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Abstract
The method of sequence networks is still well-known and widely utilized for analyzing and computing unsymmetrical 
faults in power system networks today, particularly in solid grounding systems where it was initially introduced for short 
circuit analysis. When it comes to single-phase earth fault that is a dominant majority type of fault in power distribution 
grids, different neutral grounding methods with varied impedances result in distinct fault characteristics, to continue 
utilizing sequence networks could cause inaccurate calculations by the reason of neutral voltage during earth fault does 
not remain as close to zero as it’s pinned in solid grounding system. As neutral resistance increases gradually, the impact 
of line-to-ground capacitance becomes more pronounced and can no longer be ignored. In this case, applying sequence 
networks could lead to calculated results that are far from the actual situations in grids. This paper discovers and proves 
an obscurely hidden defect of the sequence network, while proposing a new and novel modeling to derive comprehensive 
equations of fault calculations for all types of resistant grounding systems, including solid grounding, low resistance 
grounding, high resistance grounding, and ungrounded systems.
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Background
When asymmetrical faults occur in power systems, thanks to 
symmetrical components method, the unbalanced system can 
be decomposed into three independent systems: the positive-se-
quence, negative-sequence, and zero-sequence systems. The 
positive-sequence system corresponds to the positive-sequence 
components of voltage and current, the negative-sequence 
system to the negative-sequence components, and the zero-se-
quence system to the zero-sequence components. Through an 
"ingenious" mathematical trick, the formula of fault current at 
the fault point can be derived, which surprisingly reveals that 
the equivalent networks of the three sequence systems have re-
lations "in series" in a mathematical sense. This further leads to 
the classical model of sequence networks for single-phase earth 
fault, which is adopted as a fundamental tool for fault analysis in 
almost all textbooks of power system analysis.

Any theoretical model is indispensable for the study of practical 
problems, but when the theory deviates from reality or makes a 
wrong interpretation, it means that the object under study can-
not be reasonably abstracted, simplified, and summarized with 
its essential characteristics, and thus cannot play a real effective 
role in practical applications. The sequence networks, as a ba-
sic theoretical model of power systems, have been around for 

a long time. The earliest utilization was in the solidly grounded 
transmission and distribution networks. As grid scale expansion, 
line density, and conflicts between lines and external space sub-
stances in the medium-voltage distribution network increased, 
the solid grounding application could no longer meet the pro-
tection demand, so ungrounded, low resistance grounding, and 
resonance grounding were widely introduced in distribution net-
works. This changed the operation mechanism and characteristic 
properties of single-phase earth fault significantly.

The existing sequence networks for single-phase earth fault are 
actually an analytical model under very special parameter con-
ditions, which are only applicable if the neutral grounding im-
pedance is small enough. However, this is not emphasized or 
explained explicitly in most textbooks and professional papers. 
Instead, a strange phenomenon sometimes occurs where the neu-
tral resistance (Rn) is defined in initial conditions but does not 
appear in the derived equation of fault current. This is confusing, 
as the neutral resistance is a component of the fault circuit but 
vanishes in the process of current calculation. Therefore, it is 
important to clarify and argue this issue clearly to form the basic 
theoretical position of the sequence networks, which will also be 
beneficial in guiding and carrying out practical work correctly.

ISSN: 2834-7706
Journal of Mathematical Techniques and Computational Mathematics 



Volume 2 | Issue 2 | 118J Math Techniques Comput Math, 2023

Introduction
Assume that single-phase earth fault occurs somewhere in the 
feeder of phase A, the phase B and C still stay healthy. Accord-

ing to fig.1, it’s obvious that the fault conditions can be written 
as under:

…(1)

…(2)

…(3)

…(4)

…(5)

…(6)

…(7)

Figure 1: Single phase earth fault diagram

With equation (1), the phase-to-ground current can be transformed to three sequence current as below: 

equation (2) shows that the positive, negative and zero sequence currents at fault are exactly same to one third of faulty phase cur-
rent, i.e. 

And,

The symmetrical components of the voltage at fault may be written as:
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Where ZL1, ZL2, ZL0 refer to total sequence impedance of line and windings of transformers (if any).

By Summing up the both sides of the equation (5), (6), (7) and considering the equation (3)(4) together, the result goes as: 

Where, Uaf[0] is the voltage of phase A at fault point before fault.  

