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Abstract
In this paper, we formulate a coherence-gated Bayesian decision rule within Viscous Time Theory (VTT) frame. A 
standard posterior is multiplied by a bounded gate constructed from alignment, retained coherence cost, informational 
support, effective informational viscosity, and local sensitivity. The result is normalized only when its total gated mass 
is positive; otherwise, the rule abstains. We prove boundedness and well-posedness, exact recovery of the Bayesian 
posterior at the neutral gate, an explicit perturbation bound, an odds decomposition, an exact Bayesian representation 
through an auxiliary admissibility event, and stability away from zero gated mass. A fully specified three-class synthetic 
study separates predictive features from an observed support-quality channel. Across convergent, bifurcation, and 
collapse regimes, coverage decreases from 89.3% to 15.3%, while accuracy on covered cases remains between 98.0% 
and 99.4%. These values demonstrate the intended selective behavior only under the stated construction.
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1. Introduction
Bayesian inference separates prior information from the evidential contribution of observed data and combines them through a 
normalized posterior. The earliest published form is associated with Bayes and Price [1]. Cox later showed how probability can arise 
from consistency requirements for plausible reasoning [2]. These foundations establish a coherent numerical calculus, but they do not 
by themselves prescribe whether every computed posterior should be converted into an operational decision.

The distinction between quantified uncertainty and admissible action developed along several lines. Dempster introduced upper and 
lower probabilities induced by multivalued mappings [3]. Chow derived an optimal recognition rule with a reject action and characterized 
the error-rejection trade-off [4]. Shafer developed a broader mathematical theory of evidence [5], while Pearl provided a systematic 
account of probabilistic reasoning in structured intelligent systems [6]. These approaches differ substantially, but each made clear that 
uncertainty representation and decision policy are related without being identical.

By 2000, information geometry had supplied a differential-geometric language for statistical models, divergences, and local sensitivity 
[7]. Proper scoring rules then provided principled criteria for evaluating probabilistic forecasts [8]. Work on classification with a reject 
option replaced ad hoc confidence thresholds with explicit loss-based objectives, and selective classification formalized the trade-off 
between coverage and conditional risk [9,10]. The central lesson is that withholding a prediction is part of the decision problem and must 
be evaluated quantitatively, rather than counted as an unqualified gain in accuracy.

Two further developments are directly relevant. Amari’s later synthesis clarified the role of geometry in statistical inference and learning 
[11]. Bissiri, Holmes, and Walker showed that coherent belief updates may be constructed from declared losses, thereby placing non-
likelihood reweighting within a generalized Bayesian framework [12]. Modern predictive systems also exposed the practical weakness of 
treating maximum posterior confidence as a complete reliability measure. Calibration can fail even when classification accuracy is high 
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[13]. Selective methods for deep networks improved risk-coverage behavior, and integrated reject architectures optimized prediction and 
selection jointly [14,15]. Large-scale experiments under distribution shift subsequently showed that uncertainty estimates and post-hoc 
calibration may deteriorate together [16]. Conformal prediction supplies a different route, with finite-sample coverage guarantees under 
stated exchangeability conditions [17]. These methods therefore provide necessary comparators for any new abstention rule.

Viscous Time Theory (VTT) was proposed as a mathematical description of coherence-dependent temporal response [18]. Related work 
used coherence weights in structured statistical ensembles while retaining classical counting as a limiting case [19]. This paper adopts 
only a narrow operational part of that programme. It does not infer a physical law for time from statistical data. Instead, it asks whether 
VTT-inspired descriptors can define a bounded post-posterior gate with an explicit abstention state.

The research gap is precise. Existing selective prediction methods usually derive selection from confidence, learned risk, loss 
minimization, conformity scores, or out-of-distribution diagnostics. The VTT proposal uses a declared decomposition into alignment, 
retained coherence cost, support, viscosity, and local sensitivity. The mathematical status of the normalized gated output, however, 
must be stated without ambiguity. If the gate is positive, the output can be represented exactly as a conventional Bayesian posterior 
conditioned on an auxiliary admissibility event. If all gated mass vanishes, normalization is undefined and abstention is mandatory. 
Thus, the construction does not create a new probability calculus.

The contribution claimed here is limited to four points:  first, the VTT diagnostic decomposition is converted into a dimensionless, 
bounded decision rule. Second, the zero-mass case is treated as an explicit output rather than hidden by arbitrary renormalization. Third, 
classical consistency, Bayesian representability, common-factor cancellation, and stability are proved. Fourth, a controlled synthetic 
experiment is specified completely, including its random seed, calibration rule, probability model, degradation mechanism, evaluation 
metrics, and uncertainty intervals.

2. Mathematical Frame
2.1. Bayesian Baseline
Let 
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2. Mathematical framework 

2.1. Bayesian baseline 
Let ℋ = {𝐻𝐻1,… ,𝐻𝐻𝑛𝑛} be a finite family of mutually exclusive and exhaustive hypotheses. Let 𝐸𝐸 denote 
observed evidence, let 𝜋𝜋𝑖𝑖 = 𝑃𝑃(𝐻𝐻𝑖𝑖) > 0 be the prior probability of 𝐻𝐻𝑖𝑖, and let 𝐿𝐿𝑖𝑖(𝐸𝐸) = 𝑃𝑃(𝐸𝐸 ∣ 𝐻𝐻𝑖𝑖) ≥ 0 be its 
likelihood. Assume that ∑ 𝜋𝜋𝑗𝑗𝑛𝑛

𝑗𝑗=1 𝐿𝐿𝑗𝑗(𝐸𝐸) > 0. The baseline posterior is 

 𝑏𝑏𝑖𝑖(𝐸𝐸) = 𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸) =
𝜋𝜋𝑖𝑖𝐿𝐿𝑖𝑖(𝐸𝐸)

∑ 𝜋𝜋𝑗𝑗𝑛𝑛
𝑗𝑗=1 𝐿𝐿𝑗𝑗(𝐸𝐸)

,  ∑𝑏𝑏𝑖𝑖
𝑛𝑛

𝑖𝑖=1
(𝐸𝐸) = 1. (1) 

Equation (1) is the probability-theoretic baseline. Bayes’ theorem does not require conditional independence. 
Any dependence, latent variable, or temporal structure belongs inside the likelihood model 𝐿𝐿𝑖𝑖. 

 be a finite family of mutually exclusive and exhaustive hypotheses. Let E denote observed evidence, let πi =P(Hi 
)>0 be the prior probability of  Hi, and let Li (E) = P(E∣Hi ) ≥ 0 be its likelihood. Assume that 
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variable, or temporal structure belongs inside the likelihood model Li.

Definition 1 (Baseline Support). The posterior support at evidence E is IE ={i:bi (E)>0}. A gate attached to a hypothesis outside IE cannot 
create posterior mass because its baseline mass is zero.

2.2. Structural Descriptors
Let x = x (E) be a dimensionless representation of the evidence in a metric state space (X,d). Each hypothesis Hi is assigned four declared 
descriptors.
1.	 The alignment Φi (x)∈[0,1] measures compatibility between the evidence state and the structural region associated with Hi.
2.	 The retained coherence cost ci (x)∈[0,∞) measures the cost assigned to maintaining that evidence-to-hypothesis transition.
3.	 The informational support ρi (x)∈(0,1] measures the quality or completeness of the information supporting the transition.
4.	 The local sensitivity γi (x)∈[0,∞] measures how rapidly the retained cost can change near x.
For a general metric state space, local sensitivity is defined by the upper local slope
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Definition 1 (baseline support). The posterior support at evidence 𝐸𝐸 is 𝐼𝐼𝐸𝐸 = {𝑖𝑖: 𝑏𝑏𝑖𝑖(𝐸𝐸) > 0}. A gate attached to 
a hypothesis outside 𝐼𝐼𝐸𝐸 cannot create posterior mass because its baseline mass is zero. 

2.2. Structural descriptors 
Let 𝑥𝑥 = 𝑥𝑥(𝐸𝐸) be a dimensionless representation of the evidence in a metric state space (𝒳𝒳, 𝑑𝑑). Each 
hypothesis 𝐻𝐻𝑖𝑖 is assigned four declared descriptors. 

1. The alignment 𝛷𝛷𝑖𝑖(𝑥𝑥) ∈ [0,1] measures compatibility between the evidence state and the structural 
region associated with 𝐻𝐻𝑖𝑖. 

2. The retained coherence cost 𝑐𝑐𝑖𝑖(𝑥𝑥) ∈ [0,∞) measures the cost assigned to maintaining that evidence-
to-hypothesis transition. 

3. The informational support 𝜌𝜌𝑖𝑖(𝑥𝑥) ∈ (0,1] measures the quality or completeness of the information 
supporting the transition. 

4. The local sensitivity 𝛾𝛾𝑖𝑖(𝑥𝑥) ∈ [0,∞] measures how rapidly the retained cost can change near 𝑥𝑥. 
For a general metric state space, local sensitivity is defined by the upper local slope 

 𝛾𝛾𝑖𝑖(𝑥𝑥) = limsup
𝑦𝑦→𝑥𝑥, 𝑦𝑦≠𝑥𝑥

|𝑐𝑐𝑖𝑖(𝑦𝑦) − 𝑐𝑐𝑖𝑖(𝑥𝑥)|
𝑑𝑑(𝑦𝑦, 𝑥𝑥) . (2) 

If 𝒳𝒳 ⊆ ℝ𝑑𝑑, 𝑑𝑑 is Euclidean distance, and 𝑐𝑐𝑖𝑖 is differentiable at 𝑥𝑥, Equation (2) reduces to 𝛾𝛾𝑖𝑖(𝑥𝑥) =∥ ∇𝑐𝑐𝑖𝑖(𝑥𝑥) ∥2. 
For discrete evidence spaces, Equation (2) is replaced by the maximum finite difference over the declared 
neighborhood graph. This distinction is necessary because a gradient cannot be assumed where no 
differentiable structure exists. 
The effective informational viscosity is defined as the ratio of retained cost to available support: 

 𝜂𝜂𝑖𝑖(𝑥𝑥) =
𝑐𝑐𝑖𝑖(𝑥𝑥)

𝜌𝜌𝑖𝑖(𝑥𝑥) + 𝜀𝜀 ,  𝜀𝜀 > 0. (3) 

The regularizer 𝜀𝜀 prevents division by a small support value from becoming singular. All descriptors are 
dimensionless. If dimensional descriptors are used in an application, they must be standardized before 
Equation (3), or the coefficients introduced below must carry the reciprocal units required to make the 
exponent dimensionless. 
Table 1 records the notation used throughout the paper. The table distinguishes probabilistic quantities from 
diagnostic quantities because confusing them would overstate the mathematical status of the construction. 
Table 1. Notation and operational meaning. 

Symbol Domain Definition and role 

𝐻𝐻𝑖𝑖 hypothesis The 𝑖𝑖th mutually exclusive candidate. 

𝐸𝐸 evidence Observed data supplied to the probability model and diagnostics. 

𝑏𝑏𝑖𝑖 [0,1] Baseline Bayesian posterior from Equation (1). 

𝛷𝛷𝑖𝑖 [0,1] Coherence-tunnel alignment; an application-specific compatibility score. 

𝑐𝑐𝑖𝑖 [0,∞) Retained coherence cost assigned to the transition 𝐸𝐸 → 𝐻𝐻𝑖𝑖 . 

𝜌𝜌𝑖𝑖 (0,1] Informational support or quality of the transition. 

𝛾𝛾𝑖𝑖 [0,∞] Upper local slope of the retained cost. 

If X ⊆ Rd, d is Euclidean distance, and ci is differentiable at x, Equation (2) reduces to γi (x) =∥∇ci (x) ∥2. For discrete evidence spaces, 
Equation (2) is replaced by the maximum finite difference over the declared neighborhood graph. This distinction is necessary because 
a gradient cannot be assumed where no differentiable structure exists.

The effective informational viscosity is defined as the ratio of retained cost to available support:
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Symbol Domain Definition and role
Hi hypothesis The ith mutually exclusive candidate.
E evidence Observed data supplied to the probability model and diagnostics.
bi [0,1] Baseline Bayesian posterior from Equation (1).
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Gi [0,1] Bounded coherence gate.
si [0,1] Unnormalized gated score.
Λ [0,1] Total gated mass; the normalizing constant when positive.
qi [0,1] Normalized gated distribution, defined only for Λ > 0.

Table 1: Notation and Operational Meaning

2.3. Gate, Score, and Selective Output
Choose thresholds ϕmin∈[0,1], cmax∈[0,∞), and ρmin∈(0,1]. The hard admissibility indicator is
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The gate multiplies the baseline posterior to form a non-probabilistic score. Its total mass is 

 𝑠𝑠𝑖𝑖(𝐸𝐸) = 𝑏𝑏𝑖𝑖(𝐸𝐸)𝐺𝐺𝑖𝑖(𝑥𝑥(𝐸𝐸)),  𝛬𝛬(𝐸𝐸) =∑𝑠𝑠𝑗𝑗
𝑛𝑛

𝑗𝑗=1
(𝐸𝐸). (6) 

If 𝛬𝛬(𝐸𝐸) > 0, the normalized gated distribution is 

 𝑞𝑞𝑖𝑖(𝐸𝐸) =
𝑠𝑠𝑖𝑖(𝐸𝐸)
𝛬𝛬(𝐸𝐸) =

𝑏𝑏𝑖𝑖(𝐸𝐸)𝐺𝐺𝑖𝑖(𝑥𝑥(𝐸𝐸))
∑ 𝑏𝑏𝑗𝑗𝑛𝑛
𝑗𝑗=1 (𝐸𝐸)𝐺𝐺𝑗𝑗(𝑥𝑥(𝐸𝐸))

. (7) 

If 𝛬𝛬(𝐸𝐸) = 0, no normalized output exists. The decision rule therefore returns an abstention state ⊥. For a finite 
action set with a fixed deterministic tie rule, the selective decision map is 

 𝛿𝛿(𝐸𝐸) = {
arg max
1≤𝑖𝑖≤𝑛𝑛

𝑞𝑞𝑖𝑖(𝐸𝐸), 𝛬𝛬(𝐸𝐸) > 0,
⊥, 𝛬𝛬(𝐸𝐸) = 0.

 (8) 

In VTT terminology, 𝛬𝛬(𝐸𝐸) = 0 is called a collapse-field state. Here that phrase denotes only the operational 
abstention condition in Equation (8); it does not assert a physical collapse process. 
Figure 1 separates the probabilistic and structural parts of the method. The posterior is computed first and is 
not altered internally. Diagnostics then determine whether the posterior should be reweighted and returned, or 
whether the procedure should abstain. 

For  nonnegative penalty coefficients λ and κ, the bounded gate is
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In VTT terminology, 𝛬𝛬(𝐸𝐸) = 0 is called a collapse-field state. Here that phrase denotes only the operational 
abstention condition in Equation (8); it does not assert a physical collapse process. 
Figure 1 separates the probabilistic and structural parts of the method. The posterior is computed first and is 
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If Λ(E) = 0, no normalized output exists. The decision rule therefore returns an abstention state ⊥. For a finite action set with a fixed 
deterministic tie rule, the selective decision map is
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If 𝛬𝛬(𝐸𝐸) = 0, no normalized output exists. The decision rule therefore returns an abstention state ⊥. For a finite 
action set with a fixed deterministic tie rule, the selective decision map is 

 𝛿𝛿(𝐸𝐸) = {
arg max
1≤𝑖𝑖≤𝑛𝑛

𝑞𝑞𝑖𝑖(𝐸𝐸), 𝛬𝛬(𝐸𝐸) > 0,
⊥, 𝛬𝛬(𝐸𝐸) = 0.

 (8) 

In VTT terminology, 𝛬𝛬(𝐸𝐸) = 0 is called a collapse-field state. Here that phrase denotes only the operational 
abstention condition in Equation (8); it does not assert a physical collapse process. 
Figure 1 separates the probabilistic and structural parts of the method. The posterior is computed first and is 
not altered internally. Diagnostics then determine whether the posterior should be reweighted and returned, or 
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In VTT terminology, Λ(E) = 0 is called a collapse-field state. Here that phrase denotes only the operational abstention condition in 
Equation (8); it does not assert a physical collapse process.

The probabilistic and structural parts of the method is shown in Figure 1. The posterior is computed first and is not altered internally. 
Diagnostics then determine whether the posterior should be reweighted and returned, or whether the procedure should abstain.

Figure 1: Operational architecture of the coherence-gated Bayesian decision rule. A conventional posterior is computed before any VTT 
descriptor is applied. The final branch returns either a normalized gated distribution or an explicit abstention state.

2.4. Well-Posedness and Boundedness
Lemma 1 (Gate Bounds). Under the domains specified in Section 2.2 and the conditions λ,κ ≥ 0, each gate satisfies 0 ≤ Gi ≤1.
Proof. The indicator Ai, alignment Φi, and support ρi each lie in [0,1]. Equation (3) gives ηi ≥ 0, while Equation (2) gives γi

2 ≥ 0. Hence 
-ληi- κγi

2 ≤ 0, so the exponential factor belongs to (0,1]. The product of four factors in [0,1] lies in [0,1]. ▫
Theorem 1 (Well-Posed Selective Output). Under the assumptions of Lemma 1,
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Figure 1. Operational architecture of the coherence-gated Bayesian decision rule. A conventional posterior is computed before 
any VTT descriptor is applied. The final branch returns either a normalized gated distribution or an explicit abstention state. 

2.4. Well-posedness and boundedness 
Lemma 1 (gate bounds). Under the domains specified in Section 2.2 and the conditions 𝜆𝜆, 𝜅𝜅 ≥ 0, each gate 
satisfies 0 ≤ 𝐺𝐺𝑖𝑖 ≤ 1. 

