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Abstract
The one particle states of charge carriers are considered in InP/InSb/InPcore/shell/shell spherical quantum nano 
structure at the regime of strong quantization. The results of numerical calculations for the values of the energy of 
charge carriers for different values of the thickness of the quantizing layer of InSb are presented. The calculations 
were performed with allowance for the Kaned is persion for electrons and light holes in the InSb layer. The dependence 
of the number and position of the energy levels of charge carriers in the quantizing layer of InSb on the width of 
the well (layer thickness) is shown. The dependence of the absorption coefficient and photoluminescence spectra on 
the energy of incident light of interband transitions have been investigated. The oscillator strengths and selection 
rules for these transitions have been obtained. The absorption has a strictly resonant character. By the orbital and 
azimuthal numbers only diagonal inter band transitions are possible. For the radial number, the transitions between 
the states with the same radial numbers have the highest intensity.

Keywords: Core/shell/shell, Spherical Quantum Layer, Size 
Quantization, Optical Absorption, Photoluminescence

Introduction
Indium antimonide (InSb) is the only semi conductor material, which 
can be used for three types of photo detectors: photo conductive 
(photo resistance), photo voltaic and photo electro-magnetic. It is 
one of the main materials for photo detectors, which operates in the 
range of 3-5 m. The unique properties of InSb make possible also 
to use it in the broadband of civil applications including medicine 
and ecological monitoring [1]. The optical properties of InSb have, 
of course, been long studied and are well understood [2]. There is 
no doubt that the presence of unique features, such as narrow band 
gap, high carrier mobility etc. [3], the size quantization fact or 
opens new opportunities for the device application of InSb. Hence, 
InSb remains significantly interesting material for the fundamental 
investigation of its nanostructure for potential application, such as 
kind nano electronic devices [3]. Nowadays quantum wells (films) 
[4], quantum wires [3,5] and quantum dots [6] on the basis of 
InSb have wide range of applications. At the same time, in the last 
two decades spherically symmetrical semi conductor hetero phase 
core/shell/shell structures [7-12] are also intensively studied. This 
is due to the fact that the increasing application of nano materials 
requires the development of new materials and structures. The 
requirements dictate that these materials and structures be capable 
of performing several tasks and functions within the frame work of 

the unified nanometric geometry [13-17]. In particularly, spherically 
symmetrical core/shell/shell structures simultaneously combine and 
synthesize in itself a number of properties of both quantum dots and 
quantum films. In the point of view of device application they are 
more multi-functional than the separate single quantum films and 
quantum dots [18,19]. In this regard, one of the technically realizable 
and promising for the application of core/shell/shell structures based 
on InSb is spherically symmetrical composition of InP/InSb/InP [20]. 
Let us note that in several works the electronic and optical effects 
are considered via various approximations in single spherical nano 
layer of InSb [21-23]. However, the consideration and quantitative 
description of electronic states and optical transitions have not 
performed yet in InSb nano layer, which is a component of real 
hetero phase InP/InSb/InP structure.

In the present work, the calculations of charge carrier’s energetic 
spectrum in the InSb nano layer of InP/InSb/InP spherical hetero 
composition are presented, as well as the results of theoretical 
investigation of optical absorption and photoluminescence in such 
layer are shown.

One-Particle States in Insb Nano layer of Spherical Hetero 
Composition Inp/Insb/Inp
Before presenting one-particle state calculations, let us present the 
basic physical characteristics of bulk crystals InP and InSb.
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Table1: The basic physical characteristics of bulk crystals InP and InSb [24-28]
Mate-rial Latticeconstant 

a0(nm)
Bandgap Eg 

(eV)
Excitonradius  

aex(nm)
Electronaffinity 

Uc(eV)
Electroneff. 
mass μe/m0 

Heavyholeeff. 
mass sμhh

Lightholeeff.
mass μlh / m0

InP 0.58687 1.344 10 15 -4.38 0.08 0.6 0.089
InSb 0.6479 0.17 65 -4.59 0.0145 0.43 0.6 0.015
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Here m0 is the mass of free electron. As it can be seen from the 
Table1, the band off sets of energy on the interface of contacting 
materials are�Uc =0.21 eV and �Uv =0.964 eV for the conduction 
and valence bands, respectively. For instance, in this case the InSb 
nanolayer of the composition InP/InSb/InP is presented as a potential 
well with  �Uc =0.21 eV and �Uv =0.964 eV depths for electron in 
conductor band and for hole states in valence band, respectively.

