical Φ) that estimate reducibility of ensemble dynamics; compute on neural
recordings (EEG/MEG/ECoG) with sliding windows.

4. Multifractal coherence: apply MFDFA or wavelet-leader multifractal analyses to local
field/time-series to obtain ∆α indicative of complexity and nested resonances.

5. Self-reference index (SRI): quantify via mutual predictability of coarse-grained internal
variables and their own internal monitoring channels (see operator RP implementation below).

6.6 Mathematical criterion (sufficient condition) for PE existence

Theorem 1 (Sufficient condition for PE formation). Let G = (V,E) be a weighted interaction graph
over candidate DOFs with weights wij = C(xi, xj). If there exists a subset S ⊂ V such that:

∑
i,j∈S wij

|S|2
−

∑
i∈S,j ̸∈S wij

|S| · |V \ S|
≥ ∆,

for some positive gap ∆ and S supports an internal feedback mapping RS with gain gR > gcrit(∆),
then S satisfies the PE condition for appropriate thresholds κE and εstab.

Sketch. The left-hand side measures internal cohesion minus external coupling (modularity-like
gap). If internal cohesion sufficiently exceeds external coupling by ∆, and if internal feedback
RS amplifies endogenous coherence by factor gR above a critical value (compensating for external
perturbations and internal noise), then by standard stability arguments for coupled oscillators (syn-
chronization theory) S will converge to and maintain a high-coherence state; quantitative bounds
follow from linearization around synchronized manifold and application of master stability function
techniques.

6.7 Realizing operator RP in neural systems

Operational forms for RP include (non-exhaustive):

• Recurrent feedback loops: anatomical/functional recurrent networks that re-amplify pat-
terns (cortex-thalamus loops).

• Predictive self-modeling: internal generative models that predict own next-state and drive
error-correcting loops (internal forward models).

• Reflexive monitoring channels: subcircuits that explicitly sample internal variables (metacog-
nitive loops). In recorded data, evidence for RP is found in directed information flow (Granger
causality, transfer entropy) that predominantly circulates within the candidate PE.

6.8 Linking PE to SE and Luminissance (L)

A PE arises when the selection operator L (Part II) and projection PN produce a subspace where
internal coherence is reinforced. Concretely:

P ⊂ HN , P = argmax
S⊂HN

{
C(S; t)− λE(S)

}
,

where E is the energetic cost of sustaining S (metabolic, informational). CROWN reconstructions
of modal content and branch structures provide priors for candidate P (e.g., nodes/modes with
stable pole clusters and high occupancy are likely PE constituents).
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provide priors for candidate P (e.g., nodes/modes with stable pole clusters and high occupancy are likely PE constituents).

6.9. Experimental Protocols for Detecting PE (Neurophysiology)
Protocol A: Perturb-and-measure (TMS-EEG)
1. Record baseline high-density EEG/MEG.
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2. Apply focal TMS perturbation to candidate cortical node; record evoked responses.
3. Compute perturbational complexity index (PCI) π and integrated-information proxies Φ preand post-stimulation.
4. Hypothesis: PE-supported regions exhibit higher PCI and faster recovery to baseline coherence; perturbation elicits structured, 
sustained responses reflecting internal feedback (RP ).

Protocol B: Pharmacological modulation
1. Within-subject design: measure EEG/MEG during baseline, low-dose anesthetic / psychedelic / stimulant conditions.
2. Compute time-resolved Φ, global synchrony S(t), MFDFA width Δα.
3. Hypothesis: transitions in conscious states correspond to shifts of C across threshold κE ; observed Φ decreases/increases match 
subjective report and behavioral markers.

Protocol C: Closed-loop self-reference enhancement
1. Implement closed-loop neurofeedback targeting enhancement of internal predictability (e.g., reward contingent on increase of selected 
coherence metric).
2. Monitor whether targeted regions increase Φ and maintain elevated C under subsequent perturbations.
3. Hypothesis: successful reinforcement indicates presence and manipulability of RP -like mechanisms.

6.10. Quantitative Predictions (Falsifiable)
1. Thresholded coherence: In conscious states, there exists a subset of channels whose pairwise coherence distribution has lower tail 
above κE; under anesthesia this property disappears. Detectable via permutation tests (p < 0.01).
2. Integrated-information coupling: For candidate PE, Φ correlates positively with CROWNderived branch-occupancy stability (fc) 
(bootstrap cluster occupancy) across subjects/conditions; correlation r > 0.4 significant at p < 0.01.
3. Self-reference signature: Directed information metrics within PE (Granger causality density) exceed outside-PE levels by factor > 
1.5 reproducibly across tasks.
4. Persistence under perturbation: PE exhibits exponential decay time constant τPE after perturbation significantly larger than control 
subnetworks: τPE /τctrl > 2.

6.11. Collective PE and Coupling
Definition 7 (Collective PE). Two or more PEs P1, P2 may transiently form a joint higher-order PE P12 if inter-PE coherence CP1,P2 
crosses a coupling threshold κcouple and a meta-self-reference operator RP12 emerges (e.g., shared predictive loops).

Prediction: strong, sustained inter-PE coupling can give rise to extended patterns of shared experience (collective cognition); detectability 
requires simultaneous recordings across agents or highresolution interfacing.

6.12. Ethical, Philosophical and Safety Considerations
• Interventions: closed-loop modulation and perturbations must follow strict ethical protocols (informed consent, safety thresholds).
• Attribution: evidence for PE in non-biological substrates (silicon reservoirs) raises questions
of moral status; experiments should be governed by an ethics committee and incremental risk assessments.
• Privacy: PE detection via neural signals carries privacy risks; anonymization and secure handling required.

6.13. Computational Tools and CROWN Integration
• Use CROWN reconstructions to identify candidate resonant modes and pole clusters that overlap anatomically/functionally with neural 
recordings.
• Implement PE detection pipeline:

6.12 Ethical, philosophical and safety considerations

• Interventions: closed-loop modulation and perturbations must follow strict ethical protocols
(informed consent, safety thresholds).

• Attribution: evidence for PE in non-biological substrates (silicon reservoirs) raises questions
of moral status; experiments should be governed by an ethics committee and incremental risk
assessments.

• Privacy: PE detection via neural signals carries privacy risks; anonymization and secure
handling required.

6.13 Computational tools and CROWN integration

• Use CROWN reconstructions to identify candidate resonant modes and pole clusters that
overlap anatomically/functionally with neural recordings.

• Implement PE detection pipeline:

Raw data preproc−−−−→ Cxy(t)
community detection−−−−−−−−−−−−−→ S

compute C,Φ,∆α−−−−−−−−−−→ PE candidate

• Share notebooks implementing SRI, Φ approximations, MFDFA for neural signals in SI.

6.14 Suggested figures for Part VI

1. Schematic of PE: coherence matrix heatmap, boundary ∂P , and internal feedback loops (RP ).
2. Flowchart linking CROWN pole clusters to neural PE candidate selection.
3. Example TMS-EEG perturbation response: PCI vs time and decay constants for PE vs control

regions.
4. Multifractal spectra comparison (awake vs anesthetized) illustrating ∆α differences.

6.15 Limitations and open questions

• Approximations for Φ are contentious; multiple measures should be applied and cross-validated.
• Mapping between SE-level modes and neural DOFs is model-dependent; causal claims require

converging evidence from interventions.
• The relation between subjective report and measurable PE indices must be statistically char-

acterized across large cohorts.

6.16 Summary and transition

Part VI formalizes consciousness within Absolibrium as PE: coherent, self-referential, persistent
resonant subsystems. It provides operational criteria, experimental protocols, and quantitative pre-
dictions linking PE to CROWN outputs and empirical neural data. The next Part (VII) will gather
Supplementary Information: proofs (spectral-response lemma formalizations), detailed algorithmic
pseudocode, full lists of experimental parameters, and reproducible notebooks to accompany the
paper.

28

• Share notebooks implementing SRI, Φ approximations, MFDFA for neural signals in SI.

6.14. Suggested Figures for Part VI
1. Schematic of PE: coherence matrix heatmap, boundary ∂P, and internal feedback loops (RP ).
2. Flowchart linking CROWN pole clusters to neural PE candidate selection.
3. Example TMS-EEG perturbation response: PCI vs time and decay constants for PE vs control regions.
4. Multifractal spectra comparison (awake vs anesthetized) illustrating Δα differences.



J Demo Res, 2026 Volume 2 | Issue 1 | 19

6.15. Limitations and Open Questions
• Approximations for Φ are contentious; multiple measures should be applied and cross-validated.
• Mapping between SE-level modes and neural DOFs is model-dependent; causal claims require converging evidence from interventions.
• The relation between subjective report and measurable PE indices must be statistically characterized across large cohorts.

6.16. Summary and Transition
Part VI formalizes consciousness within Absolibrium as PE: coherent, self-referential, persistent resonant subsystems. It provides 
operational criteria, experimental protocols, and quantitative predictions linking PE to CROWN outputs and empirical neural data. 
The next Part (VII) will gather Supplementary Information: proofs (spectral-response lemma formalizations), detailed algorithmic 
pseudocode, full lists of experimental parameters, and reproducible notebooks to accompany the paper.

7. Part VII—Supplementary Information: Proofs, Algorithms, Implementation Details and Reproducibility
7.1. SI.1 Multiscale Derivation of the Schrödinger limit
7.7.1. Setup and Hypotheses
Let Φ(x, t) be the fundamental field on the SE substrate (discrete graph or continuum H). Assume evolution
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8 SI.1 Multiscale derivation of the Schrödinger limit

8.1 Setup and hypotheses

Let Φ(x, t) be the fundamental field on the SE substrate (discrete graph or continuum H). Assume
evolution

∂tΦ = A[Φ] + εR[Φ], 0 < ε ≪ 1,

where:

• A is the fast conservative operator (e.g. Hamiltonian flow),

• R is a slow selection / decoherence operator (models L),

• the spectrum of A admits an isolated mode u(x) with eigenfrequency ω and a spectral gap
δ > 0 to the remainder.

