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Abstract

In this article, the spectral theory is considered, we study the spectral families and their correspondence to the operators
on the reflexive Banach spaces; assume is a well-bounded operator on reflexive Lebesgue spaces then the operator A is a
scalar type spectral operator. It is proven that if a weak spectral family E (ﬂ) is concentrated on [a,b] then there is a linear
well-bounded operator A e L(X) on the reflexive Banach space X such that <A(x), y*> _ b<x, y*> B J‘ <x, E(ﬂ.)y*>d/l

holds for allx € X andy” e X"

[a.5]
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Introduction

This article is dedicated to the spectral theory of the operators
that are defined on the subset of the reflexive Banachspace X. An
important example of such operators is a class of well-bounded
operators, which have spectral decomposition with special prop-
erties. Let us presume that the functional calculus defined on the
Banach algebra of the absolutely continuous functions AC(/a,b])
on a compactinterval /a,b] then its operator is well-bounded.
Assuming that the functional calculus of the well-bounded op-
erator on L7, /<P<oo space is contractive then this operator has
a scalar-type spectral. The last statement is not true in the cases
when the Banach spaces are not reflexive, for example, on L*
[2,5,9].

Let us considera simpler example of the theory in Banach space,
the structure of the projection measure in the Hilbert space H.
Let (Z, 2, n) be a measurable Borel space and {H{} _, be an
- measurable set of separable Hilbert spaces [11]. The projec-
tion-valued measure £ on (Z,Z) can be defined as a mapping
from X to the set of self-adjoint orthogonal projections on H
that satisfies £(Z)=ID,, ,and the mapping from ¢ - algebra 2" into
the fieldg > (£ (¢)x, y)is a complex measure on X . In terms of
the functional calculus this definition can be reformulated in the
following form: let (@, H) be functional calculus on a measur-
able space (Z, ) , the projection-valued measure is a mapping
E:s 5 1(H), E(8)=d(x,)eL(H)foranyycsThe main result of
the theory for separable Hilbert spaces is the statement that for
each projection-valued measure on the measurable space there
is a unique measurable functional calculus that generates this
projection-valued measure, and conversely, for each measurable
functional calculus on a measurable space, there is a uniquely

defined projection-valued measure [9].

In the present article, these results are developed and extended
on the case of the reflexive Banach spaces. We show that pre-
suming (®,X) is a functional calculus on the measurable space
(Z, %) then there are a semi-finite measure space (€,F,u) and op-
erator U:X—L"(Q,F,u) , and an injective pointwise continuous
*-homomorphism F: M(Z,Z )—>M(Q,F), such that ®(f) =UM, -
U', where M oy is the operator of the multiplication byfunction
.An important result of the representation theory is the following
statement that if the AC functional calculus of the operator is
contractive then the operator can be represented as the integral
with respect to a spectral measure.

The Spectral Decomposition for The Operator In Reflexive
Banach Spaces

Some definitions and notations.The letter p denotes the scalar
field usually real or complex numbers, the letters X, Y Z denote
reflexiveBanach spaces; L(X) denotes the Banach algebra of all
bounded linear operators on X , for any real compact interval
AC([a,b]) denotes the Banach algebra of all absolutely continu-
ous functions with its natural norm, and BV ([a,b]) denotes the
Banach algebra of all functions of bounded variation with its
natural norm. It is easy to show thatif a function /' belongs to
AC([a,b]) thenthis function fnecessarily belongs to BV ([a,b])
, however not reciprocally, there is such function g € BV ([a,b])
, which BV ([a,b]) , in other words,the algebra AC([a,b]) is
a proper subalgebra of the algebra BV ([a,b]) . Indeed, let [
€A(C([a,b]) then for any E<0 there is >0 such that for any
sequence of disjointed intervals{(a,b)} _,  , theproperty: that
from 2. b= <3 follows P> lr(6)-s(a)l<e is satisfied. Let us
divide the interval [a,b] by pointsa =4, <4, <..<A, =b into
parts in such a way that A, —A <6 for i=1,....,n—1 . Then for any
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division {( 20, )}/:I__M of the interval [4, —A] , on these parts,
thesum ¥ [r(on)-s(@) s Z Ir(e)=s(e)l<= so the ,variation
of the function f on the interval [4, —A] is necessarily less than
en , thus the variation of the function f* on the [a, b] interval is

less than , so the function fe BV ([a,b])

Definition 1. Let A: X—Y be an operator defined on Banach
spaces X then the operator A*: Y'—X" is called the adjoint
operator to A: X — Y, namely, (A°(f)) (x)=f (A(x)) for all f €
Y andall x € X.