Proof. The indicator 𝐴𝐴𝑖𝑖, alignment 𝛷𝛷𝑖𝑖, and support 𝜌𝜌𝑖𝑖 each lie in [0,1]. Equation (3) gives 𝜂𝜂𝑖𝑖 ≥ 0, while 
Equation (2) gives 𝛾𝛾𝑖𝑖2 ≥ 0. Hence −𝜆𝜆𝜂𝜂𝑖𝑖 − 𝜅𝜅𝛾𝛾𝑖𝑖2 ≤ 0, so the exponential factor belongs to (0,1]. The 
product of four factors in [0,1] lies in [0,1]. ▫ 

Theorem 1 (well-posed selective output). Under the assumptions of Lemma 1, 

 0 ≤ 𝑠𝑠𝑖𝑖 ≤ 𝑏𝑏𝑖𝑖,  0 ≤ 𝛬𝛬 ≤ 1. (9) 

If 𝛬𝛬 > 0, the vector 𝑞𝑞 = (𝑞𝑞1, … , 𝑞𝑞𝑛𝑛) in Equation (7) is a probability distribution. Moreover, 𝛬𝛬 = 0 if and only 
if 𝐺𝐺𝑖𝑖 = 0 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸. 

Proof. By Lemma 1, 0 ≤ 𝐺𝐺𝑖𝑖 ≤ 1. Multiplying by 𝑏𝑏𝑖𝑖 ≥ 0 yields 0 ≤ 𝑠𝑠𝑖𝑖 = 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 ≤ 𝑏𝑏𝑖𝑖. Summing over 𝑖𝑖 and 
using ∑ 𝑏𝑏𝑖𝑖𝑖𝑖 = 1 proves Equation (9). If 𝛬𝛬 > 0, every 𝑞𝑞𝑖𝑖 = 𝑠𝑠𝑖𝑖/𝛬𝛬 is nonnegative and ∑ 𝑞𝑞𝑖𝑖𝑖𝑖 = 𝛬𝛬/𝛬𝛬 = 1. If 
𝐺𝐺𝑖𝑖 = 0 on 𝐼𝐼𝐸𝐸, then every product 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 is zero, including indices outside 𝐼𝐼𝐸𝐸 because 𝑏𝑏𝑖𝑖 = 0, so 𝛬𝛬 = 0. 
Conversely, 𝛬𝛬 is a finite sum of nonnegative terms. If the sum is zero, each term 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 is zero; for 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, 
𝑏𝑏𝑖𝑖 > 0, hence 𝐺𝐺𝑖𝑖 = 0. ▫ 

The theorem shows why adding a small constant directly to 𝛬𝛬 would be mathematically inappropriate. Such a 
constant would force a distribution even when every supported transition had failed the declared admissibility 
test. 

2.5. Classical limit and a quantitative error bound 
The neutral gate is the structural state in which every hypothesis carrying posterior mass has full alignment and 
support, zero retained cost, zero local sensitivity, and passes the hard thresholds. The next theorem proves 
exact consistency with Bayes and quantifies the deviation from that limit. 

Theorem 2 (classical consistency). Fix evidence 𝐸𝐸 and its baseline posterior 𝑏𝑏. Suppose that, for some 0 ≤
𝛿𝛿 < 1, 

max
𝑖𝑖∈𝐼𝐼𝐸𝐸

|𝐺𝐺𝑖𝑖 − 1| ≤ 𝛿𝛿. 

Then 𝛬𝛬 ≥ 1 − 𝛿𝛿 > 0 and 

 ∥ 𝑞𝑞 − 𝑏𝑏 ∥1≤
2𝛿𝛿

1 − 𝛿𝛿. 
(10) 

Consequently, if a sequence of admissible gates satisfies 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝑞𝑞(𝑚𝑚) → 𝑏𝑏 in ℓ1. 

Proof. First, 

If Λ > 0, the vector q = (q1,…,qn ) in Equation (7) is a probability distribution. Moreover, Λ = 0 if and only if Gi= 0 for every i ∈ IE.
Proof. By Lemma 1, 0 ≤ Gi ≤ 1. Multiplying by bi ≥ 0 yields 0 ≤ si = bi Gi ≤ bi. Summing over i and using ∑i bi =1 proves Equation (9). If Λ 
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The theorem shows why adding a small constant directly to Λ would be mathematically inappropriate. Such a constant would force a 
distribution even when every supported transition had failed the declared admissibility test.

2.5. Classical Limit and A Quantitative Error Bound
The neutral gate is the structural state in which every hypothesis carrying posterior mass has full alignment and support, zero retained 
cost, zero local sensitivity, and passes the hard thresholds. The next theorem proves exact consistency with Bayes and quantifies the 
deviation from that limit.

Theorem 2 (Classical Consistency). Fix evidence E and its baseline posterior b. Suppose that, for some 0 ≤ δ < 1,
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Figure 1. Operational architecture of the coherence-gated Bayesian decision rule. A conventional posterior is computed before 
any VTT descriptor is applied. The final branch returns either a normalized gated distribution or an explicit abstention state. 
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Figure 1. Operational architecture of the coherence-gated Bayesian decision rule. A conventional posterior is computed before 
any VTT descriptor is applied. The final branch returns either a normalized gated distribution or an explicit abstention state. 

2.4. Well-posedness and boundedness 
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Equation (2) gives 𝛾𝛾𝑖𝑖2 ≥ 0. Hence −𝜆𝜆𝜂𝜂𝑖𝑖 − 𝜅𝜅𝛾𝛾𝑖𝑖2 ≤ 0, so the exponential factor belongs to (0,1]. The 
product of four factors in [0,1] lies in [0,1]. ▫ 
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𝑏𝑏𝑖𝑖 > 0, hence 𝐺𝐺𝑖𝑖 = 0. ▫ 

The theorem shows why adding a small constant directly to 𝛬𝛬 would be mathematically inappropriate. Such a 
constant would force a distribution even when every supported transition had failed the declared admissibility 
test. 

2.5. Classical limit and a quantitative error bound 
The neutral gate is the structural state in which every hypothesis carrying posterior mass has full alignment and 
support, zero retained cost, zero local sensitivity, and passes the hard thresholds. The next theorem proves 
exact consistency with Bayes and quantifies the deviation from that limit. 

Theorem 2 (classical consistency). Fix evidence 𝐸𝐸 and its baseline posterior 𝑏𝑏. Suppose that, for some 0 ≤
𝛿𝛿 < 1, 

max
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(10) 

Consequently, if a sequence of admissible gates satisfies 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝑞𝑞(𝑚𝑚) → 𝑏𝑏 in ℓ1. 
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Consequently, if a sequence of admissible gates satisfies Gi

(m) →1 for every i ∈ IE, then q(m) →b in l1.

Proof. First,

 

4 

                                              (4) 

For nonnegative penalty coefficients   and  , the bounded gate is 

                                              (5) 

The gate multiplies the baseline posterior to form a non-probabilistic score. Its total mass is 

                               
 

   
     (6) 

If       , the normalized gated distribution is 

       
     
     

             
    
              

  (7) 

If       , no normalized output exists. The decision rule therefore returns an abstention state  . For a finite 
action set with a fixed deterministic tie rule, the selective decision map is 

       
       
     

             
         

  (8) 

In VTT terminology,        is called a collapse-field state. Here that phrase denotes only the operational 
abstention condition in Equation (8); it does not assert a physical collapse process. 
The probabilistic and structural parts of the method is shown in Figure 1. The posterior is computed first and 
is not altered internally. Diagnostics then determine whether the posterior should be reweighted and returned, 
or whether the procedure should abstain. 

 
Figure 1. Operational architecture of the coherence-gated Bayesian decision rule. A conventional posterior is computed before 

any VTT descriptor is applied. The final branch returns either a normalized gated distribution or an explicit abstention state. 

2.4. Well-posedness and boundedness 
Lemma 1 (gate bounds). Under the domains specified in Section 2.2 and the conditions      , each gate 
satisfies       . 

Proof. The indicator   , alignment   , and support    each lie in      . Equation (3) gives     , while 
Equation (2) gives      . Hence            , so the exponential factor belongs to      . The 
product of four factors in       lies in      .   

Theorem 1 (well-posed selective output). Under the assumptions of Lemma 1, 

                  (9) 
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|𝛬𝛬 − 1| = |∑𝑏𝑏𝑖𝑖
𝑖𝑖

(𝐺𝐺𝑖𝑖 − 1)| ≤∑𝑏𝑏𝑖𝑖
𝑖𝑖

|𝐺𝐺𝑖𝑖 − 1| ≤ 𝛿𝛿∑𝑏𝑏𝑖𝑖
𝑖𝑖

= 𝛿𝛿. 

Therefore 𝛬𝛬 ≥ 1 − 𝛿𝛿 > 0. Next, Equation (7) gives 

𝑞𝑞𝑖𝑖 − 𝑏𝑏𝑖𝑖 =
𝑏𝑏𝑖𝑖(𝐺𝐺𝑖𝑖 − 𝛬𝛬)

𝛬𝛬 . 

Using |𝐺𝐺𝑖𝑖 − 𝛬𝛬| ≤ |𝐺𝐺𝑖𝑖 − 1| + |1 − 𝛬𝛬| ≤ 2𝛿𝛿 and summing yields 

∥ 𝑞𝑞 − 𝑏𝑏 ∥1=∑ 𝑏𝑏𝑖𝑖|𝐺𝐺𝑖𝑖 − 𝛬𝛬|
𝛬𝛬

𝑖𝑖
≤ 2𝛿𝛿

𝛬𝛬 ∑𝑏𝑏𝑖𝑖
𝑖𝑖

≤ 2𝛿𝛿
1 − 𝛿𝛿. 

If 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 on the finite set 𝐼𝐼𝐸𝐸, then 𝛿𝛿𝑚𝑚 = max𝑖𝑖∈𝐼𝐼𝐸𝐸 |𝐺𝐺𝑖𝑖

(𝑚𝑚) − 1| → 0. Equation (10) forces ∥ 𝑞𝑞(𝑚𝑚) − 𝑏𝑏 ∥1→ 0. 
▫ 

Corollary 1 (VTT neutral state). If 𝐴𝐴𝑖𝑖 → 1, 𝛷𝛷𝑖𝑖 → 1, 𝜌𝜌𝑖𝑖 → 1, 𝑐𝑐𝑖𝑖 → 0, and 𝛾𝛾𝑖𝑖 → 0 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝜂𝜂𝑖𝑖 →
0, 𝐺𝐺𝑖𝑖 → 1, 𝛬𝛬 → 1, and 𝑞𝑞𝑖𝑖 → 𝑏𝑏𝑖𝑖. 

Proof. Equation (3) gives 𝜂𝜂𝑖𝑖 = 𝑐𝑐𝑖𝑖/(𝜌𝜌𝑖𝑖 + 𝜀𝜀) → 0. Each factor in Equation (5) therefore tends to one. 
Theorem 2 completes the argument. ▫ 

2.6. Odds decomposition and Bayesian representability 
Theorem 3 (exact auxiliary-event representation). Suppose 𝛬𝛬(𝐸𝐸) > 0. Introduce a binary auxiliary event 
𝑍𝑍 ∈ {0,1} with conditional probabilities 

 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸) = 𝐺𝐺𝑖𝑖(𝐸𝐸). (11) 

Then the gated distribution is the ordinary conditional posterior 

 𝑞𝑞𝑖𝑖(𝐸𝐸) = 𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1). (12) 

For any 𝑖𝑖, 𝑗𝑗 with 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 > 0 and 𝑏𝑏𝑗𝑗𝐺𝐺𝑗𝑗 > 0, its odds satisfy 

 log 𝑞𝑞𝑖𝑖𝑞𝑞𝑗𝑗
= log 𝑏𝑏𝑖𝑖𝑏𝑏𝑗𝑗

+ log𝐺𝐺𝑖𝑖𝐺𝐺𝑗𝑗
. (13) 

Proof. The law of total probability and Equation (11) give 

𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = ∑𝑃𝑃
𝑗𝑗

(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑗𝑗, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑗𝑗 ∣ 𝐸𝐸) =∑𝐺𝐺𝑗𝑗
𝑗𝑗

𝑏𝑏𝑗𝑗 = 𝛬𝛬. 

Because 𝛬𝛬 > 0, Bayes’ theorem may be applied to the auxiliary event: 

𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1) = 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸)
𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = 𝐺𝐺𝑖𝑖𝑏𝑏𝑖𝑖

𝛬𝛬 = 𝑞𝑞𝑖𝑖. 

Dividing the corresponding expressions for 𝑞𝑞𝑖𝑖 and 𝑞𝑞𝑗𝑗 cancels 𝛬𝛬 and gives 𝑞𝑞𝑖𝑖/𝑞𝑞𝑗𝑗 = (𝑏𝑏𝑖𝑖/𝑏𝑏𝑗𝑗)(𝐺𝐺𝑖𝑖/𝐺𝐺𝑗𝑗). Taking 
logarithms proves Equation (13). ▫ 

Therefore Λ ≥ 1- δ > 0. Next, Equation (7) gives

 

6 

|𝛬𝛬 − 1| = |∑𝑏𝑏𝑖𝑖
𝑖𝑖

(𝐺𝐺𝑖𝑖 − 1)| ≤∑𝑏𝑏𝑖𝑖
𝑖𝑖

|𝐺𝐺𝑖𝑖 − 1| ≤ 𝛿𝛿∑𝑏𝑏𝑖𝑖
𝑖𝑖

= 𝛿𝛿. 

Therefore 𝛬𝛬 ≥ 1 − 𝛿𝛿 > 0. Next, Equation (7) gives 

𝑞𝑞𝑖𝑖 − 𝑏𝑏𝑖𝑖 =
𝑏𝑏𝑖𝑖(𝐺𝐺𝑖𝑖 − 𝛬𝛬)

𝛬𝛬 . 

Using |𝐺𝐺𝑖𝑖 − 𝛬𝛬| ≤ |𝐺𝐺𝑖𝑖 − 1| + |1 − 𝛬𝛬| ≤ 2𝛿𝛿 and summing yields 

∥ 𝑞𝑞 − 𝑏𝑏 ∥1=∑ 𝑏𝑏𝑖𝑖|𝐺𝐺𝑖𝑖 − 𝛬𝛬|
𝛬𝛬

𝑖𝑖
≤ 2𝛿𝛿

𝛬𝛬 ∑𝑏𝑏𝑖𝑖
𝑖𝑖

≤ 2𝛿𝛿
1 − 𝛿𝛿. 

If 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 on the finite set 𝐼𝐼𝐸𝐸, then 𝛿𝛿𝑚𝑚 = max𝑖𝑖∈𝐼𝐼𝐸𝐸 |𝐺𝐺𝑖𝑖

(𝑚𝑚) − 1| → 0. Equation (10) forces ∥ 𝑞𝑞(𝑚𝑚) − 𝑏𝑏 ∥1→ 0. 
▫ 

Corollary 1 (VTT neutral state). If 𝐴𝐴𝑖𝑖 → 1, 𝛷𝛷𝑖𝑖 → 1, 𝜌𝜌𝑖𝑖 → 1, 𝑐𝑐𝑖𝑖 → 0, and 𝛾𝛾𝑖𝑖 → 0 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝜂𝜂𝑖𝑖 →
0, 𝐺𝐺𝑖𝑖 → 1, 𝛬𝛬 → 1, and 𝑞𝑞𝑖𝑖 → 𝑏𝑏𝑖𝑖. 

Proof. Equation (3) gives 𝜂𝜂𝑖𝑖 = 𝑐𝑐𝑖𝑖/(𝜌𝜌𝑖𝑖 + 𝜀𝜀) → 0. Each factor in Equation (5) therefore tends to one. 
Theorem 2 completes the argument. ▫ 

2.6. Odds decomposition and Bayesian representability 
Theorem 3 (exact auxiliary-event representation). Suppose 𝛬𝛬(𝐸𝐸) > 0. Introduce a binary auxiliary event 
𝑍𝑍 ∈ {0,1} with conditional probabilities 

 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸) = 𝐺𝐺𝑖𝑖(𝐸𝐸). (11) 

Then the gated distribution is the ordinary conditional posterior 

 𝑞𝑞𝑖𝑖(𝐸𝐸) = 𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1). (12) 

For any 𝑖𝑖, 𝑗𝑗 with 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 > 0 and 𝑏𝑏𝑗𝑗𝐺𝐺𝑗𝑗 > 0, its odds satisfy 

 log 𝑞𝑞𝑖𝑖𝑞𝑞𝑗𝑗
= log 𝑏𝑏𝑖𝑖𝑏𝑏𝑗𝑗

+ log𝐺𝐺𝑖𝑖𝐺𝐺𝑗𝑗
. (13) 

Proof. The law of total probability and Equation (11) give 

𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = ∑𝑃𝑃
𝑗𝑗

(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑗𝑗, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑗𝑗 ∣ 𝐸𝐸) =∑𝐺𝐺𝑗𝑗
𝑗𝑗

𝑏𝑏𝑗𝑗 = 𝛬𝛬. 

Because 𝛬𝛬 > 0, Bayes’ theorem may be applied to the auxiliary event: 

𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1) = 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸)
𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = 𝐺𝐺𝑖𝑖𝑏𝑏𝑖𝑖

𝛬𝛬 = 𝑞𝑞𝑖𝑖. 