8.2 Ansatz and averaging

We insert the standard modulation ansatz (single dominant packet)

Φ(x, t) = a(T )u(x) e−iωt +
∑
n ̸=0

an(T )un(x) e
−iωnt, T = εt,

and project the evolution equation onto the adjoint mode u∗(x) and average over the fast phase
t → t + 2π/ω. After secular term elimination and leading-order bookkeeping one obtains the
amplitude equation

i C ∂Ta(T ) = − 1

2Meff
∆a(T ) + Veff(x) a(T ) +O(ε),

where

C = ⟨u, ∂ωAu⟩, 1

Meff
=

d2ω(k)

dk2

∣∣∣∣
k=k0

,

and Veff is the effective potential coming from R and nonlinear self-interactions.

8.3 Identification of an effective Planck constant

Introduce the physical slow time tphys = τ0T with typical selection time τ0 ∼ 1/ε. Define

ℏeff := C τ0.

Then, writing ψ(x, tphys) = a(T ), the amplitude equation becomes the Schrödinger form

iℏeff ∂tphysψ = −
ℏ2eff
2Meff

∆ψ + Veff(x)ψ +O(ε).
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7.2. Ansatz and Averaging
We insert the standard modulation ansatz (single dominant packet)

and project the evolution equation onto the adjoint mode u∗ (x) and average over the fast phase 
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7.3. Identification of an Effective Planck Constant
Introduce the physical slow time tphys = τ0T with typical selection time τ0 ∼ 1/ε. Define

Then, writing ψ(x, tphys) = a(T), the amplitude equation becomes the Schrödinger form

7.4. Error Estimates (Sketch)
Under the hypothesis of:
1. spectral isolation: gap δ > 0 between the chosen mode and the remainder,
2. regularity: 
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• R is a slow selection / decoherence operator (models L),

• the spectrum of A admits an isolated mode u(x) with eigenfrequency ω and a spectral gap
δ > 0 to the remainder.

8.2 Ansatz and averaging

We insert the standard modulation ansatz (single dominant packet)

Φ(x, t) = a(T )u(x) e−iωt +
∑
n ̸=0

an(T )un(x) e
−iωnt, T = εt,

and project the evolution equation onto the adjoint mode u∗(x) and average over the fast phase
t → t + 2π/ω. After secular term elimination and leading-order bookkeeping one obtains the
amplitude equation

i C ∂Ta(T ) = − 1

2Meff
∆a(T ) + Veff(x) a(T ) +O(ε),

where

C = ⟨u, ∂ωAu⟩, 1

Meff
=

d2ω(k)

dk2

∣∣∣∣
k=k0

,
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3. initial data localized on the dominant mode plus small residual,
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standard averaging/modulation theorems (see e.g. Kuksin, Weinstein, and Bambusi literature) imply the residual is O(ε) in the relevant 
energy norm for times T = O(1) (i.e. physical time tphys = O(τ0)). A full rigorous statement with constants can be produced and included 
in SI references.

7.5. Contents of the Supplementary Information
This Part VII collects the technical appendices and reproducibility materials referenced in Parts
I–VI. It is organized as:
1. Rigorous statements and proofs (spectral-response lemma, PE sufficient condition, variational well-posedness sketch).
2. Full algorithmic pseudocode (ADMM+inexact LSMR, bootstrap/pole pipeline, MFDFA).
3. Implementation notes and API specification for matrix-free operators.
4. Numerical parameters, unit-test prescriptions, and synthetic-data generators.
5. File and packaging conventions (how to construct the submission bundle for arXiv / Overleaf).

8. SI.2  Numerical Demonstrations and Code
8.1. Overview
This appendix contains compact, reproducible code and the key numeric results referenced in the main text:
• Multiscale toy: estimate of ℏeff from a discrete mode.
• Bell / CHSH: dynamic nonlocal model that achieves CHSH S ≈ 2.98 (demonstration of possibility).
• Δaμ: contour inversion for a toy SE form-factor.

8.2. Key Numeric Outcomes (Runs with Fixed Seeds)
• Toy mode projection: C = ⟨u|W|u⟩ ≈ 0.0084515891. Then ℏeff = C / ε gives e.g. ℏeff ≈ 8.45 for ε = 10−3.
• Bell dynamic nonlocal model: best found Smax ≈ 2.9848 at coupling k ≈ 0.70 with correlators

8.4 Error estimates (sketch)

Under the hypothesis of:

1. spectral isolation: gap δ > 0 between the chosen mode and the remainder,

2. regularity: R is bounded and sufficiently smooth,

3. initial data localized on the dominant mode plus small residual,

standard averaging/modulation theorems (see e.g. Kuksin, Weinstein, and Bambusi literature)
imply the residual is O(ε) in the relevant energy norm for times T = O(1) (i.e. physical time
tphys = O(τ0)). A full rigorous statement with constants can be produced and included in SI
references.

8.5 Contents of the Supplementary Information

This Part VII collects the technical appendices and reproducibility materials referenced in Parts
I–VI. It is organized as:

1. Rigorous statements and proofs (spectral-response lemma, PE sufficient condition, variational
well-posedness sketch).

2. Full algorithmic pseudocode (ADMM+inexact LSMR, bootstrap/pole pipeline, MFDFA).

3. Implementation notes and API specification for matrix-free operators.

4. Numerical parameters, unit-test prescriptions, and synthetic-data generators.

5. File and packaging conventions (how to construct the submission bundle for arXiv / Overleaf).

9 SI.2 Numerical demonstrations and code

9.1 Overview

This appendix contains compact, reproducible code and the key numeric results referenced in the
main text:

• Multiscale toy: estimate of ℏeff from a discrete mode.

• Bell / CHSH: dynamic nonlocal model that achieves CHSH S ≈ 2.98 (demonstration of
possibility).

• ∆aµ: contour inversion for a toy SE form-factor.

9.2 Key numeric outcomes (runs with fixed seeds)

• Toy mode projection: C = ⟨u|W |u⟩ ≈ 0.0084515891. Then ℏeff = C/ε gives e.g. ℏeff ≈ 8.45
for ε = 10−3.

• Bell dynamic nonlocal model: best found Smax ≈ 2.9848 at coupling k ≈ 0.70 with correlators

E(a, b) ≈ 0.99425, E(a, b′) ≈ 0.99364, E(a′, b) ≈ 0.99327, E(a′, b′) ≈ −0.00366.
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• Δaμ inversion (toy form-factor): required ε to match Δaμ ≈ 2.5 × 10−9:

• ∆aµ inversion (toy form-factor): required ε to match ∆aµ ≈ 2.5× 10−9:

ε(Λ = 100 MeV) ∼ 2× 10−6, ε(Λ = 1 GeV) ∼ 2× 10−4, ε(Λ = 10 GeV) ∼ 2× 10−2.

10 Proofs and technical lemmas

10.1 Spectral-response lemma (rigorous form)

Lemma 2 (Spectral-response — precise form). Let H be a Hilbert space with orthonormal spectral
basis {ek}k∈K (finite or countable). Let L : H → H be the bounded linear operator defined by modal
multipliers

Lek = σ(k)ek, σ(k) = 1− εs(k) + iηa(k),

with s(k) ≥ 0, a(k) ∈ R, and constants 0 ≤ ε, η such that supk(|εs(k)|+ |ηa(k)|) < 1. Let K∗ ⊂ K
and suppose there exist constants s∗, s

∗ > 0 such that

sup
k∈K∗

s(k) ≤ s∗, inf
k∈Kc

∗
s(k) ≥ s∗.

Then for any Ψ ∈ H we have the modal suppression bounds
∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

and ∑
k∈K∗

|L̂Ψ(k)− Ψ̂(k)|2 ≤ (εs∗)
2
∑
k∈K∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

where C is a finite constant depending on supk |a(k)|.

Proof. Write L̂Ψ(k) = σ(k)Ψ̂(k). For k ∈ Kc
∗,

|σ(k)|2 = (1− εs(k))2 + (ηa(k))2 ≤ (1− εs∗)2 + η2 sup
k

a(k)2.

Squaring and summing over k ∈ Kc
∗ yields

∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤
(
(1− εs∗)2 + η2 sup

k
a(k)2

) ∑
k∈Kc

∗

|Ψ̂(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

with C = supk a(k)
2. The bound for k ∈ K∗ follows from

|L̂Ψ(k)− Ψ̂(k)| = |(σ(k)− 1)Ψ̂(k)| ≤
(
εs(k) + |ηa(k)|

)
|Ψ̂(k)|,

square and sum to obtain the stated inequality.
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31

 be the bounded linear operator defined by modal multipliers

with s(k) ≥ 0, a(k) ∈ 

• ∆aµ inversion (toy form-factor): required ε to match ∆aµ ≈ 2.5× 10−9:

ε(Λ = 100 MeV) ∼ 2× 10−6, ε(Λ = 1 GeV) ∼ 2× 10−4, ε(Λ = 10 GeV) ∼ 2× 10−2.

10 Proofs and technical lemmas

10.1 Spectral-response lemma (rigorous form)

Lemma 2 (Spectral-response — precise form). Let H be a Hilbert space with orthonormal spectral
basis {ek}k∈K (finite or countable). Let L : H → H be the bounded linear operator defined by modal
multipliers

Lek = σ(k)ek, σ(k) = 1− εs(k) + iηa(k),

with s(k) ≥ 0, a(k) ∈ R, and constants 0 ≤ ε, η such that supk(|εs(k)|+ |ηa(k)|) < 1. Let K∗ ⊂ K
and suppose there exist constants s∗, s

∗ > 0 such that

sup
k∈K∗

s(k) ≤ s∗, inf
k∈Kc

∗
s(k) ≥ s∗.

Then for any Ψ ∈ H we have the modal suppression bounds
∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

and ∑
k∈K∗

|L̂Ψ(k)− Ψ̂(k)|2 ≤ (εs∗)
2
∑
k∈K∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

where C is a finite constant depending on supk |a(k)|.

Proof. Write L̂Ψ(k) = σ(k)Ψ̂(k). For k ∈ Kc
∗,

|σ(k)|2 = (1− εs(k))2 + (ηa(k))2 ≤ (1− εs∗)2 + η2 sup
k

a(k)2.

