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Abstract

NASA's press release of ‘Moon having receded by 1 m from Earth in a quarter of century’on the Silver Jubilee Anniversary (20
July 1994) of Man's landing on Moon led to the development of the Kinematic Model(KM) of evolving Earth-Moon System.
Best fit KM parameters are adopted for the analysis of evolving E-M system, The present length of day of Earth is assumed to
be 24 hours, orbital period of Moon divided by spin period of Earth=LOM/LOD=27.322 and the age of Moon=4.467Gy. Using
this best fit model parameters the velocity of recession of Moon is derived as 2.3cm/y as compared to 3.7cm/y by Lunar Laser
Ranging experiment. KM is used to plot lengthening of day(LOD) curve from pre-cambrian period (2.5Gy ago) to the present
time. This theoretical plot is superimposed on the observed lengthening of day curve. The observed plot is generated from the
observed length of day in different geologic epochs by John West Wells, Charles P.Sonnet & Chan and Kaula & Harris by the
study of coral fossils, ancient tidalites and marine creatures respectively. The superposition gives more than 25% mismatch in
remote past around 2.5Gya. This KM did not consider the obliquity angle 23.44° of Earth and the inclination angle of 5.14°
of Lunar Orbital Plane with respect to Ecliptic plane. The classical KM assumed monotonic spiral expansion of Moon from
Earth as shown in Figure 1. A recent paper “Tidal evolution of Moon in high angular momentum, high obliquity Earth” has
revolutionized the Earth-Moon modeling and paved the way for near-match between observated and theoretical LOD curve.
In the new scenario Moon's tidal evolution is anything but sedate and monotonic. It experienced a bumpy launch through
gravitational sling shot at the first geo-synchronous orbit of 15,000Km. Moon was gravitationally catapulted and launched on
an expanding spiral path but this expansion was turbulent, chaotic and got stalled at times due to huge lunar obliquity tides
during Laplace Plane transition and due to Cassini state transition as shown in Figure 2. Only after Moon settles down in Cassini
state I that it resumes its monotonic and sedate spiral expansion as envisaged in the classical picture but this spiral expansion
was at accelerated pace so as to reach 3,84,499Km orbital radius in 4.5Gy. It transits in fits , in chaotic and turbulent phase,
for 3.3Gy whereas it spends1.2Gy in bounded state therefore this new model is referred to as ‘Fits and Bound’ model of E-M
system. On this time scale the modern time recession rate comes to be 3.7cm/y. If this accelerated time frame is adopted then
we get near-exact match between theory and observed LOD curve with worst mis-match being -4%. In this accelerated time
frame, all E-M system parameters are obtained and it is self consistent model with velocity of recession = 3.7cm/y, LOM/LOD
= 27.322 and near match between theory and observed LOD curve and spending 3.3Gy in turbulent and stalled evolutionary
phase and spending 1.2GYy in the present accelerated phase. This gives the final vindication to the advanced KM.

Keywords: Monotonic Spiral Expansion, Stalled Tidal Evolution, Laplace-Plane Transition, Cassini State Transition, Observed Lod

Curve, Theoretical Lod Curve.

1. Introduction

In 1994 at the Silver Jubilee Anniversary of Man’s landing
on Moon, NASA issued a Press Release stating that Moon had
receded by 1 meter in a quarter of a century from 20th July 1969
to 20th July 1994. This enabled me to first calculate the length
of day curve and compare it with observed LOD curve [1]. This

analysis was revised and presented as “Lengthening of Day curve
could be experiencing chaotic fluctuations with implications
for Earth-Quake Prediction” at the World Space Congrss -2002
, Houston,Texas,USA. [2]. In the classical Earth-Moon Giant
impact scenario, through a glancing angle impact of newly-formed
Earth by a Mars-sized planetesimal a circum-terrestrial disc of
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impact generated material is created which is a mix of the impactor  is greater than first geo-synchronous orbit aG1l = 15,000Km, full
material(Mars-sized planetesimal) and the target material.(newly size Moon accretes and is catapulted by gravitational sling shot on
formed Earth). Beyond Roche’s Limit = 3R, = 18,000Km which a monotonically expanding spiral orbit as shown in Figure 1 [3].
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Figure 1: Lunar Orbital Radius outward expanding spiral trajectory obtained from the simulation for the age of Moon (i.e. from the time
of Giant Impact to the present times covering a time span of 4.53Gyrs).

1.2. Deduction of LOM/LOD = @/ equation [4].

Jr=Cw+ (m*azresent + I)Q =[C+ (m*aél + D] = [C + (m*ag‘z + D246 4

In (4):

C = Moment of Inertia of the Primary around its spin axis.

I= Moment of Inertia of the Secondary around its spin axis.

And m*= reduced mass of the secondary = m/(1+m/M) where m = the mass of the secondary and
M= mass of the primary.

