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Abstract

In this paper, we will extend some properties of the convex real functions to the valued functions in a Banach lattice:
with adequate definitions, we will establish that an order convex function is continuous on a convex C if and only if
it is continuous at a point of C (Theorem 1.2). We will show that order convex functions on a compact satisfy Bauer s
maximal principle (Theorem 2.2). A fixed-point theorem is given for the contracting orders functions (Theorem 2.3).
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1. Order Convexity of Vector-Valued Functions

Often in functional analysis, one needs local algebraic linearity.
Thus, one of the interactions of the algebraic and topological struc-
ture of a topological vector is manifested in the important proper-
ties of the class of convex functions. So far, we have allowed the
convex functions defined on the convex subsets of a vector space
to be real valued. We will extend the definition of convexity to the
valued functions in a Banach lattice [1-4].

Definition 1.1

Let E be a Banach lattice. 4 function f- C — E on a convex set C
in a vector space X is:

(i) order convex ( denoted by o-convex) if for all v,y € C' and

all0< a <1, f(az+(1—a)y) < af(@)+(1—a)f(y).

(i) Strictly o-convex if for all x,y € C withx 6=y and all 0 < a <
1, f(ax + (1 = a)y) < aftx) + (1 = &)f(y).

(iii) O-concave (respectively, strictly o-concave) if —f'is an o-con-
vex (respectively, strictly o-concave) function.

It is easy to realize that; f'is o-convex if and only if,

n

FAUD e | <D enf ()
k=1 k=1

For every convex combination E LT,
k=1

Example 1.1 Here are some familiar examples of o-convex map-
pings.

* Obviously, any convex real function is o-convex.

* Let £ be a Banach lattice. The absolute value x — |x] is an o-con-
vex mapping from £ to E.

* Let 4 be a commutative unital real Banach algebra. The set of all
multiplicative linear functionals on 4 is denoted by A . It is well
known that A , endowed with the the Gelfand topology, is compact
and the Gelfand representation ¢ of A into C (A ) is an homomor-
phism [3, Theorem 13]. Thus, ¢ is o-convex.

Proposition 1.1 4 function f: C — E on a convex subset of a vector
space into a Banach lattice E is o-convex if and only if its epi-
graph, epi (f) = {(x,y) € C X E : y > f(x)}, is convex. Similarly,
is o-concave if and only if its hypograph, {(x,y) € C X E : y f{x)}

, IS convex.

Proof. We prove the first part of this proposition, the remaining
assertion is identical. Suppose that f'is o-convex, then for (x,, x,),
(x, x,) € epifand a € [0, 1] we have
axi+(1—a)xa = aif(z1) + (1 —a)f (z2)
2 [flaz + (1 —a)x,)

So, (ax, + (1 —a) x,, ax, + (1 — a) x,) €epif. The ’only if” part
stems from the fact that (x,, /' (x,)) € epifand (x,, f(x,)) € epif.

J Gene Engg Bio Res, 2023

Volume 5 | Issue 2 | 119



Proposition 1.2 The collection of o-convex functions on a fixed
convex set C into a Banach lattice E has the following properties.

1. Sums and nonnegative scalar multiples of o-convex functions
are o-convex.

2. The (finite) pointwise order limit of a net of o-convex functions
is o-convex.

3. The (finite) pointwise supremum of a family of o-convex func-
tions is o-convex.

Proof. The first statement is trivial. For the second assertion, con-
sider a net {f;} of o-convex functions (finite) pointwise order con-
vergent to f, that is, for any finite part I of C, there is a net {y,}
(with the same directed set) satisfying x, | 0 and |f(z) — f(z)| x, for
each i and every z F. Letx,y € C and a € [0,1]. For F'= {x,),ax +
(1 — a)y} we have:

(I-a)y) < xitfilox+(1-a)y)
< xitafi(@)+(1-a)fi(y)
< xitalf@)+fite)—f@l+0-a)f )+ fily) = W]
< xitaf(@) + 1 -a)fly) +xi
< 2utaf@)+ (1 -a)f@]af(@)+(1-a)f(y)

So, fis o-convex.

Now, let f,.f,...,fn are o-convex functions on a convex set C into a
Banach lattice E. For all x € C, we ask fix) = \/ Sx). It is easy
to see that:

flaz+(1-a)y) = \/ filaz+(1-a)y)

1<k<n

V' lafi@) + (1= a)fuly)]

1<k<n

V efi@]+ V(0= a)fuly)]

1<k<n 1<k<n

o\ fle)+(1-a) \/ hily)

1<k<n 1<k<n
af(z)+ (1 —a)f(y).

So, fis o-convex, what completes the proof.