In particular, assuming X is a reflexive Banach space then if op-
erator 4-: X— X then the adjoint operator is A*: X" — X if oper-
ator A: X— X* then the adjoint operator is A" X" — X .

Definition 2. Let operator A: X— X then the set p (4) of all
complex numbers such that

p(A)z{leD 1 Al—A  has inverse}

is called the resolvent set.

The complement o(A) to the resolvent set is a spectrum of the
operator A: X— X .

The operator R(4, 4) =( Al —A4)" is called a resolvent of the op-
erator 4 .

Definition 3.The set { E (\), A € LI } of projection operators
that satisfies the following

1 E(A)E(u)=E(u)E(A)=E(A) for A< u;and squE(/l)H <oo;
2. E(i):strong—}li_r)I}E(y);
3. strong—}ir{lmE(ﬂ) =0 and strong—}iilch(l)=1;

4. A=[AdE(2)=swrong~lim [ AdE(Z)
! %m[fN,N]

is called the spectral family of the operator A .

Condition 1 is a definition of the projection, which means the
operator E(A) is a projection onto the subspace X of created
by all eigenvectors corresponding to all eigenvalues that are no
larger than A .

An operator 4 can be written as

A= [ AdE(2),

o(A4)

where is a spectral family of 4 , all limits are understood as lim-
its with respect to the natural topologies. This integral is anop-
erator-valued Riemann-Stieltjes integral in the topology of the
operator norm.

Let us consider the integral .[ r(2
Riemann-Stieltjes integral. "
We can build a partition P of the compact interval [a,b] as
a=h<A<..A =b and the direction of the partition|P|= max |2 -4 ,|

dE(2) as an operator-valued

then if for any chosen set {¢}, , of points & €[4, ] “there is
a limit
lim Z r(& ( (4)- E(AH)) )

\P\»O
and thls llmlt is independent of the specifics of the partitions, this
limit is called the Riemann-Stieltjes integral of the continuous

function ,and can be written as

If(/l)dE )= lim Z G

,,,,,

(E(/1 ) (/1:—1))'

Theorem 1. For the existence of the integral

I= [ f(A)dE(A),

[4.]

it is necessary and sufficient that

\LI\TO Z[ sup inf f(f)J( (4)-E(4,))=0.

i=1,...n 5,5[1,4,/1,] 55[1 /1]

f(é:i)i

Theproof of this theorem is rather standard: first is building the
upper and lower Darboux-Stieltjes sums and finding their dif-
ference next showing that the conditions of the theorem are the
necessary and sufficient conditions that the difference between
the upper and lower Darboux-Stieltjes’s sums converges to zero.

Theorem 2.If the function f is continuous and ||[E (\)|| belongs
to BV([a,b]) as a function of A\ then the integral I - I Sf(A)dE(2)
exists.

This theorem is the consequence of theorem 1.

Theorem 3. If the function /'€ AC ([a,b]) then the integral
I= [ f(A)dE(A) exists.
[4.]

Proof. For anny AC ([a,b]) the mapping
¥(f)=r(a)E ff(ﬂ dE(2)

is defined the homomorphlsm Y(f): AC([a,b]) —L(X) for which
the following estimation

[*# ()< sup |EC

Aela, b]
holds for all f€ AC ([a,b]) .

(1 )y 1)

Lemma 1. Let f € AC ([a,b]) and let ¢ be a continuous func-
tion of the real argument t defined on [a,b] then

Stieltjes J. @(t)d f(t)=Lebesque J. o(t) f'()dt-

[a.4] [a.4]

Proof. The existence of both integrals is obvious.
By definition, the Stieltes integral is the limit of the following
integral sums

> o(&)(/(4)

i=1,..,n

>

=Lon 1,4,
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and

<

> o(E) ()1 (t)= | o(t) £/ (e)dr

i=1,...n [a.b]
it o] T g
! [ti1-]

30

— inf
Next, we have that , up,,[fgs[,ulp ,,](p(g) ée%zr,ll,z,]q)(g)j converge

to zero when the maximal longitude of the segments of the parti-
tions converges to zero. The lemma has been proven.