From Kepler’s Third Law:

B

0461 = — (first triple synchrony state where ) = w)
2

A1

and .., (second triple synchrony state where also 2 = w) = —

QNlw| T
[\S]

a

where B = \/G(M + m) 5
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Substituting (5) in (4) we get:

Jr = Cw + (Mm* a2 esens + 1)2 = [C

= [C + (m*a2, + 1)]

The roots of (6) give inner geo-synchronous orbit(aG1) and outer
geo-synchronous orbit(aG2).

Using Globe-Spin parameters of E-M system given in Appendix
A, we get the following kinematic parameters:

Reduced mass of Moon=m/(1+m/M)=m*=7.25284x102Kg.
B=\(G(M+m))=2.00811x10"m*?*/s, G=6.67x10""! m*/(kg-s2),

C = moment of inertia of Earth around its spin axis=0.33086 MR*=
8.0209%10*7Kg-m?,

I=momentofinertiaof Moonaroundits spin axis=0.394mRmoon2=
8.72791x10*Kg-m?,

Define 0,= I/C = 0.00108815, 6,= m*/C=9.04243x10"" 1/m?

JT= total angular momentum of E-M system= 3.43584x10*Kg-
m?/s,

Spin Period of Earth = 1 Solar Day =24 hours.

Sidereal Spin Period of Moon = 27.322 Solar Day,

Sidereal Orbital period of E-M system =27.3217 Solar Day,
Moon is in synchronous orbit i.e. it is tidally locked and shows

aGl = 146402 X 107m, an =

+ (m*a2, + D]

3/2
G1

3/2
G2

the same face to Earth. Generally this synchronism property is
true for all compact binaries. Because of this synchrony of our
Moon and because of the circular path, our Moon experiences no
stretching and squeezing and hence no tidal heating and hence no
volcanic effect. ‘Io’, a moon of Jupiter, is similarly placed as our
Moon is with respect to Earth but still Io is the most volcanically
active natural satellite because of tidal dissipation. In synchronous
orbit there should have been no volcanic activity but its eccentric
orbit makes it the most volcanically active natural satellite in
our solar system. Io is in 2:1 resonance with Europa hence it has
eccentric orbit and hence it is evolving and gradually circularizing.
As its eccentricity is reduced in the process of circularization, the
volcanic activity is on the wane.

Solving (6) we obtain the two geo-synchronous orbits:

5.5247 x 108 8

According to, tidal flexing does not allow the solid particles to coalesce within Roche’s limit represented by the symbol a,.

ap = 2.456(—)1/3R;~2.9R; = 18496.606 Km where pg =

p
Pm
and Roche Zone is defined within the range:

0.8to 1.35a or 2.32 to 3.915R; i

This implies that impact generated debris will be prevented
from accretion within 1.48x10’m and those in 1.48x10'm to
2.5x10'm range also known as transitional zone will experience
limited accretion growth whereas those lying beyond this zone
will be unaffected by tidal forces. It is a happy coincidence that
the Roche zone lies just beyond the inner Geo-Synchronous
orbit of the Earth-Moon System. This implies that if accretional

(%) 5

Substituting Q= B/a*? in (10) we obtain:

I

@ 2
Apresent + E

Ir
cn - [2+

5.5gm 3.34gm

cc

and py =

.e.within 14,797Km to 24,970Km

criteria is satisfied along with the impact velocity condition that
is the rebound velocity should be smaller than the mutual surface
escape velocity then merged body formation of Moon starts within
the Roche zone. The accreted Moon gradually migrates outward
sweeping the remnant debris [5].

Rewriting (6) we obtain:

+ 92a129resent + 61]
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Jry 3 [
(E) az = [E + Hzazznresent + 91]

Rearranging the terms in (11) we get:

w_LOM

11

Jry 3 2 .3 2
® 27 a7 - (6,02 + 6,) = AaZ — Fa 12

QLoD \CB

_r _( 91)
WhereA—BC and F = 92+a2

Substituting the numerical values of the parameters we get:
A=2.1331x10"(1/m*?) and F=9.0425x10'%(1/m?).

Substituting these values in (10) we get LOM/LOD =27.1479.
The actual value of LOM/LOD is 27.322. This error is due to
uncertainty in Globe-Spin parameters. A and F are adjusted to
obtain the exact value of 27.322.

The best fit values of LOM/LOD constants are:
A=2.13853x10"(1/m*?) and F=9.05842x10'%(1/m?).

The best fit parameters give the following geo-synchronous orbits:

a,,=1.46402x10"m, a ,,=5.5247x10%, a,=2.40649%10"m 13

Calculating LOM/LOD (12) using the best fit parameters of ‘A’
and ‘F’ we get :

LOM/LOD = 27.322 which is the present era Sidereal Lunar
Month/Solar Day observed values.

1.3. Tidal Torque Formulation [4].

For the calculation of the spiral trajectory we need the radial
velocity of recession in case of super-synchronous configuration
and velocity of approach in case of sub-synchronous configuration.
The time integration of the reciprocal of radial velocity gives the
non-Keplerian Transit time from its inception to the present orbit.
This transit time should be equal to the age of the secondary or the
natural satellites. The starting point of this time integral will be the
tidal torque.

