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Abstract

In this work, we present a quantum control methodology to create multi-particle entangled states of two typical
classes, the W and the Greenberger-Horne-Zeilinger (GHZ). The methodology is demonstrated on a generation
of the W and GHZ three-atomic states via the mechanism of two-photon passage using overlapping chirped
pulses and the interplay of the chirp rate, the one-photon and two-photon detuning, the peak Rabi frequency and
the strength of the Rydberg-Rydberg interactions. A chain of N alkali ¥ Rb atoms in an optical lattice interacting
with two laser fields is modeled within a semi-classical theory. The strategy to create different classes of multi-
particle entangled states was revealed through performed dressed state analysis.

1. Introduction

Ultracold physics with atoms in optical lattices opened up abun-
dant opportunities for studies of quantum many-body phenom-
ena due to a tunable structure of the optical potentials. Atoms
placed in such potential and excited to the Rydberg states inter-
act through the long-range interactions, which are of dipole-di-
pole or the van der Waals type depending on the interatomic
distance. Modern control techniques permit manipulations of
collective excitations of trapped atoms to Rydberg states aim-
ing at a generation of different types of entangled states - the
workhorse of quantum enabled tasks. Here, we present a robust
quantum control methodology to selectively excite collective
states in systems of few atoms leading to a generation of dif-
ferent types of entangled states within collective spin systems
involving Rydberg atoms.

There are three major classes of multiparticle entangled states:
the GHZ states, the W states, and the cluster states [1-3]. No-
tably, these classes of states are non-separable and cannot be
transformed into each other by local quantum operations [4].
The GHZ state represents a maximally entangled state, while
the W state is unique in that a single-particle measurement of the
state only collapses it by one order. GHZ states are best utilized
as quantum channels for teleportation, while W states are neces-
sary for secure quantum communication [5, 6]. In order to take
advantage of the properties of multiparticle entangled states, it
is important to be able to generate these states on demand. There
has been a significant effort regarding preparation of the GHZ
and the W states using various platforms, from atomic systems
to quantum dots to superconducting qubits [7-9].

In this paper, the present a method for a preparation of the GHZ
and the W multiparticle entangled states for an arbitrary num-
ber of atoms having the energy gaps in the many-body spectrum
greater than the 1!, where t is the chirped pulse duration. We
demonstrate a high-fidelity of these states’ generation and a fast
time scale.

The methodology to generate entangled states is based on us-
ing circularly polarized and linearly chirped ps laser pulses and
carefully chosen field parameters, namely the peak Rabi fre-
quency, the chirp rate and the detuning. A generation of the de-
sired states is expected to be robust. Thus, we were seeking an
adiabatic passage type of solutions. The roots to these solutions
may be revealed through the dressed state analysis, which also
suggests the limitations of adiabatic regime for certain types of
entanglement.

We use a model system of a chain of alkali #Rb atoms in an op-
tical lattice, where each atom is considered as a system of effec-
tive spin states, arranged in the three-level ladder configuration
having the ground spin state Ig), the intermediate spin state le),
and the excited Rydberg spin state Ir), shown in Figure 1. The
GHZ state is known to be a superposition state of all atoms in
the ground state and all atoms in the excited, e.g., Rydberg state.
For a triatomic configuration, the GHZ state reads

_rrr) + 1gg9)

|GHZ) = A )]
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The W state is a quantum superposition of all possible pure states
in which one atom is in, e.g., the ground state, while all others
are in the Rydberg state. A triatomic W state reads

_grr) + |rgr) + |rrg) 2)
3 .

The energy of the GHZ and the W states depends on the inter-

action strength between atoms, I/ij’ which is a function of the

distance between atoms r, in an optical lattice. In the one-dimen-

sional case, the van der Waals interaction is given as

W)

Vij = C/frfy = C/(s/(n—1))°. ®)

Here, C is the van der Waals interaction constant, s is the length
of the optical lattice, and # is the number of minima or, equiva-
lently, the number of atoms. Due to the fact that V_ is dependent
on the positions of the atoms, it can be changed by manipulating
the optical lattice. For a given V., we control the dynamics of
a two-photon excitation of the chain of atoms by laser pulses,
prepared based on the developed control schemes to produce
transitions, that stir the multiparticle system into the desired en-
tangled state.