Dividing the corresponding expressions for 𝑞𝑞𝑖𝑖 and 𝑞𝑞𝑗𝑗 cancels 𝛬𝛬 and gives 𝑞𝑞𝑖𝑖/𝑞𝑞𝑗𝑗 = (𝑏𝑏𝑖𝑖/𝑏𝑏𝑗𝑗)(𝐺𝐺𝑖𝑖/𝐺𝐺𝑗𝑗). Taking 
logarithms proves Equation (13). ▫ 

Using |Gi-Λ |≤| Gi-1|+|1-Λ|≤ 2δ and summing yields
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|𝛬𝛬 − 1| = |∑𝑏𝑏𝑖𝑖
𝑖𝑖

(𝐺𝐺𝑖𝑖 − 1)| ≤∑𝑏𝑏𝑖𝑖
𝑖𝑖

|𝐺𝐺𝑖𝑖 − 1| ≤ 𝛿𝛿∑𝑏𝑏𝑖𝑖
𝑖𝑖

= 𝛿𝛿. 

Therefore 𝛬𝛬 ≥ 1 − 𝛿𝛿 > 0. Next, Equation (7) gives 

𝑞𝑞𝑖𝑖 − 𝑏𝑏𝑖𝑖 =
𝑏𝑏𝑖𝑖(𝐺𝐺𝑖𝑖 − 𝛬𝛬)

𝛬𝛬 . 

Using |𝐺𝐺𝑖𝑖 − 𝛬𝛬| ≤ |𝐺𝐺𝑖𝑖 − 1| + |1 − 𝛬𝛬| ≤ 2𝛿𝛿 and summing yields 

∥ 𝑞𝑞 − 𝑏𝑏 ∥1=∑ 𝑏𝑏𝑖𝑖|𝐺𝐺𝑖𝑖 − 𝛬𝛬|
𝛬𝛬

𝑖𝑖
≤ 2𝛿𝛿

𝛬𝛬 ∑𝑏𝑏𝑖𝑖
𝑖𝑖

≤ 2𝛿𝛿
1 − 𝛿𝛿. 

If 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 on the finite set 𝐼𝐼𝐸𝐸, then 𝛿𝛿𝑚𝑚 = max𝑖𝑖∈𝐼𝐼𝐸𝐸 |𝐺𝐺𝑖𝑖

(𝑚𝑚) − 1| → 0. Equation (10) forces ∥ 𝑞𝑞(𝑚𝑚) − 𝑏𝑏 ∥1→ 0. 
▫ 

Corollary 1 (VTT neutral state). If 𝐴𝐴𝑖𝑖 → 1, 𝛷𝛷𝑖𝑖 → 1, 𝜌𝜌𝑖𝑖 → 1, 𝑐𝑐𝑖𝑖 → 0, and 𝛾𝛾𝑖𝑖 → 0 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝜂𝜂𝑖𝑖 →
0, 𝐺𝐺𝑖𝑖 → 1, 𝛬𝛬 → 1, and 𝑞𝑞𝑖𝑖 → 𝑏𝑏𝑖𝑖. 

Proof. Equation (3) gives 𝜂𝜂𝑖𝑖 = 𝑐𝑐𝑖𝑖/(𝜌𝜌𝑖𝑖 + 𝜀𝜀) → 0. Each factor in Equation (5) therefore tends to one. 
Theorem 2 completes the argument. ▫ 

2.6. Odds decomposition and Bayesian representability 
Theorem 3 (exact auxiliary-event representation). Suppose 𝛬𝛬(𝐸𝐸) > 0. Introduce a binary auxiliary event 
𝑍𝑍 ∈ {0,1} with conditional probabilities 

 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸) = 𝐺𝐺𝑖𝑖(𝐸𝐸). (11) 

Then the gated distribution is the ordinary conditional posterior 

 𝑞𝑞𝑖𝑖(𝐸𝐸) = 𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1). (12) 

For any 𝑖𝑖, 𝑗𝑗 with 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 > 0 and 𝑏𝑏𝑗𝑗𝐺𝐺𝑗𝑗 > 0, its odds satisfy 

 log 𝑞𝑞𝑖𝑖𝑞𝑞𝑗𝑗
= log 𝑏𝑏𝑖𝑖𝑏𝑏𝑗𝑗

+ log𝐺𝐺𝑖𝑖𝐺𝐺𝑗𝑗
. (13) 

Proof. The law of total probability and Equation (11) give 

𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = ∑𝑃𝑃
𝑗𝑗

(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑗𝑗, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑗𝑗 ∣ 𝐸𝐸) =∑𝐺𝐺𝑗𝑗
𝑗𝑗

𝑏𝑏𝑗𝑗 = 𝛬𝛬. 

Because 𝛬𝛬 > 0, Bayes’ theorem may be applied to the auxiliary event: 

𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1) = 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸)
𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = 𝐺𝐺𝑖𝑖𝑏𝑏𝑖𝑖

𝛬𝛬 = 𝑞𝑞𝑖𝑖. 

Dividing the corresponding expressions for 𝑞𝑞𝑖𝑖 and 𝑞𝑞𝑗𝑗 cancels 𝛬𝛬 and gives 𝑞𝑞𝑖𝑖/𝑞𝑞𝑗𝑗 = (𝑏𝑏𝑖𝑖/𝑏𝑏𝑗𝑗)(𝐺𝐺𝑖𝑖/𝐺𝐺𝑗𝑗). Taking 
logarithms proves Equation (13). ▫ 

If Gi
(m) →1 on the finite set IE, then 
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|𝛬𝛬 − 1| = |∑𝑏𝑏𝑖𝑖
𝑖𝑖

(𝐺𝐺𝑖𝑖 − 1)| ≤∑𝑏𝑏𝑖𝑖
𝑖𝑖

|𝐺𝐺𝑖𝑖 − 1| ≤ 𝛿𝛿∑𝑏𝑏𝑖𝑖
𝑖𝑖

= 𝛿𝛿. 

Therefore 𝛬𝛬 ≥ 1 − 𝛿𝛿 > 0. Next, Equation (7) gives 

𝑞𝑞𝑖𝑖 − 𝑏𝑏𝑖𝑖 =
𝑏𝑏𝑖𝑖(𝐺𝐺𝑖𝑖 − 𝛬𝛬)

𝛬𝛬 . 

Using |𝐺𝐺𝑖𝑖 − 𝛬𝛬| ≤ |𝐺𝐺𝑖𝑖 − 1| + |1 − 𝛬𝛬| ≤ 2𝛿𝛿 and summing yields 

∥ 𝑞𝑞 − 𝑏𝑏 ∥1=∑ 𝑏𝑏𝑖𝑖|𝐺𝐺𝑖𝑖 − 𝛬𝛬|
𝛬𝛬

𝑖𝑖
≤ 2𝛿𝛿

𝛬𝛬 ∑𝑏𝑏𝑖𝑖
𝑖𝑖

≤ 2𝛿𝛿
1 − 𝛿𝛿. 

If 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 on the finite set 𝐼𝐼𝐸𝐸, then 𝛿𝛿𝑚𝑚 = max𝑖𝑖∈𝐼𝐼𝐸𝐸 |𝐺𝐺𝑖𝑖

(𝑚𝑚) − 1| → 0. Equation (10) forces ∥ 𝑞𝑞(𝑚𝑚) − 𝑏𝑏 ∥1→ 0. 
▫ 

Corollary 1 (VTT neutral state). If 𝐴𝐴𝑖𝑖 → 1, 𝛷𝛷𝑖𝑖 → 1, 𝜌𝜌𝑖𝑖 → 1, 𝑐𝑐𝑖𝑖 → 0, and 𝛾𝛾𝑖𝑖 → 0 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝜂𝜂𝑖𝑖 →
0, 𝐺𝐺𝑖𝑖 → 1, 𝛬𝛬 → 1, and 𝑞𝑞𝑖𝑖 → 𝑏𝑏𝑖𝑖. 

Proof. Equation (3) gives 𝜂𝜂𝑖𝑖 = 𝑐𝑐𝑖𝑖/(𝜌𝜌𝑖𝑖 + 𝜀𝜀) → 0. Each factor in Equation (5) therefore tends to one. 
Theorem 2 completes the argument. ▫ 

2.6. Odds decomposition and Bayesian representability 
Theorem 3 (exact auxiliary-event representation). Suppose 𝛬𝛬(𝐸𝐸) > 0. Introduce a binary auxiliary event 
𝑍𝑍 ∈ {0,1} with conditional probabilities 

 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸) = 𝐺𝐺𝑖𝑖(𝐸𝐸). (11) 

Then the gated distribution is the ordinary conditional posterior 

 𝑞𝑞𝑖𝑖(𝐸𝐸) = 𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1). (12) 

For any 𝑖𝑖, 𝑗𝑗 with 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 > 0 and 𝑏𝑏𝑗𝑗𝐺𝐺𝑗𝑗 > 0, its odds satisfy 

 log 𝑞𝑞𝑖𝑖𝑞𝑞𝑗𝑗
= log 𝑏𝑏𝑖𝑖𝑏𝑏𝑗𝑗

+ log𝐺𝐺𝑖𝑖𝐺𝐺𝑗𝑗
. (13) 

Proof. The law of total probability and Equation (11) give 

𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = ∑𝑃𝑃
𝑗𝑗

(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑗𝑗, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑗𝑗 ∣ 𝐸𝐸) =∑𝐺𝐺𝑗𝑗
𝑗𝑗

𝑏𝑏𝑗𝑗 = 𝛬𝛬. 

Because 𝛬𝛬 > 0, Bayes’ theorem may be applied to the auxiliary event: 

𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1) = 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸)
𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = 𝐺𝐺𝑖𝑖𝑏𝑏𝑖𝑖

𝛬𝛬 = 𝑞𝑞𝑖𝑖. 

Dividing the corresponding expressions for 𝑞𝑞𝑖𝑖 and 𝑞𝑞𝑗𝑗 cancels 𝛬𝛬 and gives 𝑞𝑞𝑖𝑖/𝑞𝑞𝑗𝑗 = (𝑏𝑏𝑖𝑖/𝑏𝑏𝑗𝑗)(𝐺𝐺𝑖𝑖/𝐺𝐺𝑗𝑗). Taking 
logarithms proves Equation (13). ▫ 

. Equation (10) forces ∥q(m) -b∥1→0. ▫
Corollary 1 (VTT Neutral State). If Ai→1, Φi→1, ρi→1, ci→0, and γi→ 0 for every i ∈ IE, then ηi→0, Gi→1, Λ→1, and qi→bi.
Proof. Equation (3) gives ηi= ci/(ρi + ε)→ 0. Each factor in Equation (5) therefore tends to one. Theorem 2 completes the argument. ▫

2.6. Odds Decomposition and Bayesian Representability
Theorem 3 (Exact Auxiliary-Event Representation). Suppose Λ(E) > 0. Introduce a binary auxiliary event Z∈{0,1} with conditional 
probabilities
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|𝛬𝛬 − 1| = |∑𝑏𝑏𝑖𝑖
𝑖𝑖

(𝐺𝐺𝑖𝑖 − 1)| ≤∑𝑏𝑏𝑖𝑖
𝑖𝑖

|𝐺𝐺𝑖𝑖 − 1| ≤ 𝛿𝛿∑𝑏𝑏𝑖𝑖
𝑖𝑖

= 𝛿𝛿. 

Therefore 𝛬𝛬 ≥ 1 − 𝛿𝛿 > 0. Next, Equation (7) gives 

𝑞𝑞𝑖𝑖 − 𝑏𝑏𝑖𝑖 =
𝑏𝑏𝑖𝑖(𝐺𝐺𝑖𝑖 − 𝛬𝛬)

𝛬𝛬 . 

Using |𝐺𝐺𝑖𝑖 − 𝛬𝛬| ≤ |𝐺𝐺𝑖𝑖 − 1| + |1 − 𝛬𝛬| ≤ 2𝛿𝛿 and summing yields 

∥ 𝑞𝑞 − 𝑏𝑏 ∥1=∑ 𝑏𝑏𝑖𝑖|𝐺𝐺𝑖𝑖 − 𝛬𝛬|
𝛬𝛬

𝑖𝑖
≤ 2𝛿𝛿

𝛬𝛬 ∑𝑏𝑏𝑖𝑖
𝑖𝑖

≤ 2𝛿𝛿
1 − 𝛿𝛿. 

If 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 on the finite set 𝐼𝐼𝐸𝐸, then 𝛿𝛿𝑚𝑚 = max𝑖𝑖∈𝐼𝐼𝐸𝐸 |𝐺𝐺𝑖𝑖

(𝑚𝑚) − 1| → 0. Equation (10) forces ∥ 𝑞𝑞(𝑚𝑚) − 𝑏𝑏 ∥1→ 0. 
▫ 

Corollary 1 (VTT neutral state). If 𝐴𝐴𝑖𝑖 → 1, 𝛷𝛷𝑖𝑖 → 1, 𝜌𝜌𝑖𝑖 → 1, 𝑐𝑐𝑖𝑖 → 0, and 𝛾𝛾𝑖𝑖 → 0 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝜂𝜂𝑖𝑖 →
0, 𝐺𝐺𝑖𝑖 → 1, 𝛬𝛬 → 1, and 𝑞𝑞𝑖𝑖 → 𝑏𝑏𝑖𝑖. 

Proof. Equation (3) gives 𝜂𝜂𝑖𝑖 = 𝑐𝑐𝑖𝑖/(𝜌𝜌𝑖𝑖 + 𝜀𝜀) → 0. Each factor in Equation (5) therefore tends to one. 
Theorem 2 completes the argument. ▫ 

2.6. Odds decomposition and Bayesian representability 
Theorem 3 (exact auxiliary-event representation). Suppose 𝛬𝛬(𝐸𝐸) > 0. Introduce a binary auxiliary event 
𝑍𝑍 ∈ {0,1} with conditional probabilities 

 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸) = 𝐺𝐺𝑖𝑖(𝐸𝐸). (11) 

Then the gated distribution is the ordinary conditional posterior 

 𝑞𝑞𝑖𝑖(𝐸𝐸) = 𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1). (12) 

For any 𝑖𝑖, 𝑗𝑗 with 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 > 0 and 𝑏𝑏𝑗𝑗𝐺𝐺𝑗𝑗 > 0, its odds satisfy 

 log 𝑞𝑞𝑖𝑖𝑞𝑞𝑗𝑗
= log 𝑏𝑏𝑖𝑖𝑏𝑏𝑗𝑗

+ log𝐺𝐺𝑖𝑖𝐺𝐺𝑗𝑗
. (13) 

Proof. The law of total probability and Equation (11) give 

𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = ∑𝑃𝑃
𝑗𝑗

(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑗𝑗, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑗𝑗 ∣ 𝐸𝐸) =∑𝐺𝐺𝑗𝑗
𝑗𝑗

𝑏𝑏𝑗𝑗 = 𝛬𝛬. 

Because 𝛬𝛬 > 0, Bayes’ theorem may be applied to the auxiliary event: 

𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1) = 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸)
𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = 𝐺𝐺𝑖𝑖𝑏𝑏𝑖𝑖

𝛬𝛬 = 𝑞𝑞𝑖𝑖. 

Dividing the corresponding expressions for 𝑞𝑞𝑖𝑖 and 𝑞𝑞𝑗𝑗 cancels 𝛬𝛬 and gives 𝑞𝑞𝑖𝑖/𝑞𝑞𝑗𝑗 = (𝑏𝑏𝑖𝑖/𝑏𝑏𝑗𝑗)(𝐺𝐺𝑖𝑖/𝐺𝐺𝑗𝑗). Taking 
logarithms proves Equation (13). ▫ 

Then the gated distribution is the ordinary conditional posterior
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|𝛬𝛬 − 1| = |∑𝑏𝑏𝑖𝑖
𝑖𝑖

(𝐺𝐺𝑖𝑖 − 1)| ≤∑𝑏𝑏𝑖𝑖
𝑖𝑖

|𝐺𝐺𝑖𝑖 − 1| ≤ 𝛿𝛿∑𝑏𝑏𝑖𝑖
𝑖𝑖

= 𝛿𝛿. 

Therefore 𝛬𝛬 ≥ 1 − 𝛿𝛿 > 0. Next, Equation (7) gives 

𝑞𝑞𝑖𝑖 − 𝑏𝑏𝑖𝑖 =
𝑏𝑏𝑖𝑖(𝐺𝐺𝑖𝑖 − 𝛬𝛬)

𝛬𝛬 . 

Using |𝐺𝐺𝑖𝑖 − 𝛬𝛬| ≤ |𝐺𝐺𝑖𝑖 − 1| + |1 − 𝛬𝛬| ≤ 2𝛿𝛿 and summing yields 

∥ 𝑞𝑞 − 𝑏𝑏 ∥1=∑ 𝑏𝑏𝑖𝑖|𝐺𝐺𝑖𝑖 − 𝛬𝛬|
𝛬𝛬

𝑖𝑖
≤ 2𝛿𝛿

𝛬𝛬 ∑𝑏𝑏𝑖𝑖
𝑖𝑖

≤ 2𝛿𝛿
1 − 𝛿𝛿. 

If 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 on the finite set 𝐼𝐼𝐸𝐸, then 𝛿𝛿𝑚𝑚 = max𝑖𝑖∈𝐼𝐼𝐸𝐸 |𝐺𝐺𝑖𝑖

(𝑚𝑚) − 1| → 0. Equation (10) forces ∥ 𝑞𝑞(𝑚𝑚) − 𝑏𝑏 ∥1→ 0. 
▫ 

Corollary 1 (VTT neutral state). If 𝐴𝐴𝑖𝑖 → 1, 𝛷𝛷𝑖𝑖 → 1, 𝜌𝜌𝑖𝑖 → 1, 𝑐𝑐𝑖𝑖 → 0, and 𝛾𝛾𝑖𝑖 → 0 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝜂𝜂𝑖𝑖 →
0, 𝐺𝐺𝑖𝑖 → 1, 𝛬𝛬 → 1, and 𝑞𝑞𝑖𝑖 → 𝑏𝑏𝑖𝑖. 