The Tidal Torque of Satellite on the Planet and of Planet on the
Satellite = Rate of change of angular momentum hence

d
TidalTorque =T = {;trb 14
But Orbital Angular Momentum:
—mia? X = *Bva 15
Jorp =Mm*a a3/2—m a
Time Derivative of (15) is:
d m*B  da
T = ]orb _ 16

dt  2va . dt

In super-synchronous orbit, the radius vector joining the satellite and the center of the planet is lagging planetary tidal bulge hence the
satellite is retarding the planetary spin and the tidal torque is BRAKING TORQUE.

In sub-synchronous orbit, the radius vector joining the satellite and the center of the planet is leading planetary tidal bulge hence the
satellite is spinning up the planet and the tidal torque is ACCELERATING TORQUE.

These two kinds of Torques are illustrated in Figure 1 and Figure 2.
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Gravitational attraction of Earth's
tidal bulge pulls Moon ahead on an
expanding spiral orbit.

r——

Earth's tidal bulge axis
leads E-M radius vector
in super-synchronous
orbit.

Moon

Toon's gravitational attraction
pulls Earth's tidal bulge
backward , slowing Earth's spin

Earth

Figure 7 . In Earth-Moon System, Moon is in super-synchronous orbit. The off-setting of the line
of bulge in Earth with respect to E-M radius vector creates a tidal drag and de-spinning of Earth
leading to secular lengthening of day. The de-spinning of Earth leads to increased angular
momentwmn of Moon . During the conservative phase of the evolutionary phase of E-M System, by
gravitational sling shot impulsive torque Moon is launched on an expanding spiral path around
Earth. After the conservative phase, Earth coasts on its own towards the outer Clarke's orbit
where it terminates its non-Keplerian jomney.

Figure 2: In super-synchronous orbit, the radius vector joining the satellite and the center of the planet is lagging planetary tidal bulge
hence the satellite is retarding the planetary spin and the tidal torque is BRAKING TORQUE. This is shown in context of Earth and

Moon.

Gravitational pull of Mars' tidal
bulge pulls Phobos backward on a
collapsing spiral orbit.

T

Tidal bulge in Mars lags
Mars-Phobos radius vector due
to sub-synchronous orbital
configuration.

Phobos pulls Mars Tidal
s Bulge "forward" there-by
causing a spin-up of Mars.

Figure 8 In Mars-Phobos System, Phobos is in sub-synchronous orbit and is speeding up
Mars spin and losing angular momentum to conserve total angular momentwmn, In the
process it is launched on a gravitational runaway collapsing spiral orbit. The offset of the
tidal bulge axis of Mars with respect to Mars-Phobos radius vector creates a tidal
acceleration of the spinning Mars.

Figure 3: In sub-synchronous orbit, the radius vector joining the satellite and the center of the planet is leading planetary tidal bulge
hence the satellite is spinning up the planet and the tidal torque is ACCELERATING TORQUE. This is shown in context of Mars-

Phobos System.
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I have assumed the empirical form of the Tidal Torque as follows:

K
T=a—a[%—1]

(17) implies that at Inner Clarke’s Orbit and at Outer Clarke’s
Orbit, tidal torque is zero and (16) implies that radial velocity is
zero and there is no spiral-in or spiral-out.

At Triple Synchrony, Satellite-Planet Radius Vector is aligned with
planetary tidal bulge and the system is in equilibrium. But there are
two roots of ®/Q=1: Inner Clarke’s Orbit and Outer Clarke’s Orbit.
As already shown in Total Energy Profile (S5.1. in supplememtary
information, Inner Clarke’s Orbit a; is unstable equilibrium
state and Outer Clarke’s Orbit a, is stable equilibrium state [5].
In any Binary System, secondary is conceived at a . This is the

m'B da K [a) ]
X—=—|=—

2vJa dt  alln

Rearranging the terms in (18) we get:

2K
m*B

V(a) = Velocity of recession =

X3 [Aa? — Fa?5 —Va]m/s

17

CONJECTURE assumed in Kinematic Model. From this point of
inception Secondary may either tumble shortofa or tumble long
of a, . If it tumbles short, satellite gets trapped in Death Spiral
and it is doomed to its destruction. If it tumbles long, satellite gets
launched on an expanding spiral orbit due to gravitational sling
shot impulsive torque which quickly decays due to the growing
differential of @ and Q and the resulting tidal heating. After the
impulsive torque has decayed, the satellite coasts on it own toward
final lock-in at a,.

Equating the magnitudes of the torque in (16) and (17) we get:

18

19

The Velocity in (19) is given in m/s but we want to work in m/y therefore (19) R.H.S is multiplied by 31.5569088x10%/(solar year).