Proposition 1.3 Let f: C ! E be an o-convex function, where C'is a
convex subset of a vector space and E is a Banach lattice. Let x
belong to C and suppose z satises x +z € Candx € z C. Let a. €
[0; 1]: Then

N

N

N

N

(@ taz) - f@) <a(f(@+2) — F@)VIf@—2) - [))
Proof. f(z + az) < (1 —a)f(z) + af(x + 2) because the
hypothesis and the equality: x + az = (1 — a)x + a(x + z). Rear-

ranging terms yields

fle+az) = flz) < alf(e+2)—-f=)]

< af@+2) - f@IVIfz-2) - f@)]) a2
Replacing z by —z in (1.1) gives

fr—az)— f(r) < aff(x—2)— f(z)] (1.3)

Since © = 3(z + @z) + 1 (z — az),
Tf(z — az).

Multiplying by two and rearranging terms we obtain

we have f(z) < %f(l‘ +az)+

f@) = fletaz) < fle—az)=fl@) (g
(1.3) implies
fl@) = fla+az) < flz—az)— f(z)
< alf(z—2) = f(o)]
< a(lf(z+2) = f@IVIf(z—2) = f@)]) (1)

With definition of the absolute value in mind, (1.2) in conjunction
with (1.5) yields the conclusion of the proposition.

Recall that a subset 4 of a Riesz space X is order bounded, from
above if there is a vector u (called an upper bound of 4) that dom-
inates each element of A4, that is, satisfying a < u for each a € 4.
Sets order bounded from below are defined similarly. A box or an
order interval, is any set of the form
[a,b] ={r € X :a <z <b}

Definition 1.2 A4 mapping f : X — E between Riesz spaces is
o-bounded above (respectively, o-bounded ) on a subset V of X, if
f(V') is order bounded from above (respectively, if f(V ) C [a,b] for
some box [a,b] of E).

We would have liked an o-convex function /- X — E to be order
continuous, but this is not true even in the trivial case when £ = R.
Indeed, let X = C[0,1], we emphasize: There is no nonzero o—order
continuous linear functional on the Riesz space X. However for the
topological continuity we have the following, which generalizes a
similar result previously proved for the convex (real) functions.

Theorem 1.1 Let f: C — E be an o-convex function, where C is a
convex subset of a normed space X, and E is a Banach lattice. If f
is,o-bounded above on a neighborhood of an interior point of C,
then f'is continuous at that point.

Proof. We may assume that for some x € C there exist an open ball
V of radius # at 0 and some y € E satisfyingx + V' € C and f(y) <
f(x) + x for each y € x+V . Fix ¢ > 0 and choose some 0 < a < 1
so that a||y|| < &. From Proposition1.3, it follows that for each y €

x+aV we have |[f (v)—f(x)| < ay.

Now, the norm of £ is lattice, then ||/ (v) — f(x)|| < allx]| <e.

Remark 1.1 We shall say that a vector e € E is an order unit, if for
each x € E there exists A > 0 such that x < Ae. It is well known that,
in an ordered topological vector space E, a positive vector e is an
interior point of the cone £+ if and only if, the order interval [—e,e]
is a neighborhood of zero [2, Lemma 2.5]. From the fact that every
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neighborhood of zero is absorbing set, it follows that the interior
points of E. are order units.

Provided that the interior /n#(E,) of the cone E, is non-empty,
semicontinuity can be generalized to vector functions as follows.

Definition 1.3 4 mapping [ : X — E from a topological space X
into a Banach lattice E is:

* Lower o-semicontinuous if for each c € E the set
{(x€X:fix) —celnyE)}

is open.

* Upper o-semicontinuous if for each c € E the set
(X € X: c—flx) € Int (E+)}

is open.

Obviously, a mapping f'is lower o-semi continuous if and only —f
is upper

O-semi continuous, and vice versa.

The classic example of a lower (resp. upper) o-semi continuous
mapping is given by the lower (resp. upper) semi continuous real
functions. Now assume that £ is a Banach lattice with an order
unit e. It is well known that the principal ideal £, generated by e
coincides with £ which when provided with the norm ||x|| = inf
{4 > 0: x| < Ae} becomes an AMspace with unit. Let /> R — R be
a continuous real function. Then the mapping /> £ — E defined by
Sfe(x) =f(||x]| ) e is a lower and upper o-semi continuous mapping.

The E-valued mapping on a Banach lattice is a useful device, but
it needs to be handled with care. For example, the complement of
the set {x € X: f{x) > ¢} in X is not at all the set {x € X: f{x) < c}.
However, the following lemma reduces this difficulty by reducing
us to functions with real values.