Proof. Equation (3) gives 𝜂𝜂𝑖𝑖 = 𝑐𝑐𝑖𝑖/(𝜌𝜌𝑖𝑖 + 𝜀𝜀) → 0. Each factor in Equation (5) therefore tends to one. 
Theorem 2 completes the argument. ▫ 

2.6. Odds decomposition and Bayesian representability 
Theorem 3 (exact auxiliary-event representation). Suppose 𝛬𝛬(𝐸𝐸) > 0. Introduce a binary auxiliary event 
𝑍𝑍 ∈ {0,1} with conditional probabilities 

 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸) = 𝐺𝐺𝑖𝑖(𝐸𝐸). (11) 

Then the gated distribution is the ordinary conditional posterior 

 𝑞𝑞𝑖𝑖(𝐸𝐸) = 𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1). (12) 

For any 𝑖𝑖, 𝑗𝑗 with 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 > 0 and 𝑏𝑏𝑗𝑗𝐺𝐺𝑗𝑗 > 0, its odds satisfy 

 log 𝑞𝑞𝑖𝑖𝑞𝑞𝑗𝑗
= log 𝑏𝑏𝑖𝑖𝑏𝑏𝑗𝑗

+ log𝐺𝐺𝑖𝑖𝐺𝐺𝑗𝑗
. (13) 

Proof. The law of total probability and Equation (11) give 

𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = ∑𝑃𝑃
𝑗𝑗

(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑗𝑗, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑗𝑗 ∣ 𝐸𝐸) =∑𝐺𝐺𝑗𝑗
𝑗𝑗

𝑏𝑏𝑗𝑗 = 𝛬𝛬. 

Because 𝛬𝛬 > 0, Bayes’ theorem may be applied to the auxiliary event: 

𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1) = 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸)
𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = 𝐺𝐺𝑖𝑖𝑏𝑏𝑖𝑖

𝛬𝛬 = 𝑞𝑞𝑖𝑖. 

Dividing the corresponding expressions for 𝑞𝑞𝑖𝑖 and 𝑞𝑞𝑗𝑗 cancels 𝛬𝛬 and gives 𝑞𝑞𝑖𝑖/𝑞𝑞𝑗𝑗 = (𝑏𝑏𝑖𝑖/𝑏𝑏𝑗𝑗)(𝐺𝐺𝑖𝑖/𝐺𝐺𝑗𝑗). Taking 
logarithms proves Equation (13). ▫ 

For any i,j with bi Gi > 0 and bj Gj > 0, its odds satisfy

 

6 

|𝛬𝛬 − 1| = |∑𝑏𝑏𝑖𝑖
𝑖𝑖

(𝐺𝐺𝑖𝑖 − 1)| ≤∑𝑏𝑏𝑖𝑖
𝑖𝑖

|𝐺𝐺𝑖𝑖 − 1| ≤ 𝛿𝛿∑𝑏𝑏𝑖𝑖
𝑖𝑖

= 𝛿𝛿. 

Therefore 𝛬𝛬 ≥ 1 − 𝛿𝛿 > 0. Next, Equation (7) gives 

𝑞𝑞𝑖𝑖 − 𝑏𝑏𝑖𝑖 =
𝑏𝑏𝑖𝑖(𝐺𝐺𝑖𝑖 − 𝛬𝛬)

𝛬𝛬 . 

Using |𝐺𝐺𝑖𝑖 − 𝛬𝛬| ≤ |𝐺𝐺𝑖𝑖 − 1| + |1 − 𝛬𝛬| ≤ 2𝛿𝛿 and summing yields 

∥ 𝑞𝑞 − 𝑏𝑏 ∥1=∑ 𝑏𝑏𝑖𝑖|𝐺𝐺𝑖𝑖 − 𝛬𝛬|
𝛬𝛬

𝑖𝑖
≤ 2𝛿𝛿

𝛬𝛬 ∑𝑏𝑏𝑖𝑖
𝑖𝑖

≤ 2𝛿𝛿
1 − 𝛿𝛿. 

If 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 on the finite set 𝐼𝐼𝐸𝐸, then 𝛿𝛿𝑚𝑚 = max𝑖𝑖∈𝐼𝐼𝐸𝐸 |𝐺𝐺𝑖𝑖

(𝑚𝑚) − 1| → 0. Equation (10) forces ∥ 𝑞𝑞(𝑚𝑚) − 𝑏𝑏 ∥1→ 0. 
▫ 

Corollary 1 (VTT neutral state). If 𝐴𝐴𝑖𝑖 → 1, 𝛷𝛷𝑖𝑖 → 1, 𝜌𝜌𝑖𝑖 → 1, 𝑐𝑐𝑖𝑖 → 0, and 𝛾𝛾𝑖𝑖 → 0 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝜂𝜂𝑖𝑖 →
0, 𝐺𝐺𝑖𝑖 → 1, 𝛬𝛬 → 1, and 𝑞𝑞𝑖𝑖 → 𝑏𝑏𝑖𝑖. 

Proof. Equation (3) gives 𝜂𝜂𝑖𝑖 = 𝑐𝑐𝑖𝑖/(𝜌𝜌𝑖𝑖 + 𝜀𝜀) → 0. Each factor in Equation (5) therefore tends to one. 
Theorem 2 completes the argument. ▫ 

2.6. Odds decomposition and Bayesian representability 
Theorem 3 (exact auxiliary-event representation). Suppose 𝛬𝛬(𝐸𝐸) > 0. Introduce a binary auxiliary event 
𝑍𝑍 ∈ {0,1} with conditional probabilities 

 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸) = 𝐺𝐺𝑖𝑖(𝐸𝐸). (11) 

Then the gated distribution is the ordinary conditional posterior 

 𝑞𝑞𝑖𝑖(𝐸𝐸) = 𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1). (12) 

For any 𝑖𝑖, 𝑗𝑗 with 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 > 0 and 𝑏𝑏𝑗𝑗𝐺𝐺𝑗𝑗 > 0, its odds satisfy 

 log 𝑞𝑞𝑖𝑖𝑞𝑞𝑗𝑗
= log 𝑏𝑏𝑖𝑖𝑏𝑏𝑗𝑗

+ log𝐺𝐺𝑖𝑖𝐺𝐺𝑗𝑗
. (13) 

Proof. The law of total probability and Equation (11) give 

𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = ∑𝑃𝑃
𝑗𝑗

(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑗𝑗, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑗𝑗 ∣ 𝐸𝐸) =∑𝐺𝐺𝑗𝑗
𝑗𝑗

𝑏𝑏𝑗𝑗 = 𝛬𝛬. 

Because 𝛬𝛬 > 0, Bayes’ theorem may be applied to the auxiliary event: 

𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1) = 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸)
𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = 𝐺𝐺𝑖𝑖𝑏𝑏𝑖𝑖

𝛬𝛬 = 𝑞𝑞𝑖𝑖. 

Dividing the corresponding expressions for 𝑞𝑞𝑖𝑖 and 𝑞𝑞𝑗𝑗 cancels 𝛬𝛬 and gives 𝑞𝑞𝑖𝑖/𝑞𝑞𝑗𝑗 = (𝑏𝑏𝑖𝑖/𝑏𝑏𝑗𝑗)(𝐺𝐺𝑖𝑖/𝐺𝐺𝑗𝑗). Taking 
logarithms proves Equation (13). ▫ 

Proof. The law of total probability and Equation (11) give
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|𝛬𝛬 − 1| = |∑𝑏𝑏𝑖𝑖
𝑖𝑖

(𝐺𝐺𝑖𝑖 − 1)| ≤∑𝑏𝑏𝑖𝑖
𝑖𝑖

|𝐺𝐺𝑖𝑖 − 1| ≤ 𝛿𝛿∑𝑏𝑏𝑖𝑖
𝑖𝑖

= 𝛿𝛿. 

Therefore 𝛬𝛬 ≥ 1 − 𝛿𝛿 > 0. Next, Equation (7) gives 

𝑞𝑞𝑖𝑖 − 𝑏𝑏𝑖𝑖 =
𝑏𝑏𝑖𝑖(𝐺𝐺𝑖𝑖 − 𝛬𝛬)

𝛬𝛬 . 

Using |𝐺𝐺𝑖𝑖 − 𝛬𝛬| ≤ |𝐺𝐺𝑖𝑖 − 1| + |1 − 𝛬𝛬| ≤ 2𝛿𝛿 and summing yields 

∥ 𝑞𝑞 − 𝑏𝑏 ∥1=∑ 𝑏𝑏𝑖𝑖|𝐺𝐺𝑖𝑖 − 𝛬𝛬|
𝛬𝛬

𝑖𝑖
≤ 2𝛿𝛿

𝛬𝛬 ∑𝑏𝑏𝑖𝑖
𝑖𝑖

≤ 2𝛿𝛿
1 − 𝛿𝛿. 

If 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 on the finite set 𝐼𝐼𝐸𝐸, then 𝛿𝛿𝑚𝑚 = max𝑖𝑖∈𝐼𝐼𝐸𝐸 |𝐺𝐺𝑖𝑖

(𝑚𝑚) − 1| → 0. Equation (10) forces ∥ 𝑞𝑞(𝑚𝑚) − 𝑏𝑏 ∥1→ 0. 
▫ 

Corollary 1 (VTT neutral state). If 𝐴𝐴𝑖𝑖 → 1, 𝛷𝛷𝑖𝑖 → 1, 𝜌𝜌𝑖𝑖 → 1, 𝑐𝑐𝑖𝑖 → 0, and 𝛾𝛾𝑖𝑖 → 0 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝜂𝜂𝑖𝑖 →
0, 𝐺𝐺𝑖𝑖 → 1, 𝛬𝛬 → 1, and 𝑞𝑞𝑖𝑖 → 𝑏𝑏𝑖𝑖. 

Proof. Equation (3) gives 𝜂𝜂𝑖𝑖 = 𝑐𝑐𝑖𝑖/(𝜌𝜌𝑖𝑖 + 𝜀𝜀) → 0. Each factor in Equation (5) therefore tends to one. 
Theorem 2 completes the argument. ▫ 

2.6. Odds decomposition and Bayesian representability 
Theorem 3 (exact auxiliary-event representation). Suppose 𝛬𝛬(𝐸𝐸) > 0. Introduce a binary auxiliary event 
𝑍𝑍 ∈ {0,1} with conditional probabilities 

 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸) = 𝐺𝐺𝑖𝑖(𝐸𝐸). (11) 

Then the gated distribution is the ordinary conditional posterior 

 𝑞𝑞𝑖𝑖(𝐸𝐸) = 𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1). (12) 

For any 𝑖𝑖, 𝑗𝑗 with 𝑏𝑏𝑖𝑖𝐺𝐺𝑖𝑖 > 0 and 𝑏𝑏𝑗𝑗𝐺𝐺𝑗𝑗 > 0, its odds satisfy 

 log 𝑞𝑞𝑖𝑖𝑞𝑞𝑗𝑗
= log 𝑏𝑏𝑖𝑖𝑏𝑏𝑗𝑗

+ log𝐺𝐺𝑖𝑖𝐺𝐺𝑗𝑗
. (13) 

Proof. The law of total probability and Equation (11) give 

𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = ∑𝑃𝑃
𝑗𝑗

(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑗𝑗, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑗𝑗 ∣ 𝐸𝐸) =∑𝐺𝐺𝑗𝑗
𝑗𝑗

𝑏𝑏𝑗𝑗 = 𝛬𝛬. 

Because 𝛬𝛬 > 0, Bayes’ theorem may be applied to the auxiliary event: 

𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1) = 𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑖𝑖, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸)
𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = 𝐺𝐺𝑖𝑖𝑏𝑏𝑖𝑖

𝛬𝛬 = 𝑞𝑞𝑖𝑖. 

Dividing the corresponding expressions for 𝑞𝑞𝑖𝑖 and 𝑞𝑞𝑗𝑗 cancels 𝛬𝛬 and gives 𝑞𝑞𝑖𝑖/𝑞𝑞𝑗𝑗 = (𝑏𝑏𝑖𝑖/𝑏𝑏𝑗𝑗)(𝐺𝐺𝑖𝑖/𝐺𝐺𝑗𝑗). Taking 
logarithms proves Equation (13). ▫ 

Because Λ > 0, Bayes’ theorem may be applied to the auxiliary event:

 

6 

|𝛬𝛬 − 1| = |∑𝑏𝑏𝑖𝑖
𝑖𝑖

(𝐺𝐺𝑖𝑖 − 1)| ≤∑𝑏𝑏𝑖𝑖
𝑖𝑖

|𝐺𝐺𝑖𝑖 − 1| ≤ 𝛿𝛿∑𝑏𝑏𝑖𝑖
𝑖𝑖

= 𝛿𝛿. 

Therefore 𝛬𝛬 ≥ 1 − 𝛿𝛿 > 0. Next, Equation (7) gives 

𝑞𝑞𝑖𝑖 − 𝑏𝑏𝑖𝑖 =
𝑏𝑏𝑖𝑖(𝐺𝐺𝑖𝑖 − 𝛬𝛬)

𝛬𝛬 . 

Using |𝐺𝐺𝑖𝑖 − 𝛬𝛬| ≤ |𝐺𝐺𝑖𝑖 − 1| + |1 − 𝛬𝛬| ≤ 2𝛿𝛿 and summing yields 

∥ 𝑞𝑞 − 𝑏𝑏 ∥1=∑ 𝑏𝑏𝑖𝑖|𝐺𝐺𝑖𝑖 − 𝛬𝛬|
𝛬𝛬

𝑖𝑖
≤ 2𝛿𝛿

𝛬𝛬 ∑𝑏𝑏𝑖𝑖
𝑖𝑖

≤ 2𝛿𝛿
1 − 𝛿𝛿. 

If 𝐺𝐺𝑖𝑖
(𝑚𝑚) → 1 on the finite set 𝐼𝐼𝐸𝐸, then 𝛿𝛿𝑚𝑚 = max𝑖𝑖∈𝐼𝐼𝐸𝐸 |𝐺𝐺𝑖𝑖

(𝑚𝑚) − 1| → 0. Equation (10) forces ∥ 𝑞𝑞(𝑚𝑚) − 𝑏𝑏 ∥1→ 0. 
▫ 

Corollary 1 (VTT neutral state). If 𝐴𝐴𝑖𝑖 → 1, 𝛷𝛷𝑖𝑖 → 1, 𝜌𝜌𝑖𝑖 → 1, 𝑐𝑐𝑖𝑖 → 0, and 𝛾𝛾𝑖𝑖 → 0 for every 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝜂𝜂𝑖𝑖 →
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Theorem 2 completes the argument. ▫ 
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 log 𝑞𝑞𝑖𝑖𝑞𝑞𝑗𝑗
= log 𝑏𝑏𝑖𝑖𝑏𝑏𝑗𝑗

+ log𝐺𝐺𝑖𝑖𝐺𝐺𝑗𝑗
. (13) 

Proof. The law of total probability and Equation (11) give 

𝑃𝑃(𝑍𝑍 = 1 ∣ 𝐸𝐸) = ∑𝑃𝑃
𝑗𝑗

(𝑍𝑍 = 1 ∣ 𝐻𝐻𝑗𝑗, 𝐸𝐸)𝑃𝑃(𝐻𝐻𝑗𝑗 ∣ 𝐸𝐸) =∑𝐺𝐺𝑗𝑗
𝑗𝑗

𝑏𝑏𝑗𝑗 = 𝛬𝛬. 

Because 𝛬𝛬 > 0, Bayes’ theorem may be applied to the auxiliary event: 
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𝛬𝛬 = 𝑞𝑞𝑖𝑖. 

Dividing the corresponding expressions for 𝑞𝑞𝑖𝑖 and 𝑞𝑞𝑗𝑗 cancels 𝛬𝛬 and gives 𝑞𝑞𝑖𝑖/𝑞𝑞𝑗𝑗 = (𝑏𝑏𝑖𝑖/𝑏𝑏𝑗𝑗)(𝐺𝐺𝑖𝑖/𝐺𝐺𝑗𝑗). Taking 
logarithms proves Equation (13). ▫ Dividing the corresponding expressions for qi and qj cancels Λ and gives qi/qj = (bi/bj )(Gi/Gj ). Taking logarithms proves Equation (13). ▫

Theorem 3 Fixes the Scope of the Method. When Λ > 0, the normalized output is compatible with ordinary probability theory. The 
gate acts as the conditional probability of an auxiliary admissibility event. When Λ= 0, the event Z =1 has conditional probability zero, 
so P(Hi∣E,Z=1) is undefined. The abstention rule is therefore not optional bookkeeping; it is the mathematically correct response to 
conditioning on a zero-probability event in this finite construction.
Corollary 2 (Common-Factor Cancellation). If Gi (E) = g(E)> 0 for all i ∈ IE, then qi (E) = bi (E) for every i.
Proof. Equation (7) gives qi = bi g/(g∑j bj ) = bi. ▫
Corollary 2 has an Important Design Consequence. A Diagnostic that Depends only on E and multiplies every hypothesis equally 
cannot change relative posterior weights. It can still control coverage by setting the common factor to zero, but hypothesis-specific 
reweighting requires at least one hypothesis-dependent component.
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2.7. Stability and Threshold Discontinuity
Theorem 4 (Stability Away from Collapse). Fix a baseline posterior b. Let g,h∈[0,1]n be two gate vectors satisfying b⋅g ≥ α and b⋅h ≥ 
α for some α > 0. If Q (g) = b ⊙ g/(b⋅g), where ⊙ denotes componentwise multiplication, then
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Theorem 3 fixes the scope of the method. When 𝛬𝛬 > 0, the normalized output is compatible with ordinary 
probability theory. The gate acts as the conditional probability of an auxiliary admissibility event. When 𝛬𝛬 =
0, the event 𝑍𝑍 = 1 has conditional probability zero, so 𝑃𝑃(𝐻𝐻𝑖𝑖 ∣ 𝐸𝐸, 𝑍𝑍 = 1) is undefined. The abstention rule is 
therefore not optional bookkeeping; it is the mathematically correct response to conditioning on a zero-
probability event in this finite construction. 