We justify the developed control schemes for the GHZ and the
W states by demonstrating their generation in the framework of
the exact time-dependent Schrodinger solution and a calculation
of the fidelity of each state formation. The paper is arranged as
follows. In Sections II and III, we derive the single-particle and
the multiparticle Hamiltonian in the field-interaction representa-
tion; in Section IV, we discuss the quantum control methodology
on an example of a three-atomic chain, demonstrate its deduc-
tion from an effective two-level approximation and introduce the
entanglement fidelity for the GHZ and the W state; Section V is
devoted to a numerical verification of the control mechanisms of
the creation of the GHZ and the W states via fidelity as a func-
tion of the chirp rate and the peak Rabi frequency; Section VI
summarizes findings.

I1. The Hamiltonian and the Equation of Motion for a
Single Atom

We derive the Hamiltonian that describes the interaction of at-
oms with the laser field by first deriving the Hamiltonian of a
single three-level atom and working up to the entangled triatom-
1C state.

For an atom modeled by a three-level ladder system, shown in
Figure 1, the field interaction Hamiltonian H describing the in-
teraction of the atom with two external fields reads

P — Ir>
QZ

I
QI

— | g>

Figure 1: A schematic of a three-level atom where Ig) is the
ground state energy, le) is the intermediate state energy, I7) is the
excited state energy, the Q (t) is the pump Rabi frequency and
the € (1) is the Stokes Rabi frequency, and the frequencies are
time-dependent in a general case.

Q) 0
N AN
H= 5 Ql(t) We Qg(t) (4)
O Qg(t) Wy
Here Q,(t) = %El(t) and Qq(t) = W%Ezm are the Rabi

frequencies, and E,(t) and E,(t) are the laser pulses that couple
the ground to the intermediate state,|g) — |e), and the interme-
diate to the excited state, |e) — [r), respectively; x4, is the tran-
sition dipole moment matrix element on a respective transition.
These fields are linearly chirped and can be written as

) ia1t2 ) iOéth
() = 2O T T e

) ia2t2 ) ia2t2 (5)
Ba(t) = E2;(t) (eMSH 5 —i—einti 2 ),

where o, and «, are linear chirp parameters, o, and w_ are the
applied pump and Stokes fields frequency. These frequencies are
best defined by their relation to the one-photon detuning A and
the two-photon detuning J:

A =we—wp,d =w, — (wp +ws). (6)

We define the wave function of the three-level ladder system in
the Dirac notation as |W(¢))= A, (t)|g) + Ac(t)]e) + A, (t)|r),
where Ag(t), A (¢) and A (¢) are the probability amplitudes for
the ground, the intermediate, and the excited state respectively
in the Schrodinger representation. The Schrédinger equation for
this system using the Hamiltonian in Eq. (4) reads

A:g(t) nl wg () 0 Ag(t)
ith |Ac(t)| = = [Ql(t) we  Qa2(t)] [Ae(t)] . W)
Art] 2L 07 Q) wr ] LA

Expanding the Schrodinger Equation (7), we obtain the differen-
tial equations for probability amplitudes to see the evolution of
the ladder system in the Schrédinger representation:

) iOéltz ) iOéth
idy(t) = 22 A, + —ng(t) @ LT T2 )4,
L. Qlo(t) iwﬂ-kM —iwpt—M
Q , iagt? , iagt?
%AE " 2;(15) (eleH— B " @_let_ D) )AV
. Qa0 (t) iwst+M —iwst—M W,
iA,(t) = ——(e 2 2 A+ —A,.

In order to make probability amplitudes time independent in the
absence of the external fields, we move the system into the frame
rotating with the fields by defining

Ag(t) = ay(?)

) iOéth

Aclt) = ac(t)e "2 ©)
) ia1t2 ) ia2t2

A =a(e T2 T2

where ag(t), a (t) and a(t) are the time-dependent probability am-
plitudes of the ground, the intermediate, and the excited state re-
spectively in the field interaction representation. This change of
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representations aids in revealing the mechanisms of light-matter
interaction and the quantum control strategy.

By substituting Equation (9) into Equation (8), taking deriva-
tives and applying the rotating wave approximation we arrive at

LW Qio(t)

iGy = 79% + 5 ae

" Qio(t 1 Qoo (t

e = 20004 e, antya + 2200, (10)
Qoo (t 1

ia, = 2;( )ae+ §(wr— wy — a1t — ws — ast)a,.

Applying Equation (6) simplifies further this set of differential
equations

, w Qyo(t)
iy = ?g g 5 e
Qqo(t 1 Qoo (t
ia, — Shol )ag LAz et + () (11)
2 2 2
Qoo (T 1
iy = 200 1 L5 (0 +an)an.