1
X5 [Aa? — Fa?5 —+/a] x 31.5569088 x 10°m/y

20

In (20) ‘a’ refers to the semi-major axis of the evolving Satellite. There are two unknowns: exponent ‘Q’ and structure constant ‘K’.
Therefore two unequivocal boundary conditions are required for the complete determination of the Velocity of Recession.
First boundary condition is at a = a2 which is a Gravitational Resonance Point where ©/Q = 2,

i.e. (Aa¥? —Fa?) =2 has aroot at a2 [6].
In E-M case, a, = 2.40649%x10" m.

At a2 the velocity of recession maxima occurs. i.e. V(a2) = Vmax .

Therefore at a = a,, (5V(a)/da)(da/dt)| , = 0.

On carrying out the partial derivative of V(a) with respect to ‘a’ we get the following:

Ata,, 2—Q)Axals—(25-0Q

Solving (21) at 2:1 Mean Motion Resonance orbit ‘a,” we obtain :
Q = 3.23771

Now structure constant (K) has to be determined. This will be done
by trial error so as to get the right age of Moon i.e. 4.467Gy. [The
birth of the Solar System is the time when the condensation of
the first solid took place from the Solar Nebula. This is taken as
4.567Gya. The last giant impact on Earth formed the Moon and
initiated the final phase of core formation by melting the mantle
of the Earth. The date of this last impact decides the birth date
of Moon which was completed in a few hundred years by the
accretion of the impact generated debris. Claim an age of 30My
after the birth of Solar System [7-9]. Claim an younger Moon

YFxa?—(0.5—0)=0 21

22

formed after 50 to 100My after the first solid condensed [10-
12]. The concentration of highly siderophile elements (HSEs) in
Earth’s mantle constrains the mass of chondritic material added
to Earth during Late Accretion [13, 14]. Using HSE abundance
measurements, determine a Moon-formation age of 95+ 32 Myr
after the condensation [15-17]. This method is invariant of the geo-
chemistry chronometer adopted by earlier researchers. So it will be
realistic to take the age of Moon as 4.467Gya.]

Rewriting (20) and substituting the best fit values of the exponent
and constants A and F we obtain the structure constant ‘K’.
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2K
m*B

V(a) = ——x—5[A x a® — F x a?® —a] x 31.5569088 x 10°m/y 23

We will assume the age of Moon 4.467Gy as already mentioned. The Transit Time from aG1 to the present ‘a’ is given as follows:

da 24

a 1
Transit Time = f
aGl V(a)

Assuming a tentative value for Vmax and inserting it in (23) at a = a, we deduce the value of ‘K’. Using this ‘K’ in (23) and inserting
this trial expression in (24) we carry out the time integral to get the transit time from a, to present ‘a’ which should be the age of Moon.
Several iterations are carried by adjusting V__ . By this iteration method we obtain the best fit structure constant as:

>

K = 6.48548 x 10*2Newton — m? 25

So the best fit velocity of recession formalism is:

2 X 6.48548 x 10*? 1

— .5
V(a) = —5 X~z [A x a? — F x a*® —+/a] x 31.5569088
10°m
X 26
y

Transit Time expression gives 4.46209Gy using (24). This is the age of Moon as concluded above.

Present recession velocity of Moon according to classical theory is =2.325cm/y 27

1.3. The formalism of lengthening of day(LOD) curve , the observed LOD curve and its match.

Data set# | Time B.P.(years) | Orbital radii(m)’ Length of day(hrs)> | LOD?*(hrs)
1 Present 3.844x108 24 24

2 65Ma 3.8287x108 23.627 23.6
3 135Ma 3.81213x108 23.25 NA
4 136Ma 3.8118x108 23.2515 23.2
5 180Ma 3.80129x108 23.0074 23

6 230Ma 3.7891x108 22.7683 22.7
7 280Ma 3.7768x10¢ 22.4764 22.4
8 345Ma 3.76055x108 22.136 22.1
9 380Ma 3.7517x108 21.9 NA
10 405Ma 3.74535x108 21.8055 21.7
11 500Ma 3.7208%10% 21.276 21.3
12 600Ma 3.6943x108 20.674 20.7
13 715Ma 3.663x10% NA 20.1
14 850Ma 3.6251x108 NA 19.5
15 900Ma 3.61075x108 18.9 19.2
16 1200Ma 3.5205%108 NA 17.7
17 2000Ma 3.235%x108 NA 14.2
18 2500Ma 3.012x108 NA 12.3
19 3000Ma 2.735 x108 NA 10.5
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20 3560Ma 2.3143x108 NA 8.7
21 4500Ma NA NA 6.1

Table 1: Observed Length of Day in different geological epochs.
1. Orbital radii according to the classical Model of E-M system
2. Length of Day according to John West Wells, and Charles [18-20].
3. Length of Day according to [23].