And finally, 

Thus, the sequence networks for SL earth fault can be drawn according to eq.(9) as below:

…(8)

…(9)

Figure 2:  Sequence Networks in series for SL earth fault

However, the defined neutral resistance in fig.1 is not appeared 
in equation (9) and fig.2 which is definitely not reasonable, be-
cause neutral resistance Rn is included obviously in the fault 
circuit, to be precise, in the zero-sequence circuit. 

For a delta connection of transformer, the neutral point has to 
be built through a Z type ground transformer that connecting to 
three-phase bus on top, and to earth via a resistance Rn below.

Figure 3: Neutral point induced by Z type grounding transformer
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Now the neutral voltage that dropped on the Rn is possible to 
calculated as: 
         
     …(10)

Due to the fault current each phase can be converted into sym-
metrical components as below: 

         
     …(11)

equation (10) can be solved as following:
 

Obviously, the result is: 
         
    …(12)

If we now review equation (7), we will find that it is incomplete 
and that the term for the neutral resistance is strangely missing. 
Only if the neutral resistance is Zero, the eq.(7) can be correct. 
Hence, the complete equation of zero-sequence voltage should 
be as:
    

        
 
     …(13)

Re-summing both sides of the equation (11) and (5)(6) to yield 
the result as:

  
        
     …(14)
When Rn=0, equation (14) returns to the case of equation (10).

But if we take Rn to infinity to simulate the ungrounded system 
with neutral opened, the equation (14) tends to zero, which obvi-
ously does not correspond to the actual situation when a SL earth 
fault occurs in ungrounded system. 

According to Kirchhoff’s Law, the fault current Iaf value should 
equal to total capacitive current that flows from the line-to-
ground capacitance and paralleled leakage resistance, rather 
than zero ampere that derived from equation (14) by taking the 
Rn to infinity and Rf to Zero as a bolted fault.

Therefore, only if the capacitance is considered in the circuit, we 
may derive a more general formula which is capable of widely 
applying in solid grounding system, low resistance grounding 
and of course the ungrounded system as desired. 

General Derivation with Capacitance Included in The Fault Circuit

Figure 4: Complete earth fault circuit diagram in distribution networks

After we consider the line to ground impedance (mainly the capacitance), the equation for the fault point (node) can be given ac-
cording to Kirchhoff's current law as:

 
           …(15)

Where YA, YB, YC are the total admittance of each phase to ground, and assume that YA=YB=YC. GN and Gf are conductance of RN 
and Rf. 

Symmetrical components of phase voltages can be written as: 

           …(16)
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Substituting equation (16) into equation (15) gives that:

             (17) 

If the positive and negative sequence related terms in eq. (17) are abstracted as current sources, it helps to make Figure 4 to be an 
equivalent circuit diagram that’s simpler and easier to see. They’re defined here below: 

•  Controlled current source 1: IS1=Uaf1*Gf
•  Controlled current source 2: IS2=Uaf1(YA+a2YB+aYC)
•  Controlled current source 3: IS3=Uaf2*Gf
•  Controlled current source 4: IS4=Uaf2(YA+aYB+a2YC)
As learnt that positive and negative voltages at bus remain the same as the values at fault free, source IS2 and source IS2 can be 
ignored if assuming YA=YB=YC.

Thus, the complete equivalent circuit diagram can be drawn as shown in Figure 5.

Figure 5: Equivalent circuit diagram to fig.4 with earth fault

The equations of sequence voltages at fault point is similar to equation (5)(6) (13), to be more general, the negative and zero se-
quence voltage before fault is not defaulted to zero, meanwhile balanced load current also defined and considered during the process 
of derivation on below. 

Figure 6 shows the relations of sequence voltages at fault and bus. 

Figure 6: Sequence voltages relations at fault and at bus after fault
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Given that positive and negative voltage at bus after fault remain unchanged, while only zero sequence voltage is drove to different 
position compared to one before fault due to the fault impedance Rf break the balance of phase to ground impedances.

Therefore, the sequence voltages at fault equal to: 

          
           …(18) 
 
Where,
UA1[0], UA2[0], UA0[0] are sequence components of bus voltage of phase A before fault;
Ia1, Ia2, Ia0 are sequence components of balanced load current of phase A before fault, the earth fault does not impact them that de-
termined by loads.