2 2
We can insert one additional simplification by stating the ground
state energy o, = 0. Having now arrived at our goal we write the
Hamiltonian for a single atom as

0 Qi) 0
H = 1 Qlo(f) A 1—0a1t ng(t) (12)
2 0 ng(t) o — (Oél + Oég)t

At this point we could use the above Hamiltonian to explore
the population dynamics of a single atom in the field interaction
representation. However, our next goal is to construct a collec-
tive spin Hamiltonian. In the next section, we will create such
a Hamiltonian for a chain of three Rb atoms in a linear optical
trap; we will refer to the diagonal elements of the single atom
Hamiltonian in Equation (12) as

wy = 0,ws = A — at, ws :6—(al+ag)t.

(13)
IIL. The Collective Field-Interaction Hamiltonian for A
Three-Atomic Chain

We apply the knowledge of the single atom Hamiltonian to cre-
ate the Hamiltonian of a series of three interacting atoms trapped
in a periodic, one-dimensional optical lattice and interacting via
long-range interactions. These atoms are described by a model
of three, three-level ladder subsystems interacting via the upper
state, shown in Figure (2), by the van der Waals forces.

/ V31
Vi <_V32__

QZ Qz QZ

A_T_‘____ - T le>
Ql Ql Ql

— Ig>

Figure 2: The scheme of a series of three interacting atoms.

Such system is represented by a wave function
— V3N o
(D)) = Xijk Aijiliik)

in the basis of collective states |ijk), where i, j, and k represent
the energy level of the first, the second and the third atom respec-
tively. The dimension of the collective matrix Hamiltonian is 3N
and is equal to 27 for the three-atomic configuration. Twelve
different cases leading to non-zero off-diagonal matrix elements
of the collective field-interaction Hamiltonian are present, but

since the Hamiltonian is Hermitian, we only need to explain the
six cases in the upper diagonals. These cases read as

(ijgleji) = ho(t)

(gjklkje) = Qio(t
(ijelrji)
(1ek|kri)
(ejk|kjry = Qqp(t).

The diagonal matrix elements of this Hamiltonian are deter-
mined from Equation (12) and Equation (13) depending on what
states are present in the respective basis function, e.g., for the
|reg), the diagonal element is the bare state energy equal to w,
+w, in the field interaction representation, (here, @, would also
be present, but it has a value of zero). There exist seven cases
of degenerate states when two atoms are in the same substate,
such as, e.g., [rgg) = |grg) = |ggr), all having energy , as shown
in Figure (3). The exception to this is when two atoms are in
the Rydberg state. Then an appropriate Rydberg-Rydberg inter-
action must also be accounted for, e.g., for the basis state |rrg)
the diagonal matrix element is 2w, +2V, .. The coefficient of 2 in
front of the Rydberg-Rydberg interaction comes as a result of the
force on atom three from atom two, V,, and vice versa. Since the
Rydberg-Rydberg matrix is also Hermitian, V,, = V.. The energy
of state |rgr) is different though, and equal to 2w, + 2V, .. Then,
the truncated matrix of the collective field interaction Hamilto-
nian A may be written as

(0 Q 0 ... 0 0
Ql wo QQ ce 0 0
0 QQ w3 ... 0 0
S : 0
0 0 0 2ws + 2Va3 ... 0 (14)
0 0 0 0 0 3'(1)3 + QVmaz

Because of a degeneracy of certain states there are twelve unique
energies dependent on the field parameters. They read as follows
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E999(t) = 3w,

Egeg»ggeﬁgg (t) — le + wy

B nn (1) _ o 4 9

EE°(t) = 3w,
BIITIONT (1) = 2y + wy
BT a e e e () _ 4 0 4

E;7>e7ee7“77"€5( ) = 2wy + w3

E‘]’!‘T ,TTg (ﬁ) wy + QW3 + 2v32 (15)
Eggr(t) w1 + 2(/.)3 + 2V31
err rre (t) wo + 20.}3 + 2V32
Effr(t) wo + 2ws + 2V3,
Eiér( ) = 3wz + 2Vinaa-

Here wy = 0, wo = A — a1 (t — t.) and w3 = 6 — (a1 +
ag)(t — tc), and Va0 = Vo1 + Vao + V3.