LOD Arbab Observed

24 ;
/

22 /,/

20 ]

18 -~

o

14

33x1084x1085x1086%108.7x108.8% 108
m — hr

Figure 4: Observed Lengthening of Day curve (over a span of time 2.5Gy). X-axis is the lunar orbital radius in meter.Y-axis is Length
of Earth Day(hours) in different geologic epochs corresponding to the lunar orbital radii.

1.4.1. Theoretical Formalism of Length of Earth Day in the life span of Moon from today to 2000Ma.
From Kepler’s Third Law:

. 21 X q3/? ”7
orb — B
From (12):
T 3
"”’z(Axai—anZ) 28
Tg
Substituting (27) in (28) we obtain LOD:
21 x a3/?
TE = 3 29

B(Axaf—anz)

Substituting the best fit parameters in (29) the theoretical lengthening of day curve is obtained in Figure 4.
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LOD Theoretical

b
I
N\

/|

22

| )
20| /
18 -

16 | e
3.0%x10%32%10%3.4%1083.6x1083.8% 108
m — hr

Figure 5: Theoretical Lengthening of Day curve (3.012x10%m to the present) . X-axis is the lunar orbital radius in meter. Y-axis is Length
of Earth Day in different geologic epochs corresponding to the lunar orbital radii.

Superposition of the theoretical curve and observed curve gives Figure 8.

LOD Arbab Observed
e
7

-
I

b
b-J

-2
=

8 /f/
16

14

\

33x1084%x108.5%x1086x108.7x108.8x 108
m— hr

Figure 6: Superposition of Theoretical and Observed Lengthening of Day curve (over 2.5Gy). X-axis is the lunar orbital radius in
meter.Y-axis is Length of Earth Day in different geologic epochs corresponding to the lunar orbital radii.

As we see in Figure 5 there is continuous mismatch over a 2.5Gy 2. Validation of Observed LOD for accelerated MOON(accel-
life span of Moon since the present and this mismatch is 24.7496% erated from 3.274x10%m to the present orbit but Age of Moon
~ 25% the worst at the remotest point. =4.467Gy)
Matija Cuk have proposed a radically different model where
Moon tidally evolves in fits and bound. Fits are due to stalling of
Moon tidal evolution due to strong lunar obliquity tides created in
Laplace Plane transition. Bound is due to accelerated transit time
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of 1.2Gy in spiraling out from 3.274x 10®m to the present lunar
orbit of 3.844x 10®m as compared to 1.9Gy for the classical Moon
for an identical orbital radius expansion. Application of Advanced
Kinematic Model to fits and bound model of Moon at one stroke
removes the tension between Lunar Laser Ranging measurement

of 3.7cm/y and theoretically predicted Lunar recession of 2.3cm/y
assuming 4.467Gy for the classical Moon on one hand and gives
a perfect match between observed LOD curve and theoretically
predicted LOD curve for last 900My and near perfect match over
last 1.2Gy with a mismatch of -1.3% [24-26].

2.1. Development of Advanced Kinematic Model of Earth-Moon system

Earth's spin axis is inclined to ecliptic plane at
23.5degree. This is called Earth's Obliquity

Vernal equinox

earth's orbital path

Ees

30.29Km/s perihelion point
winter 2 Jan.

2 July summer

apehélion point

V
29.27Km/s

Autumnal equinox

Figure 7: The orbital path of Earth around sun

to Polanis

Earth orbits the Sun
every 365 days in a
circular orbit.

OChpic plane

The ecliptic plane is
the plane of Earth’s orbit

{not 10 scale!)

Uy

perpenccular
10 echptc plane

Figure 8: Earth’s orbit around the Sun.
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FPath of Earth
Crhit

Projection of
Ivbion’s Chit on .
Farth Orbit ﬁ“h Ortit
Flane {dasted) ane

To the 5m

Moom Ot ¥

Flare (zaalid)

Ling where Ibon’s Oibit Plane
crosses Earth’s Crbit Plane

Figure 9: Illustration of ascending and descending nodes.

Axial Tilt Axial Tilt
23.44° 1.54°

The Orbital Plane
of the Moon__

The Orbital Plane

of the Earth " Inclination 5.14°

Figure 10: Axial tilt of Moon’s spin axis to its orbit’s normal is 1.54°.

Therefore Moon’s axial tilt to Ecliptic normal = Axial tilt of Moon’s spin to Moon’s orbit’s normal + inclination angle of Moon’s orbital
plane w.r.t. ecliptic = 1.54° + 5.14° = 6.68°
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Moon \g Aol 1,738 km |:
Orbit S 4641 km
Axial tilt Barycenter o
to orbit 6,378 km ~= | ie” Axial tilt
‘" Radi :  toorbit
23.44° : adius ok

Jg 384,405 km
phi\| 1/ phi = 23.44deg

alpha = 5.14deg
beta 1ot = 1.54deg
JE-M JE_pM s the total
oo ¥l angular momentum

/ vector of Earth-

Moon system.
This vector has
remained constant
spatially and
magnitude wise after
evection resonance.

