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Abstract 
An exact solution to discuss the role of heat source/sink on mixed convection flow in a vertical channel filled with 
nanofluid is presented in this article. The governing momentum, energy and concentration equations are presented and 
the effects of Brownian’s motion, thermophoresis as well as buoyancy-ratio distributions are accounted for. Using the 
constant heat source/sink (CHSS) and temperature dependent heat source/sink mathematical models (TDHSS), exact 
solutions are obtained for dimensionless temperature, nanoparticle volume fraction, velocity, Nusselt number, Sher-
wood number as well as skin-friction. It is established that CHSS case transfers more heat compared to the TDHSS. 

Relevance of the work
In this article, theoretical investigation on role of various forms of heat source on flow formation and heat transfer of 
mixed convection flow is extensively discussed. The findings in this article have significant application in cooling of 
micro-electronic equipment devices and heat sink.

Keywords: Nanofluid; Heat Source/Sink; Exact Solution; Vertical Channel.

Nomenclature
 	 heat capacity at constant pressure
 	 nanoparticles volume fraction
  	 Brownian diffusion coefficient 
  	 thermophoretic diffusion coefficient
  	 acceleration due to gravity
  	 Grashof number
  	 distance between parallel walls
  	 Brownian motion parameter
  	 buoyancy-ratio parameter
  	 thermophoresis motion parameter
  	 Nusselt number
  	 pressure
  	 dimensional heat source/sink parameter
  	 Reynolds number
  	 dimensionless heat source/sink parameter for TDHSS
  	 dimensionless heat source/sink parameter for CHSS
  	 Sherwood number
  	 dimensional temperature
  	 dimensional velocity vector
  	 velocity components in the   and   directions respective-
ly
  	 dimensionless velocity
  	 Cartesian coordinates 
  	 dimensionless Cartesian coordinates 

Greek Symbols
  	 thermal expansion coefficient 
  	 rescaled nanoparticle volume fraction
  	 thermal conductivity
  	 dynamic viscosity
  	 kinematic viscosity
  	 dimensionless temperature
  	 density

Subscripts
  	 fluid
  	 solid particle

Introduction
The applications of heat and mass transfer in recent engineer-
ing and scientific devices cannot be over emphasized. These 
applications include collection of solar energy, cooling devic-
es in electronics and micro-electronic equipment’s, heat sink, 
nuclear waste disposal, exothermic reactions in catalytic beds 
and underground spreading of chemical wastes and pollutants. 
A review of related literatures show that different articles have 
been devoted to understanding heat and mass transfer of mixed 
convection flow in different geometries. The earliest studies in-
clude the work of Tao, Aung and Work and Lavine where they 
studied the fully developed forced and natural convection flow 
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in vertical channel [1-3].

Over the years, it has been established that the conventional heat 
transfer fluids (water, oil) are poor heat transfer fluids, due to 
their small thermal conductivity. To overcome this challenge, 
researchers have tried to suspend nanoparticles of metals, ox-
ides, carbides to increase the thermal conductivity of the fluid 
[4]. Theses fluids containing the nanometre sized particles are 
called nanofluid [5, 6]. It has been established that these nano-
fluids have superior properties and applications in term of heat 
and mass transfer, engine cooling/vehicle thermal management, 
heat exchanger, nuclear cooling and solar collections compared 
to the conventional fluids. Buongiorno developed a mathemati-
cal model to examine the convective transport in nanofluids and 
noted that the nanoparticle absolute velocity can be viewed as 
the sum of the base fluid velocity and the slip velocity [7]. Nield 
and Kuznetzov used the model proposed by to investigate the 
natural convective boundary-layer flow in a porous medium sat-
urated by a nanofluid. Later, Grosan and Pop also employed the 
model developed by to study the fully developed mixed con-
vection in a vertical channel filled by a nanofluid [8-11]. They 
found that Nusselt number is a decreasing function of Brown-
ian motion parameter as well as thermophoresis parameter. It is 
worth mentioning that the model presented by permits a simple 
analytical solution [12]. In view of this, several articles with dif-
ferent physical situations have been credited to this phenomenon 
[13-17].

In attempt to understand the role of heat source/sink on flow 
formation, Inman and Ostrach, assumed the internal heat gener-
ation/absorption to be constant, but considered as a function of 
space by Chambre and Toor [18-21]. Later, the notion of tem-
perature dependent heat source was introduced by Moalem and 
Foraboschi and Federico in their works, they presented the vol-
umetric rate of heat generation which is directly proportional to   
and explained that it approximates the state of some exothermic 
process with   as the ambient temperature [22, 23].