IV. Dressed State Analysis as A Tool to Design the Con-
trol Scheme for A Generation of Multiparticle Coher-
ent Superposition States

We refer to the dressed state picture aiming at the investigation
of the dynamics of the collective spin states subject to the inci-
dent fields. Within the adiabatic approximation, we focus only
one the first, the adiabatic term in the Schrédinger equation writ-
ten in the dressed state basis

ihCq = HqCq — ihTTTCy4. (16)

[rrr)
|rrg)
lgrr)
[rgr)
lrgg)
lggg)

3
Time [ps]

Figure 3: Energy of the relevant bare states in the field interac-
tion representation as a function of time. Emphasized here are
state |ggg) shown in black and state |r77) shown in red dashes,
these states are necessary for the formation of the GHZ state.
States that contain @, can be suppressed by manipulating the
one photon detuning A and are not shown as they never interact
with state |ggg) .

Here C,=TC and H, = T' HT, C, is the vector of the probabili-
ty amplitudes of dressed states, C is that of the bare states in the
field interaction representation, and T is the unitary transforma-
tion matrix. For example, for a two-level atomic system, which
will be addressed later, and the unitary transformation matrix is
T(t)=1cos O(t) — icy@(t), and

cosO(t) = (1/2(1 +8(t)/ /92, (1) + 5%5)))”2

1/2

sin O(t) = (1/2(1 —8(6)//92;5(2) +52(t))> "
where ngf(t) is the Rabi frequency, which couples the ground
and the excited states. Our approach implies a variation of the
field parameters to tune to a specific dynamics path by manip-
ulating the desired avoided crossings of the energy of the bare
states, which result in a predetermined superposition state by the
end of pulse duration within adiabatic approximation. If there
are more than one dressed state involved at the very end in order
to have a desired superposition state, we conclude that non-adi-
abatic contribution cannot be neglected and overall, the dynam-
ics is non-adiabatic. Because out of twelve energy-unique states
only the ground state is field independent and is initially populat-
ed, any kind of population transfer is possible only through the
avoided crossings.

)

According to the functional dependence of the energy of the
states and aiming at achieving avoided crossings with the ground
state, the following conditions have to be satisfied:

1) The one-photon and two-photon detuning A and & must be
negative in sign so that they give the starting negative values of
the collective state energies;

ii) Chirp rates a, and «, have to be negative so that the energy
slope is positive and the energies of all the states relevant for a
creation of the GHZ and the W states will cross the zero energy
of the initial state |ggg);

iii) The detuning must satisfy IAl > 13| so, that the transitional
states dependent on A are significantly shifted and do not reso-
nate with |ggg) during the pulse duration. This effectively means
that any bare state containing an , parameter can be avoided
while any state containing only «, terms will cross and interact
with the initial state |ggg).

To stir the population to a desired superposition state we use
two, equally chirped pulses with &, = a, = a and completely
overlapping Rabi frequencies Q (¢) and €2 (¢) based on the con-
trol scheme developed for a deterministic excitation of a single
atom to the Rydberg state [10]. To begin with, we analyse the
qualitative behaviour of the bare states' energy depending on the
choice of the field parameters. Figure (3) shows the time evolu-
tion of the energy of the collective bare states which depend on
the two-photon detuning and the chirp rate and due to a proxim-
ity to the ground state energy (zero energy state) may contribute
to the population dynamics.

The all-Rydberg state |77} inherently evolves the fastest due to
three times doubled chirp rate in the energy 3(8-2a(t-t))+2V_
which provides the leading crossing with the ground state. Thus,
the desired avoided crossing is formed, which is the first within
the pulse temporal evolution and the only one needed for the for-
mation of the GHZ state. The time of the resonance, when two
energy lines cross, is determined from the equality of the respec-
tive state’s energy. Immediately after this resonance, the chirp
must be turned off to prevent further approach of the lagging
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transitional states to the zero-energy state to prevent undesirable
population transfer.

The time of the crossing is equal to ¢ _ = (6/2+(V ,+ V,, +V,)/3)
latt IE2(V,, +V,, +V ) = 38, the resonance occurs at the same
time as the peak intensity of the field z . Owing to the fact that the
desired avoided crossing occurs the earliest in the time evolution
implies that the intermediate state manifold, which consists of
the rest 25 states for the three-atomic case, is not involved into
a generation of the GHZ state and may be eliminated adiabati-
cally within a semi-classical approach. Then adiabatic passage
of a half of population to the all-Rydberg state is designed in
the framework of an effective two-level system with the ground
state being |ggg) and the excited state being |r7r). The effective
Hamiltonian reads

aggg = WSepf(t)arrr (18)
arrr = ZG&(t - tC>a’TT7‘ + Zerff (t)a’ggg’
_ 0 —Qess(t)
Heff(t) = h( *Qeff(t) fﬁa(t*tc) : (19)

Here the effective Rabi frequency is Q (1) ~ Q °/(A*V?). Within
this two-level model, we design adlabatlc passage leading to a
coherent superposition of two states, |ggg) and |rrr), with equal
populations. We rotate this Hamiltonian H_ (#) in Equation (19)
using unitary transformation matrix T and brmg it to the diago-
nal form Hg(t) = T(t)Heg (t)TT(¢). The Hq(t) is now written
in the dressed state basis C,. Aiming at creating the adiabatic
passage condition, we assume adiabatic approximation with ne-
glecting the second term in Equation (16).