Figure 11: Resultant Angular Momentum Vector of Earth-Moon System.

X!

I B

Advanced Kinematic Model of Earth-Moon system was introduced in in the paper by the Author (Sharma 2023)
Rewriting its basic equation containing LOM/LOD we get:
After detailed analysis as shown in S6 of supplementary materials of Sharma 2023, we get:

(N)?xa® =X2 + (F)?x (a®)? +G? +

2(Fxa®)(G)\y1—-D%2-2xX

xJ(anZ)Z +(6)2 +2 (Fxa?) (6) V1-D2x{Z} 20
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Where the different symbols are defined as follows:
i _
CXB

here C = 0.3308 X Mggyn, X Rigren = present day spin moment of inertia of E

m3/2
B =/G(M +m) = 2.00873 x 10" —,

J4 = total vector sum of the andular momentums of E — M system

Ffp L LOM
c e T rant i =00

herel = 0.394 X m X R,%,O(m = spin moment of Inertia of Moon 22
Sin[B] = D and Cos[B] =V(1-D?),
Sin[a] = A and Cos[a] =V(1-A?),
Sin[®] = B and Cos[®] =V(1-B?),
Let Z= - Cos[a] Cos[®]+ Sin[a] Sin[®]=A.B-V(1-A%) V(1-B?) 23

The empirical relation describing the evolution of Moon’s orbital plane inclination with respect to the ecliptic is (Appendix A, Sharma
2023)..

1.18751 x 102> 7.1812 x 10° 4 1.44103 x 108

Inclination angle a =
9 a3 a? a

—8.250567342 x 1073 31

The empirical relation describing the evolution of Moon’s obliquity angle (B) is given as below(Appendix A,)

Moon's Obliquity angle f = 3.36402 — 1.37638 X 1078a + 1.32216 x 10717q? 32

The empirical relation describing the evolution of Moon’s orbit eccentricity is (Appendix A, Sharma 2023):.

e = 0.210252 + 8.38285 x 10~ g — 3.23212 x 10-18¢42 33
In Sharma 2023:
LOM @ 150501 + 2.6677 x 10-7 x @ — 4.27538 x 10-16 x @? 16
LOD = _Q = . . a . a
@ = —0.732299 + 2.97166 X 10~° X a 17

(31), (32) and (33) and (17) will be used to solve the quadratic  (B), eccentricity(e) of lunar orbit, LOM/LOD and Earth’s obliquity
equation given in (20). Two roots of (20) are obtained out of which  (®) respectively through different geologic epochs. Table 2 gives
positive root is retained and will be used for analysis purpose. the evolution of these parameters through past geologic epochs.
We have altogether 5 spatial function (31), (32), (33), (16) and (17)

describing the evolution of inclination angle (o)), Moon’s obliquity
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a (XRE) a (x10%m) ®/Q o radians P radians e ®(rad) Sin[®D]

30 1.9113 23.3752 0.480685 1.21635 0.2524 unstable -0.464076
(27.4°) (69.69°)

35 2.22985 26.1194 0.26478 0.952317 0.236 unstable -0.216896
(15.17°) (54.56°)

40 2.5484 28.1147 0.168969 0.71512 0.214 unstable -0.0195376
(9.68°) (40.97°)

45 2.86695 29.2938 0.124631 0.504756 0.1849 0.113792 0.113547
(7.1408°) (28.92°) (6.51°)

50 3.1855 29.5965 0.103801 0.321225 0.1493 0.22 (12.6°) 0.218451
(5.04736°) (18.4°) 0227

55 3.50405 28.9877 0.0941394 0.164527 0.10714 0.314929 0.309749
(5.39379°) (9.4267°) (18°)

60 3.8226 27.4 0.0898729 0.03466 0.0584 0.398676 0.388198
(5.149°) (1.986°) (22.84°)

60.336 3.844 27.32 0.08971 0.0268 (1.54°) | 0.0549 0.409105 0.397788
(5.14°) (23.44°)

Table 2: Evolutionary history of ®/Q2 (LOM/IOD), m a (Inclination angle), § (lunar obliquity), e (eccentricity) and @ (terrestrial

obliquity).

2.2. The formalism of the velocity of recession of Moon.

The radial velocity of lunar recession is the same as in the classical case:

2K

V(a) =

This is rewritten as:

m

V@) = 2K  a

m*B  a?

In (24) “a’ refers to the semi-major axis of the evolving Satellite.
There are two unknowns: exponent ‘Q’ and structure constant ‘K’.
Therefore two unequivocal boundary conditions are required for
the complete determination of the Velocity of Recession.
Equation (20) gives the expression of the permissible X in
advanced Kinematic Model. That permissible X is substituted in
(24) for analysis purpose.

By classical E-M model Q is calculated to be Q = 3.22684.

K = 5.5%x10”Newton-mQ ,Transit Time (from 3.012x108m to
3.844x10*m) =2.38Gy.

This gives present epoch velocity of recession of Moon as
=2.4cm/y. A.