Before proceeding to the specific calculations, let us adjust 
corresponding designations and the values of the parameters, which 
will be used in following numerical calculations.

For Inp: aex ≡ a1 = 12nm; μe ≡ μe,1 = 0.08 m0 ; μlh ≡ μlh,1 = 0,1 m0 ; μhh,1 
= 0,6m0 .
For Inp: aex ≡ a2 = 60nm; μe ≡ μe,2 = 0.0145 m0 ; μlh ≡ μlh,1 = 0,0145 m0 
; μhh,2 = 0,5m0 .

In this problem a1= 12 nm will be as a length unit, and 

                                      eV as an energy unit.

Let’s denote the inner and outer radii of the InSb layer by R1  and 
R2 , respectively, and L=R2 - R1 is the thickness of the layer. In 
the calculations, the layer’s thickness varies in the range of  nm. It 
is clearly seen from the Table1 that in the InSb layer the Coulomb 
interaction between the electron and hole can be neglected for such 
valuesof the layer’s thickness. That is, in the case under consideration 
the strong size quantization regime will be realized with sufficient 
accuracy for the charge carriers in the InSb layer. The value of the 
layer thickness L=24 nm is, in fact, the maximum permissible, when 
a strong quantization regime realizes in InSb layer. All calculations 
are made in the effective mass approximation.

Let us InSb layer approximate by rectangular potential well with 
finite depth in the radial direction. It can be written for the potential 
energy of the particle:

                                                                                             (1)      
       

In this model, we now consider the single-particle states of charge 
carriers in InSb layer.

As it is known, in InSb Kane dispersion law occurs for electrons 
(also for light holes), which has the following for min the two-band 
model [29,30]:
     
                                                                                              (2)

Here p is the full momentum of the particle. In the core and outer 
layer (InP) carrier dispersion law will be assumed strongly quadratic.

In spherical coordinates (r, ϑ, φ), the total wave function of the 
particle ψ (r, ϑ, φ)  will be found in the following form:

                                                                                           (3)

Here  Yl,m (ϑ, φ) are the normalized spherical functions, and l 
=0,1,2...., m=0, ± 1,2,... are the orbital and azimuthal quantum 
numbers, respectively [31].

We obtain the following equations for radial wave functions in 
region1 (core InP), region2 (first shell, InSb layer) and region3 
(second shell, InP), respectively:

                                                                       ,                     (3)

                                                                       ,                      (4)

                                                                       .                      (5)

Here                                                                                                       ,
   
                          and Ee -is the full energy of the electron in InSb layer. 
The solutions of these equations satisfying finiteness conditions 
when r→0  and vanishing, when r→∞ , are given by the following 
expressions [32]:

                                                    ,                                          (6)                  
       

                                                                  ,                            (7)

                                                         .                                     (8)
                

Here Jv(x) is the first order Bessel function, and Iv (x) and Kv (x) 
-modified Bessel functions of the first and second kind (Infield 
and Macdonald functions), respectively, and A, B1,B2, C are the 
normalization constants. We obtain the following condition after 
a cross-linking of the logarithmic derivatives of functions (7)-(9) 
on the borders of the well ( r = R1 and r = R2) for determining the 
energy spectrum of electrons in the InSb layer:

                                                                                               (9)
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In the case of electrons for the parameters a and b the following 
expressions were obtained:

                                                 ,                                      .    

Derivative Bessel functions are calculated by the full argument.

The size quantization effect, as it is known, is mostly pronounced for 
the lower energy states of the charge carriers. Accordingly, we are 
interested in the several first solutions of the equation (10), which 
correspond to small valuesof quantum numbers. Consider the case 
of a relatively thin layer for visual clarity, when the number of states 
in the quantum well is not large.

In the Table2 presented solutions of equation (10) illustrate the 
dependence of the electron energy levels and their position in the 
InSb quantum well when changing the layer thickness in the range 
of  L < 15 nm. The calculations are made for the fixed value of the 
core radius R1=12 nm (p1=1) and the depth of the well �Uc =0.21 eV.

Table 2: Variation of the number of electronic energy levels in 
the InSb quantum well layer by changing the layer thickness in 
the range of L < 15 nm.