Proposition 1.4 If E_ (respectively, E’, ) is the positive cone of a
Banach lattice E (respectively, of E°), then x /€ E+ if and only if it
exists ‘€ E’+ such that ¢(x) < 0.

Proof. The definition of the positive cone E’, gives a sense of lem-
ma. Conversely, if x /€ E+, since E, is closed and convex, it fol-
lows from the HahnBanach theorem that there is @ ¢ € E’ with ¢(x)
<¢@) forally € E..

Thus ¢(x) <0 =/(0) and ¢(x) < ¢ (ny) for all non-negative integer
number 7. So ¢(x) <0 ¢(y) for all y € E+.

As a first application of the above definitions, we have the follow-
ing result.

Theorem 1.2 For an o-convex mapping f: C — E on an open con-
vex subset of a topological vector space X into a Banach lattice E,
the following statements are equivalent.

1. f'is continuous on C.

2. fis upper o-semicontinuous on C.

3. fis o-bounded above on a neighborhood of each point in C.
4. fis o-bounded above on a neighborhood of some point in C.
5. fis continuous at some point in C.

Proof. (1) = (2) is obvious.

(2) = (3); Assume that f is upper o-semicontinuous. Let x € C and
a € Int(E))— {0}. Then the set {y € E: f(x) + a — f(y) € Int(E )} is
an open neighborhood of x on which fis o-bounded above.

(3) = (4) Obvious.

(4) = (5) This is Theorem 1.1.

(5) = (1) Suppose fis continuous at the point x, and let y be any
other point in C. Since C is open and convex, therefore C does not
contain extreme points. This implies that there existz € C and 0 <
A <1 such that y = Ax+(1—4)z. Fix € > 0 and choose some circled
neighborhood ¥ of zero so that for all v € V. We claim that, ||f(y)
—f(y+v)||<eforallv € AV .Indeed, letv € V', Theny + Av = A(x +
v) + (I — )z € C and the o-convexity of fimplies

fly+) = fA(x4+0v)+(1=N)2)
5 < AMz+o)+ (1 =A)f(z)
fly) = fQaz+(1-2)z)
< Af(z)+ (1 =N)f(2)
Thus
fly+x )= fly) < Mf((x+v)— f(x))
< AMf((@+v) = f(z) ]  (L6)
and
f) —Ffly+2) < Xf(@)—f((z+v))
< AMf(@+v) = fl@)| @7
This shows that
)= fly+r)] < Af((z+v)=f@)] (@s)

Then

() = Fly+ )l < Allf (2 +v) = f(2))
<

€
So, fis continuous at y.

2. Order Lipschitzian Vector-Valued Functions

Lipchitzian and contractive real functions have important prop-
erties that we want to extend to infinite dimensional analysis. For
this purpose, we adopt the following definition.

Definition 2.1 4 mapping f from a subset B of a normed tvs (X,||||)

to a Banach lattice E is order Lipschitz continuous on B if there
exists e € E_ such that for every y,z € B

o) —f @161y —zlle

If moreover ||e|| < I then f'is called an order contraction.
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The following gives examples of order Lipschitz continuous map-
pings.

Theorem 2.1 Let /- C — E be o-convex positive mapping from a
convex subset C of a normed tvs (X, ||||) to a Banach lattice E. If f
is continuous at the interior point x of C, then f is order Lipschitz
continuous on a neighborhood of x. That is, there exists 6 > 0 and
e € E, such that By(x) c C and for y,z € B(x), we have

1f(y) = FR) < ly — zlle

Proof. Since fis continuous at x, it follows from Theorem1.3 that
there exists e € E+ and J > 0 satisfying B, (x) = C and f{y) < e. So,
wz € B 0(x) implies 0< f{w) < eand —e < —f{z)< 0. By addition,
we achieve |[f(w) —f(z)|<e, forall wz B, Lety,z € B,,(x) and a. =
|y=2I|. Then o = y + g (y + z) belongs to B, and we have

— _a 6
Y= anoW Tt o2

Therefore o S
[ € S5fw == )
Subtracting f'(z) from each side gives
f) =) < 1w - 1)
< o
< e

Switching the roles of y and z allows us to conclude

) =S @ <lly —zlle

Anet {x } in a Riesz space E is order convergent to some x € E,
written {xa} —° x , if there is a net {¢ } (with the same directed
set) satisfying {Q } | 0 and [xa — x| 6 ¢, for each a. A function /-
E — F between two Riesz spaces is order uniformly continuous if

{v,~ 2z} —°0in Eimplies {f(y ) — f(z)} —=°0inF.

Proposition 2.1 Let ;X — E be an order Lipschitz continuous
mapping between banach latties. If the lattice norm on X is order
continuous then f'is order uniformly continuous.

Proof. Obvious.