K =8.33269x1042Newton-mQ, Transit Time (from 3.012x10%m to
3.844x10*m) = 1.57732 Gy.

This gives present epoch velocity of recession of Moon as =
3.7cm/y. B

—x 5[4 x a? — F x a?® — a] x 31.5569088 x 105m/y

X — [X — 1] x 31.5569088 x 106m/y

23

24

So for our calculations we will retain the structure constant in (B).
This helps achieve correspondence with LLR result = 3.7cm/y.
Now this can be justified.

From 3RE to 45RE Moon does not have a smooth transit. Infact it
is bumpy. It is chaotic, gets stuck in resonances and comes out of
the resonances and gets stalled and resumes its tidal evolution. In
fact Moon takes 3.267Gy to spirally expand from 3RE to 45RE in
fits and stalled manner. From 45R_ to 60.336R_, Moon smoothly
coasts in 1.2Gy. This accelerated spiral expansion results in present
day velocity of recession of 3.7cm/y.

Since Adv.KM is well defined from 45R; (Cassini State2) to
60.336R so data set within this range only is considered,

In Figure 9, tidal evolution of Moon’s orbital radius is given based
on the new study of Matija Cuk [26]
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during resonance Moon drifts in, Earth spins down
and lunar eccentricity is high.

24
22 —
Moon moves out and then /
becomes stuck in evection resonance /
20 :
: ) expanding spiral
stalled
18 ==
e {%
®’ -
aC*Rg ) \\‘ evection resonance|breaks and
16 LY / outward evolution resumes
14 Q
m M =200
2, M
12
10
10 20 30 40 50 60
My) =

—

Figure 12: Evolution of semi-major axis of Moon for first 60My when Laplace plane transition is encountered at 20My and a = 17R .

Validation of Observed LOD for accelerated MOON(accelerated from 3.274x10%m to the present orbit but Age=4.467Gy) with time lost
in the formation of the complete Moon from moonlets as well as time lost in stalled tidal evolution at Laplace Plane transition. Normal
monotonically spiral expansion occurs only after Cassini State Transition) using 15 Data points given [18-22].

Data set# | Time B.P.(years)' Orbital radii (x10®m)* | LOD(h)

1 Present 3.844 24

2 45Ma 3.8272 23.566(Ref.1)
3 65Ma 3.8197 23.627(Ref.2)
4 135Ma 3.7928 23.25(Ref.2)

5 136Ma 3.7924 23.2(Ref.5)

6 180Ma 3.7752 23(Ref.2)

7 230Ma 3.7553 22.7684(Ref.2)
8 280Ma 3.735 22.4765(Ref.2)
9 300Ma 3.7268 22.3(Ref.4)

10 345Ma 3.708 22.136(Ref.2)
11 380Ma 3.6933 21.9(Ref.2)

12 405Ma 3.6825 21.8(Ref.2)

13 500Ma 3.641 21.27(Ref.2)
14 600Ma 3.5954 20.674(Ref.2) 20.7(Ref.4)
15 715Ma 3.5405 20.1(Ref.5)
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16 850Ma 3.4725 19.5(Ref.5)
17 900Ma 3.446 18.9(Ref.3) 19.2(Ref.4)
(Ref.5)
18 1200Ma 3.274 17.7(Ref.5)
19 2000Ma 2.6(Not Permisible) 14.2(Ref.5)
2450Ma (3.28%10%m) | 1.96(Not Permisible)

20 2500Ma 12.3(Ref.5)

21 3000Ma

22 3560Ma

23 4500Ma

Table 2: Tabulation of LOD in past geologic epochs for accelerated Moon.(Structure constant K= 8.333269 N-mQ, Q= 3.22684,
present velocity of recession = 3.7cm/y)

'Based on annual bands in coral fossils.

*Orbital radii based on accelerated Moon.

Reference 1:Kaula & Harris (1975)

Reference 2:John West Wells (1965,1966)

Reference 3:Charles P. Sonnett & Chan(1998)

Reference 4:Leschiuta & Tavella (2001)

Reference 5:A.J.Arbab (2009)

In classical case, monotonic spiral expansion from 3.274x10%m to the present Moon takes 1.9Gy but in accelerated Moon it takes only
1.2Gy.

ListPlot of LOD for accelerated Moon for the time span of 900My.

LOD Observed

24 7

-2
Lad

-2
| ]

b-J
—

o -

3.5x10% 3.6x10% 3.7%x10% 3.8x108
m — hr

ListPlot of 15 LLOD data points for
accelerated Moon.

Figure 13: Observed LOD curve for fits and bound Moon covering a time span of 900My.
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Superposition of the observed and theoretical Plot for the accelerated Moon over 900My.

Figure 15: Exact match between Theoretical and Observed LOD Plot over last 900My.

