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Abstract

We prove that the conjecture made by Peter Frankl in the late 1970s is true. In other words, for every finite union-closed family
which contains a nonempty set, there is an element that belongs to at least half of its members. The union-closed set conjecture
is one of the most famous combinatorial problems. It asserts that for every finite union-closed family which contains a non-
empty set, there is an element that belongs to at least half of its members. In literature, there have been several partial results
regarding this, as can be seen from the survey paper of Bruhn and Schaudt. For instance, in V. B. Alekseev approximates the
number of union-closed families of subset of [n]. In I. Ballad , B. Bolloba's and T. Eccles prove that the conjecture occurs for
union-closed families with more sets compared to the size of the universe, this size has been further improved by Eccles in [1-5].
On the other hand, in I. Bo snjak and P. Markova's show that the conjecture is true for any-closed family with a universe of 11
elements. Moreover in V. Flag-Waver proves that if a union-closed set with a universe of n elements contains at most 2n element
with the property to be separated, then the conjecture holds. Moreover in J. Mossberg reinforces the latter result. First of all,
we introduce some preliminary terminology and notation according to the literature [6-8].

First of all we introduce some preliminary terminology and notation according to the literature.
We call A = 2M—{Q}f;g. We will use uppercase letters for elements of A , lowercase letters for elements of UcA, mathcal
character uppercase letters for subsets of A.

Let °F € A union-closed if for all X, Y € °F, XU Y € °F.
Foralli <nwesay F = {X € F:i€X}). Wenote |A| =2"— 1 and |A'| = 2"~'. The purpose of this paper is to prove
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Theorem 1 Let F C A be a union-closed set, we can find i < n such that
|F| < 2|]-"i|.

Summarizing the structure of the paper we say that we want to imagine each
union-closed set F obtained as the successive deletion of sets from the universe A:

1. Lemma 1, 2, 3 illustrate the properties of some elements of an union-closed
set, that we will call basis of F.

2. Theorem 2 shows that it is possible to obtain each union-closed set F through
successive deletions of individual elements of A so as to have only union-closed
sets during the whole procedure.
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3. Lemma 5 shows that we can get a sequence described in Theorem 2 in which
the sets containing a certain element are eliminated only at the the end of the
procedure.

4. In Theorem 3 and Lemma 6 we create a sequence in which it is possibile to
use induction.

5. In Theorem 4 and Theorem 5 we prove a sentence that implies theorem 1.
Now we start the proof:

Definition 1 The set B(F) ={X € F |V, Z ¢ F —{X}: X # Y UZ} is said
basis of F .

We can prove

Lemma 1 For all X € F, not necessarily union-closed, we can always find a set
T =A{T;...;T.} C B(F), such that X = UT.

Proof. By induction on | X| in F.

By definition of basis, if |X| = minycz|Y|, we must have X € B(F), then we
set T = {X} and so the Lemma is true.

If | X| > minycx|Y| we have two possibilities:

1. X € B(F), in this case the Lemma is true.
2. X ¢ B(F),in this case X =Y U Z, with Y, Z € F and |Y|, |Z| < | X], so the

Lemma is true by induction.

Now we want to describe how to build a union-closed set F through successive
eliminations of elements of A.

Definition 2 For each F C A union-closed set, we say sequence from A to F
the sequence of sets Ao, Ay ..., Ay such that:

1. Ay = A,
2 A = A — {X;}

3 A=A —{X,}

Jo A=A, —{X}=F

Definition 3 For all union-closed sets F C A, we say union-closed sequence
from A to F the sequence Ag, Ay ..., A; such that: Yi=1...t A; is a union-closed
set.

By the following two Lemmas, we will prove that for each F C A union-closed
set a union-closed sequence from A to F exists.
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Lemma 2 Let F C A be a union-closed set, let B € B(F), F —{B} is a union-
closed set.

Proof. 1t is sufficient to observe that by definition of basis for each X,Y € F — {B}
X UY # B. As a consequence X UY € F — {B}. O

Lemma 3 Let F C A (F is not neccessarily union-closed) let Z € F — B(F), then
B(F) C B(F —{Z}).

Proof. Let T € B(F), for all X,Y € F—{T} we have X UY # T.In other words we
can claim that VXY € F—{T;Z} XUY # T, as a consequence T' € B(F —{Z}).

Theorem 2 Let F C A be a union-closed set, then it exists a union-closed sequence

from A to F.

Proof. Let Ag, A; ..., A; a sequence from A to F.

If B(A,_1) is not a subset of F then we can always choose X, € B(A,_1) — F,
so that A, = A,_; — {X,} is union-closed by Lemma 2 and F C A,.

So the condition that may stop this process is when it exists ¢ such that B(A,_;) C
F.

In this case we must have that for all k£ > ¢ B(A,—1) C B(Ax) by Lemma 3.