Then, the adiabatic transition from |ggg) to |rrr) state takes place
with in a single dressed state; this state has lower energy

Ep = —1/2,/Q%;,; +4(t)? and reads

[B(t)) = O/ (cosO(t)|ggg) — sinO(t)|rrr)),

where A(t) = [, Q(t')dt’ is the pulse area. The details of the
solution are presented in [11]. The coefficients are matrix ele-
ments of T(t), which read as defined above in Equation (17).
The control scheme to create the equal population distribution
between states implies o < 0 for times ¢ < ¢_before the peak of
the Gaussian pulse and o = 0 for 7 > ¢_till the end of the pulse
duration. At the initial time t=0, it provides the value of cos ® (0)
=1 and sin ® (0) = 0; meaning that the population is initially in
the ground |ggg) state. Then at t = t, the probability amplitudes
of two states change to become the same in magnitude: cos ®
)= 1/72 and sin © )= 1N2. At later times, 7> ¢, the chirp is
set to zero, and the field remains in the resonance with the tran-
sition frequency of the system till the end of the pulse duration,
therefore any changes of the population are suppressed, (the ap-
plied field changes only the global dynamical phase), preserving
the created superposition state. Thus, at the end of the pulse the
probability amplitudes of |ggg> and |rrr) states are cos O(,) =
1/A2 and sin o) = 1/A2, giving the maximum state coherence.

However, in contrast to the case of the GHZ state, for the W state
formation, the magnitude of the chirp parameter is preserved till
the end of the pulse as it is required in order to allow all rel-
evant, collective transitional states involved in forming the W
state to populate by the end of the pulse. This can be observed in
Figure (3), where state |rrr) cross |ggg) first, followed by states
|rrg) and |grr) before finally |rgr) crosses. Among all collective
states, we stir the evolution of states |ggg) and |rrr) relevant for
the GHZ state and, alternatively, the evolution of the |rrg), |grr)
|rgr) states relevant for the W state formation.

The entanglement fidelity function for the GHZ state is [12]

FGHZ == 1/\/5(04’7“7" + aggg)2 -
1/2(a$7‘r + agzygg + a’TTTa_lL]gg + agggairr)
1/2(a},, + a2, + 2Re{arrraggg}).

For the W state, it reads

(20)

= 1/f(arrq + Qgry + arqr)2 =
1/3( rrg + a‘grr + a’rgr + a’f”Fga;rr
+ aT‘T(]a’rgr + a’q”‘arrg + agTTa’Igr

€2y

+ afgramg + argra2,7,) =
1/3(arrg + agrr + argr + 2R6{a7’7“ga£rr}
+ 2Re{a,rgal,, } + 2Re{agral,,}).

The entanglement fidelity ranges from 1 to 0 and determines
quantum correlations between the substates in the superposition.

V. Numerical Verification of the Quantum Control
Schemes to Generate the Multipartite GHZ and the W
States

We justify the developed quantum control methodology by ap-
plying it in a numerical exact solution of the time-dependent
Schrodinger equation using the multiparticle field-interaction
Hamiltonian in Equation (14) to generate the GHZ and the W
state. The maximum fidelity of the GHZ state is achieved for
the two-photon detuning & = -2/3V, . However, the adiabatic
approximation is not valid for the W state because the dynam-
ical process that stirs the three-atomic system to the required
superposition state is inherently non-adiabatic with three dressed
states participating at different stages of the pulse time evolu-
tion. Therefore, the maximum fidelity is found from the exact
solution of the time dependent Schrodinger equation, which ac-
counts for the non-adiabatic effects.

The exact solution of the time-dependent Schrédinger equation
was performed numerically using the Runge-Kutta method and
a numerical method based on multipoint Hermit interpolating
polynomials [13, 14]. In calculations to generate the GHZ state
the following values of the parameters of the fields were used:
the pulse duration is T, = lus, the one-photon detuning is A=
-1.5 GHz, and the peak Rabi frequency of both applied pulses
is Qi1 it changes in the range from 0 to 300 MHz, the chirp
rate is a, ,, it changes in the range from 0 to -600 MHz / us, and
the two-photon detuning is 6 = -2/3V__, which has two values,
6 = -100MHz for V, =V/2 and 8 = -80.63MHz for V, = V/2°
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for nearest neighbour interaction equal to V = 60MHz. Numer-
ical analysis demonstrates the generation of the GHZ state via
two-photon adiabatic passage with the same chirp rate o, , = o of
two pulses and the same overlapping Rabi frequencies €, (2)(t).