Squaring and summing over k ∈ Kc
∗ yields

∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤
(
(1− εs∗)2 + η2 sup

k
a(k)2

) ∑
k∈Kc

∗

|Ψ̂(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

with C = supk a(k)
2. The bound for k ∈ K∗ follows from

|L̂Ψ(k)− Ψ̂(k)| = |(σ(k)− 1)Ψ̂(k)| ≤
(
εs(k) + |ηa(k)|

)
|Ψ̂(k)|,

square and sum to obtain the stated inequality.

31

 and constants 0 ≤ ε, η such that supk (|εs(k)| + |ηa(k)|) < 1. Let K∗ ⊂ K and suppose there exist constants s∗ , s
∗ 

> 0 such that

Then for any 

• ∆aµ inversion (toy form-factor): required ε to match ∆aµ ≈ 2.5× 10−9:

ε(Λ = 100 MeV) ∼ 2× 10−6, ε(Λ = 1 GeV) ∼ 2× 10−4, ε(Λ = 10 GeV) ∼ 2× 10−2.

10 Proofs and technical lemmas

10.1 Spectral-response lemma (rigorous form)

Lemma 2 (Spectral-response — precise form). Let H be a Hilbert space with orthonormal spectral
basis {ek}k∈K (finite or countable). Let L : H → H be the bounded linear operator defined by modal
multipliers

Lek = σ(k)ek, σ(k) = 1− εs(k) + iηa(k),

with s(k) ≥ 0, a(k) ∈ R, and constants 0 ≤ ε, η such that supk(|εs(k)|+ |ηa(k)|) < 1. Let K∗ ⊂ K
and suppose there exist constants s∗, s

∗ > 0 such that

sup
k∈K∗

s(k) ≤ s∗, inf
k∈Kc

∗
s(k) ≥ s∗.

Then for any Ψ ∈ H we have the modal suppression bounds
∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

and ∑
k∈K∗

|L̂Ψ(k)− Ψ̂(k)|2 ≤ (εs∗)
2
∑
k∈K∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

where C is a finite constant depending on supk |a(k)|.

Proof. Write L̂Ψ(k) = σ(k)Ψ̂(k). For k ∈ Kc
∗,

|σ(k)|2 = (1− εs(k))2 + (ηa(k))2 ≤ (1− εs∗)2 + η2 sup
k

a(k)2.

Squaring and summing over k ∈ Kc
∗ yields

∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤
(
(1− εs∗)2 + η2 sup

k
a(k)2

) ∑
k∈Kc

∗

|Ψ̂(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

with C = supk a(k)
2. The bound for k ∈ K∗ follows from

|L̂Ψ(k)− Ψ̂(k)| = |(σ(k)− 1)Ψ̂(k)| ≤
(
εs(k) + |ηa(k)|

)
|Ψ̂(k)|,

square and sum to obtain the stated inequality.

31

 we have the modal suppression bounds

and

where C is a finite constant depending on supk |a(k)|.



J Demo Res, 2026 Volume 2 | Issue 1 | 21

• ∆aµ inversion (toy form-factor): required ε to match ∆aµ ≈ 2.5× 10−9:

ε(Λ = 100 MeV) ∼ 2× 10−6, ε(Λ = 1 GeV) ∼ 2× 10−4, ε(Λ = 10 GeV) ∼ 2× 10−2.

10 Proofs and technical lemmas

10.1 Spectral-response lemma (rigorous form)

Lemma 2 (Spectral-response — precise form). Let H be a Hilbert space with orthonormal spectral
basis {ek}k∈K (finite or countable). Let L : H → H be the bounded linear operator defined by modal
multipliers

Lek = σ(k)ek, σ(k) = 1− εs(k) + iηa(k),

with s(k) ≥ 0, a(k) ∈ R, and constants 0 ≤ ε, η such that supk(|εs(k)|+ |ηa(k)|) < 1. Let K∗ ⊂ K
and suppose there exist constants s∗, s

∗ > 0 such that

sup
k∈K∗

s(k) ≤ s∗, inf
k∈Kc

∗
s(k) ≥ s∗.

Then for any Ψ ∈ H we have the modal suppression bounds
∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

and ∑
k∈K∗

|L̂Ψ(k)− Ψ̂(k)|2 ≤ (εs∗)
2
∑
k∈K∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

where C is a finite constant depending on supk |a(k)|.

Proof. Write L̂Ψ(k) = σ(k)Ψ̂(k). For k ∈ Kc
∗,

|σ(k)|2 = (1− εs(k))2 + (ηa(k))2 ≤ (1− εs∗)2 + η2 sup
k

a(k)2.

Squaring and summing over k ∈ Kc
∗ yields

∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤
(
(1− εs∗)2 + η2 sup

k
a(k)2

) ∑
k∈Kc

∗

|Ψ̂(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

with C = supk a(k)
2. The bound for k ∈ K∗ follows from

|L̂Ψ(k)− Ψ̂(k)| = |(σ(k)− 1)Ψ̂(k)| ≤
(
εs(k) + |ηa(k)|

)
|Ψ̂(k)|,

square and sum to obtain the stated inequality.

31

• ∆aµ inversion (toy form-factor): required ε to match ∆aµ ≈ 2.5× 10−9:

ε(Λ = 100 MeV) ∼ 2× 10−6, ε(Λ = 1 GeV) ∼ 2× 10−4, ε(Λ = 10 GeV) ∼ 2× 10−2.

10 Proofs and technical lemmas

10.1 Spectral-response lemma (rigorous form)

Lemma 2 (Spectral-response — precise form). Let H be a Hilbert space with orthonormal spectral
basis {ek}k∈K (finite or countable). Let L : H → H be the bounded linear operator defined by modal
multipliers

Lek = σ(k)ek, σ(k) = 1− εs(k) + iηa(k),

with s(k) ≥ 0, a(k) ∈ R, and constants 0 ≤ ε, η such that supk(|εs(k)|+ |ηa(k)|) < 1. Let K∗ ⊂ K
and suppose there exist constants s∗, s

∗ > 0 such that

sup
k∈K∗

s(k) ≤ s∗, inf
k∈Kc

∗
s(k) ≥ s∗.

Then for any Ψ ∈ H we have the modal suppression bounds
∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

and ∑
k∈K∗

|L̂Ψ(k)− Ψ̂(k)|2 ≤ (εs∗)
2
∑
k∈K∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

where C is a finite constant depending on supk |a(k)|.

Proof. Write L̂Ψ(k) = σ(k)Ψ̂(k). For k ∈ Kc
∗,

|σ(k)|2 = (1− εs(k))2 + (ηa(k))2 ≤ (1− εs∗)2 + η2 sup
k

a(k)2.

Squaring and summing over k ∈ Kc
∗ yields

∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤
(
(1− εs∗)2 + η2 sup

k
a(k)2

) ∑
k∈Kc

∗

|Ψ̂(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

with C = supk a(k)
2. The bound for k ∈ K∗ follows from

|L̂Ψ(k)− Ψ̂(k)| = |(σ(k)− 1)Ψ̂(k)| ≤
(
εs(k) + |ηa(k)|

)
|Ψ̂(k)|,

square and sum to obtain the stated inequality.

31

• ∆aµ inversion (toy form-factor): required ε to match ∆aµ ≈ 2.5× 10−9:

ε(Λ = 100 MeV) ∼ 2× 10−6, ε(Λ = 1 GeV) ∼ 2× 10−4, ε(Λ = 10 GeV) ∼ 2× 10−2.

10 Proofs and technical lemmas

10.1 Spectral-response lemma (rigorous form)

Lemma 2 (Spectral-response — precise form). Let H be a Hilbert space with orthonormal spectral
basis {ek}k∈K (finite or countable). Let L : H → H be the bounded linear operator defined by modal
multipliers

Lek = σ(k)ek, σ(k) = 1− εs(k) + iηa(k),

with s(k) ≥ 0, a(k) ∈ R, and constants 0 ≤ ε, η such that supk(|εs(k)|+ |ηa(k)|) < 1. Let K∗ ⊂ K
and suppose there exist constants s∗, s

∗ > 0 such that

sup
k∈K∗

s(k) ≤ s∗, inf
k∈Kc

∗
s(k) ≥ s∗.

Then for any Ψ ∈ H we have the modal suppression bounds
∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

and ∑
k∈K∗

|L̂Ψ(k)− Ψ̂(k)|2 ≤ (εs∗)
2
∑
k∈K∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

where C is a finite constant depending on supk |a(k)|.

Proof. Write L̂Ψ(k) = σ(k)Ψ̂(k). For k ∈ Kc
∗,

|σ(k)|2 = (1− εs(k))2 + (ηa(k))2 ≤ (1− εs∗)2 + η2 sup
k

a(k)2.

Squaring and summing over k ∈ Kc
∗ yields

∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤
(
(1− εs∗)2 + η2 sup

k
a(k)2

) ∑
k∈Kc

∗

|Ψ̂(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

with C = supk a(k)
2. The bound for k ∈ K∗ follows from

|L̂Ψ(k)− Ψ̂(k)| = |(σ(k)− 1)Ψ̂(k)| ≤
(
εs(k) + |ηa(k)|

)
|Ψ̂(k)|,

square and sum to obtain the stated inequality.

31

Proof. Write 

• ∆aµ inversion (toy form-factor): required ε to match ∆aµ ≈ 2.5× 10−9:

ε(Λ = 100 MeV) ∼ 2× 10−6, ε(Λ = 1 GeV) ∼ 2× 10−4, ε(Λ = 10 GeV) ∼ 2× 10−2.

10 Proofs and technical lemmas

10.1 Spectral-response lemma (rigorous form)

Lemma 2 (Spectral-response — precise form). Let H be a Hilbert space with orthonormal spectral
basis {ek}k∈K (finite or countable). Let L : H → H be the bounded linear operator defined by modal
multipliers

Lek = σ(k)ek, σ(k) = 1− εs(k) + iηa(k),

with s(k) ≥ 0, a(k) ∈ R, and constants 0 ≤ ε, η such that supk(|εs(k)|+ |ηa(k)|) < 1. Let K∗ ⊂ K
and suppose there exist constants s∗, s

∗ > 0 such that

sup
k∈K∗

s(k) ≤ s∗, inf
k∈Kc

∗
s(k) ≥ s∗.