Theorem 4. Let X be a reflexive Banach space and let the oper-
ator A € L (X) be well-bounded then there is a unique spectral
family E(.) in X such that

A=aE(a)+ [ AdE(A)
[a.2]
Remarks. The spectral family is concentrated on a compact
interval.
Proof. Let us define a functional calculus Y :A4C([a,b])—> LB(X)

We define a set F(A,1)) of all real-valued absolutely continuous
functions f € AC ([a,b]) such that

1 on [a,1]
decreasing on [, A+7]
0 on [/1+77,b]

f=

for all » €[a,b] and 0<n<(b -A) .Next, we have ||f][, . <1 for
any f € F (A, ). The class K (A, n) can be defined as a closure in
the weak topology

K(/Ln)=weakcl{Y(f):feF(l,n)}cLB(X*)

Forn,<m, we obtain K (A, n,) < K (A, n,) and it can be deduced
that set K (1)=(K(4,7) is a weakly compact uniformly bounded
set. 70

The set is a subset of the reflexive Banach space defined by the
formula

Z(ﬂ):{xeX:Y(f)x:O, for all er(l—F(l,n))}

>0

Let Y€Z(4)eK(2)= Q}K(’L 7) then there is a net{g.},., = K(%7)
with the following property

(Ex.y7) =lim(X (g,)x. ") = lim{(1-Y(1-£,))x.57)

for all x € X . Since <Ex, y*) =<x, y*)
thus set Z(A) is the range of eachK (1) =

we have x € Rang (F)
(& (%n)

n>0
For any 6>0 ,there is n>0 such that 0 <f(r) <6/2 forallt
€[MA+n,] , so for EEK(An,) there is a net {g } . < F(An,)
with the property weak — 1ir£1 Y( g, ) =E.

Now, we are going to apply the fourth condition of the definition

[ =)= +fg,|<
[¢.6] [d.5]
< | ‘+ fe/|<
[4, A+m9] [4, A+m9]
SQ+Q:Q
22
SO

(x ()=o) e ) =[( v (1) B )
[ (v () ) = fim (Y () (0 (1) )

i (7 &) 5" <t 8, Il

aeA ael

for all y* € X*so Eek(1)= Q}K(’L 7) Thus, from the inequality

(x(f)x y‘>JS o ||| follows x(f)x=p so the range of E
coincides with Z(X) ; the set E is a projection.

Let us establish that K(A,;7) is a commutative multiplicative
semigroup. LetK, K € K (4,7) , us have that there are nets
{ga}w\,{hﬁ}/}EB €F(A,n) such that

K = weak—laig\lY(ga)
and

K = weak —lim Y ()

BeB
For all x € X, we have

(K Ky} =lim(Y(s.,) Kx. ") =
= tim{ K, ((2,)) »* )=t tim (1

m(r gzﬂ.xy>}=Hm{Mn<Y(%)YQh
T(

=
~—
>t
—_
._<
—_
0q
|
~ ~—
—
<
*
~
—_—
Il

aeh

= lim{

im { o y
g% ) =tim{(g, )% (K) ¥ )=(K . (K) )=

(& ),

ﬂm<

aeh

o K K = KK ,thus E(4)eK ﬂK A1) , uniqueness is fol-
lowing from the properties of the prOJeCtIOHS We define the set
of the pI'O‘]eCtIOIl{E(k)}XE[a'b] on X by presuming E(A)=0O for
A<a and E(A)=I for A > b.

Now, let us establish the properties of {E(k)}xe[a'b]. Assuming
that a<A<u<b , and assuming 1 is large enough, we are going to
obtain that from E(X), E(n) € K(A,) follows E(L), E(n)= E(n)
EM\)= E\). If n=p—A , then from E(A) € K(A,n) follows exis-
tence of the nets{g } . €F(An) and {hy},, s EF(An) with the
properties weak — hmT(ga) E(2) andweak hmY(h )=E(u)

. Next, since g / g, we have

Curr Res Stat Math, 2022

www.opastonline.com

Volume 1 | Issue 1 | 03



< (ﬂ)E( ) >—hrn<Y(gu)E(/1)x,y*>:

= tim{ £(u)x >*y*>:1::?{1;$<Y<hﬂ>x’<Y<ga>>"y*>}=
=tim{tim{ () 7))} =

- timftiy{ ¥(s xy)}#i:?{l}zg(ﬂga)x»y*)}

forall x € X, y"€ X". Thus, it has been obtained(E(ﬂ) E(u)x, y*)
= (E (4)x, y*> and so equality of projection

E(A)E(u)=E(u)E(2)=E(2)
holds foralla<A<u<b.

