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Abstract

The functional equation of real variable that Riemann used in his paper was subjected to elementary operations. And [
obtained a lot of complex functional equations that the Riemann zeta function follows respectively. Here, functional equation
transformations were the main methods for obtaining the complex functional equations. Half of those are equivalent to the
complete symmetric functional equation that the Riemann Xi function follows, and one of those has an origin symmetry with
correction terms. From the origin symmetric functional equation including correction terms, the representation containing
the leading term of the zeta function for any complex number was obtained. And the Riemann hypothesis was proved by
applying reduction to absurdity. Moreover the general representation containing the leading term of the zeta function for any
odd number of 3 or more was also obtained.

By suitably combining those functional equations, I observed a new explicit formula for the zeta function.

The Riemann hypothesis was again proven using the deductive method. And two types of general representations for the zeta
function for any odd number of either 3 or 7, or more, were also obtained from the explicit formula. In total, three types of
general representations for the zeta function for any odd number of either 3 or 7, or more, were discovered.

Conversely, I defined a new function, named the Chi function, for the left side of the origin symmetric functional equation that
includes corrective terms. The Chi function is similar to the Riemann Xi function and exhibits origin symmetry. Furthermore,
1 defined a new function, the eta function, which is similar to the zeta function. The eta function's pole and trivial zeros are the
same as those of the zeta function. Furthermore, the Chi and eta functions have the same non-trivial zeros on the imaginary
axis. And I proposed a generalized Riemann hypothesis for the eta function that states that all non-trivial zeros lie on the
imaginary axis. Since I was able to discover the explicit formula for the eta function, the deductive method was used to prove
the generalized Riemann hypothesis for the eta function.

As you know, there are different types of transformations between the prime numbers and the non-trivial zeros of the zeta
function. I discovered that there are comparable transformations between the prime numbers and the non-trivial zeros of the
eta function. Based on the results of numerical experiments, I proposed some conjectures referring to relationships between
the prime numbers and non-trivial zeros of the eta function.

So, let's take a journey to the sister planets Zeta and Eta. The author is only a guide who invites you there.

1. Introduction 4. T discovered the new functional equation that the Riemann

When considering the representations for the Riemann zeta
function { (S) for any odd number of 3 or more, especially
(3), £ (5), and C (7), a lot of series representations are known.
Conversely, each representation for the Riemann zeta function
for any odd number of 9 or more, which gives 1 as remainder
when divided by 4 (even any series representation) is unknown.
This situation seems to be quite similar to the situation at the end
era when the Fermat’s last theorem was once called the Fermat’s
conjecture. This was my impression when I first started research.
The initial research motive was to obtain a unified representation
for the Riemann zeta function for any odd number of 3 or more,
excluding the classification of remainders when divided by

zeta function follows using a technique of functional equation
transformation, which is newly devised in my research process.
This resulted in the unified representation, which does not require
classification for any odd number of 3 or more. After solving the
initial research problem and three years later, I observed that
the newly discovered functional equation has origin symmetry,
including correction terms, when the domain of definition is
expanded to the whole complex plane. Moreover, I had a flash
of inspiration that the Riemann hypothesis would be solved by
creating simultaneous equations consisting of the complete and
the origin symmetric functional equations with correction terms.
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Here, the complete symmetric functional equation that the Riemann zeta function follows is shown

(1.1)

3T (g) ¢(9) = 2T <1 ; 5

><(15), S € C\{0,1}.

Riemann used the following functional equation derived from the transformation formula (automorphic) for the theta function to

show the complete symmetric functional equation:

(1.2)

n=1

Following Riemann, I approached the Riemann hypothesis
using the functional equation (1.2) as a starting point [1, 2].” In
this article, I assumed that the complex variable of the Riemann
zeta function was 6, excluded referring to pioneering research
results. In addition, when both sides are infinite at the same time
and the equality is established, as in functional equation (1.1),
to show poles explicitly for other functional equations as well,
the condition is excluded from the conditions for the equality to
be established. Preliminary knowledge is described in Section

(2.1)

o0

2
E 67rn:v i E e w
n=1

22 1 1
§ —mn x § -
€ + 5 E ( €
n=1 n=1

), x > 0.

3, and additional knowledge is described in Section 19 as a
supporting information, with the results used in Section 4 and
after if necessary.

2. Preparations

I develop arguments by assuming that the theta function’s
functional equation derived from the transformation formula
(automorphic) is known. Substituting x with x? for the positive
continuous variable x,

7\'71,2 1
22 4 — > 0.
+ 5 T

By multiplying both sides by x, the following functional equation is obtained:

(2.2)

9]
2.2

§ re T E + 2

n=1

0
=2
n=1

2 1
22 -
+ %

x> 0.

Both sides of the functional equation (2.2) can be differentiated infinitely many times, indicating that the functional equation (2.2)
belongs to the C~ class. Although it is equivalent to the functional equation (2.2), the following functional equation is constructed

as a means to find truth:

(2.3)

- (1 +2 i e—”mz’”2> / (1 +2 f: e s
m=1 m=1

2
, z>0.