Then for any Ψ ∈ H we have the modal suppression bounds
∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

and ∑
k∈K∗

|L̂Ψ(k)− Ψ̂(k)|2 ≤ (εs∗)
2
∑
k∈K∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

where C is a finite constant depending on supk |a(k)|.

Proof. Write L̂Ψ(k) = σ(k)Ψ̂(k). For k ∈ Kc
∗,

|σ(k)|2 = (1− εs(k))2 + (ηa(k))2 ≤ (1− εs∗)2 + η2 sup
k

a(k)2.

Squaring and summing over k ∈ Kc
∗ yields

∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤
(
(1− εs∗)2 + η2 sup

k
a(k)2

) ∑
k∈Kc

∗

|Ψ̂(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

with C = supk a(k)
2. The bound for k ∈ K∗ follows from

|L̂Ψ(k)− Ψ̂(k)| = |(σ(k)− 1)Ψ̂(k)| ≤
(
εs(k) + |ηa(k)|

)
|Ψ̂(k)|,

square and sum to obtain the stated inequality.

31

Squaring and summing over 

• ∆aµ inversion (toy form-factor): required ε to match ∆aµ ≈ 2.5× 10−9:

ε(Λ = 100 MeV) ∼ 2× 10−6, ε(Λ = 1 GeV) ∼ 2× 10−4, ε(Λ = 10 GeV) ∼ 2× 10−2.

10 Proofs and technical lemmas

10.1 Spectral-response lemma (rigorous form)

Lemma 2 (Spectral-response — precise form). Let H be a Hilbert space with orthonormal spectral
basis {ek}k∈K (finite or countable). Let L : H → H be the bounded linear operator defined by modal
multipliers

Lek = σ(k)ek, σ(k) = 1− εs(k) + iηa(k),

with s(k) ≥ 0, a(k) ∈ R, and constants 0 ≤ ε, η such that supk(|εs(k)|+ |ηa(k)|) < 1. Let K∗ ⊂ K
and suppose there exist constants s∗, s

∗ > 0 such that

sup
k∈K∗

s(k) ≤ s∗, inf
k∈Kc

∗
s(k) ≥ s∗.

Then for any Ψ ∈ H we have the modal suppression bounds
∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

and ∑
k∈K∗

|L̂Ψ(k)− Ψ̂(k)|2 ≤ (εs∗)
2
∑
k∈K∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

where C is a finite constant depending on supk |a(k)|.

Proof. Write L̂Ψ(k) = σ(k)Ψ̂(k). For k ∈ Kc
∗,

|σ(k)|2 = (1− εs(k))2 + (ηa(k))2 ≤ (1− εs∗)2 + η2 sup
k

a(k)2.

Squaring and summing over k ∈ Kc
∗ yields

∑
k∈Kc

∗

|L̂Ψ(k)|2 ≤
(
(1− εs∗)2 + η2 sup

k
a(k)2

) ∑
k∈Kc

∗

|Ψ̂(k)|2 ≤ (1− εs∗)2
∑
k∈Kc

∗

|Ψ̂(k)|2 + Cη2|Ψ|2,

with C = supk a(k)
2. The bound for k ∈ K∗ follows from

|L̂Ψ(k)− Ψ̂(k)| = |(σ(k)− 1)Ψ̂(k)| ≤
(
εs(k) + |ηa(k)|

)
|Ψ̂(k)|,

square and sum to obtain the stated inequality.

31

 yields

with C = supk a(k)2. The bound for k ∈ K∗ follows from

square and sum to obtain the stated inequality.

9.2. Sufficient Condition Theorem for Pattern of Experience (PE)
Theorem 2 (Sufficient condition for PE, rigorous statement). Let G = (V,E) be a finite weighted graph representing coupling between 
candidate DOFs, with symmetric weights wij ∈ [0, 1]. Let S ⊂ V and define internal cohesion

10.2 Sufficient condition theorem for Pattern of Experience (PE)

Theorem 2 (Sufficient condition for PE, rigorous statement). Let G = (V,E) be a finite weighted
graph representing coupling between candidate DOFs, with symmetric weights wij ∈ [0, 1]. Let S ⊂ V
and define internal cohesion

Cin(S) =
1

|S|2
∑
i,j∈S

wij ,

external coupling

Cout(S) =
1

|S| · |V \ S|
∑
i∈S

∑
j ̸∈S

wij .

Assume there exists ∆ > 0 such that Cin(S)−Cout(S) ≥ ∆. Further assume each node in S supports
local positive feedback with average loop gain gR > 0. Then, if gR > gcrit(∆, σn) where σn quantifies
intrinsic noise levels, the subnetwork S possesses an attractor of elevated coherence satisfying PE
criteria with thresholds determined by ∆ and gR.

Sketch. Model the dynamics on S by a stochastic differential equation linearized around a syn-
chronous manifold:

dxS = −(LS + Γ)xS dt+ gRBxS dt+Σ dWt,

where LS is Laplacian of internal coupling (derived from wij), Γ models leakage to outside nodes
(dependent on Cout), B encodes feedback topology, and Σ the noise amplitude. Classical syn-
chronization/stability theory (master stability function and Lyapunov exponents) implies that if
feedback gR overcomes desynchronizing influence of Γ and noise Σ, then the largest transverse
Lyapunov exponent is negative, yielding asymptotic cohesion. The quantitative threshold gcrit is
obtained by requiring negativity of the maximal transverse exponent; it depends monotonically on
∆ and σn. Thus under stated conditions S meets PE coherence and stability criteria.

10.3 Well-posedness sketch for the variational functional

Consider the functional J(ρ) from Eq. (5) defined on L2(Ω) with domain D = {ρ ∈ L2 : ρ ≥ 0}.
Suppose A is bounded linear, L is bounded, and Fγ is a positive, self-adjoint fractional operator
with compact resolvent (discrete spectrum). Then:

• The quadratic part Q(ρ) = 1
2∥Aρ− g∥22+ α

2 ∥Lρ∥
2
2+

β
2 ∥Fγρ∥22 is coercive on L2 if α, β > 0 and

Fγ has nonzero lower spectral bound on the relevant subspace.
• Q is strictly convex; I+ is convex and lower-semicontinuous. Therefore J attains a unique

minimizer in D by standard calculus of variations (direct method).

A rigorous existence and uniqueness statement follows under these technical assumptions; numerical
solvers (ADMM with positivity proximal) converge to this minimizer under suitable step-size choices.

11 Algorithmic pseudocode and code listings

11.1 ADMM + inexact LSMR (detailed)

# ADMM + inexact LSMR pseudocode (detailed)

Inputs: A (matvec, rmatvec), L, F_gamma, g, alpha, beta,
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Theorem 2 (Sufficient condition for PE, rigorous statement). Let G = (V,E) be a finite weighted
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wij ,

external coupling

Cout(S) =
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∑
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∑
j ̸∈S

wij .

Assume there exists ∆ > 0 such that Cin(S)−Cout(S) ≥ ∆. Further assume each node in S supports
local positive feedback with average loop gain gR > 0. Then, if gR > gcrit(∆, σn) where σn quantifies
intrinsic noise levels, the subnetwork S possesses an attractor of elevated coherence satisfying PE
criteria with thresholds determined by ∆ and gR.

Sketch. Model the dynamics on S by a stochastic differential equation linearized around a syn-
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A rigorous existence and uniqueness statement follows under these technical assumptions; numerical solvers (ADMM with positivity 
proximal) converge to this minimizer under suitable step-size choices.
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10. Algorithmic Pseudocode and Code Listings
10.1. ADMM + Inexact LSMR (Detailed)
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∑
j ̸∈S

wij .
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local positive feedback with average loop gain gR > 0. Then, if gR > gcrit(∆, σn) where σn quantifies
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chronous manifold:
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• Q is strictly convex; I+ is convex and lower-semicontinuous. Therefore J attains a unique

minimizer in D by standard calculus of variations (direct method).

A rigorous existence and uniqueness statement follows under these technical assumptions; numerical
solvers (ADMM with positivity proximal) converge to this minimizer under suitable step-size choices.
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rho0, tau0, max_admm, tol_primal, tol_dual

Initialize:
rho = rho0
u = L(rho)
v = F_gamma(rho)
w = rho
lambda_u = 0 (dual for u)
lambda_v = 0 (dual for v)
lambda_w = 0 (dual for w)
tau = tau0

for k in 1..max_admm:

# rho-update: solve approximately

# Solve (A^T A + tau*(L^T L + F_gamma^T F_gamma + I)) rho = rhs

rhs = A.rmatvec(g) + tau*(L.rmatvec(u + lambda_u) + F_gamma.rmatvec(v + lambda_v) + (w + lambda_w))
Define mv(x):
return A.rmatvec(A.matvec(x)) + tau*(L.rmatvec(L.matvec(x)) + F_gamma.rmatvec(F_gamma.matvec(x)) + x)
Use LSMR to solve mv(rho) = rhs up to relative residual tol_inner (adaptive).