Uaf1[0], Uaf2[0], Uaf0[0] are sequence components of phase voltage at fault position before fault occurring. 

ZS1, ZS2, ZS0 are sequence impedance of lines and transformer windings etc. 

Simplifying the equation (17) by substituting the equation (18) into to yield: 

 
             …(19)
Where, 
     

            
And,  

        (Kirchhoff’s law)        …(20)
 

              …(21)
According to fig.5, the zero-sequence voltage after fault can be solved as following:

              … (22)
Where, ZC0=1/Y0,

By substituting equation (23) into equation (21), it gives: 

              …(23)

Then, substituting equation (23) and equation (20) into equation (19), we can obtain the result as:

              …(24) 
Where, 

              …(25)
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Uen formula can be derived by taking equation (25) into equation (23) as following:

            …(26)

In the meantime, equation (22) for zero sequence voltage at fault can be simplified as: 

            …(27)
Compared with eq. (14) of sequence networks, eq. (24) further considers the effect of the capacitance to ground on the current at the 
fault point. To discriminate the two conclusions, it’s can be assumed that an earth fault occurs in a distribution grid with capacitive 
current 150 amperes and with neutral resistance 10 ohms and 1000 ohms to simulate the low-resistance grounding and high-resis-
tance grounding respectively, when the fault impedance Rf increases from zero to infinity, the difference between two conclusions 
of eq. (24) and (14) can be visualized from the curves of fault current.

When RN =10 Ohms, the fault current curves are plotted below. Yellow curve corresponding to the equation (24) and blue one to 
equation (14).

Other main parameter settings:
• Rated voltage: 10kV/0° (with +5% margin)
• Load current of Phase A: 100A/-18°
• Positive sequence impedance: ZS1 =ZS2=(0.45+j0.35) /km
• Zero sequence impedance: ZS0=(0.45+j1.05) /km
• Distance btw fault and bus: 5km

Figure 7: Fault current comparison with RN =10 Ohms
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In Fig.7, it can be seen that the largest difference is shown at 
Rf=0 Ohm, i.e. bolted earth fault, and results of equation (24) 
and equation (14) are 574A and 460A respectively, as the fault 
impedance going larger up to 130 Ohms, there is very minor 
difference between them, which means that the error of sequence 
networks can be neglected when fault impedance is not too 
small, let’s say Rf>50 Ohms. 

However, in the case of neutral resistance RN=10 Ohms, approx-
imately the results of two equations can be considered similar 
each other, because it’s nothing different for overcurrent protec-
tion to see that one current is 50A or 100A larger than the other 
one, the protection can be triggered as long as the current just is 
greater than the threshold value. 

When RN =1000 Ohms, the fault current curves are plotted be-
low. Green curve corresponding to the equation (24) and red one 
to equation (14).

Figure 8:  Fault current comparison with RN =1000 Ohms

In this case, the sequence networks modelling does not work 
anymore since the fault current is going out of practice while 
fault impedance changes from 0 to infinity. Obviously, for a 
bolted earth fault, the fault current should equal to the sum-up 
of neutral current and capacitive current, as mentioned initially, 
150A capacitive current is set through the whole simulations, 
therefore, the fault current should be at the level of capacitive 
current when Rf =0 Ohms, not possible to keep less than 6A 
whatever the fault impedance is as shown in Fig.8. 

Fortunately, our new modeling with equation (24) gives more 
accurate result which can be seen in Fig.8, the maximum fault 
current 148.8A is very close to the capacitive current 150A when 
Rf =0 Ohms, the little tiny difference comes from the impact of 
small neutral current. 

Imagine that when we changed the neutral resistance RN from 
zero to infinity under the same grid conditions, the minimum 
value of calculating difference between equation (24) and equa-
tion (14) is zero only when neutral point is solidly grounded, 
i.e. RN=0, and the maximum is equivalent to the grid capacitive 
current when it’s an ungrounded system, i.e. RN=∞. 

Validation Check from General to Specific
In this paper, we propose a new model and derive the general 
equations, whether the conclusions are fully consistent with the 
grid operation, surely it should be strictly verified in simulation 
tests or real practical applications.