Since strong - #IiIROE(y) =E(A4+0) we have E(A+0)EK(L)

For any pair x € X, y"€ X"and any /'€ AC([a,b]), the morphism
f < Y(f)x, 38 %\nelement of the dual space AC([a,b])to and
since AC([a,b]) is isometric to L'([a,b]) @ C , from the duality
argument, we have that there are 7<x, y*> el ([a, b]) E<x, y*> eC
,which satisfy the following equality

(0(f)x v )=2(x, y*>f(b)+[ajb]f’(t)y<x,

forall '€ AC([a,b]) .

¥ )(e)dt

For any A €[a,b] , we assume 0 <A+n <b then the function
1 on [a,A]

ecreasing on [A,A+7]

0 on [/1 +1, b]

g(A.n)(t)=

belongs to F(A,m) and

<Y(g(/1,77))x, y*>=— I 7/<x, y*>(t)dt

[4, 2+7)]
weak—n—0+

Thus, there is a weak limit g (4,7)—=<*"=**>E (1)

So, A -almost everywhere, we obtain y(x, " )(4)=—(E(4)x, "),
and for arbitrary x € X, y°€ X", the integral equality

(Y(f)x ) =(x ) £ ()= [ S(A)NE(2)x, 5" )da
o

holds for all f€ AC([a,b]) .
Next, we have

(3}

-t (£ 7)1 0)-(S 0 (4)- 1 (38 )} -

(03 ) S )= im{ ()= () EG ) -
=(x, y*)f(b)—[ajb]f’(l)<E(ﬂ)x, ¥ )da=(Y(f)x "),

Thus, by taking f'(A) = A , we have

<Ax, y*> = b<x, y*>— I <E(l)x, y*>d/1
[a.5]
3. The characteristic of well-bounded operators in terms of
the weak spectral family
Definition 4. The set {E(M)EL(X*), AE[1} of projection opera-
tors that satisfies the following conditions

1. E(.) is concentrated on a compact interval [a,b] ;
22EMNE(W=EQEM)=EQ)for <pu; A<
3.E0)=0forallx<a and EQ)=1 forall b<'\;

4. there tsllml | <x E(2)y')dA=(xE(t)y") forallx EX y'E€X and
forallt @by

is called a weak spectral family.

Theorem 5. Let 4 € L(X) be linear well-bounded operator then
there is unique weak spectral family {£ (A) € L(X*), L €[] con-
centrated on [a,b] such thatthe equality

<A(x),y*>:b<x, y*>— J. <x,E(/1)y*>d/I

a,b

holds for all x € X ,y* € X .

Proof. Let ® denotes a functional calculus ® : AC([a,b])—L-
B(X) then we define a functional calculus ¥ :4C([a.5]) > LB(X")
by the formula Y (1) = (q)(f)) .

The is compact functional calculus in the weak topology of AC
[(a,b)] for the operator A* € LB(X) .

Let us define a set F' (A,n) of all real-valued functions f € AC
[(a,b)] such that

1 on [a,1]
decreasing on [, A+7]
0 on [/1 +1, b]

for all A €[a,b] and 0<n<(b —A) .The class K(A,n) can be defined
as a closure in the weak topology

K (A, n)=weak cl{Y(f): f e F(A.n)} < LB(X")

f=

From n,<n, followsK(/l m)<K(4,n,) and we can deduce that set
ﬂK (A1) is a weakly compact uniformly bounded set.

We define the subset of the reflexive Banach space by the for-

mula

Z(/”L)={x*eX*:Y(f)x*=O, for all er(l—F(/i,n))}

n>0
Lety' ez(A)eKk(2 ﬂKﬂ.r] K(ﬂ,?])
with the followmg property

(v Bv')=lim(x. Y (g, )y") =lim(x. (1-Y (1~ ,)) ")

forall x € X . Since <x, Ey*) = <x,

then there is a net {g, }

ael

y') we have y* € Rang(E).

For any 0>0 ,there is n,> 0 such that 0 < f'(¥) < 6/2 for all ¢ €[2,
Atn,] , so for E € K (An,) there is a net {ga}mEA c F(ﬂ,, 770)
with the property weak —lim Y (g,)= .
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Now, we are going to apply the fourth condition of the definition

[ =)=

[a. ] [a.2]

< | ‘f’ga+
2,241

fle.+fg <

| ‘+f g |<

[2, A+m9]

££+2:&
2 2

SO

(o () <[Co v () = v x () 87 =

=[(o(r)x &) <flim{e()x. ¥(e.)y")|-
i (. Y (1 )5 )| = bl (£ )17
for all y € X" so £<K(4)=(1K(4n) . Thus, from the inequality

()= ) <ol ] follows ()« =0 so the range of co-
incides with Z (}) ; the set £ is a projection.