19

LOD Theoretical

/!"'

e

e

el

3.4%1083.5%10%3.6x10%3.7x10%3.8x 108

Theoretical Plot of LOD over the
permisible range of Advanced

m— hr

Kinematic Model

Figure 14: Theoretical Plot for LOD curve for accelerated Moon over 900My from the present.

Theoretical LOD Plot exactly

1.OD Observed

—

35%x10% 3.6%10% 3.7x10% 3.8x108

m — hr

matches the Observed LOD Plot.
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Validation of Observed LOD for accelerated MOON (from 3.274x10%m to the present orbit) using 17 Data points given by [20,
23].

L.OD Observed

24 f 7

7
20 ,/
19 ,/
18 P

33x 1B4x1E5x 186x 187 x 1088 x 108
m — hr

Observed LOD curve using 17 Data
points of Wells(1963,66),Sonnett et.al
(1998),Kaula & Harris(1975)Leschiuta
& Tavella(2001) and Arbab(2009)

Figure 16: Observed LOD curve for acelerated Moon using 17 data points covering a time span of 1.2Gy.

LOD Theoretical

24 F :
23 f/
22

21 /,

20 -

19 _,.,/

18 _,/

17 ,./
32x% 198 % 198 x 195 < 19% x 199 x 188 x 108

i — hr

Theoretically predicted curve for
the same time span 1.2Gy as has
been covered by the 18 data
points in Observed LLOD curve.

Figure 17: Theoretical Plot for LOD curve for accelerted Moon using 17 Data points..
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The observed and theoretical curves are superposed in Figure 6.

LOD Observed

b
W =

[

[ ]
[ ]

I~
-

r-J
=

19

18

33x 1BAx 1S x 1B6x 187 x 188 x 108

m —

hr

There is a near exact match
between theory and observation
for the permissible time span of

1.2Gy of Adv.K.M.

Figure 18: Near exact match between Theoretical and Observed LOD Plot over the permissible time span 1.2Gy of the Advanced

kinematic Model of E-M system.

There is exact match over the entire life span except at 1.2Gy. The
worst mismatch in the remote past at (1.2Gya) is -4%.

For classical Moon , from 3.274x108m to the present orbit the
transit time is 1.9Gy.

For fits and bound Moon in its final phase , from 3.274x108m to
the present orbit the transit time is 1.2Gy.

The observed curve of LOD is vastly different in classical Moon
and fits and bound Moon because the accelerated phase has a
scaled up time-scale resulting in Moon’s recession velocity of
3.7cm/y as compared to that in monotonically expanding spirally
evolving Moon where the velocity of recession is 2.3cm/y.
Theoretical curve is the same in the two cases, accelerated and
monotonically expanding orbit, because Structure Constant does
not come anywhere in the picture while calculating theoretical
LOD curve. This means if the FIT is exact in accelerated case then
it is inevitable to be poor in classical case.

3. Discussion

The Advanced Kinematic Model has been developed by including
Earth’s obliquity (®), Moon’s orbital plane inclination with respect
to ecliptic(a) as well as lunar obliquity(p) with respect to the lunar
orbital normal. The Laplace Plane transition and Cassini State

transition occurring at a =(17 to 19)RE and at 33RE respectively
have been kept out of the permissible range of Advanced KM.
Advanced KM covers the range of Moon’s tidal evolution from
45RE to 60.335RE (the present orbital radius). Because of
instability and unpredictability of Laplace Plane transition and
Cassini State transition, the range from 3RE to 45RE has been
kept out of range for for Advanced KM. In classical Model of
E-M system to satisfy the Age of Moon a lunar recession rate
of 2.3cm/y was being adopted which was completely distorting
the time scale of tidal evolution of Moon for last 1 Gy. If lunar
recession rate of 3.7cm/y was being adopted then too short a
Moon’s age of 2.7Gy was being obtained which was completely
contrary to the observed facts. This conundrum got resolved only
after the publication of Cuk et. al. land mark paper on Moon’s tidal
evolution in high obliquity, high angular momentum Earth. By
adopting the Lunar Laser Ranging data of lunar recession as the
model present lunar recession the model in one stroke became self
consistent in all respects namely we obtained present Earth day of
24h, present LOM/LOD= 27.322, present lunar recession rate of
3.7cm/y and most of all we got a perfect match between observed
LOD curve and theoretical LOD curve.
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4. Conclusion

Using Advanced Kinematic Model to obtain a perfect match
between observed LOD curve and theoretical LOD curve has been
a crowning achievement as well as the ultimate vindication of
Advanced KM. This paper has laid to rest all the nagging doubts
which have been there for the empirical nature of the tidal torque
developed in Kinematic Model. This paper has proved with 95%
confidence level that Advanced KM is a valid model and well
tested model which can be used with accuracy and reliably for
analyzing two body tidally interacting systems. The application
range of Advanced KM can be planet-satellite, planet hosting star
and planet, star binary, Neutron star binary, neutron star-black
hole binary or black hole binary. In subsequent papers the validity
of advanced KM will be proved in this wide range of binary pairs.
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