Corollary 2 (common-factor cancellation). If 𝐺𝐺𝑖𝑖(𝐸𝐸) = 𝑔𝑔(𝐸𝐸) > 0 for all 𝑖𝑖 ∈ 𝐼𝐼𝐸𝐸, then 𝑞𝑞𝑖𝑖(𝐸𝐸) = 𝑏𝑏𝑖𝑖(𝐸𝐸) for every 
𝑖𝑖. 

Proof. Equation (7) gives 𝑞𝑞𝑖𝑖 = 𝑏𝑏𝑖𝑖𝑔𝑔/(𝑔𝑔∑ 𝑏𝑏𝑗𝑗𝑗𝑗 ) = 𝑏𝑏𝑖𝑖. ▫ 

Corollary 2 has an important design consequence. A diagnostic that depends only on 𝐸𝐸 and multiplies 
every hypothesis equally cannot change relative posterior weights. It can still control coverage by setting the 
common factor to zero, but hypothesis-specific reweighting requires at least one hypothesis-dependent 
component. 

2.7. Stability and threshold discontinuity 
Theorem 4 (stability away from collapse). Fix a baseline posterior 𝑏𝑏. Let 𝑔𝑔, ℎ ∈ [0,1]𝑛𝑛 be two gate vectors 
satisfying 𝑏𝑏 ⋅ 𝑔𝑔 ≥ 𝛼𝛼 and 𝑏𝑏 ⋅ ℎ ≥ 𝛼𝛼 for some 𝛼𝛼 > 0. If 𝑄𝑄(𝑔𝑔) = 𝑏𝑏 ⊙ 𝑔𝑔/(𝑏𝑏 ⋅ 𝑔𝑔), where ⊙ denotes 
componentwise multiplication, then 

 ∥ 𝑄𝑄(𝑔𝑔) − 𝑄𝑄(ℎ) ∥1≤
2
𝛼𝛼 ∥ 𝑔𝑔 − ℎ ∥∞. (14) 

Proof. Write 𝛬𝛬𝑔𝑔 = 𝑏𝑏 ⋅ 𝑔𝑔 and 𝛬𝛬ℎ = 𝑏𝑏 ⋅ ℎ. Add and subtract 𝑏𝑏 ⊙ ℎ/𝛬𝛬𝑔𝑔: 

∥ 𝑄𝑄(𝑔𝑔) − 𝑄𝑄(ℎ) ∥1≤
∥ 𝑏𝑏 ⊙ (𝑔𝑔 − ℎ) ∥1

𝛬𝛬𝑔𝑔
+ | 1𝛬𝛬𝑔𝑔

− 1
𝛬𝛬ℎ

| ∥ 𝑏𝑏 ⊙ ℎ ∥1. 

The first numerator is at most ∥ 𝑔𝑔 − ℎ ∥∞ ∑ 𝑏𝑏𝑖𝑖𝑖𝑖 =∥ 𝑔𝑔 − ℎ ∥∞. Since ∥ 𝑏𝑏 ⊙ ℎ ∥1= 𝛬𝛬ℎ, the second term equals 
|𝛬𝛬ℎ − 𝛬𝛬𝑔𝑔|/𝛬𝛬𝑔𝑔. Also, 

|𝛬𝛬ℎ − 𝛬𝛬𝑔𝑔| = |𝑏𝑏 ⋅ (ℎ − 𝑔𝑔)| ≤∥ ℎ − 𝑔𝑔 ∥∞ ∑𝑏𝑏𝑖𝑖
𝑖𝑖

=∥ ℎ − 𝑔𝑔 ∥∞. 

Using 𝛬𝛬𝑔𝑔 ≥ 𝛼𝛼 in both terms proves Equation (14). ▫ 

The factor 1/𝛼𝛼 shows that normalization becomes ill-conditioned as total gated mass approaches zero. This is 
not a defect unique to VTT; it is a general property of normalizing a nearly zero nonnegative vector. 

Proposition 1 (hard-threshold discontinuity). If 𝐴𝐴𝑖𝑖 is defined by Equation (4), the map from a descriptor to 
the selective output can be discontinuous at any active threshold. 

Proof. Consider one supported hypothesis and vary only its alignment. For 𝛷𝛷𝑖𝑖 < 𝜙𝜙min, 𝐴𝐴𝑖𝑖 = 0 and the 
rule abstains. For 𝛷𝛷𝑖𝑖 ≥ 𝜙𝜙min with all other factors positive, 𝐴𝐴𝑖𝑖 = 1 and 𝛬𝛬 > 0. Arbitrarily small changes 
across 𝜙𝜙min therefore change the output from ⊥ to a normalized distribution. ▫ 

A smooth implementation can replace a hard factor by logistic transitions. For steepness parameters 
𝑎𝑎𝜙𝜙, 𝑎𝑎𝑐𝑐, 𝑎𝑎𝜌𝜌 > 0 and logistic function 𝜎𝜎(𝑢𝑢) = (1 + 𝑒𝑒−𝑢𝑢)−1, one option is 

 𝐴̃𝐴𝑖𝑖 = 𝜎𝜎 (𝑎𝑎𝜙𝜙(𝛷𝛷𝑖𝑖 − 𝜙𝜙min)) 𝜎𝜎(𝑎𝑎𝑐𝑐(𝑐𝑐max − 𝑐𝑐𝑖𝑖))𝜎𝜎 (𝑎𝑎𝜌𝜌(𝜌𝜌𝑖𝑖 − 𝜌𝜌min)). (15) 

The smooth gate is differentiable when its descriptors are differentiable, but it removes exact zero-mass 
abstention unless an additional terminal threshold on 𝛬𝛬 is declared. The present paper retains the hard rule so 
that the abstention state is exact. 

Proof. Write Λg = b⋅g and Λh= b⋅h. Add and subtract b⊙h/Λg:
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Theorem 3 fixes the scope of the method. When 𝛬𝛬 > 0, the normalized output is compatible with ordinary 
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Using 𝛬𝛬𝑔𝑔 ≥ 𝛼𝛼 in both terms proves Equation (14). ▫ 
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Proof. Consider one supported hypothesis and vary only its alignment. For 𝛷𝛷𝑖𝑖 < 𝜙𝜙min, 𝐴𝐴𝑖𝑖 = 0 and the 
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The smooth gate is differentiable when its descriptors are differentiable, but it removes exact zero-mass 
abstention unless an additional terminal threshold on 𝛬𝛬 is declared. The present paper retains the hard rule so 
that the abstention state is exact. 

Using Λg  ≥ α in both terms proves Equation (14). ▫
The factor 1/α shows that normalization becomes ill-conditioned as total gated mass approaches zero. This is not a defect unique to VTT; 
it is a general property of normalizing a nearly zero nonnegative vector.

Proposition 1 (Hard-Threshold Discontinuity). If Ai is defined by Equation (4), the map from a descriptor to the selective output can 
be discontinuous at any active threshold.
Proof. Consider one supported hypothesis and vary only its alignment. For Φi < ϕmin, Ai = 0 and the rule abstains. For Φ i≥ ϕmin with 
all other factors positive, Ai=1 and Λ > 0. Arbitrarily small changes across ϕmin therefore change the output from ⊥ to a normalized 
distribution. ▫
A smooth implementation can replace a hard factor by logistic transitions. For steepness parameters aϕ, ac, aρ > 0 and logistic function σ 
(u) = (1+e-u )-1, one option is
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Theorem 3 fixes the scope of the method. When 𝛬𝛬 > 0, the normalized output is compatible with ordinary 
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𝛬𝛬𝑔𝑔
+ | 1𝛬𝛬𝑔𝑔

− 1
𝛬𝛬ℎ

| ∥ 𝑏𝑏 ⊙ ℎ ∥1. 
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Using 𝛬𝛬𝑔𝑔 ≥ 𝛼𝛼 in both terms proves Equation (14). ▫ 

The factor 1/𝛼𝛼 shows that normalization becomes ill-conditioned as total gated mass approaches zero. This is 
not a defect unique to VTT; it is a general property of normalizing a nearly zero nonnegative vector. 

Proposition 1 (hard-threshold discontinuity). If 𝐴𝐴𝑖𝑖 is defined by Equation (4), the map from a descriptor to 
the selective output can be discontinuous at any active threshold. 

Proof. Consider one supported hypothesis and vary only its alignment. For 𝛷𝛷𝑖𝑖 < 𝜙𝜙min, 𝐴𝐴𝑖𝑖 = 0 and the 
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𝑎𝑎𝜙𝜙, 𝑎𝑎𝑐𝑐, 𝑎𝑎𝜌𝜌 > 0 and logistic function 𝜎𝜎(𝑢𝑢) = (1 + 𝑒𝑒−𝑢𝑢)−1, one option is 

 𝐴̃𝐴𝑖𝑖 = 𝜎𝜎 (𝑎𝑎𝜙𝜙(𝛷𝛷𝑖𝑖 − 𝜙𝜙min)) 𝜎𝜎(𝑎𝑎𝑐𝑐(𝑐𝑐max − 𝑐𝑐𝑖𝑖))𝜎𝜎 (𝑎𝑎𝜌𝜌(𝜌𝜌𝑖𝑖 − 𝜌𝜌min)). (15) 

The smooth gate is differentiable when its descriptors are differentiable, but it removes exact zero-mass 
abstention unless an additional terminal threshold on 𝛬𝛬 is declared. The present paper retains the hard rule so 
that the abstention state is exact. 

The smooth gate is differentiable when its descriptors are differentiable, but it removes exact zero-mass abstention unless an additional 
terminal threshold on Λ is declared. The present paper retains the hard rule so that the abstention state is exact.

Figure 2 shows the hard admissibility region and the resulting jump at the calibrated alignment threshold used later in the synthetic 
study. The contour field is illustrative: it holds support at one and local sensitivity at zero to isolate the effect of alignment and retained 
cost.

Figure 2: Geometry of the bounded hard gate. Panel (a) shows the admissible region for the illustrative case   and  ; panel (b) shows 
the discontinuity introduced by the hard alignment threshold. The figure is a visualization of Equations (4) and (5), not a fitted physical 
phase diagram.
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Example 1 (calibration is not automatically preserved). Suppose a calibrated binary posterior is   
          and the gates are          . Equation (7) gives                          . Unless the true 
conditional class probabilities also change after observing the auxiliary event    ,   is not calibrated for the 
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Example 1 (Calibration is not Automatically Preserved). Suppose a calibrated binary posterior is b = (0.8,0.2) and the gates are G 
= (1,0.5). Equation (7) gives q = (0.8,0.1)/0.9=(8/9,1/9). Unless the true conditional class probabilities also change after observing the 
auxiliary event Z = 1, q is not calibrated for the original conditioning information E. Thus, classical consistency at G = (1,1) does not 
imply calibration preservation away from the neutral gate. Calibration must be measured on the covered population.

3. Methods
3.1. Reference Algorithm
Algorithm 1 Implements Equations (1)-(8) without an Implicit Fallback Distribution.
Algorithm 1. Coherence-Gated Bayesian Decision Rule.
1.	 Compute the baseline posterior bi = P(Hi∣E) for every hypothesis.
2.	 Compute the declared descriptors Φi, ci, ρi, and γi using estimators fixed before evaluation.
3.	 Compute ηi = ci/(ρi+ ε) and Ai from Equation (4).
4.	 Compute Gi from Equation (5) and si= bi Gi.
5.	 Sum the gated mass Λ = ∑i si.
6.	 If Λ = 0, return {status:⊥, b,G,Λ, diagnostics}.
7.	 If Λ > 0, return {status: covered, q = s/Λ, b,G,Λ, diagnostics}.
The baseline posterior and every diagnostic are retained in the output. This prevents an operator from interpreting q without seeing the 
probability model that preceded it or the structural factors that changed it.

3.2. Controlled Synthetic Design
The numerical experiment was designed to answer one narrow question: can a support diagnostic that is observed at inference time 
but omitted from the baseline classifier control abstention in the intended direction? The design does not model a particular physical, 
medical, or financial system.

There are three classes in d = 2 dimensions with equal priors and centers
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 𝜇𝜇1 = (−2,0)𝖳𝖳,  𝜇𝜇2 = (2,0)𝖳𝖳,  𝜇𝜇3 = (0,2√3)𝖳𝖳. (16) 

The reference class-conditional model used by the Bayesian classifier is isotropic Gaussian: 

 𝑋𝑋 ∣ 𝐻𝐻𝑖𝑖 ∼ 𝒩𝒩(𝜇𝜇𝑖𝑖, 𝜎𝜎02𝐼𝐼2),  𝜎𝜎0 = 0.8. (17) 

Because the priors and covariance determinants are equal, the baseline posterior is computed exactly from 
standardized squared distances 𝑑𝑑𝑖𝑖2(𝑥𝑥) =∥ 𝑥𝑥 − 𝜇𝜇𝑖𝑖 ∥22/𝜎𝜎02: 

 𝑏𝑏𝑖𝑖(𝑥𝑥) =
exp[−𝑑𝑑𝑖𝑖2(𝑥𝑥)/2]

∑ exp3
𝑗𝑗=1 [−𝑑𝑑𝑗𝑗2(𝑥𝑥)/2]

. (18) 

Each test observation also has a degradation indicator 𝐷𝐷 ∈ {0,1}. The class label remains balanced, but the 
conditional feature variance changes when 𝐷𝐷 = 1: 

 𝑋𝑋 ∣ (𝐻𝐻𝑖𝑖, 𝐷𝐷) = {𝒩𝒩(𝜇𝜇𝑖𝑖, 0.82𝐼𝐼2), 𝐷𝐷 = 0,
𝒩𝒩(𝜇𝜇𝑖𝑖, 3.52𝐼𝐼2), 𝐷𝐷 = 1. (19) 

The three operational regimes differ only in the prespecified degradation probability 𝑝𝑝𝐷𝐷 = 𝑃𝑃(𝐷𝐷 = 1): 0.05 for 
the convergent regime, 0.40 for bifurcation, and 0.85 for collapse. The baseline classifier does not observe 𝐷𝐷. 
An auxiliary support-quality measurement 𝑅𝑅 ∈ (0,1) is observed by the gate. Conditional on the degradation 
indicator, 

 𝑅𝑅 ∣ 𝐷𝐷 = 0 ∼ Beta(18,2),  𝑅𝑅 ∣ 𝐷𝐷 = 1 ∼ Beta(2,8). (20) 

This auxiliary channel is intentionally informative: 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 0] = 0.9 and 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 1] = 0.2. It represents 
a sensor or preprocessing system that reports data quality separately from the predictive features. The 
experiment therefore tests the value of using additional structural information; it does not show that the gate 
can manufacture reliability from the baseline posterior alone. 
For the experiment, alignment, retained cost, support, and sensitivity are 

 𝛷𝛷𝑖𝑖(𝑥𝑥) = exp [−𝑑𝑑𝑖𝑖2(𝑥𝑥)
2𝑑𝑑 ] ,  𝑐𝑐𝑖𝑖(𝑥𝑥) = 1 − 𝛷𝛷𝑖𝑖(𝑥𝑥),  𝜌𝜌𝑖𝑖(𝑥𝑥, 𝑅𝑅) = 𝑅𝑅, (21) 

and, in standardized coordinates 𝑧𝑧𝑖𝑖 = (𝑥𝑥 − 𝜇𝜇𝑖𝑖)/𝜎𝜎0, 

 𝛾𝛾𝑖𝑖(𝑥𝑥) =∥ ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 ∥2=
𝛷𝛷𝑖𝑖(𝑥𝑥)
𝑑𝑑 √𝑑𝑑𝑖𝑖2(𝑥𝑥). (22) 

The derivative in Equation (22) follows from 𝑐𝑐𝑖𝑖 = 1 − exp[−∥ 𝑧𝑧𝑖𝑖 ∥22/(2𝑑𝑑)]. Differentiation gives ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 =
𝛷𝛷𝑖𝑖𝑧𝑧𝑖𝑖/𝑑𝑑; taking the Euclidean norm yields the stated expression. 
The experiment uses 𝜀𝜀 = 0.05, 𝜆𝜆 = 1, 𝜅𝜅 = 0.25, and 𝜌𝜌min = 0.50. Because 𝑐𝑐𝑖𝑖 = 1 − 𝛷𝛷𝑖𝑖 in this minimal 
realization, the cost threshold is redundant with the alignment threshold and is not fitted separately. An 
independent clean calibration sample of 1,000 observations per class fixes 

 𝜙𝜙min = 𝑄𝑄0.05 (max1≤𝑖𝑖≤3
𝛷𝛷𝑖𝑖(𝑋𝑋cal)) = 0.2467273338, (23) 

where 𝑄𝑄0.05 denotes the empirical fifth quantile. The threshold is computed before any test regime is 
generated. Each regime contains 1,000 test observations per class, hence 3,000 observations. All random draws 
use the NumPy PCG64 generator with seed 20260823. Computations use IEEE 754 double precision. 
Table 2 collects the experimental choices needed to reproduce the numerical results. No parameter in the table 
was optimized on the reported test samples. 