The fidelity of the GHZ state is shown in Figure (4a) and Figure
(4c) as a function of the chirp rate and the strength of the peak
Rabi frequency for V, =V/2 (a) and V,, = V/2° (c). The optimal
values of the fidelity within 0.995 range are highlighted by the
contour plots. Figure (4b) and Figure (4d) show the density plot
of the difference between the populations of the |ggg) and the

0,,[0.1 GHz]

0.0

-0.06 -0.04 -003 -0.02 0.00
al10 GHz/ps)]

(€) F

-0.05 -0.01

0,,{0.1 GHz]

0.0
-0.06

-0.04 -003 -0.02
a 10 GHz/ps)

-0.05 -0.01  0.00

|rrr) states and brings an additional information for a complete
picture of the GHZ state formation. The zero values of the popu-
lation difference indicate upon equal populations of these states,
while fidelity about 0.995 in the same region of the field param-
eters carries information about high phase correlation between
atoms. A comparison of the results for V,, = V/2 (a), (b) and

V,, =V/2%(c), (d) suggests that for the generation the GHZ state
with high fidelity, a wider choice of the field parameters is possi-
ble for a smaller value of the interaction between terminal atoms
V,,. For V, =V/2¢, the results are more robust for experimental
realization, but at the expense of a higher field amplitude.

(b) l8ggg 12=18m |2

Q0.1 GHz)

-006 -005 -0.04 -003 -002 -0.01 0.00

a[10 GHz/ps)
(d) 18ggg 1%~ 18 12

0,[0.1 GHz]

0.0

-006 003 -002 -001 000

-0.04
af 10 GHz/ps)

-0.05

Figure 4: (a) Fidelity of the GHZ state as a function of the chirp rate and the peak Rabi frequency for V, =V/2, ¥ =150MHz; (b)
The population difference of states |ggg) and [r77) as a function of the chirp rate and the peak Rabi frequency for V, =V/2,V =
150MHz. (c) Fidelity of the GHZ state as a function of the chirp rate and the peak Rabi frequency for V, =V/2°, V' = =120.94 MHz;
(d) The population difference of states |ggg) and |r7r) as a function of the chirp rate and the peak Rabi frequency for V, =V/25,V

= 120.94MHz. Parameters used in calculation are V = 60MHz, t, = 1ps, A= -1.5GHz, and § = -2/3V _ .

The time dependence of the population of the |ggg) and |rrr) passage for parameters of the field A = -1.5GHz, 6 = -100MHz,
states leading to the formation of the GHZ state at the end of the ~ Q,, , = 158MHz, a =-176MHz/us, and V, = 150MHz.
pulse duration is shown in Figure (5) demonstrating adiabatic
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Figure 5: The time dependence of the population of the |ggg) and |rrr) states leading to the formation of the GHZ state at the end
of the pulse duration for parameters of the field 7, = 1us, A= -1.5GHz, 6= -100MHz, Q , , = 158MHz, a. = -176MHz/us, and Vo=
150MHz. Dashed curves show an approximate solution using Eqs (18).
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Figure 6: (a) Fidelity of the W state as a function of the chirp rate and the peak Rabi frequency for V, =V/2,V = 150MHz; (b)
The density plot of the sum of populations of |rrg) , |grr) and |rgr) states for V, =V/2,V = 150MHz. (c) Fidelity of the W state
as a function of the chirp rate and the peak Rabi frequency for V, = V/2% V = 120. 94MHZ (d) The density plot of the sum of
populations of [rrg), |grr) and [rgr) states for V, =V/2°,V = 120 94MHZ Parameters used in calculation are V= 60MHz, t, = 1ps,

ma

A=-1.4GHz, and § = -4.5MHz. The black curves draw the contour where three contributing states have equal population.
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Figure 7: Time dependence of population of the |grr), [rrg) and |rgr) states leading to the formation of the W state at the end of

the pulse duration for parameters of the field t, = 1ps, A=-1.4 GHz, 6=-4.5 MHz, Q

2V, =V =60MHz.