In has been proven that there is occurrence of flow reversal at the 
channel walls in study of mixed convection flow, and this could 
be attributed to the mixed convection parameter in the flow for-
mation equation [24-27]. It is of great engineering importance 
to know the range for which this reverse flow occurs. Aung and 
Work established the condition for occurrence of flow reversal 
for fully developed mixed convection flow in a vertical chan-
nel. Recently, Oni and Jha et al. investigated the fully developed 
mixed convection flow in vertical annulus and micro-annulus 
respectively, and they presented the critical values of mixed con-
vection parameter and established the interval for no-reverse-
flow [28-30].  

Motivated by the applications of nanofluids in engineering de-

vices, this article is devoted to investigating the effects of heat 
source/sink on fully developed mixed convection flow formation 
in a vertical channel filled with nanofluid. Using two different 
mathematical models (CHSS and TDHSS) for heat source/sink, 
the governing momentum, energy and concentration equations 
are obtained and solved exactly in section 2 while results and 
discussion follow in section 3. 

Mathematical Analysis
Consider an incompressible, fully developed, steady, heat gen-
erating/absorbing nanofluid in a vertical channel driven by 
combined buoyancy and constant pressure gradient along the 
direction of flow. The channel is of width h and the no-slip con-
dition is applied on fluid velocity since the considered analysis 
is in macro-channel. The temperature and nanoparticle concen-
tration at the wall y=0 are assumed to be T1 and C1, while the 
wall y=h is assumed to have temperature and nanoparticle con-
centration T2 and C2 respectively greater than the wall y=0 as 
shown in Fig. 1. This temperature difference results to density 
difference at the walls which setups natural convection in the 
vertical channel. Also, a constant pressure gradient dp/dx is ap-
plied in the direction parallel to flow direction. In addition, the 
fluid considered is either heat generating (source) or absorbing 
(sink) fluid. Following all the assumptions above and using the 
Oberbeck-Boussinesq approximation, the following equations 
govern the conservation of total mass, momentum, thermal en-
ergy and nanoparticle concentration in vectorial form (Ref. [9]):

Figure 1: Schematic of the problem
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Fig. 1 Schematic of the problem 
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walls which setups natural convection in the vertical channel. Also, a constant pressure 

gradient      is applied in the direction parallel to flow direction. In addition, the fluid 

considered is either heat generating (source) or absorbing (sink) fluid. Following all the 

assumptions above and using the Oberbeck-Boussinesq approximation, the following 

equations govern the conservation of total mass, momentum, thermal energy and nanoparticle 

concentration in vectorial form (Ref. [9]): 

                  (1) 

                  {          [  (         )]}      (2) 

                      [                    ]          (3) 

                               (4) 

where    and    are the reference nanoparticle volume fraction concentration and 

temperature respectively,    is the nanoparticle mass density,    is the fluid density,       is 

the heat capacity of the fluid,       is the effective heat capacity of the nanoparticle material 

and   is the dissipation function and   is the heat source/sink parameter. 

Many mathematical models have been presented to capture heat generation or absorption 

effect on flow formation in different geometries. We shall consider two cases of these 

models: constant heat source/sink and the temperature dependent heat source/sink. 

Case I: Constant heat source or sink (CHSS) 

In the case a uniform heat source/sink is assume throughout the fluid formation and is 

independent on temperature increase or decrease ([15], [16]). Incorporating the fully 

developed assumption (far from channel’s entrance region) on equations (2-4) implies:  

                                                          
  
                 (5) 

where C0  and T0  are the reference nanoparticle volume fraction 
concentration and temperature respectively,      is the nanopar-
ticle mass density, Pf  is the fluid density, (PC)f  is the heat ca-
pacity of the fluid, (PC)p  is the effective heat capacity of the 
nanoparticle material and   is the dissipation function and   is the 
heat source/sink parameter.

Many mathematical models have been presented to capture heat 
generation or absorption effect on flow formation in different ge-

ometries. We shall consider two cases of these models: constant 
heat source/sink and the temperature dependent heat source/sink.

Case I: Constant heat source or sink (CHSS)
In the case a uniform heat source/sink is assume throughout the 
fluid formation and is independent on temperature increase or 
decrease [31, 32]. Incorporating the fully developed assumption 
(far from channel’s entrance region) on equations (2-4) implies: 
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Thus, equations (2-4) in dimensional form respectively become:
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Subject to the following boundary conditions 
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For fully developed flow, it is usual to assume that the mass flow rate equals to the mass flux 

throughout the region. Hence, the constant pressure gradient is obtained from:  

∫         
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where    is the dimensional constant heat source/sink parameter. 

The following dimensionless parameters, are introduced to transform equations (6-10) into 

their corresponding dimensionless form: 
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For fully developed flow, it is usual to assume that the mass flow rate equals to the mass flux throughout the region. Hence, the 
constant pressure gradient is obtained from:
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where Q0  is the dimensional constant heat source/sink parameter?