The reference class-conditional model used by the Bayesian classifier is isotropic Gaussian:
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the convergent regime, 0.40 for bifurcation, and 0.85 for collapse. The baseline classifier does not observe 𝐷𝐷. 
An auxiliary support-quality measurement 𝑅𝑅 ∈ (0,1) is observed by the gate. Conditional on the degradation 
indicator, 

 𝑅𝑅 ∣ 𝐷𝐷 = 0 ∼ Beta(18,2),  𝑅𝑅 ∣ 𝐷𝐷 = 1 ∼ Beta(2,8). (20) 

This auxiliary channel is intentionally informative: 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 0] = 0.9 and 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 1] = 0.2. It represents 
a sensor or preprocessing system that reports data quality separately from the predictive features. The 
experiment therefore tests the value of using additional structural information; it does not show that the gate 
can manufacture reliability from the baseline posterior alone. 
For the experiment, alignment, retained cost, support, and sensitivity are 

 𝛷𝛷𝑖𝑖(𝑥𝑥) = exp [−𝑑𝑑𝑖𝑖2(𝑥𝑥)
2𝑑𝑑 ] ,  𝑐𝑐𝑖𝑖(𝑥𝑥) = 1 − 𝛷𝛷𝑖𝑖(𝑥𝑥),  𝜌𝜌𝑖𝑖(𝑥𝑥, 𝑅𝑅) = 𝑅𝑅, (21) 

and, in standardized coordinates 𝑧𝑧𝑖𝑖 = (𝑥𝑥 − 𝜇𝜇𝑖𝑖)/𝜎𝜎0, 

 𝛾𝛾𝑖𝑖(𝑥𝑥) =∥ ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 ∥2=
𝛷𝛷𝑖𝑖(𝑥𝑥)
𝑑𝑑 √𝑑𝑑𝑖𝑖2(𝑥𝑥). (22) 

The derivative in Equation (22) follows from 𝑐𝑐𝑖𝑖 = 1 − exp[−∥ 𝑧𝑧𝑖𝑖 ∥22/(2𝑑𝑑)]. Differentiation gives ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 =
𝛷𝛷𝑖𝑖𝑧𝑧𝑖𝑖/𝑑𝑑; taking the Euclidean norm yields the stated expression. 
The experiment uses 𝜀𝜀 = 0.05, 𝜆𝜆 = 1, 𝜅𝜅 = 0.25, and 𝜌𝜌min = 0.50. Because 𝑐𝑐𝑖𝑖 = 1 − 𝛷𝛷𝑖𝑖 in this minimal 
realization, the cost threshold is redundant with the alignment threshold and is not fitted separately. An 
independent clean calibration sample of 1,000 observations per class fixes 

 𝜙𝜙min = 𝑄𝑄0.05 (max1≤𝑖𝑖≤3
𝛷𝛷𝑖𝑖(𝑋𝑋cal)) = 0.2467273338, (23) 

where 𝑄𝑄0.05 denotes the empirical fifth quantile. The threshold is computed before any test regime is 
generated. Each regime contains 1,000 test observations per class, hence 3,000 observations. All random draws 
use the NumPy PCG64 generator with seed 20260823. Computations use IEEE 754 double precision. 
Table 2 collects the experimental choices needed to reproduce the numerical results. No parameter in the table 
was optimized on the reported test samples. 
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 𝜇𝜇1 = (−2,0)𝖳𝖳,  𝜇𝜇2 = (2,0)𝖳𝖳,  𝜇𝜇3 = (0,2√3)𝖳𝖳. (16) 

The reference class-conditional model used by the Bayesian classifier is isotropic Gaussian: 

 𝑋𝑋 ∣ 𝐻𝐻𝑖𝑖 ∼ 𝒩𝒩(𝜇𝜇𝑖𝑖, 𝜎𝜎02𝐼𝐼2),  𝜎𝜎0 = 0.8. (17) 

Because the priors and covariance determinants are equal, the baseline posterior is computed exactly from 
standardized squared distances 𝑑𝑑𝑖𝑖2(𝑥𝑥) =∥ 𝑥𝑥 − 𝜇𝜇𝑖𝑖 ∥22/𝜎𝜎02: 

 𝑏𝑏𝑖𝑖(𝑥𝑥) =
exp[−𝑑𝑑𝑖𝑖2(𝑥𝑥)/2]

∑ exp3
𝑗𝑗=1 [−𝑑𝑑𝑗𝑗2(𝑥𝑥)/2]

. (18) 

Each test observation also has a degradation indicator 𝐷𝐷 ∈ {0,1}. The class label remains balanced, but the 
conditional feature variance changes when 𝐷𝐷 = 1: 

 𝑋𝑋 ∣ (𝐻𝐻𝑖𝑖, 𝐷𝐷) = {𝒩𝒩(𝜇𝜇𝑖𝑖, 0.82𝐼𝐼2), 𝐷𝐷 = 0,
𝒩𝒩(𝜇𝜇𝑖𝑖, 3.52𝐼𝐼2), 𝐷𝐷 = 1. (19) 

The three operational regimes differ only in the prespecified degradation probability 𝑝𝑝𝐷𝐷 = 𝑃𝑃(𝐷𝐷 = 1): 0.05 for 
the convergent regime, 0.40 for bifurcation, and 0.85 for collapse. The baseline classifier does not observe 𝐷𝐷. 
An auxiliary support-quality measurement 𝑅𝑅 ∈ (0,1) is observed by the gate. Conditional on the degradation 
indicator, 

 𝑅𝑅 ∣ 𝐷𝐷 = 0 ∼ Beta(18,2),  𝑅𝑅 ∣ 𝐷𝐷 = 1 ∼ Beta(2,8). (20) 

This auxiliary channel is intentionally informative: 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 0] = 0.9 and 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 1] = 0.2. It represents 
a sensor or preprocessing system that reports data quality separately from the predictive features. The 
experiment therefore tests the value of using additional structural information; it does not show that the gate 
can manufacture reliability from the baseline posterior alone. 
For the experiment, alignment, retained cost, support, and sensitivity are 

 𝛷𝛷𝑖𝑖(𝑥𝑥) = exp [−𝑑𝑑𝑖𝑖2(𝑥𝑥)
2𝑑𝑑 ] ,  𝑐𝑐𝑖𝑖(𝑥𝑥) = 1 − 𝛷𝛷𝑖𝑖(𝑥𝑥),  𝜌𝜌𝑖𝑖(𝑥𝑥, 𝑅𝑅) = 𝑅𝑅, (21) 

and, in standardized coordinates 𝑧𝑧𝑖𝑖 = (𝑥𝑥 − 𝜇𝜇𝑖𝑖)/𝜎𝜎0, 

 𝛾𝛾𝑖𝑖(𝑥𝑥) =∥ ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 ∥2=
𝛷𝛷𝑖𝑖(𝑥𝑥)
𝑑𝑑 √𝑑𝑑𝑖𝑖2(𝑥𝑥). (22) 

The derivative in Equation (22) follows from 𝑐𝑐𝑖𝑖 = 1 − exp[−∥ 𝑧𝑧𝑖𝑖 ∥22/(2𝑑𝑑)]. Differentiation gives ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 =
𝛷𝛷𝑖𝑖𝑧𝑧𝑖𝑖/𝑑𝑑; taking the Euclidean norm yields the stated expression. 
The experiment uses 𝜀𝜀 = 0.05, 𝜆𝜆 = 1, 𝜅𝜅 = 0.25, and 𝜌𝜌min = 0.50. Because 𝑐𝑐𝑖𝑖 = 1 − 𝛷𝛷𝑖𝑖 in this minimal 
realization, the cost threshold is redundant with the alignment threshold and is not fitted separately. An 
independent clean calibration sample of 1,000 observations per class fixes 

 𝜙𝜙min = 𝑄𝑄0.05 (max1≤𝑖𝑖≤3
𝛷𝛷𝑖𝑖(𝑋𝑋cal)) = 0.2467273338, (23) 

where 𝑄𝑄0.05 denotes the empirical fifth quantile. The threshold is computed before any test regime is 
generated. Each regime contains 1,000 test observations per class, hence 3,000 observations. All random draws 
use the NumPy PCG64 generator with seed 20260823. Computations use IEEE 754 double precision. 
Table 2 collects the experimental choices needed to reproduce the numerical results. No parameter in the table 
was optimized on the reported test samples. 

Each test observation also has a degradation indicator D ∈{0,1}. The class label remains balanced, but the conditional feature variance 
changes when D =1:
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𝑗𝑗=1 [−𝑑𝑑𝑗𝑗2(𝑥𝑥)/2]

. (18) 

Each test observation also has a degradation indicator 𝐷𝐷 ∈ {0,1}. The class label remains balanced, but the 
conditional feature variance changes when 𝐷𝐷 = 1: 

 𝑋𝑋 ∣ (𝐻𝐻𝑖𝑖, 𝐷𝐷) = {𝒩𝒩(𝜇𝜇𝑖𝑖, 0.82𝐼𝐼2), 𝐷𝐷 = 0,
𝒩𝒩(𝜇𝜇𝑖𝑖, 3.52𝐼𝐼2), 𝐷𝐷 = 1. (19) 

The three operational regimes differ only in the prespecified degradation probability 𝑝𝑝𝐷𝐷 = 𝑃𝑃(𝐷𝐷 = 1): 0.05 for 
the convergent regime, 0.40 for bifurcation, and 0.85 for collapse. The baseline classifier does not observe 𝐷𝐷. 
An auxiliary support-quality measurement 𝑅𝑅 ∈ (0,1) is observed by the gate. Conditional on the degradation 
indicator, 

 𝑅𝑅 ∣ 𝐷𝐷 = 0 ∼ Beta(18,2),  𝑅𝑅 ∣ 𝐷𝐷 = 1 ∼ Beta(2,8). (20) 

This auxiliary channel is intentionally informative: 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 0] = 0.9 and 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 1] = 0.2. It represents 
a sensor or preprocessing system that reports data quality separately from the predictive features. The 
experiment therefore tests the value of using additional structural information; it does not show that the gate 
can manufacture reliability from the baseline posterior alone. 
For the experiment, alignment, retained cost, support, and sensitivity are 

 𝛷𝛷𝑖𝑖(𝑥𝑥) = exp [−𝑑𝑑𝑖𝑖2(𝑥𝑥)
2𝑑𝑑 ] ,  𝑐𝑐𝑖𝑖(𝑥𝑥) = 1 − 𝛷𝛷𝑖𝑖(𝑥𝑥),  𝜌𝜌𝑖𝑖(𝑥𝑥, 𝑅𝑅) = 𝑅𝑅, (21) 

and, in standardized coordinates 𝑧𝑧𝑖𝑖 = (𝑥𝑥 − 𝜇𝜇𝑖𝑖)/𝜎𝜎0, 

 𝛾𝛾𝑖𝑖(𝑥𝑥) =∥ ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 ∥2=
𝛷𝛷𝑖𝑖(𝑥𝑥)
𝑑𝑑 √𝑑𝑑𝑖𝑖2(𝑥𝑥). (22) 

The derivative in Equation (22) follows from 𝑐𝑐𝑖𝑖 = 1 − exp[−∥ 𝑧𝑧𝑖𝑖 ∥22/(2𝑑𝑑)]. Differentiation gives ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 =
𝛷𝛷𝑖𝑖𝑧𝑧𝑖𝑖/𝑑𝑑; taking the Euclidean norm yields the stated expression. 
The experiment uses 𝜀𝜀 = 0.05, 𝜆𝜆 = 1, 𝜅𝜅 = 0.25, and 𝜌𝜌min = 0.50. Because 𝑐𝑐𝑖𝑖 = 1 − 𝛷𝛷𝑖𝑖 in this minimal 
realization, the cost threshold is redundant with the alignment threshold and is not fitted separately. An 
independent clean calibration sample of 1,000 observations per class fixes 

 𝜙𝜙min = 𝑄𝑄0.05 (max1≤𝑖𝑖≤3
𝛷𝛷𝑖𝑖(𝑋𝑋cal)) = 0.2467273338, (23) 

where 𝑄𝑄0.05 denotes the empirical fifth quantile. The threshold is computed before any test regime is 
generated. Each regime contains 1,000 test observations per class, hence 3,000 observations. All random draws 
use the NumPy PCG64 generator with seed 20260823. Computations use IEEE 754 double precision. 
Table 2 collects the experimental choices needed to reproduce the numerical results. No parameter in the table 
was optimized on the reported test samples. 

The three operational regimes differ only in the prespecified degradation probability pD = P (D = 1): 0.05 for the convergent regime, 0.40 
for bifurcation, and 0.85 for collapse. The baseline classifier does not observe D.

An auxiliary support-quality measurement R∈ (0,1) is observed by the gate. Conditional on the degradation indicator,
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 𝜇𝜇1 = (−2,0)𝖳𝖳,  𝜇𝜇2 = (2,0)𝖳𝖳,  𝜇𝜇3 = (0,2√3)𝖳𝖳. (16) 

The reference class-conditional model used by the Bayesian classifier is isotropic Gaussian: 

 𝑋𝑋 ∣ 𝐻𝐻𝑖𝑖 ∼ 𝒩𝒩(𝜇𝜇𝑖𝑖, 𝜎𝜎02𝐼𝐼2),  𝜎𝜎0 = 0.8. (17) 

Because the priors and covariance determinants are equal, the baseline posterior is computed exactly from 
standardized squared distances 𝑑𝑑𝑖𝑖2(𝑥𝑥) =∥ 𝑥𝑥 − 𝜇𝜇𝑖𝑖 ∥22/𝜎𝜎02: 

 𝑏𝑏𝑖𝑖(𝑥𝑥) =
exp[−𝑑𝑑𝑖𝑖2(𝑥𝑥)/2]

∑ exp3
𝑗𝑗=1 [−𝑑𝑑𝑗𝑗2(𝑥𝑥)/2]

. (18) 

Each test observation also has a degradation indicator 𝐷𝐷 ∈ {0,1}. The class label remains balanced, but the 
conditional feature variance changes when 𝐷𝐷 = 1: 

 𝑋𝑋 ∣ (𝐻𝐻𝑖𝑖, 𝐷𝐷) = {𝒩𝒩(𝜇𝜇𝑖𝑖, 0.82𝐼𝐼2), 𝐷𝐷 = 0,
𝒩𝒩(𝜇𝜇𝑖𝑖, 3.52𝐼𝐼2), 𝐷𝐷 = 1. (19) 

The three operational regimes differ only in the prespecified degradation probability 𝑝𝑝𝐷𝐷 = 𝑃𝑃(𝐷𝐷 = 1): 0.05 for 
the convergent regime, 0.40 for bifurcation, and 0.85 for collapse. The baseline classifier does not observe 𝐷𝐷. 
An auxiliary support-quality measurement 𝑅𝑅 ∈ (0,1) is observed by the gate. Conditional on the degradation 
indicator, 

 𝑅𝑅 ∣ 𝐷𝐷 = 0 ∼ Beta(18,2),  𝑅𝑅 ∣ 𝐷𝐷 = 1 ∼ Beta(2,8). (20) 

This auxiliary channel is intentionally informative: 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 0] = 0.9 and 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 1] = 0.2. It represents 
a sensor or preprocessing system that reports data quality separately from the predictive features. The 
experiment therefore tests the value of using additional structural information; it does not show that the gate 
can manufacture reliability from the baseline posterior alone. 
For the experiment, alignment, retained cost, support, and sensitivity are 

 𝛷𝛷𝑖𝑖(𝑥𝑥) = exp [−𝑑𝑑𝑖𝑖2(𝑥𝑥)
2𝑑𝑑 ] ,  𝑐𝑐𝑖𝑖(𝑥𝑥) = 1 − 𝛷𝛷𝑖𝑖(𝑥𝑥),  𝜌𝜌𝑖𝑖(𝑥𝑥, 𝑅𝑅) = 𝑅𝑅, (21) 

and, in standardized coordinates 𝑧𝑧𝑖𝑖 = (𝑥𝑥 − 𝜇𝜇𝑖𝑖)/𝜎𝜎0, 

 𝛾𝛾𝑖𝑖(𝑥𝑥) =∥ ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 ∥2=
𝛷𝛷𝑖𝑖(𝑥𝑥)
𝑑𝑑 √𝑑𝑑𝑖𝑖2(𝑥𝑥). (22) 

The derivative in Equation (22) follows from 𝑐𝑐𝑖𝑖 = 1 − exp[−∥ 𝑧𝑧𝑖𝑖 ∥22/(2𝑑𝑑)]. Differentiation gives ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 =
𝛷𝛷𝑖𝑖𝑧𝑧𝑖𝑖/𝑑𝑑; taking the Euclidean norm yields the stated expression. 
The experiment uses 𝜀𝜀 = 0.05, 𝜆𝜆 = 1, 𝜅𝜅 = 0.25, and 𝜌𝜌min = 0.50. Because 𝑐𝑐𝑖𝑖 = 1 − 𝛷𝛷𝑖𝑖 in this minimal 
realization, the cost threshold is redundant with the alignment threshold and is not fitted separately. An 
independent clean calibration sample of 1,000 observations per class fixes 

 𝜙𝜙min = 𝑄𝑄0.05 (max1≤𝑖𝑖≤3
𝛷𝛷𝑖𝑖(𝑋𝑋cal)) = 0.2467273338, (23) 

where 𝑄𝑄0.05 denotes the empirical fifth quantile. The threshold is computed before any test regime is 
generated. Each regime contains 1,000 test observations per class, hence 3,000 observations. All random draws 
use the NumPy PCG64 generator with seed 20260823. Computations use IEEE 754 double precision. 
Table 2 collects the experimental choices needed to reproduce the numerical results. No parameter in the table 
was optimized on the reported test samples. 