Layer’sthickness
L (nm)

Numbero
flevels

levels Energy En,l  
(meV)

L = 2.33 1 n=1, l=0; E1.0 = 105.38

L = 3.29 2 n=1, l=0;
n=1, l=1;

E1.0 = 100.21
E1.1 = 105.68

L = 4.57 3
n=1, l=0;
n=2, l=0;
n=1, l=1;

E1.0 = 99.98
E2.0 = 197.77
E1.1 = 181.36

L = 11.06 4
n=1, l=0;
n=2, l=0;
n=1, l=1;
n=1, l=2;

E1.0 = 91.20
E2.0 = 152.09
E1.1 = 138.93
E1.2 = 163.76

L = 13.43 5

n=1, l=0;
n=2, l=0;
n=1, l=1;
n=2, l=1;
n=1, l=2;

E1.0 = 89.11
E2.0 = 141.82
E1.1 = 130.98
E2.1 = 201.55
E1.2 = 150.17

L = 15.36 6

n=1, l=0;
n=2, l=0;
n=3, l=0;
n=1, l=1;
n=2, l=1;
n=1, l=2;

E1.0 = 87.88
E2.0 = 135.08
E3.0 = 198.57
E1.1 = 125.47
E2.1 = 188.49
E1.2 = 146.06

As it is already noted, the dispersion law of light holes is also 
described by the expression (2) and, respectively, the energy levels 
of the light holes will also be determined from the expression of the 
form (10). The depth of the potential well for the hole states (�Uv= 
0.964 eV) is much greater than the depth of the well of the electronic 
states (�Uv= 0.21 eV). Accordingly, the number of quantum levels 
for hole states (in the case of both light and heavy holes) at the 
same layer thickness of the quantum well in the valence band is 
considerably more than the number of levels of electronic states. 
We will not give here for the hole state table similar to Table 2, and 
note only that the energy of hole states at the same layer thickness ( 
L < 15 nm) when l =0 changes in the intervals of Elh Є [191.33meV] 

and Ehh Є [1.01me - V.36meV] for the cases of light and heavy holes, 
respectively.	

Optical Absorption and Photoluminescence in Inp/Insb/Inp 
Nano Structure
Let us consider the inter band optical transitions in this core/shell/
shell nano structure, when L=24 nm. As noted above, it is the 
maximum range of thickness values when in InSb layer the excit 
on effect can be neglected with sufficient accuracy.
Consider the dimension less oscillator strength, which is defined in 
the following way [33]:

                                                                                             (10)              

Where f0 is the oscillator strength of the bulk material, Ve ={ne, le, me}  
and Ve ={nh, lh, mh}  are the sets of quantum numbers of the electron 
and light/or heavy hole, respectively. The values of the oscillator 
strength for the transitions from heavy and light hole states to the 
electron states are presented in the Table3.

Table 3: Values of the oscillator strength for |vlh �→|ce    and |vlh 
�→|ce   inter band optical transitions, when R1=12 nm, R2=36 nm.
nlh,hh, llh,hh  �→|ne, le  � 

flh→e / f0 fhh→e / f0

Diagonal Transitions

|1,0�→|1,0� 0.9987 0,9998

|2,0�→|2,0� 0.9736 0.9824

|3,0�→|3,0� 0.9687 0,9601

|1,1�→|1,1� 0.9955 0,9975

|1,2�→|1,2� 0.9886 0,9973

|2,1�→|2,1� 0.9754 0,9932

|2,2�→|2,2� 0.9691 0.9816

Non-diagonal Transitions

|2,0�→|1,0� 0.2417 0,1249

|3,0�→|1,0� 0.1325 0,0291

|1,1�→|2,1� 0.1284 0,1425

|1,1�→|3,1� 0.0381 0,0525

|2,1�→|1,1� 0.0067 0.0139

|2,2�→|1,2� 0.0044 0.0048

|3,1�→|1,1� 0.0018 0.0087

The presence in Exp.(3) of spherical functions Ylm (ϑ, φ)  leads by 
orbital and azimuthal quantum numbers to the selection rules le-lh=0   
and |me|-mh|=0, respectively.