Let us establish that K (A,n) is a commutative multiplicative
semigroup. Let K, K € K(4,7) , us have that there are nets
{8} en s 1h }ﬁEB €F (A,n) such that

K =weak — hmY(g)

aelA
and

K= Weak—limY(hﬂ)

peB

For all x € X, we have

(5 K )=t ) ) -

~tim((v(g.)) x &") =timlim( (¥(g,)) x. 7(h,)5"){ =
= tim i (. ()7 =i tim{ () (2. )07)]
= lim{o £ 7(e,) ") =lin{(R) . X)o7 )={(R 5.
“(x KR ),
S0 K K = KK, thus
from the properties of the proj ections. We define the set of the

E(2)e K (4)=[)K (% phniqueness is following
projection { £ (k)}xe[m pyonX by presuming £ (\) = O for and
EMN)=I forA>b.

Now, let us establish the properties of { E (K)}XE[QJ W Assuming
that a <A <p <b, and assuming n is large enough, we are going
to obtain that from E(A), E(n) € K (A,n)follows E(X), E(1) = E(u)
E(\)= E(\). If n = p—A, then from E(A) € K(An) follows exis-
tence of the nets {g } . € F(An) and {h o) pes F (Am) with the
properties weak — lim Y(g,)=E(A) and weak — hmY(h ) E(u).
Next, since g, h g we have

< (l)E( ) >:1im<x,Y(ga)E(,u)y*>:

ael

=lim( ®(g,)x.E(u)y >=lim{lim<@(ga)x,Y(hﬁ)y*>}=

ael aeA | feB

zlim{lﬂi$< CD(hﬁ)d)(ga)x, y>} :1im{1ﬂig31< q)(ga)x,y*>}

aeh ach

forall x € X, y" € X". So, we have obtained <x, E(4) E(#))/‘) =

(x,E(4)y") and thus equality
E(2)E(u)=E(u)E(2)=E(2)

holds foralla<i<p<b.

Since strong — lim E(u)=E(A+0) we have E (\+0) € K (A).

HUHAH0

For any pairx € X,y" € X* and any /'€ AC ([a,b]) , the morphism
f={xY(f)y")is an element of the dual space to AC ([a,b]) and
since AC ([a,b]) is isometric to L' ([a,5])®C , from the duality
argument, we have that there are 7 (x, ") € " ([a, b]) é(x,y")eC,
which satisfy the following equality
[ r@)r(x
[a.5]

<x,Y(f)y*>=E<x,y*>f(b)+ y*>(t)dt

For any & €[a,b], we assume 0 <A+n<b then the function
1 on [a,1]
g(A,n)(t)=1ecreasing on [A, A+7)]

0 on [/1+77,b]

belongs to F(A,m) and

<x, Y(g(ﬂ,n))y*>=—% I y<x, y*>(t)dt

[4, 2+7]

weak—n—0+

Thus, there is a weak limit g (l,ﬁ)—)E(/”t)

So, A -almost everywhere, we obtain y(x,y)(A ) = —(x,E(A)y"),
and for arbitrary x € X, " € X* , the integral equality

(X)) = (e ) F(B)= [ £1(A)(x E(2)y")dA
[4.1]

holds for all f'€ AC([a,b]) .Thus, by taking () = A, we have

<Ax,y*>=<x, A*y*>=b<x,y*>— I <x,E(l)y*>d/1

[a. 2]

Let function ¢ € L'([a,b]) then we can define/ () [Ajh]‘”(t)dt
thus f'(¢) € AC([a,b]) and almost everywhere f' ((p)(X) =—(A).
For any fixed x € X, the mapping A(x)(¢) = @ (f (9))(x) is con-
tinuous as the mapping L'([a,b]) — X . So, we have

(4(0)xy)=(@(f ()%= [ o(2)(x.E(2)y")d2

[¢.0]

and the mapping A" (x):X— L” ([a,b]) is such that
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(0.4 (x)")=

[ o(2)(x. E(2)y")dA
[a,]

Theorem 6. Let {E(L) € L(X"), A € [} be a weak spec-
tral family concentrated on [a,b] then there is a lin-
ear well-bounded operator A € L (X) on the reflexive
Banach space X such that

<A(x),y*>=b<x, y*>— I <x,E(/1)y*>d/1

[4.1]

holds for all xe X,y e X" .