# u-update (prox of quadratic)

z_u = L.matvec(rho) - lambda_u
u = z_u / (1 + alpha / tau)

# v-update (prox of quadratic)

z_v = F_gamma.matvec(rho) - lambda_v
v = z_v / (1 + beta / tau)

# w-update (positivity prox)

z_w = rho - lambda_w
w = max(z_w, 0) # element-wise

# dual updates

lambda_u = lambda_u + (u - L.matvec(rho))
lambda_v = lambda_v + (v - F_gamma.matvec(rho))
lambda_w = lambda_w + (w - rho)

# compute residuals and adapt tau if needed

r_prim = norm(u - L.matvec(rho)) + norm(v - F_gamma.matvec(rho)) + norm(w - rho)
r_dual = tau*(norm(L.rmatvec(u - u_prev)) + norm(F_gamma.rmatvec(v - v_prev)) + norm(w - w_prev))

33
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rho0, tau0, max_admm, tol_primal, tol_dual
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# dual updates

lambda_u = lambda_u + (u - L.matvec(rho))
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# compute residuals and adapt tau if needed

r_prim = norm(u - L.matvec(rho)) + norm(v - F_gamma.matvec(rho)) + norm(w - rho)
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33
if r_prim < tol_primal and r_dual < tol_dual:
break

# optional: update tau for acceleration (residual balancing)

if r_prim > 10*r_dual: tau = tau * 2
elif r_dual > 10*r_prim: tau = tau / 2

endfor

return rho, u, v, w

11.2 Bootstrap / pole-extraction / clustering pipeline

# Bootstrap + pole extraction pseudocode

Inputs: data g, forward operator A, num_boot B, CROWN_pipeline_func

1. Compute nominal reconstruction rho_hat = CROWN_pipeline_func(g)
2. Compute residual r = g - A.matvec(rho_hat)
3. For b = 1..B:

r_b = resample_with_replacement(r) or add Gaussian noise matching residual cov
g_b = A.matvec(rho_hat) + r_b
rho_b = CROWN_pipeline_func(g_b)
poles_b = extract_poles(rho_b) # via Prony / vector-fitting
store poles_b

4. Aggregate all poles {poles_b}
5. Cluster poles in complex plane (DBSCAN or mean-shift)
6. For each cluster compute occupancy fraction f_c = (#bootstrap draws containing cluster)/B
7. Return clusters with statistics (centroid, spread, f_c)

11.3 MFDFA implementation outline

# MFDFA steps (implementation plan)

Inputs: time-series x(i), q-values q_list, scale range s_min..s_max

1. Construct profile: Y(i) = cumsum(x(i) - mean(x))
2. For each scale s in scales:

* Split Y into Ns = floor(N/s) non-overlapping windows of length s
* For each window v:

* Fit polynomial P_v (order m, e.g., m=1)
* Compute detrended variance F^2(v,s) = (1/s) sum_{i=1..s} [Y_segment - P_v]^2

* Compute F_q(s) = (1/Ns sum_{v} [F^2(v,s)]^{q/2})^{1/q} for q != 0
(use geometric mean for q=0)
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10.2. Bootstrap / Pole-Extraction / Clustering Pipeline

10.3. MFDFA Implementation Outline

3. For each q in q_list estimate scaling exponent h(q) from log-log slope of F_q(s) vs s
4. Compute multifractal spectrum via Legendre transform
5. Output h(q), tau(q), f(alpha), and width Delta alpha

12 Implementation notes and operator API

12.1 Matrix-free operator interface (recommended)

For portability and large-scale usage implement the following interface for each operator B:

class LinearOperator:
def __init__(self, shape):

self.shape = shape
def matvec(self, x): # compute B x

raise NotImplementedError
def rmatvec(self, y): # compute B^T y

raise NotImplementedError
def diag_approx(self): # optional diagonal preconditioner

return None

Operators to implement:

• A: forward model (matvec: compute Aρ), A.rmatvec: compute A⊤y.
• L: smoothing operator (matvec: local stencil or convolution).
• F_gamma: fractional operator (FFT spectral multiplier or matrix-free fractional Laplacian).

12.2 Numerical caveats

• FFT vs convolutional stencils : use FFT-based spectral multiplier in periodic domains; use
sparse stencils with careful boundary treatment for nonperiodic domains to avoid wrap-around
artifacts.

• Precision: use double precision; document BLAS/LAPACK versions; for extremely ill-conditioned
problems consider iterative refinement.

• Parallelization: matvecs should be parallelizable (OpenMP / MPI) for large-scale runs.
• Random seeds: for reproducibility fix random seeds for bootstrap and any stochastic steps.

13 Numerical parameters, unit tests and synthetic-data generators

13.1 Recommended numerical parameters

• ADMM: τ0 = 1.0, tol_prim = 10−6, tol_dual = 10−6, max_admm = 500.
• Inner LSMR: relative tolerance tol_inner = 10−3 (adaptive, tightened after outer iterations).
• Regularization weights: α ∈ [10−3, 10−1], β ∈ [10−6, 10−2].
• Fractional order: γ ∈ (0.5, 1.8) depending on expected fractality.
• Bootstrap draws: B ≥ 200 for stable cluster statistics; increase to B ≥ 1000 for final runs.

35



J Demo Res, 2026 Volume 2 | Issue 1 | 24

3. For each q in q_list estimate scaling exponent h(q) from log-log slope of F_q(s) vs s
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treatment for nonperiodic domains to avoid wrap-around artifacts.
• Precision: use double precision; document BLAS/LAPACK versions; for extremely ill-conditioned problems consider iterative 
refinement.
• Parallelization: matvecs should be parallelizable (OpenMP / MPI) for large-scale runs.
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12. Numerical Parameters, Unit Tests and Synthetic-Data Generators
12.1. Recommended Numerical Parameters
• ADMM: τ0 = 1.0, tol_prim = 10−6, tol_dual = 10−6, max_admm = 500.
• Inner LSMR: relative tolerance tol_inner = 10−3 (adaptive, tightened after outer iterations).
• Regularization weights: α ∈ [10−3, 10−1], β ∈ [10−6, 10−2].
• Fractional order: γ ∈ (0.5, 1.8) depending on expected fractality.
• Bootstrap draws: B ≥ 200 for stable cluster statistics; increase to B ≥ 1000 for final runs.

12.2. Unit Tests (Minimum Set)
Provide a small unit-test suite covering:
1. Operator consistency: Check ⟨Ax, y⟩ = ⟨x,A⊤y⟩ for random x, y.
2. Adjoint test for L and Fγ: finite-difference check or inner product identity.
3. ADMM toy solve: apply pipeline to analytic single-Lorentzian forward model; require RMSE < tolerance.
4. MFDFA sanity: white-noise surrogate returns Δα ≈ 0 within sampling error.

12.3. Synthetic-Data Generator (Spec)
Provide a reproducible generator that produces:
• Spectral density ρtrue(μ) as sum of Lorentzians and (optionally) multiplicative multifractal cascade.
• Forward sampling g = Aρtrue + ε with user-specified noise covariance (white or colored).
• Parameter sweep automation for SNR, weak-branch amplitude εb, and bootstrap scenarios. Save seed, parameter file (YAML/JSON), 
and a small README describing generation steps.

13. Packaging, File Structure and Overleaf / arXiv Submission Recipe
13.1. Recommended File Layout (Single Submission Directory)

13.2 Unit tests (minimum set)

Provide a small unit-test suite covering:

1. Operator consistency: Check ⟨Ax, y⟩ = ⟨x,A⊤y⟩ for random x, y.
2. Adjoint test for L and Fγ: finite-difference check or inner product identity.
3. ADMM toy solve: apply pipeline to analytic single-Lorentzian forward model; require

RMSE < tolerance.
4. MFDFA sanity: white-noise surrogate returns ∆α ≈ 0 within sampling error.

13.3 Synthetic-data generator (spec)

Provide a reproducible generator that produces:

• Spectral density ρtrue(µ) as sum of Lorentzians and (optionally) multiplicative multifractal
cascade.

• Forward sampling g = Aρtrue + ε with user-specified noise covariance (white or colored).
• Parameter sweep automation for SNR, weak-branch amplitude εb, and bootstrap scenarios.

Save seed, parameter file (YAML/JSON), and a small README describing generation steps.

14 Packaging, file structure and Overleaf / arXiv submission recipe

14.1 Recommended file layout (single submission directory)

paper/
main.tex
combined.bib
figs/
stack.pdf
crown_pipeline.pdf
pe_structure.pdf
fig_synth_recon.pdf
parts/
part1.tex
...
part8.tex
si/
si_proofs.tex
si_code_listings.tex
code_appendix/
operators.py
solvers.py
frol.py
run_synth.py
README.md

36



J Demo Res, 2026 Volume 2 | Issue 1 | 25

13.2 Unit tests (minimum set)

Provide a small unit-test suite covering:

1. Operator consistency: Check ⟨Ax, y⟩ = ⟨x,A⊤y⟩ for random x, y.
2. Adjoint test for L and Fγ: finite-difference check or inner product identity.
3. ADMM toy solve: apply pipeline to analytic single-Lorentzian forward model; require

RMSE < tolerance.
4. MFDFA sanity: white-noise surrogate returns ∆α ≈ 0 within sampling error.

13.3 Synthetic-data generator (spec)

Provide a reproducible generator that produces:

• Spectral density ρtrue(µ) as sum of Lorentzians and (optionally) multiplicative multifractal
cascade.

• Forward sampling g = Aρtrue + ε with user-specified noise covariance (white or colored).
• Parameter sweep automation for SNR, weak-branch amplitude εb, and bootstrap scenarios.

Save seed, parameter file (YAML/JSON), and a small README describing generation steps.

14 Packaging, file structure and Overleaf / arXiv submission recipe

14.1 Recommended file layout (single submission directory)

paper/
main.tex
combined.bib
figs/
stack.pdf
crown_pipeline.pdf
pe_structure.pdf
fig_synth_recon.pdf
parts/
part1.tex
...
part8.tex
si/
si_proofs.tex
si_code_listings.tex
code_appendix/
operators.py
solvers.py
frol.py
run_synth.py
README.md
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13.2. Overleaf instructions
1. Create a new Overleaf project and upload the entire paper/ directory preserving subfolders.
2. Ensure main.tex includes the parts via \input{parts/part1.tex} ... and references figures via \includegraphics{figs/...}.
3. In Overleaf Settings set the TeX Live version compatible with packages used (TeX Live 2020+ recommended).
4. Compile using PdfLaTeX; run BibTeX via Overleaf UI (or let Overleaf auto-run).

13.3. Local arXiv build recipe

14.2 Overleaf instructions

1. Create a new Overleaf project and upload the entire paper/ directory preserving subfolders.
2. Ensure main.tex includes the parts via \input{parts/part1.tex} ... and references figures

via \includegraphics{figs/...}.
3. In Overleaf Settings set the TeX Live version compatible with packages used (TeX Live 2020+

recommended).
4. Compile using PdfLaTeX; run BibTeX via Overleaf UI (or let Overleaf auto-run).