Regarding the selection rules for the radial number n, in Table3 data 
demonstrate the following: transitions diagonally by radial number 
have the greatest intensity, and non-diagonal transitions are strongly 
suppressed (feh / f0 ≪1). The intensity of the diagonal transition 
slowly decreases with increasing the values of both radial and 
orbital quantum numbers. The intensity of off-diagonal transitions 
decreases with increasing the degree of off-diagonality. So from a 
practical point of view, in the considered system inter band optical 
diagonal transitions by the radial number have a real interest. The 
threshold frequency of these transitions is determined by the relation

2
,2 0,00364 2,255e ea k ε= = − ,1 63,35e eb k ε= = −

( ) ( ), 0/
e h e e h hJ f f r r dVν ν= = Ψ Ψ∫
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                    ,
L

e h g e hE E Eω = + +
                             

   (11)

Here EL
g –is the band gap width of the bulk InSb sample, and e,h a 

reset of quantum numbers of the electron and hole states, respectively,   
ɷ is frequency of the incident light. The main contribution in the 
band gap effective broadening

                   ,
L

g e h gEω∆ = −
                                          (12)

Makes the radial quantized motion of the charge carriers. For a 
fixed value of the radial number, the variation of the band gap will 
be determined by the orbital number of charge carrier le = lh. Table4 
shows the values of the effective broadening band gap of InSb layer 
for different inter band transitions.

lh
g∆
hh
g∆

Table 4: Effective broadening band gap of InSb layer with different inter band transitions, when R1=12 nm, R2=36  nm.
Transitions |2,1�→ |1,1� |2,1�→ |1,1� |2,1�→ |1,1� |2,1�→ |1,1� |2,1�→ |1,1� |2,1�→ |1,1�

      (eV) 0.2497 0.3144 0.3793 0.3847 0.4871 0.5598

               (eV) 0.0962 0.1107 0.1265 0.1383 0.1541 0.1746

Now let us consider the inter band optical absorption in the real 
ensemble of core/shell/shell nano structures with the dispersion of 
their sizes in the regime of strong size quantization. Note that this 
dispersion will lead to broadenings of spectral lines.

According to [34] we have following expression for light 
absorption coefficient for the strong quantization regime:

                                                                                            (13)     
   

Where Eg is the energy gap of the semiconductor, K0 -is a quantity 
proportional to the square of modulus of the matrix element of the 
dipole moment taken over the Bloch functions. The broadenings of 
spectral lines will be taken into account with the help of replacing 
the delta function in expression (13) by Lorentz contour:

    
                                                                                            (14)

Where Ґ -the width of Lorentzian parameter. For calculations we 
take Ґ=5meV according to [35].

The next step of the investigation of the InP/InSb/InP Core/
Shell/Shell structure’s optical properties is the calculation of the 
photoluminescence (PL) spectra. The photoluminescence spectra 
is calculated using the Roosbroeck-Shockley relation [36,37]:

                                                                                            (15)

where R0 is proportional to the square of modulus of the matrix 
element of the dipole moment taken over the Bloch functions, 
fc and l - fv are probabilities of the conduction band states being 
occupied and the valance band states being empty, respectively. 
For the high temperatures the term            in Roosbroeck-Shockley 
relation transforms into the Boltzmann like form.

Discussion of Results
Let us now consider the results obtained with reference to optical 
inter band transitions in the structure under study. The results 
presented in Table3 clearly show that the quantum size effect in 
this structure is especially pronounced in the InSb nano layer of 
the general structure of the core/shell/shell. Indeed, for transitions 

between states with identical radial numbers (Fig.1, Fig.3), the 
absorption has an essentially resonant character. Ideally (in the 
model of an infinitely deep well for the InSb layer), these peaks 
become delta-shaped needles of equal height. The intensity of 
transitions between states with unequal radial numbers is less, 
the greater the degree of non-diagonality of the transitions (Fig.2, 
Fig.4). In the same ideal, these curves simply disappear. Those, 
the results of the calculations show that the proposed model 
physically adequately describes the system under consideration 
and that in this hetero structure charge carrier’ localization due to 
size quantization occurs precisely in the InSb nano layer.
    

Figure 1: The dependence of the absorption curve for the diagonal 
transitions between light-hole and electron on the frequency of 
the incident light:1) |1,0�→|1,0�, 2) |1,0�→|1,0�, 3) |1,0�→|1,0�, 4) 
|1,0�→|1,0�, 5) |1,0�→|1,0�.