In numerical calculations of the W state generation the follow-
ing values of the parameters of the fields were used: The pulse
duration is t, = lus, the chirp rate is a, ,, it varies in the range
from 0 to -300MHz/us, the two-photon detuning is d = -4.5MHz,
the one-photon detuning is A = -1.4GHz, and the peak Rabi fre-
quency of both applied pulses is €2, , . it varies in the range from
0 to 300MHz. Two values of the parameter V,, were used, V,
=V/2 and V,, = V/25, which provide ¥/, = 150MHz and V =
120.94MHz respectively, for nearest neighbour interaction equal
to V= 60MHz.

Figure (6a) and Figure (6¢) show fidelity of the W state as a
function of the chirp rate and the peak Rabi frequency for V=
V/2 (a) and V,, = V/2° (c). Strong dependence on o, and Q o
is observed indicating upon nonadiabatic regime of light-mat-
ter interaction. The black curve draws the contour where three
contributing states have equal population. The blue regions of
fidelity through which this curve passes manifest highest val-
ues owing to equal population of the contributing states and the
same phase between them. Figure (6b) and Figure (6d) show
the density plots of the sum of populations of |rrg), |grr) and
[rgr) states for V, = V/2 (b) and V,, = V/2° (d). Together with the
density plots of the difference of populations between |rrg) and
|rgr), (not shown here), they provided sufficient information to
draw the contours of equal populations.

By comparing the results for V,, =V/2 (a), (b) and V,, = V/2°(c),
(d) we conclude that a smaller value of the interaction between
terminal atoms somewhat improves the results for the generation
the W state, meaning that the target area of the field parameters
providing higher fidelity states is increased. However, since the
process of the W state generation is principally non-adiabat-
ic with at least three dressed states populated, the considered
change in the value of V, does not substantially change the
non-adiabatic coupling between the important dressed states,
(one of which correlates with |ggg) state at t=0, while another
correlate with |grr), |rrg) and |rgr) at final time.)

=262 MHz, 0=-32 MHz/us, and V, =V, =

01(2)

The dynamics of the population of the [rrg), |grr) and |rgr)
states, forming the W state is shown in Figure (7) for A=-1.4
GHz, 6=-4.5MHz, Qm(z =262 MHz, a=-32 MHz/us, and V,
=V, =2V, =V =60MHz. The Rabi oscillations between the
mostly populated states |rrg), |grr) and |rgr) are clearly shown
at the intermediate times. These oscillations can be explained by
the non-adiabatic coupling between states in the dressed state
picture indicating upon the non-adiabatic nature of the W state
formation. The fidelity of such state formation is 0.999 and is
among the highest values in the provided numerical results. Pa-
rameters used in the time dependent calculations of Figure (5)
and Figure (7) may be used to explore the experimental realiza-
tions of the GHZ and W states.

The lifetime of the Rydberg states is on the order of 100us,
while the pulse duration used in our method is 1us. Two orders
of magnitude difference permit us to neglect the decoherence
effects in the systems during control operations with the applied
fields. Besides, one-photon detuning from intermediate state of
1.5 GHz is about an order of magnitude larger than the natural
bandwidth of these states known to be ~10 ns [15, 16]. Such
detuning results in a negligible population of transitional states
minimizing decoherence. In principle, a one-photon excitation,
which would need a photon in the ultraviolet range [17], may be
used to excite atoms to a predetermined magnetic sublevel of
the Rydberg state. However, the two-photon excitation scheme
is more robust because it requires visible light; it is commonly
used in Rydberg experiments with trapped alkali atoms. Besides,
it offers a broader range of control parameters including the
one-photon and the two-photon detuning, which bring flexibil-
ity to the control scheme to perform adiabatic passage on large
atomic systems. Strong Rydberg-Rydberg interactions provide
significant collective energy shifts beneficial for controllable ex-
citations of predetermined collective states. Meanwhile, a long
lifetime of Rydberg states is efficient for quantum operations.
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VI. Conclusion

Quantum control of multiparticle entangled states generation
involving coherent superpositions of spin states in ultracold
Rydberg atoms is presented based on the two-photon passage on
the selected state manifold using circularly polarized and linear-
ly chirped pulses. Selectivity of states is achieved through the
choice of the one-photon and the two-photon detuning, the ratio
of the Rabi frequency to the collective coupling strength and the
chirp rate. It is shown that the creation of the GHZ sate is adia-
batic passage in nature, while the W entangled state generation
is inherently non-adiabatic process. These results are of funda-
mental interest and usefulness aiming at a controlled generation
of the entangled states in large ensembles of trapped atoms.

Acknowledgment
Authors acknowledge support from the Office of Naval Re-
search.