A simple way to estimate the concluded equations is to set spe-
cial parameters such as letting Rf =0 or ZC0=∞ in order to sim-
plify the general equations to special ones which can be easily 
observed and analyzed in a specific perspective.

Examples
1) Let RN=0(solid grounding), the general equations become 
as follows. 

a-  Fault current: 

b- Neutral voltage:

c- Zero-sequence voltage at fault:

Further, if we assume that Rf=0, the fault current is only deter-
mined by sequence impedance of lines, the neutral voltage stays 
at zero all the time, and zero sequence voltage at fault now is 
exactly opposite to the voltage of phase A before fault. 

2) Let RN=∞ (ungrounded), special results as following:

a- Fault current: 
  

b- Neutral voltage:
  

c- Zero sequence voltage at fault: 
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The capacitance plays quite a key role with fault in ungrounded 
system, just assuming that Rf=0, the fault current is exactly same 
as the grid capacitive current, but angle is opposite. The neutral 
voltage is mainly determined by capacitance as well when fault 
impedance is close to zero, the sum-up of sequence impedances 
(ZS1+ ZS2+ ZS0) normally is far less than ZC0, therefore, the line 
impedance is reasonably possible to be neglected in ungrounded 
system, in others words, neutral voltage can be taken as the same 
as zero-sequence voltage at fault, by this means, the impact to 
calculations is minor as per experiences. 

3) Let Zs1/Zs2/Zs0→0 (Fault at bus), special results as fol-
lowing:

a- Fault current: 
  

b- Neutral voltage:
  

c- Zero sequence voltage at fault: 
 

Earth fault at bus could produce much larger fault current than 
fault occurring anywhere on feeders which can be easily ob-
served from the first equation above by comparing with the 
equation (24) mathematically.

4)  Let Zc0→∞ (ignorance of capacitive current), special re-
sults as following:

a- Fault current: 
  

b- Neutral voltage:
  

c- Zero sequence voltage at fault: 
 

The above equations at this case can be also derived by the tradi-
tional sequence networks in the conditions of neglecting capac-
itive current that could result in considerable errors when fault 
impedance is less than 50 Ohms as we just analyzed in Fig. 8. 

5) Let Rf→0 (bolted fault), special results as following:

a- Fault current: 
  

b- Neutral voltage:
  

c- Zero sequence voltage at fault: 
 

6) Let Rf→∞ (Normal operation), special results as following:

a- Fault current: 
  

b- Neutral voltage:
  

c- Zero sequence voltage at fault: 

Conclusions
This paper demonstrates the drawbacks of the conventional 
sequence networks model when applied to systems with high 
neutral grounding resistance. Since the effect of phase-to-ground 
capacitance increases with neutral resistance getting larger, the 
estimation approach of ignoring capacitive current in low resis-
tance grounding systems leads to considerable calculation errors 
when applied to high resistance grounding systems, which calls 
for a more generalized set of derivative formulas to meet the 
practical needs for the increasing grid capacitance effects. With 
the proposed new model, the successful derivations and primary 
validation of the generalized formulas for fault current, neutral 
voltage, and zero-sequence voltage at fault allow for more accu-
rate and effective analysis of single-phase earth fault in power 
systems.

When discussing electrical system protection, the more power-
ful phase-to-phase short circuit faults draw a large amount of 
attention. However, in practice, earth faults actually present a far 
more common, and potentially more dangerous occurrence for 
personnel and devices, since the earth fault could go undetect-
ed with very minor fault characteristics when fault impedance 
is relatively high. In order to sensitively detect such dangerous 
faults, the zero-sequence impedance has to be more capable of 
dividing voltage with fault impedance, which requires the neu-
tral resistance/impedance to be set to a relatively higher value. 
By far, the best solution for neutral grounding should be a reso-
nant system with a fully tuned Petersen coil and balance device 
for symmetrizing three-phase to ground capacitance [1-8]. 
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On the basis of the new modelling and derivation method in 
this paper, it is easy to obtain fault analysis results for reso-
nant grounding systems, i.e. fault current, neutral voltage, and 
zero-sequence voltage at fault, etc. The author would prefer to 
leave it to peers and engineers to derive it themselves for a better 
understanding of the significance of earth fault protection.
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