Figure 2: The dependence of the absorption curve for the off-
diagonal transitions between light-hole and electron on the 
frequency of the incident light: 1) |2,0�→|1,0�, 2) |2,1�→|1,1�, 3) 
|1,0�→|2,0�, 4) |1,1�→|2,1�, 5) |2,2�→|2,1�, 6)|2,1�→|2,2� .
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Figure 3: The dependence of the absorption curve for the diagonal 
transitions between heavy-hole and electron on the frequency of 
the incident light: 1) |1,0�→|1,0�, 2) |1,1�→|1,1�, 3) |1,2�→|1,2�, 4) 
|2,0�→|2,0�, 5) |2,1�→|2,1�

     

                                      

Figure 4: The dependence of the absorption curve for the off-
diagonal transitions between heavy hole and electron on the 
frequency of the incident light: 1) |2,0�→|1,0�, 2) |2,1�→|1,1�, 3) 
|1,0�→|2,0�, 4) |1,1�→|2,1�, 5) |2,2�→|2,1�, 6) |2,1�→|2,2�

The Fig.1 and Fig.2 show the dependence of the absorption 
coefficient for the diagonal and off-diagonal inter band optical 
transitions, correspondingly, between light-hole and electron on the 
frequency of the incident light. The sets of the peaks correspond to 
the different quantum transitions. As the oscillator strengths for the 
diagonal transitions with a high accuracy are equal to one therefore 
the intensity values are the same for the all diagonal transitions. 
The opposite situation is observed for the off-diagonal transitions.

The Fig.3 and Fig.4 show the dependence of the absorption 
coefficient for the diagonal and off-diagonal inter band optical 
transitions, correspondingly, between heavy-hole and electron on 
the frequency of the incident light.

Note that the PL curveshave been calculated for the room 
temperature. The separate peaks corresponding to the transitions 
described in the absorption part can be seen in the PL spectra.
As we mention above for the high temperatures the term        in 
Roosbroeck-Shockley relation transforms into the Boltzmann like 
form and this term vanishes the peaks in the high-energy region.
That is why the low energy peaks can be observed more clearly 
in the PL spectra than the high-energy peaks [38,39]. It is also 
obvious that the peaks corresponding to the diagonal transitions 
have higher intensity than the peaks corresponding to the non-

diagonal transitions.

The dependence of the PL intensity on the frequency of the 
incident light for the heavy-hole electron diagonal and non-
diagonal transitions are shown in Fig. 5 and Fig. 6, respectively. 
As we can see from the PL spectra for light hole ˗ electron and 
heavyhole ˗ electron transitions the intensity of the PL spectra 
increases with the increase of temperature. The same dependences 
of the PL spectra for the light-hole electron diagonal and non-
diagonal transitions are shown in Fig. 7 and Fig. 8, respectively. 
Note that the intensity PL spectra increaseswith the increase of 
the temperature, while in experiments the opposite behaviour 
is observed. This is due to the fact that we have not considered 
the interaction of the exciton with phonons, the amount of which 
increases with the increase of temperature. In this case, the non-
radiative recombination processes increases and the intensity of 
the PL spectra decreases.

   

Figure 5: The dependence of the photoluminescence intensity for 
light hole - electron diagonal transitions on the frequency of the 
incident light in arbitrary units.

                             
Figure 6: The dependence of the photoluminescence intensity for 
light hole - electron non-diagonal transitions on the frequency of 
the incident light in arbitrary units.

                                          
Figure 7: The dependence of the photoluminescence intensity for 
heavy hole - electron diagonal transitions on the frequency of the 
incident light in arbitrary units.
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Figure 8: The dependence of the photoluminescence intensity for 
heavy hole - electron off-diagonal transitions on the frequency of 
the incident light in arbitrary units.

Conclusion
Concerning the results obtained in the work, we can conclude the 
following:
•	 The model proposed in the paper physically adequately 

describes the states of charge carriers in the spherical hetero 
phase core/shell/shell structure of InP/InSb/InP in the strong-
quantization regime.

•	 In the wide range of changes in the thickness of the InSb layer, 
in the layer the carrier states are described with sufficient 
accuracy by single-particle wave functions without taking 
into account the Coulomb interaction between the electron 
and the hole.

•	 In the same range, the thickness of the layer can be controlled 
in the controlled manner by the width of the band gap of 
the InSb layer, ie, it is possible to control the frequency of 
absorption- transmission of the incident light wave in a 
controlled manner.

•	 Along with the thickness of the layer, an important factor is 
also the large difference between the values of the effective 
masses of electrons and heavy holes in the frequency spectrum 
of inter band absorption. In this structure, this factor is one 
of the most important again due to the localization of charge 
carriers in the InSb layer.
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