References

1. Greenberger, D. M., Horne, M. A., Shimony, A., & Zeilinger,
A. (1990). Bell’s theorem without inequalities. American
Journal of Physics, 58(12), 1131-1143.

2. Dir. W. (2001). Multipartite entanglement that is robust
against disposal of particles. Phys. Rev. A 63, 020303.

3. Briegel, H. J., Raussendorf, R. (2001). Persistent Entangle-
ment in Arrays of Interacting Particles. Phys. Rev. Lett. 86,
910.

4. Dir, W, Vidal, G., and Cirac. J. I. (2000). Three qubits can
be entangled in two inequivalent ways. Phys Rev. A 62,
062314.

5. Xia, Y, Fu, C. B, Zhang, S., Hong, S. K., Yeon, K. H., &
Um, C. L. (2006). Quantum dialogue by using the GHZ
state. arXiv preprint quant-ph/0601127.

6. Hai-Jing, C., Song. H. (2006). Quantum Secure Direct
Communication with W State. Chin. Phys. Lett. 23, 290.

10.

11.

12.

13.

14.

15.

16.

17.

Omran, A., Levine, H., Keesling, A., Semeghini, G., Wang,
T. T., Ebadi, S., ... & Lukin, M. D. (2019). Generation and
manipulation of Schrédinger cat states in Rydberg atom ar-
rays. Science, 365(6453), 570-574.

Zhang, C. L., Wang, C., Cao, C., & Zhang, R. (2012).
Multi-particle entanglement generation using quantum-dot
spin and optical microcavity system. Chinese Physics Let-
ters, 29(7), 070305.

Kang, Y. H., Chen, Y. H., Wu, Q. C., Huang, B. H., Song, J.,
& Xia, Y. (2016). Fast generation of W states of supercon-
ducting qubits with multiple Schrodinger dynamics. Scien-
tific reports, 6(1), 1-13.

Kuznetsova, E., Liu, G., & Malinovskaya, S. A. (2014).
Adiabatic rapid passage two-photon excitation of a Rydberg
atom. Physica Scripta, 2014(T160), 014024.

Ramaswamy, A., Malinovskaya, S. A., in preparation
(2023).

Pachniak, E., & Malinovskaya, S. A. (2021). Creation of
quantum entangled states of Rydberg atoms via chirped adi-
abatic passage. Scientific Reports, 11(1), 1-9.

Press, W.H., Teukolsky, S.A., Vetterling, W.T., Flannery,
B.P. (2001). Numerical Recipes in Fortran 77. Cambridge
University Press, Cambridge.

Latypov, A. F., & Nikulichev, Y. V. (2007). Numerical meth-
ods based on multipoint Hermite interpolating polynomials
for solving the Cauchy problem for stiff systems of ordinary
differential equations. Computational Mathematics and
Mathematical Physics, 47(2), 227-237.

Gallagher, T. F. (2005). Rydberg Atoms Cambridge Univ.
Feichtner, J. D., Gallagher, J. H., & Mizushima, M. (1967).
Lifetime of the First Excited Atomic States of Rb 87. Phys-
ical Review, 164(1), 44.

Beterov, L. 1., Tretyakov, D. B., Entin, V. M., Yakshina, E.
A., Ryabtsev, L. 1., MacCormick, C., & Bergamini, S. (2011).
Deterministic single-atom excitation via adiabatic passage
and Rydberg blockade. Physical Review A, 84(2), 023413.

Copyright: ©2022 Svetlana A. Malinovskaya, et al. This is an open-
access article distributed under the terms of the Creative Commons
Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original author and source
are credited.

Adv Theo Comp Phy, 2022

www.opastonline.com

Volume S | Issue 3 | 484


https://arxiv.org/pdf/1102.5223.pdf
https://doi.org/10.1103/PhysRev.164.44
https://www.sciencegate.app/app/redirect#aHR0cHM6Ly9keC5kb2kub3JnLzEwLjExMzQvczA5NjU1NDI1MDcwMjAwNzg=
https://www.nature.com/articles/s41598-021-92325-6
https://arxiv.org/pdf/1503.07512.pdf;
https://www.nature.com/articles/srep36737
https://doi.org/10.1088/0256-307X/29/7/070305
https://arxiv.org/pdf/1905.05721.pdf
https://doi.org/10.1088/0256-307X/23/2/005
https://arxiv.org/pdf/quant-ph/0601127.pdf
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.62.062314
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.86.910
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.63.020303
https://www.physics.drexel.edu/~bob/PHYS518_08/AJP_58_1131.pdf