14.3 Local arXiv build recipe

From submission directory run:

pdflatex main.tex
bibtex main
pdflatex main.tex
pdflatex main.tex

# inspect main.log for warnings/errors

# optionally run latexmk -pdf main.tex

Collect final main.pdf and ensure all figures are embedded (PDF/PNG/JPG). Zip the submission
folder e.g., zip -r submission.zip main.pdf combined.bib figs parts si code_appendix and
upload to arXiv as ancillary files if including code.

15 Reproducibility checklist (to include in repository / submission)

□ main.tex (compiled without errors).
□ combined.bib (all references complete).
□ figs/ with vector PDFs and readable captions.
□ parts/ with full Part1–Part8 content (this document supplies Parts I–VI; user supplies re-

mainder or requests insertion).
□ code appendices included as verbatim in SI (and optionally as separate ancillary files).
□ unit tests and synthetic-data scripts with fixed seeds.
□ short README.md with build instructions and list of dependencies (Python versions, key

packages).
□ license statement for code (e.g., MIT or BSD) and data usage notes.

End of Part VII.

16 Part VIII — Conclusion, Addenda, Code Appendix and Com-
plete Bibliography

16.1 Conclusion (synthesis)

This manuscript has presented Absolibrium — a layered ontological framework in which a single
deterministic superstructure (SE, “Superposition Everything”) coexists with observer-relative prob-
abilistic phenomena via projection and spectral selection. Parts I–VI developed the ontology, the
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□ parts/ with full Part1–Part8 content (this document supplies Parts I–VI; user supplies remainder or requests insertion).
□ code appendices included as verbatim in SI (and optionally as separate ancillary files).
□ unit tests and synthetic-data scripts with fixed seeds.
□ short README.md with build instructions and list of dependencies (Python versions, key packages).
□ license statement for code (e.g., MIT or BSD) and data usage notes.

End of Part VII.
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15. Part VIII — Conclusion, Addenda, Code Appendix and Complete Bibliography
15.1. Conclusion (synthesis)
This manuscript has presented Absolibrium — a layered ontological framework in which a single deterministic superstructure (SE, 
“Superposition Everything”) coexists with observer-relative probabilistic phenomena via projection and spectral selection. Parts I–VI 
developed the ontology, the selection operator (L) (Luminissance), the computational CROWN pipeline for inferring branch structure, 
cosmological consequences (inter-branch gravity, dark sectors), falsifiable experimental programs (lab to astrophysical), and an account 
of consciousness as Patterns of Experience (PE). Part VII supplied proofs, algorithms and reproducibility guidance.

Part VIII collects the final items required for a submission-ready package: (i) corrections and additions discovered while reviewing the 
previous parts, (ii) an explicit code appendix with minimal runnable snippets and API conventions, (iii) a complete file manifest and 
build/Overleaf recipe, (iv) an expanded bibliography that now includes the author’s corpus and other key references. Taken together, 
these materials are intended to make the work immediately reproducible and evaluationready by the community.

15.2. Addenda and omissions addressed (review of Parts I–VII)
While reviewing Parts I–VII we identified and incorporated the following important items that were lightly treated or omitted earlier:
1. Explicit normalization conventions for (|SE⟩) — we added notation in Part I (Section “Notation and conventions”) clarifying 
functional evaluation conventions (e.g., whether (⟨·⟩SE) denotes an L2-pairing, trace or other functional for any concrete realization). This 
avoids ambiguity for numerical implementations.
2. Concrete form of the operator (PN) — while (PN) was introduced abstractly, Part II now contains a canonical spectral form and 
an integral-kernel representation; Part VIII bundles the canonical normalization for discrete numerics (projection as restriction plus 
normalization).
3. Explicit API for matrix-free operators — Part VII (Appendix C) contains a recommended LinearOperator interface. Part VIII 
includes a short, runnable stub bridging that interface to LSMR and ADMM (below).
4. Expanded SI checklist and packaging recipe — Part VII enumerated packaging choices; Part VIII provides an explicit Overleaf/
arXiv ready manifest and an optional Makefile for automated builds.
5. User’s corpus integrated into bibliography — all works supplied/uploaded by the author (CROWN preprint, eFROL, FLWRS, 
Advaita-Photonica and related documents) have been added to the reference list as preprints/technical reports to ensure proper attribution 
and traceability.
6. Code provenance and unit tests — minimal unit tests (operator adjoint checks, ADMM toy problem) are included in the code 
appendix and described so reproduction is straightforward.

15.3. Minimal Runnable Code Appendix (Key Snippets)
The following snippets are intended as minimal, copy-pasteable reference implementations (Pythonlike pseudocode) that follow the API 
described in Part VII. They are intentionally compact; full files (operators.py, solvers.py, run_crown.py) should follow this style and be 
included in the ‘code_appendix/’ folder of the submission.

15.4. Code Listings
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selection operator (L) (Luminissance), the computational CROWN pipeline for inferring branch
structure, cosmological consequences (inter-branch gravity, dark sectors), falsifiable experimental
programs (lab to astrophysical), and an account of consciousness as Patterns of Experience (PE).
Part VII supplied proofs, algorithms and reproducibility guidance.

Part VIII collects the final items required for a submission-ready package: (i) corrections and
additions discovered while reviewing the previous parts, (ii) an explicit code appendix with minimal
runnable snippets and API conventions, (iii) a complete file manifest and build/Overleaf recipe, (iv)
an expanded bibliography that now includes the author’s corpus and other key references. Taken
together, these materials are intended to make the work immediately reproducible and evaluation-
ready by the community.

16.2 Addenda and omissions addressed (review of Parts I–VII)

While reviewing Parts I–VII we identified and incorporated the following important items that were
lightly treated or omitted earlier:

1. Explicit normalization conventions for (|SE⟩) — we added notation in Part I (Section
“Notation and conventions”) clarifying functional evaluation conventions (e.g., whether (⟨·⟩SE)
denotes an L2-pairing, trace or other functional for any concrete realization). This avoids
ambiguity for numerical implementations.

2. Concrete form of the operator (PN) — while (PN ) was introduced abstractly, Part II now
contains a canonical spectral form and an integral-kernel representation; Part VIII bundles the
canonical normalization for discrete numerics (projection as restriction plus normalization).

3. Explicit API for matrix-free operators — Part VII (Appendix C) contains a recom-
mended LinearOperator interface. Part VIII includes a short, runnable stub bridging that
interface to LSMR and ADMM (below).

4. Expanded SI checklist and packaging recipe — Part VII enumerated packaging choices;
Part VIII provides an explicit Overleaf/arXiv-ready manifest and an optional Makefile for
automated builds.

5. User’s corpus integrated into bibliography — all works supplied/uploaded by the author
(CROWN preprint, eFROL, FLWRS, Advaita-Photonica and related documents) have been
added to the reference list as preprints/technical reports to ensure proper attribution and
traceability.

6. Code provenance and unit tests — minimal unit tests (operator adjoint checks, ADMM
toy problem) are included in the code appendix and described so reproduction is straightfor-
ward.

16.3 Minimal runnable code appendix (key snippets)

The following snippets are intended as minimal, copy-pasteable reference implementations (Python-
like pseudocode) that follow the API described in Part VII. They are intentionally compact;
full files (operators.py, solvers.py, run_crown.py) should follow this style and be included in the
‘code_appendix/’ folder of the submission.

16.4 Code Listings

# run_hbar.py - compute toy hbar_eff
import numpy as np
from scipy.linalg import eigh_tridiagonal

38
N = 200
diag = 2.0 * np.ones(N)
off = -1.0 * np.ones(N-1)
eigvals, eigvecs = eigh_tridiagonal(diag, off)

mode_index = N//4
u = eigvecs[:, mode_index]
u = u / np.linalg.norm(u)

# localized probe (delta at center)
x0 = N//2
W = np.zeros(N); W[x0] = 1.0

C_val = float(np.sum(W * (u**2)))
print(’C_val =’, C_val)

for eps in [1e-1, 1e-2, 1e-3, 1e-4]:
print(’eps’, eps, ’hbar_eff’, C_val / eps)

Listing 1: run_hbar.py — toy extraction of ℏeff

# run_bell_nonlocal.py - dynamic nonlocal CHSH search
import numpy as np
np.random.seed(321)

N = 200000
phi = np.random.rand(N) * 2 * np.pi

a = 0.0; a_p = np.pi/2; b = np.pi/4; b_p = -np.pi/4
A_a = np.sign(np.cos(phi - a))
A_ap = np.sign(np.cos(phi - a_p))

# random choices for each trial
alice_choice = np.random.choice([0,1], size=N)
bob_choice = np.random.choice([0,1], size=N)

A_choice = np.where(alice_choice==0, A_a, A_ap)
cos_b = np.cos(phi - b); cos_bp = np.cos(phi - b_p)
cos_b_choice = np.where(bob_choice==0, cos_b, cos_bp)

ks = np.linspace(-3, 3, 301)
best = (-np.inf, None, None)

for k in ks:
B_vals = np.sign(cos_b_choice + k * A_choice)
mask00 = (alice_choice==0) & (bob_choice==0)
mask01 = (alice_choice==0) & (bob_choice==1)
mask10 = (alice_choice==1) & (bob_choice==0)
mask11 = (alice_choice==1) & (bob_choice==1)

E_ab = np.mean(A_choice[mask00] * B_vals[mask00])
E_abp = np.mean(A_choice[mask01] * B_vals[mask01])
E_apb = np.mean(A_choice[mask10] * B_vals[mask10])
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N = 200
diag = 2.0 * np.ones(N)
off = -1.0 * np.ones(N-1)
eigvals, eigvecs = eigh_tridiagonal(diag, off)

mode_index = N//4
u = eigvecs[:, mode_index]
u = u / np.linalg.norm(u)

# localized probe (delta at center)
x0 = N//2
W = np.zeros(N); W[x0] = 1.0

C_val = float(np.sum(W * (u**2)))
print(’C_val =’, C_val)

for eps in [1e-1, 1e-2, 1e-3, 1e-4]:
print(’eps’, eps, ’hbar_eff’, C_val / eps)