Now we will generalize, to convex order applications, one of the
important themes of the analysis, namely the extreme points of
a convex functions on a compact convex set. Let C be a convex
subset of a vector space X. Recall that an extreme subset of C, is a
nonempty subset F of C with the property that if x belongs to F it
cannot be written as a convex combination of points of C outside
F. A point x is an extreme point of C if the singleton {x} is an
extreme set.

Proposition 2.2 Let f: C — E be o-convex mapping from a convex
subset C of a normed tvs (X,||||) to a Banach lattice E. The set of
maximizers of [ is either an extreme set or is empty.

Proof. Suppose f achieves a maximum on C; that is, f satisfies the
identitie sup{f{x) : x € C} =f{e) forsomee € C.Put M= {x € C
2 f(x) =f(e)}. Suppose thatx=ay + (1 —a)z e M,0<a <1 and yz
e C.Ify/e Mthen f{y) < f(e), so

fle)=flx) = floy+(1-a)z)
< af(y) +(1-a)f(z)
< af(e)+(1—-a)f(e) = f(e)

a contradiction. Hence y,z € M, so M is an extreme subset of C.

Recall that the order < of a Banach lattice E is continuous if < is
a closed subset of EXE. Let us say that < is upper semicontinuous
if {x € E:y < x} is closed for each y.

Theorem 2.2 Let - K — E be a continuous vector-valued func-
tion from a compact space into a Banach lattice with a continuous
order. Suppose that f(K) satisfies the condition (C): ¢ v d belongs
to f(K) for all ¢,d € f(K), then f attains a minimum value, and the
nonempty set of minimizers is compact. Similarly, a continuous
vector-valued function on a compact set attains a maximum value,
provided that f{K) satisfies the condition (C”): cAd belongs to f(K)
for all ¢,d € f(K) and the nonempty set of maximizers is compact.

Proof. Let K be a compact of a normed vector space X and let f°
: K — E be a continuous mapping from K to a Banach lattice E.
For each ¢ € f{K), put Fc = {x € K : f{x) > ¢}. It follows from the
continuity of f and of the order that the nonempty set F is closed
(¢ = f{x) implis x € F). Moreover, the family F = {Fc : ¢ € f{K)}
has the finite intersection property. In deed, let Fc, Fc,,...F be a
finite familly in F. Since F(K) satisfies condition (C)

=n
80, ¢g = \/ci € f(K). Forallz € F,, and 1 <i<n
i=1
we have
0< flz) —a < flz) — ¢

so, v € [\ F, and F, © () F
1<i<n 1<i<n

[Aliprantis,

Since K is compact,
Theorem.2.31] implies that the set of minimizers CEQK) F, is
compact and Nonempty.

We realize that, in its real context, the assumptions (C) and (C’) in
Theorem 2.2 are ensured from the fact that the order in R is total.

A complete lattice is a lattice in which every nonempty subset that
is order bounded from above has a supremum. (Equivalently, if ev-
ery nonempty subset that is bounded from below has an infimum).

Now consider a vector form of the Contraction Mapping Theorem.

Theorem 2.3 Let B be a closed subset of a Banach Lattice E and
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let f: B— B be an order contraction mapping. Then f has a unique

fixed point x. Moreover, for any choice x0 in X, the sequence de-
Jfined recursively by xn+1 = f(x ), n = 0,1,2,..., converges to the
Jfixed point and ||x, — x|| < |le||"||x, — x|| for each n.

Proof. Lete € E_such that |le|| <1 and |[f(y)—f(z)| < |lv —z]|e, forall
Y.z € B Iff(x) =xandf(y) =y then [x—y| = |f )=/ || <[P
¥||e. Since the norm of E is lattice, we have ||x — y|| < ||x — y|||]e]|
and hence ||x — y|| = 0. Thus f can have at most one fixed point.

Now, if x, is chosen in B then the formulax ,, = f(xn), n=0,1,2,...
defines inductively the sequence (x,) which satisfies: [xn+1 — xn|
< |lxn —xn—1||e, for every n > 1. The lattice property verified by
the norm of E implies that ||xn+1 — xn|| < ||xn — xn—1||||e|| and by
induction, we see that for all n > [, ||xn+1 — xn||<||xI — x0||||e||n.
Hence, for n > m the triangle inequality yields.

n

m = zall < ) ok — 2l
k=m+1
n
< Az —zoll D lell®
k=m+1
<l — zof| ™
1 —le]|

This implies that (x ) is a Cauchy sequence.

Since B is closed in the complete space E then, (x) — x € B.
obviously, fis continuous, and:

r= limz,.; = lim f(z,) = f (z),
n—oo n—oo
so x is the fixed point of f.
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