This auxiliary channel is intentionally informative: E[R∣D=0]=0.9 and E[R∣D =1] = 0.2. It represents a sensor or preprocessing system 
that reports data quality separately from the predictive features. The experiment therefore tests the value of using additional structural 
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information; it does not show that the gate can manufacture reliability from the baseline posterior alone.

For the experiment, alignment, retained cost, support, and sensitivity are
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 𝑅𝑅 ∣ 𝐷𝐷 = 0 ∼ Beta(18,2),  𝑅𝑅 ∣ 𝐷𝐷 = 1 ∼ Beta(2,8). (20) 

This auxiliary channel is intentionally informative: 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 0] = 0.9 and 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 1] = 0.2. It represents 
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 𝛷𝛷𝑖𝑖(𝑥𝑥) = exp [−𝑑𝑑𝑖𝑖2(𝑥𝑥)
2𝑑𝑑 ] ,  𝑐𝑐𝑖𝑖(𝑥𝑥) = 1 − 𝛷𝛷𝑖𝑖(𝑥𝑥),  𝜌𝜌𝑖𝑖(𝑥𝑥, 𝑅𝑅) = 𝑅𝑅, (21) 

and, in standardized coordinates 𝑧𝑧𝑖𝑖 = (𝑥𝑥 − 𝜇𝜇𝑖𝑖)/𝜎𝜎0, 

 𝛾𝛾𝑖𝑖(𝑥𝑥) =∥ ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 ∥2=
𝛷𝛷𝑖𝑖(𝑥𝑥)
𝑑𝑑 √𝑑𝑑𝑖𝑖2(𝑥𝑥). (22) 

The derivative in Equation (22) follows from 𝑐𝑐𝑖𝑖 = 1 − exp[−∥ 𝑧𝑧𝑖𝑖 ∥22/(2𝑑𝑑)]. Differentiation gives ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 =
𝛷𝛷𝑖𝑖𝑧𝑧𝑖𝑖/𝑑𝑑; taking the Euclidean norm yields the stated expression. 
The experiment uses 𝜀𝜀 = 0.05, 𝜆𝜆 = 1, 𝜅𝜅 = 0.25, and 𝜌𝜌min = 0.50. Because 𝑐𝑐𝑖𝑖 = 1 − 𝛷𝛷𝑖𝑖 in this minimal 
realization, the cost threshold is redundant with the alignment threshold and is not fitted separately. An 
independent clean calibration sample of 1,000 observations per class fixes 

 𝜙𝜙min = 𝑄𝑄0.05 (max1≤𝑖𝑖≤3
𝛷𝛷𝑖𝑖(𝑋𝑋cal)) = 0.2467273338, (23) 

where 𝑄𝑄0.05 denotes the empirical fifth quantile. The threshold is computed before any test regime is 
generated. Each regime contains 1,000 test observations per class, hence 3,000 observations. All random draws 
use the NumPy PCG64 generator with seed 20260823. Computations use IEEE 754 double precision. 
Table 2 collects the experimental choices needed to reproduce the numerical results. No parameter in the table 
was optimized on the reported test samples. 

and, in standardized coordinates zi = (x - μi )/ σ0,
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 𝜇𝜇1 = (−2,0)𝖳𝖳,  𝜇𝜇2 = (2,0)𝖳𝖳,  𝜇𝜇3 = (0,2√3)𝖳𝖳. (16) 

The reference class-conditional model used by the Bayesian classifier is isotropic Gaussian: 

 𝑋𝑋 ∣ 𝐻𝐻𝑖𝑖 ∼ 𝒩𝒩(𝜇𝜇𝑖𝑖, 𝜎𝜎02𝐼𝐼2),  𝜎𝜎0 = 0.8. (17) 

Because the priors and covariance determinants are equal, the baseline posterior is computed exactly from 
standardized squared distances 𝑑𝑑𝑖𝑖2(𝑥𝑥) =∥ 𝑥𝑥 − 𝜇𝜇𝑖𝑖 ∥22/𝜎𝜎02: 

 𝑏𝑏𝑖𝑖(𝑥𝑥) =
exp[−𝑑𝑑𝑖𝑖2(𝑥𝑥)/2]

∑ exp3
𝑗𝑗=1 [−𝑑𝑑𝑗𝑗2(𝑥𝑥)/2]

. (18) 

Each test observation also has a degradation indicator 𝐷𝐷 ∈ {0,1}. The class label remains balanced, but the 
conditional feature variance changes when 𝐷𝐷 = 1: 

 𝑋𝑋 ∣ (𝐻𝐻𝑖𝑖, 𝐷𝐷) = {𝒩𝒩(𝜇𝜇𝑖𝑖, 0.82𝐼𝐼2), 𝐷𝐷 = 0,
𝒩𝒩(𝜇𝜇𝑖𝑖, 3.52𝐼𝐼2), 𝐷𝐷 = 1. (19) 

The three operational regimes differ only in the prespecified degradation probability 𝑝𝑝𝐷𝐷 = 𝑃𝑃(𝐷𝐷 = 1): 0.05 for 
the convergent regime, 0.40 for bifurcation, and 0.85 for collapse. The baseline classifier does not observe 𝐷𝐷. 
An auxiliary support-quality measurement 𝑅𝑅 ∈ (0,1) is observed by the gate. Conditional on the degradation 
indicator, 

 𝑅𝑅 ∣ 𝐷𝐷 = 0 ∼ Beta(18,2),  𝑅𝑅 ∣ 𝐷𝐷 = 1 ∼ Beta(2,8). (20) 

This auxiliary channel is intentionally informative: 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 0] = 0.9 and 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 1] = 0.2. It represents 
a sensor or preprocessing system that reports data quality separately from the predictive features. The 
experiment therefore tests the value of using additional structural information; it does not show that the gate 
can manufacture reliability from the baseline posterior alone. 
For the experiment, alignment, retained cost, support, and sensitivity are 

 𝛷𝛷𝑖𝑖(𝑥𝑥) = exp [−𝑑𝑑𝑖𝑖2(𝑥𝑥)
2𝑑𝑑 ] ,  𝑐𝑐𝑖𝑖(𝑥𝑥) = 1 − 𝛷𝛷𝑖𝑖(𝑥𝑥),  𝜌𝜌𝑖𝑖(𝑥𝑥, 𝑅𝑅) = 𝑅𝑅, (21) 

and, in standardized coordinates 𝑧𝑧𝑖𝑖 = (𝑥𝑥 − 𝜇𝜇𝑖𝑖)/𝜎𝜎0, 

 𝛾𝛾𝑖𝑖(𝑥𝑥) =∥ ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 ∥2=
𝛷𝛷𝑖𝑖(𝑥𝑥)
𝑑𝑑 √𝑑𝑑𝑖𝑖2(𝑥𝑥). (22) 

The derivative in Equation (22) follows from 𝑐𝑐𝑖𝑖 = 1 − exp[−∥ 𝑧𝑧𝑖𝑖 ∥22/(2𝑑𝑑)]. Differentiation gives ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 =
𝛷𝛷𝑖𝑖𝑧𝑧𝑖𝑖/𝑑𝑑; taking the Euclidean norm yields the stated expression. 
The experiment uses 𝜀𝜀 = 0.05, 𝜆𝜆 = 1, 𝜅𝜅 = 0.25, and 𝜌𝜌min = 0.50. Because 𝑐𝑐𝑖𝑖 = 1 − 𝛷𝛷𝑖𝑖 in this minimal 
realization, the cost threshold is redundant with the alignment threshold and is not fitted separately. An 
independent clean calibration sample of 1,000 observations per class fixes 

 𝜙𝜙min = 𝑄𝑄0.05 (max1≤𝑖𝑖≤3
𝛷𝛷𝑖𝑖(𝑋𝑋cal)) = 0.2467273338, (23) 

where 𝑄𝑄0.05 denotes the empirical fifth quantile. The threshold is computed before any test regime is 
generated. Each regime contains 1,000 test observations per class, hence 3,000 observations. All random draws 
use the NumPy PCG64 generator with seed 20260823. Computations use IEEE 754 double precision. 
Table 2 collects the experimental choices needed to reproduce the numerical results. No parameter in the table 
was optimized on the reported test samples. 

The derivative in Equation (22) follows from ci =1 - exp[-∥zi ∥2
2/ (2d)]. Differentiation gives 
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∑ exp3
𝑗𝑗=1 [−𝑑𝑑𝑗𝑗2(𝑥𝑥)/2]

. (18) 

Each test observation also has a degradation indicator 𝐷𝐷 ∈ {0,1}. The class label remains balanced, but the 
conditional feature variance changes when 𝐷𝐷 = 1: 

 𝑋𝑋 ∣ (𝐻𝐻𝑖𝑖, 𝐷𝐷) = {𝒩𝒩(𝜇𝜇𝑖𝑖, 0.82𝐼𝐼2), 𝐷𝐷 = 0,
𝒩𝒩(𝜇𝜇𝑖𝑖, 3.52𝐼𝐼2), 𝐷𝐷 = 1. (19) 

The three operational regimes differ only in the prespecified degradation probability 𝑝𝑝𝐷𝐷 = 𝑃𝑃(𝐷𝐷 = 1): 0.05 for 
the convergent regime, 0.40 for bifurcation, and 0.85 for collapse. The baseline classifier does not observe 𝐷𝐷. 
An auxiliary support-quality measurement 𝑅𝑅 ∈ (0,1) is observed by the gate. Conditional on the degradation 
indicator, 

 𝑅𝑅 ∣ 𝐷𝐷 = 0 ∼ Beta(18,2),  𝑅𝑅 ∣ 𝐷𝐷 = 1 ∼ Beta(2,8). (20) 

This auxiliary channel is intentionally informative: 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 0] = 0.9 and 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 1] = 0.2. It represents 
a sensor or preprocessing system that reports data quality separately from the predictive features. The 
experiment therefore tests the value of using additional structural information; it does not show that the gate 
can manufacture reliability from the baseline posterior alone. 
For the experiment, alignment, retained cost, support, and sensitivity are 

 𝛷𝛷𝑖𝑖(𝑥𝑥) = exp [−𝑑𝑑𝑖𝑖2(𝑥𝑥)
2𝑑𝑑 ] ,  𝑐𝑐𝑖𝑖(𝑥𝑥) = 1 − 𝛷𝛷𝑖𝑖(𝑥𝑥),  𝜌𝜌𝑖𝑖(𝑥𝑥, 𝑅𝑅) = 𝑅𝑅, (21) 

and, in standardized coordinates 𝑧𝑧𝑖𝑖 = (𝑥𝑥 − 𝜇𝜇𝑖𝑖)/𝜎𝜎0, 

 𝛾𝛾𝑖𝑖(𝑥𝑥) =∥ ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 ∥2=
𝛷𝛷𝑖𝑖(𝑥𝑥)
𝑑𝑑 √𝑑𝑑𝑖𝑖2(𝑥𝑥). (22) 

The derivative in Equation (22) follows from 𝑐𝑐𝑖𝑖 = 1 − exp[−∥ 𝑧𝑧𝑖𝑖 ∥22/(2𝑑𝑑)]. Differentiation gives ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 =
𝛷𝛷𝑖𝑖𝑧𝑧𝑖𝑖/𝑑𝑑; taking the Euclidean norm yields the stated expression. 
The experiment uses 𝜀𝜀 = 0.05, 𝜆𝜆 = 1, 𝜅𝜅 = 0.25, and 𝜌𝜌min = 0.50. Because 𝑐𝑐𝑖𝑖 = 1 − 𝛷𝛷𝑖𝑖 in this minimal 
realization, the cost threshold is redundant with the alignment threshold and is not fitted separately. An 
independent clean calibration sample of 1,000 observations per class fixes 

 𝜙𝜙min = 𝑄𝑄0.05 (max1≤𝑖𝑖≤3
𝛷𝛷𝑖𝑖(𝑋𝑋cal)) = 0.2467273338, (23) 

where 𝑄𝑄0.05 denotes the empirical fifth quantile. The threshold is computed before any test regime is 
generated. Each regime contains 1,000 test observations per class, hence 3,000 observations. All random draws 
use the NumPy PCG64 generator with seed 20260823. Computations use IEEE 754 double precision. 
Table 2 collects the experimental choices needed to reproduce the numerical results. No parameter in the table 
was optimized on the reported test samples. 

 = Φi zi/d; taking the Euclidean norm 
yields the stated expression.
The experiment uses ε = 0.05, λ=1, κ =0.25, and ρmin= 0.50. Because ci =1-Φi in this minimal realization, the cost threshold is redundant 
with the alignment threshold and is not fitted separately. An independent clean calibration sample of 1,000 observations per class fixes
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Each test observation also has a degradation indicator 𝐷𝐷 ∈ {0,1}. The class label remains balanced, but the 
conditional feature variance changes when 𝐷𝐷 = 1: 

 𝑋𝑋 ∣ (𝐻𝐻𝑖𝑖, 𝐷𝐷) = {𝒩𝒩(𝜇𝜇𝑖𝑖, 0.82𝐼𝐼2), 𝐷𝐷 = 0,
𝒩𝒩(𝜇𝜇𝑖𝑖, 3.52𝐼𝐼2), 𝐷𝐷 = 1. (19) 

The three operational regimes differ only in the prespecified degradation probability 𝑝𝑝𝐷𝐷 = 𝑃𝑃(𝐷𝐷 = 1): 0.05 for 
the convergent regime, 0.40 for bifurcation, and 0.85 for collapse. The baseline classifier does not observe 𝐷𝐷. 
An auxiliary support-quality measurement 𝑅𝑅 ∈ (0,1) is observed by the gate. Conditional on the degradation 
indicator, 

 𝑅𝑅 ∣ 𝐷𝐷 = 0 ∼ Beta(18,2),  𝑅𝑅 ∣ 𝐷𝐷 = 1 ∼ Beta(2,8). (20) 

This auxiliary channel is intentionally informative: 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 0] = 0.9 and 𝐸𝐸[𝑅𝑅 ∣ 𝐷𝐷 = 1] = 0.2. It represents 
a sensor or preprocessing system that reports data quality separately from the predictive features. The 
experiment therefore tests the value of using additional structural information; it does not show that the gate 
can manufacture reliability from the baseline posterior alone. 
For the experiment, alignment, retained cost, support, and sensitivity are 
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and, in standardized coordinates 𝑧𝑧𝑖𝑖 = (𝑥𝑥 − 𝜇𝜇𝑖𝑖)/𝜎𝜎0, 

 𝛾𝛾𝑖𝑖(𝑥𝑥) =∥ ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 ∥2=
𝛷𝛷𝑖𝑖(𝑥𝑥)
𝑑𝑑 √𝑑𝑑𝑖𝑖2(𝑥𝑥). (22) 

The derivative in Equation (22) follows from 𝑐𝑐𝑖𝑖 = 1 − exp[−∥ 𝑧𝑧𝑖𝑖 ∥22/(2𝑑𝑑)]. Differentiation gives ∇𝑧𝑧𝑖𝑖𝑐𝑐𝑖𝑖 =
𝛷𝛷𝑖𝑖𝑧𝑧𝑖𝑖/𝑑𝑑; taking the Euclidean norm yields the stated expression. 
The experiment uses 𝜀𝜀 = 0.05, 𝜆𝜆 = 1, 𝜅𝜅 = 0.25, and 𝜌𝜌min = 0.50. Because 𝑐𝑐𝑖𝑖 = 1 − 𝛷𝛷𝑖𝑖 in this minimal 
realization, the cost threshold is redundant with the alignment threshold and is not fitted separately. An 
independent clean calibration sample of 1,000 observations per class fixes 

 𝜙𝜙min = 𝑄𝑄0.05 (max1≤𝑖𝑖≤3
𝛷𝛷𝑖𝑖(𝑋𝑋cal)) = 0.2467273338, (23) 

where 𝑄𝑄0.05 denotes the empirical fifth quantile. The threshold is computed before any test regime is 
generated. Each regime contains 1,000 test observations per class, hence 3,000 observations. All random draws 
use the NumPy PCG64 generator with seed 20260823. Computations use IEEE 754 double precision. 
Table 2 collects the experimental choices needed to reproduce the numerical results. No parameter in the table 
was optimized on the reported test samples. 

where Q0.05 denotes the empirical fifth quantile. The threshold is computed before any test regime is generated. Each regime contains 
1,000 test observations per class, hence 3,000 observations. All random draws use the NumPy PCG64 generator with seed 20260823. 
Computations use IEEE 754 double precision.

The experimental choices needed to reproduce the numerical results are listed in Table 2. No parameter in the table was optimized on 
the reported test samples.

Component Symbol Value Function in the experiment
Classes n 3 Balanced hypotheses with equal prior 1/3.
Dimension d 2 Euclidean predictive feature space.
Reference deviation σ0 0.8 Variance assumed by the baseline classifier.
Degraded deviation σ1 3.5 Feature noise when D =1.
Degradation probabilities pD 0.05, 0.40, 0.85 Convergent, bifurcation, and collapse regimes.
Calibration size Ncal 3,000 Clean sample used only to fix ϕ_min.
Test size per regime N 3,000 1,000 independent observations per class.
Alignment threshold ϕmin 0.2467273338 Fifth empirical quantile from calibration.
Support threshold ρmin 0.50 Rejects observations with low support measurement.
Viscosity regularizer ε 0.05 Prevents a small denominator in Equation (3).
Gate penalties λ,κ 1.00, 0.25 Penalize viscosity and local sensitivity.
Random seed - 20260823 Fixes calibration and test draws.

Table 2: Prespecified Synthetic Experiment and Gate Parameters

3.3. Evaluation Metrics
Let am=1{Λ(Em )>0} indicate whether test observation m is covered, and let y ̂m be the gated prediction when am=1. Empirical coverage is
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Table 2. Prespecified synthetic experiment and gate parameters. 