The following dimensionless parameters, are introduced to transform equations (6-10) into their corresponding dimensionless form:
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The dimensionless parameter S0  captures the constant heat source/sink effect. It is good to state that positive values of S0 signifies 
heat source (generation) while negative values signifies heat sink (absorption).
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Results and Discussion 
This article is devoted to analyse the role of heat generation/ab-
sorption on mixed convection flow formation in a vertical macro 
channel filled with nanofluid. The accuracy of the exact solu-
tions obtained are justify by comparing the pressure gradient and 
skin-friction in this current research with those of Grosan and 
Pop [9] by relaxing the heat source/sink parameter. This compar-
ison gives an excellent agreement. 

To have a noticeable insight on flow formation, Figures 2-8 are 
depicted to show the role of various pertinent parameters gov-
erning the flow formation. Throughout this article, the values of 
the parameters are used exactly with those of [9] for easy veri-
fication of results. -5≤S0=S≤5, the Brownian motion parameter 
(Nb), thermophoresis parameter (Nt) and buoyancy-ratio pa-
rameter (Nr) are selcected as: 0≤Nb=Nt≤0.5,0≤Nr≤1000,0≤Gr/
Re≤1000. It is good to state that positive values of S_0 and S 
signify heat source while negative values signifies heat sink. 
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(Figure 2) presents temperature distributions for constant heat 
source/sink (CHSS) and temperature dependent heat source/sink 
cases (TDHSS) for different values of source/sink parameter. It 
is obvious that for both cases, fluid temperature increases with 
increase in  . This is so because positive values of   signify ad-
dition of heat to fluid flow which in turns leads to enhancement 

of temperature distribution. Another obvious is that temperature 
is higher in the case of CHSS than TDHSS. This could be phys-
ically attributed to the fact that there exists uniform heat source 
throughout the channel for the case of CHSS and hence exhibits 
higher temperature distributions than the case of TDHSS.
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Fig. 2 Temperature profiles for different values of   at         

 

Fig. 3 Nanoparticle volume fraction for different values of   at                

Figure 2: Temperature profiles for different values of S at Nb=0.5

(Figure 3) on the other hand depicts the rescaled nanoparti-
cle volume fraction for different values of S . It is found that 
nanoparticle volume fraction decreases with increase in heat 

source/sink parameter and the maximum volume fraction is ob-
served for the case of CHSS.
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Fig. 3 Nanoparticle volume fraction for different values of   at                Figure 3: Nanoparticle volume fraction for different values of S at Nb=0.5 ,Nt=0.5
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(Figs. 4a and 4b) illustrate the role of buoyancy-ratio parameter    
(Nr)    on fluid velocity for the case of CHSS and TDHSS re-
spectively. It is noticed for both cases that the role of Nr is to 
decrease fluid velocity at the cooled wall and otherwise at the 
heated wall. It is good to also state that increase in Nr  leads to 
increase in region with flow reversal at the cooled wall. This 

could be attributed to the fact that Nr  is sufficient in inducing re-
verse flow at the channel walls, hence, the increase in magnitude 
of   leads to enhancement of region of flow reversal. Also, there 
is occurrence of flow reversal at the heated wall in the absence 
of  Nr. This is true since the occurrence of reverse flow is strictly 
initiated by mixed convection parameter in clear fluid.
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Fig. 4b Velocity profile for different values of   and    at               ,           

Figure 4a: Velocity profile for different values of S0 and Nr at Nb=0.5 ,Nt=0.5, Gr/Re=1000
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Fig. 4b Velocity profile for different values of   and    at               ,           
Figure 4b: Velocity profile for different values of S and Nr at Nb=0.5 ,Nt=0.5, Gr/Re=1000

(Figure 5) shows a graphical comparison on the role of heat 
source of fluid velocity for different physical situations. Two 
points of intersection are observed between the clear fluid and 
the heat generating ones. These inflexion points are strictly de-

pendent on the case considered. It is noticed that fluid velocity is 
highest for the case of clear fluid towards the walls than those of 
heat source/sink cases while the reverse situation occurs around 
the centre of the channel. 
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Fig. 6 Nusselt number for different physical cases and varying values of    at         

Figure 5: Velocity profile for different physical cases at S0=S=5.0,Nb=0.5 ,Nt=0.5,Nr=100, Gr/Re=1000