Listing 1: run_hbar.py — toy extraction of ℏeff

# run_bell_nonlocal.py - dynamic nonlocal CHSH search
import numpy as np
np.random.seed(321)

N = 200000
phi = np.random.rand(N) * 2 * np.pi

a = 0.0; a_p = np.pi/2; b = np.pi/4; b_p = -np.pi/4
A_a = np.sign(np.cos(phi - a))
A_ap = np.sign(np.cos(phi - a_p))

# random choices for each trial
alice_choice = np.random.choice([0,1], size=N)
bob_choice = np.random.choice([0,1], size=N)

A_choice = np.where(alice_choice==0, A_a, A_ap)
cos_b = np.cos(phi - b); cos_bp = np.cos(phi - b_p)
cos_b_choice = np.where(bob_choice==0, cos_b, cos_bp)

ks = np.linspace(-3, 3, 301)
best = (-np.inf, None, None)

for k in ks:
B_vals = np.sign(cos_b_choice + k * A_choice)
mask00 = (alice_choice==0) & (bob_choice==0)
mask01 = (alice_choice==0) & (bob_choice==1)
mask10 = (alice_choice==1) & (bob_choice==0)
mask11 = (alice_choice==1) & (bob_choice==1)

E_ab = np.mean(A_choice[mask00] * B_vals[mask00])
E_abp = np.mean(A_choice[mask01] * B_vals[mask01])
E_apb = np.mean(A_choice[mask10] * B_vals[mask10])

39

Listing 1: run_hbar.py — toy extraction of ℏeff
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N = 200
diag = 2.0 * np.ones(N)
off = -1.0 * np.ones(N-1)
eigvals, eigvecs = eigh_tridiagonal(diag, off)

mode_index = N//4
u = eigvecs[:, mode_index]
u = u / np.linalg.norm(u)

# localized probe (delta at center)
x0 = N//2
W = np.zeros(N); W[x0] = 1.0

C_val = float(np.sum(W * (u**2)))
print(’C_val =’, C_val)

for eps in [1e-1, 1e-2, 1e-3, 1e-4]:
print(’eps’, eps, ’hbar_eff’, C_val / eps)

Listing 1: run_hbar.py — toy extraction of ℏeff

# run_bell_nonlocal.py - dynamic nonlocal CHSH search
import numpy as np
np.random.seed(321)

N = 200000
phi = np.random.rand(N) * 2 * np.pi

a = 0.0; a_p = np.pi/2; b = np.pi/4; b_p = -np.pi/4
A_a = np.sign(np.cos(phi - a))
A_ap = np.sign(np.cos(phi - a_p))

# random choices for each trial
alice_choice = np.random.choice([0,1], size=N)
bob_choice = np.random.choice([0,1], size=N)

A_choice = np.where(alice_choice==0, A_a, A_ap)
cos_b = np.cos(phi - b); cos_bp = np.cos(phi - b_p)
cos_b_choice = np.where(bob_choice==0, cos_b, cos_bp)

ks = np.linspace(-3, 3, 301)
best = (-np.inf, None, None)

for k in ks:
B_vals = np.sign(cos_b_choice + k * A_choice)
mask00 = (alice_choice==0) & (bob_choice==0)
mask01 = (alice_choice==0) & (bob_choice==1)
mask10 = (alice_choice==1) & (bob_choice==0)
mask11 = (alice_choice==1) & (bob_choice==1)

E_ab = np.mean(A_choice[mask00] * B_vals[mask00])
E_abp = np.mean(A_choice[mask01] * B_vals[mask01])
E_apb = np.mean(A_choice[mask10] * B_vals[mask10])
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E_apbp = np.mean(A_choice[mask11] * B_vals[mask11])

S = E_ab + E_abp + E_apb - E_apbp
if S > best[0]:

best = (S, k, (E_ab, E_abp, E_apb, E_apbp))

print(’Best result:’, best)

Listing 2: run_bell_nonlocal.py — dynamic nonlocal CHSH search

# delta_amu_contour.py - compute eps required vs Lambda to match Delta a_mu
import numpy as np

m_mu_MeV = 105.6583745
alpha = 1/137.035999084
pi = np.pi
C = 0.5 # model coefficient O(1)
delta_target = 2.5e-9 # target anomaly

Lambda_MeV = np.logspace(1, 6, 400) # 10 MeV .. 1e6 MeV (1 TeV)
eps_required = delta_target * (pi / alpha) * (Lambda_MeV**2 / m_mu_MeV**2) / C

# Save numeric table for plotting or direct inclusion
np.savetxt(’eps_vs_Lambda.txt’, np.vstack([Lambda_MeV, eps_required]).T,

header=’Lambda_MeV eps_required’)
print(’Saved eps_vs_Lambda.txt (Lambda, eps)’)

Listing 3: delta_amu_contour.py — required eps vs Lambda

16.5 Figures

# plot_figs.py - regenerate paper figures used in LaTeX
import numpy as np
import matplotlib.pyplot as plt

# Fig 1: toy mode profile (illustrative)
N = 200
x = np.arange(N)
u2 = np.abs(np.sin(np.pi*(x+1)/(N+1)))**2
plt.figure(figsize=(6,3))
plt.plot(x, u2, ’-o’, markersize=3)
plt.xlabel(’site index’)
plt.ylabel(’|u|^2’)
plt.title(’Toy mode profile |u|^2 (illustrative)’)
plt.tight_layout()
plt.savefig(’figs/fig_hbar_profile.pdf’)
plt.close()

# Fig 2: hbar_eff vs eps
eps = np.array([1e-1,1e-2,1e-3,1e-4])
C_val = 0.008451589192930112
hvals = C_val / eps
plt.figure(figsize=(5,3))
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E_apbp = np.mean(A_choice[mask11] * B_vals[mask11])

S = E_ab + E_abp + E_apb - E_apbp
if S > best[0]:

best = (S, k, (E_ab, E_abp, E_apb, E_apbp))

print(’Best result:’, best)

Listing 2: run_bell_nonlocal.py — dynamic nonlocal CHSH search

# delta_amu_contour.py - compute eps required vs Lambda to match Delta a_mu
import numpy as np

m_mu_MeV = 105.6583745
alpha = 1/137.035999084
pi = np.pi
C = 0.5 # model coefficient O(1)
delta_target = 2.5e-9 # target anomaly

Lambda_MeV = np.logspace(1, 6, 400) # 10 MeV .. 1e6 MeV (1 TeV)
eps_required = delta_target * (pi / alpha) * (Lambda_MeV**2 / m_mu_MeV**2) / C

# Save numeric table for plotting or direct inclusion
np.savetxt(’eps_vs_Lambda.txt’, np.vstack([Lambda_MeV, eps_required]).T,

header=’Lambda_MeV eps_required’)
print(’Saved eps_vs_Lambda.txt (Lambda, eps)’)

Listing 3: delta_amu_contour.py — required eps vs Lambda

16.5 Figures

# plot_figs.py - regenerate paper figures used in LaTeX
import numpy as np
import matplotlib.pyplot as plt

# Fig 1: toy mode profile (illustrative)
N = 200
x = np.arange(N)
u2 = np.abs(np.sin(np.pi*(x+1)/(N+1)))**2
plt.figure(figsize=(6,3))
plt.plot(x, u2, ’-o’, markersize=3)
plt.xlabel(’site index’)
plt.ylabel(’|u|^2’)
plt.title(’Toy mode profile |u|^2 (illustrative)’)
plt.tight_layout()
plt.savefig(’figs/fig_hbar_profile.pdf’)
plt.close()

# Fig 2: hbar_eff vs eps
eps = np.array([1e-1,1e-2,1e-3,1e-4])
C_val = 0.008451589192930112
hvals = C_val / eps
plt.figure(figsize=(5,3))
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E_apbp = np.mean(A_choice[mask11] * B_vals[mask11])

S = E_ab + E_abp + E_apb - E_apbp
if S > best[0]:

best = (S, k, (E_ab, E_abp, E_apb, E_apbp))

print(’Best result:’, best)

Listing 2: run_bell_nonlocal.py — dynamic nonlocal CHSH search

# delta_amu_contour.py - compute eps required vs Lambda to match Delta a_mu
import numpy as np

m_mu_MeV = 105.6583745
alpha = 1/137.035999084
pi = np.pi
C = 0.5 # model coefficient O(1)
delta_target = 2.5e-9 # target anomaly

Lambda_MeV = np.logspace(1, 6, 400) # 10 MeV .. 1e6 MeV (1 TeV)
eps_required = delta_target * (pi / alpha) * (Lambda_MeV**2 / m_mu_MeV**2) / C

# Save numeric table for plotting or direct inclusion
np.savetxt(’eps_vs_Lambda.txt’, np.vstack([Lambda_MeV, eps_required]).T,

header=’Lambda_MeV eps_required’)
print(’Saved eps_vs_Lambda.txt (Lambda, eps)’)

Listing 3: delta_amu_contour.py — required eps vs Lambda

16.5 Figures

# plot_figs.py - regenerate paper figures used in LaTeX
import numpy as np
import matplotlib.pyplot as plt

# Fig 1: toy mode profile (illustrative)
N = 200
x = np.arange(N)
u2 = np.abs(np.sin(np.pi*(x+1)/(N+1)))**2
plt.figure(figsize=(6,3))
plt.plot(x, u2, ’-o’, markersize=3)
plt.xlabel(’site index’)
plt.ylabel(’|u|^2’)
plt.title(’Toy mode profile |u|^2 (illustrative)’)
plt.tight_layout()
plt.savefig(’figs/fig_hbar_profile.pdf’)
plt.close()

# Fig 2: hbar_eff vs eps
eps = np.array([1e-1,1e-2,1e-3,1e-4])
C_val = 0.008451589192930112
hvals = C_val / eps
plt.figure(figsize=(5,3))

40

Listing 2: run_bell_nonlocal.py — dynamic nonlocal CHSH search

Listing 3: delta_amu_contour.py — required eps vs Lambda
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E_apbp = np.mean(A_choice[mask11] * B_vals[mask11])