Proof. Assuming {E(A) € L(X"),» € [} is a weak spec-
tral family concentrated on [a,b] , the linear operator
A € L (X) can be defined by the following formula

<A(x),y*>=b<x, y*>— I <x,E(/I)y*>d/1

a,b

it is easy to see that this operator is linear and the only
property of it that has to be established is well-bound-
edness.

By the induction and the Fubini theorem, we have

<(A(x))n , y*> =b" <x, y*> —[uj.b] nA"" <x, E(/”L)y*>d/1
thus

H(A(x))nH <b"+n sup {”E(l)”} J- AdA
A€la,b] [a.b]
andthe operator 4 is well-bounded.

4. Absolutely continuous functional calculus on
Lebesgue spaces

Theorem 7. Let be a well-bounded linear operator
on Lebesgue spaces 17 (Q,5,u), pe(l,) . Then the
operator A is a scalar type spectral operator.

Proof. The spectral family {£(L)} of the operator 4 is
concentrated on the interval [a,b]C[] .

Let us assume that u# € 17 (Q,Z,u), P €(1,0) and v € L¢
(Q,x,u), where 1/p + 1/g =1. We have to show that the
variation of the function (E(A)u,v) is boundedas the
function of A . Assume that a = A <A <..<A =bisa
partition of the interval [@,b] . For arbitrary elements
u €l Qz,u),Pe(l,oand v € L1 (Q,X,n) , the variation
of the function (E(A)u,v) equals

,,,,,

(£ (A)=E (Al M

i=1,...,n

Let m be an integer such that A, <c <A, so we have

+H(E(/1m)—E(AnH))H+ 2
thus for A < ¢ we have ||[E(V)||<] , and for A > ¢ we
have [[I-FE(V)|I<1 . So [[E(A )|I<2 and |[EQL IS T .
Since {E(4)},, ., and {I-EQ )}_, , arcthe
increasing sequences of contractive projections, we
have

S2(q—l)

In the final conclusion, we obtain

Z (E(ﬂ’i)_E(ﬂ'i—l))

i=1,...,n

<4(qg-1)+3

thus the variation of (E(A)u,v) can not exceed the val-
ue (4(g — 1)*+3)||u|| ||v||. The theorem is proven.

Definition 5. A solitary operator is a bounded linear
surjective operator U:X—X on a Banach space that
for all x € X and y € X" satisfies the following equality
<Ux,U*y> = (x,y) ,

where U X" —X" .

Theorem 8. Assuming (0,X) is a functional calcu-
lus on the measurable space (Z,X) . Then there are
a semi-finite measure space (CL,F,u) and solitary op-
erator U X—L" (Q,Fu) and an injective pointwise
continuous * -homomorphism F:M (Z,X)—M (,F),
such that ®(F)=UM FfU*l , where M, is the operator
of the multiplication by f.

Proof. For every set 4 € ¥, we define measure u (4)
=(O(X )x,x") as a function of x € X, 50 (o(/)x.x')=(e(/)),
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for every bounded /. Now, for every bounded /', we
define the spaces, =[{®(f)x,feM,(z,2)}] , thus there
is a solitary operatorw, : L (Z,=,u,) - B, as an extension
of mappings M,(Z,X) — B_and f— ® (f) x

Let{x} and {x.*} be two sets of unit vectors in X and
X* spaces, respectively, with properties

* *
<xk’xk> = ”xk””xk

and
<xl., x,t> =0

for every i#k .

For every k , we can define the set Z=2x{k} as an
exemplar of Z then the set Q can be represented as
the disjoint union LAJZk . Let

Let us define an additive set function # by the follow-
ing formula

,u(A)sz:,uxk(AmZk) vAeF

The additive set function u is the measure on the max-
imal sigma-algebra F on Q , which includes all mea-
surable mapping Z=2x{k} into Q.

*=l YVke N

The operator W, is correctly defined on L"(Z,,Z,u )
and W : L"(Z ,Z,u ) —B_so we define the operator
U:X—L"(Q,F,u) by the condition U"'=W_on .

LP(Zk,z,yxk)gLP(Q, F,u)

Then the *-homomorphism F:M (Z,X)—M (Q,F) , we in-
troduce by the formula (F f)(x,k)=f(x), xeX.

For all ' €(z,X) we define the multiplication operator
calculus as v, =uo(f)u , so the theorem has been
proven.
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