Component Symbol Value Function in the experiment 

Classes 𝑛𝑛 3 Balanced hypotheses with equal prior 1/3. 

Dimension 𝑑𝑑 2 Euclidean predictive feature space. 

Reference deviation 𝜎𝜎0 0.8 Variance assumed by the baseline classifier. 

Degraded deviation 𝜎𝜎1 3.5 Feature noise when 𝐷𝐷 = 1. 

Degradation 
probabilities 𝑝𝑝𝐷𝐷 0.05, 0.40, 0.85 Convergent, bifurcation, and collapse regimes. 

Calibration size 𝑁𝑁cal 3,000 Clean sample used only to fix 𝜙𝜙min. 

Test size per regime 𝑁𝑁 3,000 1,000 independent observations per class. 

Alignment threshold 𝜙𝜙min 0.2467273338 Fifth empirical quantile from calibration. 

Support threshold 𝜌𝜌min 0.50 Rejects observations with low support measurement. 

Viscosity regularizer 𝜀𝜀 0.05 Prevents a small denominator in Equation (3). 

Gate penalties 𝜆𝜆, 𝜅𝜅 1.00, 0.25 Penalize viscosity and local sensitivity. 

Random seed - 20260823 Fixes calibration and test draws. 

3.3. Evaluation metrics 
Let 𝑎𝑎𝑚𝑚 = 𝟏𝟏{𝛬𝛬(𝐸𝐸𝑚𝑚) > 0} indicate whether test observation 𝑚𝑚 is covered, and let 𝑦̂𝑦𝑚𝑚 be the gated prediction 
when 𝑎𝑎𝑚𝑚 = 1. Empirical coverage is 

 𝐶̂𝐶 = 1
𝑁𝑁 ∑ 𝑎𝑎𝑚𝑚

𝑁𝑁

𝑚𝑚=1
. (24) 

The empirical selective risk under zero-one loss is 

 𝑅̂𝑅sel =
∑ 𝑎𝑎𝑚𝑚𝑁𝑁
𝑚𝑚=1 𝟏𝟏{𝑦̂𝑦𝑚𝑚 ≠ 𝑦𝑦𝑚𝑚}

∑ 𝑎𝑎𝑚𝑚𝑁𝑁
𝑚𝑚=1

,  ∑ 𝑎𝑎𝑚𝑚
𝑁𝑁

𝑚𝑚=1
> 0. (25) 

Selective accuracy is 1 − 𝑅̂𝑅sel. To avoid attributing a gain from abstention to improved classification, the paper 
also reports unconditional baseline accuracy and the baseline confidence rule at the same empirical coverage. 
The matched-confidence comparator retains the round(𝑁𝑁𝐶̂𝐶) observations with the largest max𝑖𝑖𝑏𝑏𝑖𝑖. 
For a probability vector 𝑝𝑝𝑚𝑚 = (𝑝𝑝𝑚𝑚1,… , 𝑝𝑝𝑚𝑚𝑚𝑚), the multiclass Brier score is 

 BS(𝑝𝑝) = 1
𝑁𝑁 ∑ ∑(𝑝𝑝𝑚𝑚𝑚𝑚 − 𝟏𝟏{𝑦𝑦𝑚𝑚 = 𝑖𝑖})2

𝑛𝑛

𝑖𝑖=1

𝑁𝑁

𝑚𝑚=1
. (26) 

Expected calibration error (ECE) uses 15 equal-width confidence bins 𝐵𝐵𝑘𝑘. With conf(𝐵𝐵𝑘𝑘) the mean maximum 
probability and acc(𝐵𝐵𝑘𝑘) the empirical accuracy in bin 𝑘𝑘, 

The empirical selective risk under zero-one loss is
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Table 2. Prespecified synthetic experiment and gate parameters. 

Component Symbol Value Function in the experiment 
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Reference deviation 𝜎𝜎0 0.8 Variance assumed by the baseline classifier. 
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Selective accuracy is 1 − 𝑅̂𝑅sel. To avoid attributing a gain from abstention to improved classification, the paper 
also reports unconditional baseline accuracy and the baseline confidence rule at the same empirical coverage. 
The matched-confidence comparator retains the round(𝑁𝑁𝐶̂𝐶) observations with the largest max𝑖𝑖𝑏𝑏𝑖𝑖. 
For a probability vector 𝑝𝑝𝑚𝑚 = (𝑝𝑝𝑚𝑚1,… , 𝑝𝑝𝑚𝑚𝑚𝑚), the multiclass Brier score is 
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. (26) 

Expected calibration error (ECE) uses 15 equal-width confidence bins 𝐵𝐵𝑘𝑘. With conf(𝐵𝐵𝑘𝑘) the mean maximum 
probability and acc(𝐵𝐵𝑘𝑘) the empirical accuracy in bin 𝑘𝑘, 

Selective accuracy is 1- R ̂sel. To avoid attributing a gain from abstention to improved classification, the paper also reports unconditional 
baseline accuracy and the baseline confidence rule at the same empirical coverage. The matched-confidence comparator retains the 
round(NC ̂ ) observations with the largest maxi bi.

For a probability vector pm = (pm1,…,pmn ), the multiclass Brier score is
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the empirical accuracy in bin k,

 

11 

 ECE15 = ∑
|𝐵𝐵𝑘𝑘|
𝑁𝑁

15

𝑘𝑘=1
|acc(𝐵𝐵𝑘𝑘) − conf(𝐵𝐵𝑘𝑘)|. (27) 

ECE is reported descriptively because fixed-bin ECE is sample- and bin-dependent. Brier score and ECE for 𝑞𝑞 
are evaluated only on covered observations and are compared with the baseline posterior on that same covered 
subset. 
The false activation under low coherence (FALC) diagnostic is the fraction of rejected observations whose 
maximum baseline posterior is at least 0.7. It measures how often a high-confidence baseline output occurs 
among cases rejected by the structural rule: 

 FALC0.7 =
∑ (1 − 𝑎𝑎𝑚𝑚)𝑁𝑁
𝑚𝑚=1 𝟏𝟏{max

𝑖𝑖
𝑏𝑏𝑚𝑚𝑚𝑚 ≥ 0.7}

∑ (1 − 𝑎𝑎𝑚𝑚)𝑁𝑁
𝑚𝑚=1

. (28) 

Risk-coverage curves rank observations by either the structural score 𝑢𝑢𝑚𝑚 = min{𝑅𝑅𝑚𝑚,max𝑖𝑖𝛷𝛷𝑖𝑖(𝑥𝑥𝑚𝑚)} or baseline 
confidence 𝑣𝑣𝑚𝑚 = max𝑖𝑖𝑏𝑏𝑖𝑖(𝑥𝑥𝑚𝑚). At each prefix of the descending ranking, selective risk is computed by 
Equation (25). The area under the risk-coverage curve (AURC) is evaluated by the trapezoidal rule; lower 
values indicate that errors are concentrated later in the ranking. 
For reported binomial proportions, 95% Wilson intervals use 𝑧𝑧 = 1.959964. If 𝑘𝑘 successes are observed in 𝑁𝑁 
trials and 𝑝̂𝑝 = 𝑘𝑘/𝑁𝑁, the interval is 

 𝑝̂𝑝 + 𝑧𝑧2/(2𝑁𝑁)
1 + 𝑧𝑧2/𝑁𝑁  ±  𝑧𝑧

1 + 𝑧𝑧2/𝑁𝑁
√𝑝̂𝑝(1 − 𝑝̂𝑝)

𝑁𝑁 + 𝑧𝑧2
4𝑁𝑁2. (29) 

The intervals quantify sampling uncertainty conditional on the fixed synthetic design. They do not account for 
model uncertainty, alternative gate definitions, or threshold-selection uncertainty. 

3.4. Validation logic and failure tests 
The method was checked at four levels. First, numerical assertions were compared with Theorem 1: every 
computed gate and total mass had to lie in [0,1], and every covered distribution had to sum to one within 
floating-point tolerance 10−12. Second, the neutral gate 𝐺𝐺𝑖𝑖 = 1 was verified to return the baseline posterior. 
Third, the zero-gate vector was verified to return abstention without division. Fourth, the calibrated thresholds 
were frozen before test generation. 
The synthetic study is an application test, not empirical validation of VTT as a physical theory. Its internal 
validity rests on exact specification and separation of calibration from testing. External validity remains 
untested. 

4. Results 

4.1. Analytical results 
The analytical results establish five properties. Theorem 1 proves that the gate and total gated mass remain 
bounded and that normalization is valid exactly when 𝛬𝛬 > 0. Theorem 2 proves recovery of the Bayesian 
posterior and supplies the explicit ℓ1 error bound in Equation (10). Theorem 3 shows that every positive-mass 
gated output is an ordinary Bayesian posterior conditioned on an auxiliary admissibility event. Corollary 2 
proves that a positive common gate cannot change relative posterior weights. Theorem 4 shows Lipschitz 
stability with respect to the gate whenever total gated mass is bounded below by 𝛼𝛼 > 0. Proposition 1 
identifies the complementary obstruction: the hard gate is discontinuous at its thresholds. 

ECE is reported descriptively because fixed-bin ECE is sample- and bin-dependent. Brier score and ECE for q are evaluated only on 
covered observations and are compared with the baseline posterior on that same covered subset.

The false activation under low coherence (FALC) diagnostic is the fraction of rejected observations whose maximum baseline posterior 
is at least 0.7. It measures how often a high-confidence baseline output occurs among cases rejected by the structural rule:
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4. Results 
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Risk-coverage curves rank observations by either the structural score um = min{Rm,maxi Φi (xm)} or baseline confidence vm = maxi bi (xm ). 
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The intervals quantify sampling uncertainty conditional on the fixed synthetic design. They do not account for model uncertainty, 
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3.4. Validation Logic and Failure Tests
The method was checked at four levels. First, numerical assertions were compared with Theorem 1: every computed gate and total mass 
had to lie in [0,1], and every covered distribution had to sum to one within floating-point tolerance10-12. Second, the neutral gate Gi =1 
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The synthetic study is an application test, not empirical validation of VTT as a physical theory. Its internal validity rests on exact 
specification and separation of calibration from testing. External validity remains untested.
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4. Results
4.1. Analytical Results
The analytical results establish five properties. Theorem 1 proves that the gate and total gated mass remain bounded and that normalization 
is valid exactly when Λ > 0. Theorem 2 proves recovery of the Bayesian posterior and supplies the explicit l1 error bound in Equation 
(10). Theorem 3 shows that every positive-mass gated output is an ordinary Bayesian posterior conditioned on an auxiliary admissibility 
event. Corollary 2 proves that a positive common gate cannot change relative posterior weights. Theorem 4 shows Lipschitz stability 
with respect to the gate whenever total gated mass is bounded below by α > 0. Proposition 1 identifies the complementary obstruction: 
the hard gate is discontinuous at its thresholds.
These statements delimit the framework more strongly than the unqualified claim that the method “extends Bayes.” The construction 
extends the decision pipeline, but its normalized output remains representable within standard conditional probability.

4.2. Synthetic Selective Behavior
The realized degraded fractions were 5.17%, 39.80%, and 84.40% in the convergent, bifurcation, and collapse samples, respectively. 
As the degraded fraction increased, unconditional baseline accuracy fell from 96.80% to 64.20%. This decline is expected because the 
classifier continues to use the reference variance0.82 I2 while an increasing share of test features is drawn with variance3.52 I2.

Table 3 reports the decision results. Coverage decreased from 89.27% to 15.27%. Accuracy on covered cases remained above 98%, 
whereas posterior-confidence selection at the same coverage was lower in every regime. The largest difference occurred in the bifurcation 
sample: gated selective accuracy was 99.42%, compared with 86.10% for confidence selection at matched coverage. This difference is 
not evidence that the VTT formula is universally superior. It occurs because the gate observes R, an informative support-quality channel 
that the confidence rule does not observe.

Regime Base accuracy, % Coverage, % Gated accuracy on 
covered cases, %

Confidence accuracy at 
matched coverage, %

FALC0.7, 
%

Convergent 96.80 (96.11-97.37) 89.27 (88.11-90.32) 99.29 (98.89-99.55) 98.51 88.20
Bifurcation 82.03 (80.62-83.37) 57.57 (55.79-59.32) 99.42 (98.94-99.69) 86.10 93.32
Collapse 64.20 (62.47-65.90) 15.27 (14.02-16.60) 98.03 (96.31-98.96) 79.91 96.34

Table 3: Classification, coverage, and rejection diagnostics( Values in parentheses are 95% Wilson intervals)

The FALC values are high: between 88.20% and 96.34% of 
rejected observations still have a maximum baseline posterior of 
at least 0.7. This behavior is a known consequence of extrapolating 
a closed-set Gaussian classifier. Far from all class centers, relative 
likelihoods may strongly favor one class even though absolute 
support is poor. The support channel detects a property that 
normalized posterior confidence can suppress.

Figure 3 analyzes the full risk-coverage relationship rather than 
one threshold. Structural ranking has a lower AURC than posterior 
confidence in the convergent and bifurcation regimes: 0.0027 
versus 0.0297, and 0.0507 versus 0.1597, respectively. In the 
collapse regime, the values are close, 0.2730 versus 0.2746. Once 
the small high-support subset has been exhausted, neither one-
dimensional ranking resolves the ordering among predominantly 
degraded observations.
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These statements delimit the framework more strongly than the unqualified claim that the method “extends 
Bayes.” The construction extends the decision pipeline, but its normalized output remains representable within 
standard conditional probability. 

4.2. Synthetic selective behavior 
The realized degraded fractions were 5.17%, 39.80%, and 84.40% in the convergent, bifurcation, and collapse 
samples, respectively. As the degraded fraction increased, unconditional baseline accuracy fell from 96.80% to 
64.20%. This decline is expected because the classifier continues to use the reference variance 0.82𝐼𝐼2 while an 
increasing share of test features is drawn with variance 3.52𝐼𝐼2. 
Table 3 reports the decision results. Coverage decreased from 89.27% to 15.27%. Accuracy on covered cases 
remained above 98%, whereas posterior-confidence selection at the same coverage was lower in every regime. 
The largest difference occurred in the bifurcation sample: gated selective accuracy was 99.42%, compared 
with 86.10% for confidence selection at matched coverage. This difference is not evidence that the VTT 
formula is universally superior. It occurs because the gate observes 𝑅𝑅, an informative support-quality channel 
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versus 0.1597, respectively. In the collapse regime, the values are close, 0.2730 versus 0.2746. Once the small 
high-support subset has been exhausted, neither one-dimensional ranking resolves the ordering among 
predominantly degraded observations. 
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4.3. Probability Quality on the Covered Population
Table 4 separates selection from probability reweighting. On the covered subset, the baseline posterior is already highly accurate. 
Multiplying by the hypothesis-dependent gate does not improve Brier score or ECE consistently. In the convergent regime, for example, 
the covered-case Brier score changes from 0.0122 for b to 0.0142 for q, and ECE changes from 0.0034 to 0.0071. The bifurcation Brier 
score improves slightly, but its ECE worsens slightly. These mixed results agree with Example 1: gating does not preserve calibration 
by theorem.

Regime Base Brier, 
all

Base ECE, 
all

Base Brier, 
covered

Gated Brier, 
covered

Base ECE, 
covered

Gated ECE, 
covered

Convergent 0.0551 0.0187 0.0122 0.0142 0.0034 0.0071
Bifurcation 0.3398 0.1571 0.0118 0.0116 0.0047 0.0058
Collapse 0.6755 0.3291 0.0385 0.0393 0.0222 0.0197

Table 4: Probability-quality metrics before and after gating

The principal numerical effect is therefore selection, not probability correction. A practical implementation should consider returning the 
baseline posterior together with the gate diagnostics when probability calibration is more important than reweighted class odds.

4.4. Numerical Illustration of the Classical Limit
The classical-limit theorem is independent of the synthetic classification study. To visualize one admissible path, take b = (0.60,0.30,0.10) 
and positive rates a = (0.20,0.80,1.50). Define
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At 𝑡𝑡 = 0, every gate equals one and 𝑞𝑞(0) = 𝑏𝑏 exactly. For 𝑡𝑡 > 0, unequal rates change the odds according to 
Equation (13). Figure 4 shows both the ℓ1 departure from 𝑏𝑏 and the corresponding hypothesis weights. It is a 
numerical illustration of Theorem 2, not an additional validation dataset. 

 
Figure 4. One path through gate space approaching the classical Bayesian limit. Dotted lines are the baseline posterior weights. 

The ℓ1 distance is exactly zero at 𝑡𝑡 = 0, where every gate is neutral. 

At t = 0, every gate equals one and q(0) = b exactly. For t > 0, unequal rates change the odds according to Equation (13). Figure 4 shows 
both the l1 departure from b and the corresponding hypothesis weights. It is a numerical illustration of Theorem 2, not an additional 
validation dataset.
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5. Conclusion
In this paper, we give a mathematically delimited coherence-gated Bayesian decision rule. The gate is bounded, the positive-mass output 
is a valid distribution, the Bayesian posterior is recovered at the neutral gate, deviations from that limit satisfy an explicit bound, and the 
normalized result has an exact Bayesian representation through an auxiliary admissibility event. A common positive diagnostic factor 
cancels from relative posterior weights, while normalization becomes sensitive as total gated mass approaches zero. The hard thresholds 
create an explicit but discontinuous abstention boundary. The synthetic experiment confirms the intended selective behavior under a 
fully stated construction. Coverage falls as the observed support channel reports more degraded data, and accuracy on covered cases 
remains high. This result depends on the auxiliary channel being informative. Probability calibration does not improve consistently after 
reweighting, so the gate should be evaluated primarily as a selection mechanism unless separate recalibration is performed.
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