As a consequence B(A,_1) C B(A;). Let X € A,—1 — A, by Lemma 1 it exists
T ={Ty;...T,} C B(A4_1) such that X = UT.

But B(A,-1) € B(A;), by hypothesis A; = F union-closed set , then X € A,
so we have found a contradiction.

In conclusion we can always choose {X,} so that A, is a union-closed set and in
this way we can build an union-closed sequence from A to F.

A trivial example of union-closed sequence from A to F is a sequence in which
the elements Xi,...X; have the property that |X;| < |X;| if ¢ < j. Indeed we
can build a union-closed sequence starting from the end. Consider X; such that for
all i we have |X;| > |X;|, it must be F U {X;} is union-closed, as for all P € F,
PUX, € FU{X,}.

Now we define D = A — F, D is the set of the elements eliminated by A in a
sequence from A to F.

Lemma 4 For all j € UA, F UD7 is a union-closed set.
Proof. Let X,Y € F U D’ we have two cases:
1. X,Y € F, as F is a union-closed X UY € F and then X UY € FUD’,

2. X e FUDI and Y € D’, as a consequence j € X UY ¢ (D — D7) and then
XUY e FUDI,
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By the previous Lemma we can state the following definition

Definition 4 Let i be such that D' # (. A union-closed sequence from A to F
defined by D = {Xy;... X|p|} is said to be an ideal sequence if and only if

1. Ap=A
2. for all 1 <|D| —|D| we have i ¢ X; and A = A1 — {X;}.
3. for all s > |D| — |D'| we have i € X and As = As_1 — {X}.
4. Ap = F
Lemma 5 For all union-closed sets F C A there is an ideal sequence from A to F.

Proof.

By Lemma 4, F U D’ is a union-closed set. Thus, by Theorem 2, we can find an
union-closed sequence from A to F U D,

Now we can build a union-closed sequence from F U D' to F. Suppose D' =
{X1;...X,} with the property |X, 1| < |X,|. For all s > |D| — |D| we have
A‘D'_l’l)i'_;’_I =FUD — {Xl} and A, = A, — {XS}

Suppose for the sake of contradiction that in this sequence, A, is not union-
closed: we can find Y, T € A, such that Y UT = X, ¢ A,, obviously we must have
YT < |X,]

By construction of sequence for all k£ > v |Xy| > |X,|, then Y, T € F and F is
not union-closed, hence there is a contradiction. As a consequence we have described
a way to build an ideal sequence.

Definition 5 For all sets Y and X the set Ex(Y)={T € AlY CT CY UX} is
called extension of Y on X.

Definition 6 X € D is said to be vincolated if F U{X} is not union closed. In
other words X € D is said vincolated if Y € F such that X UY € D.

Definition 7 X € D is said to be vincolated to Y € D if F U{X} is not union
closed, but F U{X;Y} is union closed.

Theorem 3 Let F C A be a union-closed set, let D = A — F, then if each X €
D — D' is vincolated, then it is possible to find an element Y € D — D' vincolated to
a non-vincolated R € D".

Proof.

Let Y € D—D? of maximum cardinality on D—D". By hypothesis Y is vincolated,
then it is possible to find X € F such that Y U X = R € D. Moreover, as Y has
maximum cardinality on D — D’ we must have R € D'. As a consequence Ex(Y)
must be a subset of D, otherwise F is not union-closed. Indeed for all 7" € Ex(Y)
we have T'"U X = R. As we suppose Y has maximum cardinality we must conclude
Y U{i} =R.

Moreover we have to observe that R could not be the set of maximum cardinality
in D¢. In this case for the sake of contradiction suppose that R could be vincolated.
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It means that we must have K € D!, then we can find P € F such that PUR = K.
But F is union-closed, then PU X = P’ € F, then Y UP' = K and Ep/(Y) C D.
As a consequence there must be an element Y* € D — D' such that |[Y*| > |Y| and
we find a contradiction.

As a conclusion R is not vincolated and F U {R} is union-closed. We want to
prove that F U {R;Y} is union-closed. Suppose it is not. It would imply that Y is
vincolated to K € D' with Y € R = Y U {i} C K, then, by definition, we could
find S € FU{R} such that Y US = K € D. We have two cases:

1. S # R thus RUS = K € D, then R is vincolated to K, that would be a
contradiction.

2. S = R thus K = R and we find a contradiction because R € FND = 0.

Definition 8 Let D = A — F and let D' # D. A sequence Ao, A; ..., A, from A
to F is said optimal for i if and only if

1. i€ X,

2. id X,

3. Let Ay, Ay ..., Ar_o is an ideal sequence from A to F U {X;; X;_1}.
Lemma 6 If D' + D, it is always possible to build an optimal sequence for i on D.