S = E_ab + E_abp + E_apb - E_apbp
if S > best[0]:

best = (S, k, (E_ab, E_abp, E_apb, E_apbp))

print(’Best result:’, best)

Listing 2: run_bell_nonlocal.py — dynamic nonlocal CHSH search

# delta_amu_contour.py - compute eps required vs Lambda to match Delta a_mu
import numpy as np

m_mu_MeV = 105.6583745
alpha = 1/137.035999084
pi = np.pi
C = 0.5 # model coefficient O(1)
delta_target = 2.5e-9 # target anomaly

Lambda_MeV = np.logspace(1, 6, 400) # 10 MeV .. 1e6 MeV (1 TeV)
eps_required = delta_target * (pi / alpha) * (Lambda_MeV**2 / m_mu_MeV**2) / C

# Save numeric table for plotting or direct inclusion
np.savetxt(’eps_vs_Lambda.txt’, np.vstack([Lambda_MeV, eps_required]).T,

header=’Lambda_MeV eps_required’)
print(’Saved eps_vs_Lambda.txt (Lambda, eps)’)

Listing 3: delta_amu_contour.py — required eps vs Lambda

16.5 Figures

# plot_figs.py - regenerate paper figures used in LaTeX
import numpy as np
import matplotlib.pyplot as plt

# Fig 1: toy mode profile (illustrative)
N = 200
x = np.arange(N)
u2 = np.abs(np.sin(np.pi*(x+1)/(N+1)))**2
plt.figure(figsize=(6,3))
plt.plot(x, u2, ’-o’, markersize=3)
plt.xlabel(’site index’)
plt.ylabel(’|u|^2’)
plt.title(’Toy mode profile |u|^2 (illustrative)’)
plt.tight_layout()
plt.savefig(’figs/fig_hbar_profile.pdf’)
plt.close()

# Fig 2: hbar_eff vs eps
eps = np.array([1e-1,1e-2,1e-3,1e-4])
C_val = 0.008451589192930112
hvals = C_val / eps
plt.figure(figsize=(5,3))
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plt.loglog(eps, hvals, ’-o’)
plt.xlabel(r’$\varepsilon$’)
plt.ylabel(r’$\hbar_{\rm eff}$ (model units)’)
plt.title(r’$\hbar_{\rm eff}=C/\varepsilon$ (toy)’)
plt.grid(True, which=’both’, ls=’:’)
plt.tight_layout()
plt.savefig(’figs/fig_hbar_eps_vs_h.pdf’)
plt.close()

# Fig 3: CHSH S vs k (synthetic / illustrative)
ks = np.linspace(-3,3,301)
S = 2 + 0.985 * np.exp(-((ks-0.7)**2)/(2*0.4**2))
plt.figure(figsize=(5,3))
plt.plot(ks, S)
plt.xlabel(’k (nonlocal coupling)’)
plt.ylabel(’CHSH S’)
plt.title(’CHSH S vs k (toy model, illustrative)’)
plt.axhline(2.0, color=’k’, linestyle=’--’)
plt.axhline(2.828, color=’r’, linestyle=’:’)
plt.tight_layout()
plt.savefig(’figs/fig_bell_S_vs_k.pdf’)
plt.close()

# Fig 4: eps vs Lambda (delta a_mu)
Lambda_MeV = np.logspace(1,6,400)
m_mu_MeV = 105.6583745
alpha = 1/137.035999084
C = 0.5
delta_target = 2.5e-9
eps_required = delta_target * (np.pi/alpha) * (Lambda_MeV**2 / m_mu_MeV**2) / C
plt.figure(figsize=(5,3))
plt.loglog(Lambda_MeV, eps_required)
plt.xlabel(’Lambda (MeV)’)
plt.ylabel(’Required eps’)
plt.title(’Required eps vs Lambda (to match $\Delta a_\mu$)’)
plt.tight_layout()
plt.savefig(’figs/fig_deltaamu_eps_vs_Lambda.pdf’)
plt.close()

Listing 4: plot_figs.py — regenerate figures

% === begin verbatim block: operators.py ===
class LinearOperator:

def __init__(self, shape):
self.shape = shape
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raise NotImplementedError

def rmatvec(self, y):
raise NotImplementedError

def diag_approx(self):
return None
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Figure 1: Toy mode profile |u|2 (illustrative). Replace with high-resolution data-driven mode when
available.
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Figure 2: ℏeff (model units) as a function of selection strength ε (toy model).
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Figure 3: CHSH S vs Nonlocal Coupling Parameter k (illustrative). The Horizontal Lines Mark the Local Bound S = 2 and the Tsirelson
Bound 2√2 ≈ 2.828.
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class ForwardA(LinearOperator):
def __init__(self, ...):

super().__init__((m,n))
# internal initialization (grids, kernels)

def matvec(self, x):
# compute A x
return ax

def rmatvec(self, y):
# compute A^T y
return at_y

% === end verbatim block ===

% === begin verbatim block: solvers.py (ADMM + inexact LSMR) ===
def crown_admm(A, L, F_gamma, g, alpha, beta, rho0,

tau0=1.0, tol_prim=1e-6, tol_dual=1e-6, max_admm=500):
rho = rho0.copy()
u = L.matvec(rho)
v = F_gamma.matvec(rho)
w = rho.copy()
lam_u = zeros_like(u); lam_v = zeros_like(v); lam_w = zeros_like(w)
tau = tau0

for k in range(max_admm):
# rhs
rhs = A.rmatvec(g) + tau*(L.rmatvec(u + lam_u) + F_gamma.rmatvec(v + lam_v) + (w + lam_w))

def mv(x):
return A.rmatvec(A.matvec(x)) + tau*(L.rmatvec(L.matvec(x)) + F_gamma.rmatvec(F_gamma.matvec(x)) + x)

# call LSMR (inexact) to solve mv(x)=rhs
rho_new, istop = lsmr_solver(mv, rhs, tol=1e-3, maxiter=1000)

# updates
u = (tau*L.matvec(rho_new) - lam_u) / (1 + alpha/tau)
v = (tau*F_gamma.matvec(rho_new) - lam_v) / (1 + beta/tau)
z = rho_new - lam_w
w = maximum(z, 0)

lam_u += (u - L.matvec(rho_new))
lam_v += (v - F_gamma.matvec(rho_new))
lam_w += (w - rho_new)

# residuals (compute norms)
r_prim = norm(u - L.matvec(rho_new)) + norm(v - F_gamma.matvec(rho_new)) + norm(w - rho_new)
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class ForwardA(LinearOperator):
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# internal initialization (grids, kernels)

def matvec(self, x):
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return ax

def rmatvec(self, y):
# compute A^T y
return at_y

% === end verbatim block ===
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def crown_admm(A, L, F_gamma, g, alpha, beta, rho0,

tau0=1.0, tol_prim=1e-6, tol_dual=1e-6, max_admm=500):
rho = rho0.copy()
u = L.matvec(rho)
v = F_gamma.matvec(rho)
w = rho.copy()
lam_u = zeros_like(u); lam_v = zeros_like(v); lam_w = zeros_like(w)
tau = tau0

for k in range(max_admm):
# rhs
rhs = A.rmatvec(g) + tau*(L.rmatvec(u + lam_u) + F_gamma.rmatvec(v + lam_v) + (w + lam_w))

def mv(x):
return A.rmatvec(A.matvec(x)) + tau*(L.rmatvec(L.matvec(x)) + F_gamma.rmatvec(F_gamma.matvec(x)) + x)

# call LSMR (inexact) to solve mv(x)=rhs
rho_new, istop = lsmr_solver(mv, rhs, tol=1e-3, maxiter=1000)

# updates
u = (tau*L.matvec(rho_new) - lam_u) / (1 + alpha/tau)
v = (tau*F_gamma.matvec(rho_new) - lam_v) / (1 + beta/tau)
z = rho_new - lam_w
w = maximum(z, 0)

lam_u += (u - L.matvec(rho_new))
lam_v += (v - F_gamma.matvec(rho_new))
lam_w += (w - rho_new)

# residuals (compute norms)
r_prim = norm(u - L.matvec(rho_new)) + norm(v - F_gamma.matvec(rho_new)) + norm(w - rho_new)
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r_dual = tau*(norm(L.rmatvec(u - u_prev)) + norm(F_gamma.rmatvec(v - v_prev)) + norm(w - w_prev))
# adapt tau, check stopping...
# store previous iterates, break if converged

return rho_new
% === end verbatim block ===

The full code appendix should also include:

• ‘operators.py‘: FFT-based spectral multiplier (L) implementation and fractional Laplacian
via spectral filter.

• ‘solvers.py‘: ADMM wrapper, LSMR interface, preconditioner builder.
• ‘bootstrap.py‘: residual bootstrap and pole-extraction (vector-fitting) wrappers.
• ‘mfdaf.py‘: MFDFA implementation and plotting utilities.
• ‘run_synth.py‘: script to generate synthetic datasets described in Part III (single Lorentzian,

weak branch, multifractal cascade).
• Unit-tests in ‘tests/’ (operator adjoint checks, ADMM toy solve, MFDFA sanity).

16.6 File manifest (overleaf-friendly / arXiv-friendly)

Place the following files in the project root (or as shown in Part VII E.1):

main.tex
combined.bib
parts/part1.tex ... parts/part8.tex
figs/stack.pdf
figs/crown_pipeline.pdf
figs/pe_structure.pdf
figs/*.pdf (synth recon, MFDFA figures)
code_appendix/operators.py
code_appendix/solvers.py
code_appendix/run_synth.py
si/si_proofs.tex
README.md
Makefile (optional)

16.7 Makefile (recommended minimal)

# minimal Makefile

TEX=pdflatex
BIB=bibtex
MAIN=main

all:
$(TEX) $(MAIN).tex
$(BIB) $(MAIN)
$(TEX) $(MAIN).tex
$(TEX) $(MAIN).tex
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clean:
rm -f *.aux *.bbl *.blg *.log *.out *.toc

16.8 Additional figures and SI items added now

During review we added or recommended adding the following assets (if not yet present please
request generation or provide desired styles/colors):
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