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Hyper exponential function, which was created by Uchida, is a
group of special functions.

The form of Hyper exponential functions of n-order.

Exph] (x; f (x))

Hyper exponential functions of n-order generated by using any
function f{x).

n: order.

Jj: the number of seed.

x: variable.
f(x): any function that is defined in an interval that contains zero.

o
seed (x;j)=j—|(j=0,1,2,3...n—1)

The seed of the Hyper exponential function means the first term
of the series.

The main feature of the Hyper exponential functions of n-order.

XERYER
y = Exphj (x; f(x))

The n-order derivative of y is the product of f{x) and y.
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The Hyper exponential functions are defined by the characteristics
of the derivative rather than defined according to its method of
generation.

The feature of Hyper exponential functions of second-order.

Ly _

dxz - f(x)y

Two Hyper exponential functions of second-order that are generated
using a function f{x), one is the first term 1, and the other is the
first term x.

Exphﬁ --- The number of seed is 0. --- Seed(x)=1
Exph% --- The number of seed is 1. --- Seed(x)=x
These two functions are linearly independent.

Graphs of the Hyper exponential functions of second-order.

y = Exph3(x; —1) = cos x| |y = Exph%(x; —1) = sinx

A
/ \/}\/ \

y = Exph3(x;1) = coshx
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y = Exph3(x; 1) = sinhx

5 7
3

a

Adv Theo Comp Phy, 2018

Volume 1 | Issue 3 | 1 of 3



y = Exphj(x; —x)
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y = Exph?(x; —x)
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y = Exphi(x;x)

y = Exph3(x; x)
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y = Exphj(x; —x?)

All of the graphs listed above were drawn by Mathematica.

The formula for the solution of the second order linear

homogeneous equation with variable coefficients.

XERYER
u(x) = Exphg(x; f(x))
v(x) = Exph?(x,9(x))(j=0,1)

u' = f(xo)u(x)

v’ = g(x)v(x) elo FEx Exph{(x; f (%))

y=uv
A(x) = —2f(x)

B(x) = f(x)*~ f(x) — g(x)

y' +AX)y' + B(x)y =10

y = Exph}(x; f(x)) - (c1Exph(x; 9(x)) + e,Exph} (x; g (x)))
An example.
Y (Sx+ D)y + (6x2 +%)y -0
The initial conditions are as follows:
y(0) =12,¥'(0) = 10

The answer is as follows:

Sx+1
f(x)=—
glx) = (5x;— e + (Sx;- L (6th2 +%) = %(x +1)(x+9)
Sx+1
u(x) = Exph}(x:— )

v(x) = Exph3(x;— = (x +1)(x+9))
w(x) = Exph3(x;~ (x + 1D(x+9))
C, and C, as arbitrary constants.
y=u(cv+te,w)
From the initial conditions.
Y(O0)=u(0)(c,v(0)+c, w(0))=12

u(0)=v(0)=1,w(0)=0
»(0)=c=12
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¥ =u'(c1v+ cow) + ulc v’ + cow')
V() =u (O)(clv(o) + ¢y w({))) +u(0) (clv’(O) + czw'(O)) =
v(0)=0, w(0)=1

. Sx+1
V(0)=120'0)+c; =10 ————=u'(x) = — u(x)
Y (0)=c,—6=10
Cz =16

y =u(x)(12v(x) + 16w(x))

The list of the differential equations that the solutions by using
the Hyper exponential functions.

Hermite Differential Equations

d%y dy
— —2x—+2ny=0
dx? xdx ny

y= Exph(l, . (clExpho(x x> —2n— 1) + czExphl(x x> —2n— 1))
Bessel Differential Equations

d’y 1d n?

L —+|(1-=]y=0

du? udu u?

uUu=+4e*
y = ¢ Exphj(x;n? — e 2*) + o Exphi(x;n? — e %)

Legendre Differential Equations
2

dy dy
(l—xz)@—2x3+n(n+1)y:0

x
=fydx
a

d’y n(n+1)
dx2  (x2-1)

x#*1

nn+1
Y = c;Exph}, ( ( )) + c, Exph? (

nn+1)
"(x2-1) )

T(x2-1)
Solution to satisfy the wave equation.

The Hyper exponential functions of second-order are used to describe
the solution that satisfies the wave equation.

XERYERZERTLER
F(v) = Exph}(v; f(v))

v=Ix+my+nz+tct
P+m?+n?=1

(j=01)

The ¢ is constant.
< 9 9% o0? 92

N d? F(v)
ax2 " ay?  8z2 c2at?

)F(v) =(*+m?+ 2—1)

92 92 92 92 oz~
- - - F = 0 2 2
<6x2 * ay? oz cZatZ) @) ="

Handling of a singular point by the division by zero calculus.

The singular point of the following Bessel differential equations
is considered.

d’y 1d n?
_y___y 1—-—|y=0
dx?2 xdx x2
Y=¥Y1¥2

However, y, and y, satisfy the following differential equations.
“20i=y; O

4x2 "
a2 =2 T @
x=0
From @
y1(0)=0

From @
}’.2(0) =0

¥(0) = y,(0)y,(0) = 0—=By the division by zero calculus.

Supplement:

1. The Hyper exponential functions of n-order can be generated
using repetitive integrals.

2. The Hyper exponential functions of n-order are uniform
convergence in the wider sence.

3. The n-order Hyper-exponential functions generated using a
certain f{x) are linearly independent one another.

4. The domain and the range of the Hyper exponential functions of
second-order are extended to a complex number. In addition, The
formula for the solution of the second order linear homogeneous
equation with variable coefficients is also extended to a complex
number.
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In this book, the method to generate the hyper exponential
functions is described concretely.
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