Proof.
We consider two different cases:

1. if each X € D — D' is vincolated, then by Theorem 3 it is possible to find
an element Y € D — D' vincolated to a non-vincolated R € D?. Thus we can
build an ideal sequence Ag, A; ..., A;_o from A to FU{Y; R} and an optimal
sequence from A to F with R = X; and Y = X;_;.

2. Otherwise it means that it exists an element X* € D — D' not vincolated, that
means F U {X*} is union closed.

As FU{X*} is union closed, by Lemma 5 we have an ideal sequence Ay, A; ..., A;_1
from A to F U {X*}, note that we must have 7 U {X*; X;_} union closed
with ¢ € X;_1 by definition of ideal sequence.

As a consequence consider the ideal sequence Ag, A; ..., A;_s from A to F U
{X* X4}

We set Ay = Ao — {X*}. A’;—1 must be union closed. If A’;_; were not
union closed, as we know F is union closed, we would have S € F such that
SUX;_; = X*. That is impossible as i € X;_; and ¢ ¢ X*.

At the end we set A"y = A, — {X,1}. A’y = F then it is union closed.

In this way the sequence Ao, A; ..., A; o, A¢_1, A’; is an optimal sequence
from A to F.
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Definition 9 Let D = A — F, i is said quasiminimal on D for a set Y =
{Y1; Yo} C F if and only if

1. i belongs to Ys
2. 4 does not belong to Yy
3. 1 18 minimal on DU Y

4. there ezists an optimal sequence Agy, Ay ..., Ao from A to F — Y such that
Ay = A —{Y1} and Ao = Appr —{Ya}. As the optimal sequence ends with
F — Y, this set is union-closed.

Before moving on the proof, we define 5 minimal on D if and only if for all
k |Di| < |D*| and, given a sequence Ag, A; ..., Ai_2, A;_1, A; we indicate D, =
{X1,... X, } with r <t

Theorem 4 For all D, it exists i such that if it exists a set Y = {Y1;Ys} i quasi-
minimal on D for Y, then 2|(DUY)!| < [(DUY)| + 1.

Proof.

By induction on |D|. If |D| = 0, for all i we can choose a set ) such that i
quasiminal on D for ), as a consequence 2|(D U V)" < (DU Y)| + 1.

If |[D| = 1: as F is union closed, we must have for some j D = {{j}}. As a
consequence for all i # j we can choose a set ) such that ¢ quasiminimal on D for
Y. Then we have 2|[(DUY)| < [(DUY)| + 1.

If |D| = 2, as F is union closed, for some j; k we must have D = {{k};{j}} or
D = {{j};{k,j}}. As a consequence for all i we can choose a set ) such that i
quasiminimal on D for ) and we have 2|(DU V)| < [(DUY)| + 1.

In general, let suppose the theorem true for |D| < t and we prove it for |D| = t+1.
Consider two different cases:

1. Let ¢ be minimal on Dy, and |D?| < |D|, by Lemma 6 we have an optimal se-
quence Ag, Ay ..., Ay for i. If we could choose ) such that i quasiminimal
on D for Y, we could do as follows. By definiton of optimal sequence, we split
Div1 = Dy 1U{X}; Xiq1}, such that i ¢ X; and i € X;;;. Then ¢ quasiminimal
on D;_; for the set {X;; X;11} and we can use the inductive hypothesys. Thus
2[(Dy—1 U{X; Xi1 FUD)'| = 2|(Dp1 UL Xy Xea 1) +21(V)'] < D]+ 14V =
(DUY)|+1.

2. Let ¢ be minimal on D and |D?| = |D|. Then |D| = 1. Otherwise, for all j # i,
it must exist r such that j ¢ X, € D, then |D’| < |D¥| and i is not minimal.
We have just proved this case at the inductive step.

Theorem 5 Let D = A—F and let j minimal on D, with |D| > 1. Then 2|D7| <
D] + 1.
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Proof.

As D # {{j}} by hypothesys, |D’| # |D|.
By Lemma 6 it always possible to build an optimal sequence for j on D. Let

Ao, Ay ..., A1 this optimal sequence from A to F, by definition we must have

1. j belongs to X1

2. 7 does not belong to X;

3. j is minimal on Dy U {Xy; Xi11}

4. it exists an optimal sequence Ay, A; ..., A;11 from A to F.

By Theorem 4, it exists 7, not necessarily different from 7, such that for the

set {X;; X417} @ quasiminimal on D;_; for {Xy; Xip1} and 2|(Dy_y U { Xy Xip1 }i| <
‘Dt—l U {Xt, Xt—Q—l}’ + 1.

As a consequence 2|D| < |D| + 1. and by definition of minimality of j and

quasiminimality of ¢ we have 2|D’| = 2|D!| < |D| + 1.

Now we can prove Theorem 1

Proof. We just remember that |A| = 2" — 1 and |A’| = 2"

7] =|A] = D = 2|4"| =1 - |D| < 24| - 2|D'| = 2| F|
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