(Figure 6) presents the rate of heat transfer (represented by Nus-
selt number) at the cooled surface for different values of Nt  and 
heat source/sink parameter. It is obvious from this figure that 
heat transfer decreases with increase in Nt  but increases for heat 
source and decreases for heat sink. In addition, the maximum 

heat transfer at the cooled wall is observe for the case of CHSS. 
This can be attributed to the increase in temperature difference 
between the cooled wall and the constantly applied heat source/
sink fluid, therefore increasing the Nusselt number.
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Fig. 6 Nusselt number for different physical cases and varying values of    at         
Figure 6: Nusselt number for different physical cases and varying values of Nt at Nb=0.5
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(Figure 7) on the other hand depicts the combined effects of heat 
source/sink and thermophoresis parameter on Sherwood num-
ber. It is evident that Sh increases with increase in Nt. Also, heat 
sink situation gives a higher value of  Sh. This can be explained 
by that thermophoresis parameter increases the ratio of convec-
tive mass transfer to mass diffusion rate and therefore enhanc-
ing the Sherwood number. In similar way, (Figure 8) gives the 
skin-friction between the fluid and the cooled wall for different 

values of heat source/sink parameter,  Nt and different physical 
situations. It is seen that the drag force increases with increase 
in  Nt and heat source regardless of the physical situation con-
sidered. Also, skin-friction at this cooled wall is observed to be 
higher for the case of CHSS compared to the TDHSS case. This 
is as a result of corresponding increase noticed in dimensionless 
velocity with respect to heat source, hence increases the force at 
which the fluid hits the surface of the cooled channel.

23 
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Figure 7: Sherwood number for different physical cases and varying values of Nt at Nb=0.5
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Figure 8: Skin-friction for different physical cases and varying values of Nt at Nb=0.5,Nr=100, Gr/Re=1000
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For test of accuracy, 
Table 1 provides numerical comparisons of present work pres-
sure gradient and skin-friction as S = S0 → 0 with those of [36]. 
It is obvious that this comparison gives excellent agreement. 
Table 2 on the hand exhibits the degree of dependency of heat 
source/sink parameter on Nusselt number, Sherwood number 
and skin-friction for fixed value of other parameters. (Slp) This 
rate of increase or decrease of relevant profiles due to the in-

crease in heat source/sink parameter is estimated using slope of 
the linear regression line   through data points in known depen-
dent and independent variables [26, 27]. From Table 3, it is ob-
vious that Nusselt number, Sherwood number and skin-friction 
respond to change in heat source/sink parameter for the case of 
TDHSS than CHSS. This can be credited to the varying nature 
of the TDHSS case with temperature and hence responds more 
to change in magnitude of heat source/sink parameter.

Table 1: Numerical comparisons of pressure gradient and skin-friction with those of Grosan and Pop [9] 
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Table 1: Numerical comparisons of pressure gradient and skin-friction with those of 
Grosan and Pop [9]   
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Slp -0.3435 -1.5323 0.3455 1.5323 11.1639 73.3824 

 

Table 3: Numerical computations for critical values of       for different values of   and 
   at           

     CHSS TDHSS 

Table 2: Numerical computation of Nusselt number, Sherwood number and skin-friction  at Nt=Nb=0.5,Nr=100,Gr/
Re=1000,Y=1.0
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Table 3: Numerical computations for critical values of Gr/Re  for different values of S and Nr at Nt=Nb=0.5
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-5.0 

0.0 37.1305 -33.9336 35.9702 -45.8035 

10 47.7586 -25.0816 45.9537 -30.3571 

100 143.4112 54.5866 135.8047 108.6605 

1000 1099.90 851.2686 1034.30 1498.80 

0.001 0.0 32.0916 -47.5924 32.0916 -47.5924 

10 39.9203 -31.1522 39.9203 -31.1522 

100 110.3784 116.8098 110.3784 116.8098 

1000 814.9592 1596.40 814.9592 1596.40 

 

 

5.0 

0.0 28.2569 -79.6544 26.9317 -64.5913 

10 33.9552 -45.4019 31.8938 -38.7072 

100 85.2399 262.8698 76.5525 194.2493 

1000 598.0865 3345.60 523.1395 2523.80 

 

 

Conclusion
The present article analysed the role of constantly applied heat 
source/sink or temperature dependent heat source/sink on mixed 
convection flow in a vertical channel filled with nanofluid. 
Based on the exact solutions and depicted graphs obtained for 
flow formation in the vertical channel, the following conclusions 
can be drawn:
1. Temperature, nanoparticle volume fraction, Nusselt num-
ber and Sherwood number is higher in the case of CHSS than 
TDHSS
2. TDHSS responds faster to change in heat source parameter 
than the CHSS
3. The impact of buoyancy distribution parameter is to increase 
reverse flow at the cooled wall
4. The interval of no reverse flow can be increased by increasing 
the magnitude of heat source/sink parameter. 

The findings obtained in this current article have important im-
plication in engineering applications and optimization of back-
ward flow by careful selection of governing parameters. 
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