For convenience, I define the denominator of the right side of the functional equation (2.3) as the function W (x).

(2.4)

(o)
x) :=1—|—226_
m=1

7\'7712
<2 x> 0.

The functional equation of first-order differentiation is obtained by differentiating both sides of the functional equation (2.2) by x.

(25) —‘n-nzxz

00 0o
2.2

E:e ™ T —27T§:n2$6‘2€

n=1 n=1

1 2 > n2 7#7122
TREwY 5o
n=1

z > 0.

Differentiation of both sides of the functional equation (2.5) by x provides the following functional equation of second-order

differentiation:

(2.6) 1? (2) =

Where

(2 (z)

r® (2)

, x>0.

—|— ;) = QW; (—3n2m + 27m4x3) e~

xn2

—3nlz 4+ 27m4:1:_6) e 2,
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The order of differentiation is indicated by the numeral in the right-shoulder parentheses.

I decide that the functional equation (2.6) is called the second-order I type functional equation. Suffix r means
”real.” This rule will be followed in the future.

Formally, the functional equation of the second-order I type is

27 lig) () = rpg (x), 2>0.
Where
l[2] ( ) = l(2) =27 Z 3n2$ —+ 27-[-”41‘3) 6—71"'7,21'2.
n=1
7rn2
rig) (x) = T(2) Z 3n2x74 + 27m4x76) e a7,

The numeral in the suffix [*] shows the order of the functional equation. The right side of the second-order I type functional
equation is considered to be as follows:

2

— 1 s
(2.8) rg (x) = 27 Z — x (=3n’z7% 4+ 2mnta0) e N7,
—

The functional equation’s relation (2.3) is introduced into the second-order I type functional equation, and both sides are multiplied
by W (x) to obtain the following functional equation:

(2.9) ajg) (z) + fiz) () = by (@) + g (), = > 0.
Where

ajg) (x) = 27 Z 3n2x + 27rn4x3) e~

x) =2m Z Z (—6nz + 4mn'z?) eiﬂ(n%u%ﬁ).
n=1m=1

7\'71.2

by (2) = 27 Z (=3n22 7% + 2mnta0) e W
n=1

9[2] =

ﬁMg

> 2
Z 6n2x_3 + 47m4x_5) e_ﬂ<m2x2+%).
m:

I decide that the functional equation (2.9) is called the second-order II; type functional equation.
Differentiation of both sides of the functional equation (2.6) by x provides the following third-order differentiation functional
equation:

dzx

(2.10) 19 (z) =r® (z), z>0.
Where
d
1) (z) := . —1@ (z) = 2n Z (=3n® + 127n'2? — 4nnfz?) e
d 7'|"Vl2
r® (z) = —r® (z) =2n Z (12n227° — 18mn's ™" + 4nnSz %) e™ 7.
n=1

To obtain the following third-order I type functional equation, multiply both sides of the functional equation (2.10) with x:
(2.11) l[g] (x) = (3] (), =>0.
Where

2.2
(—3n2x + 12mntad — 47r2n6m5) e ™

M8

lig) () := 2l® (z) =27

Il
-

n

Tn

(12n2x_4 —18mniz 5 4+ 47r2n6x_8) e 22 .

hE

3 () = or® (z) = 2

n=1

The functional equation’s relation (2.3) is introduced into the third-order I; type functional equation, and both sides are multiplied
by W (x) to obtain the following functional equation:
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(2.12) ajg) (x) + fi3) () = byg) () + gz (x), = > 0.
Where

agg () =20 Y (=3nz + 12mnta® — 4n?nSa®) e

m2
fiay (z) = 2m Z Z (—6nz + 24mn*z® — 87na”) 67”(”%2*?).
b[S] (x) =27 Z (127129973 — 187tz =5 4+ 47T2n6x*7) 67%22.

g3 (z) = Z (24n*z =% — 36mn*2z~" + 87%nla7) e_”<m2”2+;*§).

I decide that the functional equation (2.12) is called the third-order II; type functional equation. The differentiation of both sides of
functional equation (2.10) by x provides the fourth-order differentiation functional equation:

(2.13) 1D (z)=rW (), z>0.
Where
d o0
S (x) := 1(3) (x) =2m Z (307m4x — 4072n823 + 873n8 5) e T?
n=1
d
r® (z) = o r®) (z) =27 Z (—60n%z~% + 150mns ™8 — 727?02 10 4 8a¥nlr 1) e N

Both sides of the functional equation (2.13) are multiplied by x? and both sides of the third-order I; type functional equation are
added to each other to obtain the following fourth-order I type functional equation:

(2.14) U4 (x) = T14] (), =>0.

Where
Iy () := 221 (z) + lig) = 2m Z (—3n2z + 42mn'a® — 447°n02° + 873nB2") e

s 2
) (2) = 22r® (z) + T[3) = 27 Z (—487121‘74 +1327ntz 8 — 687208278 + 87r3n8x710) e =7,

The functional equation’s relation (2.3) is introduced into the fourth-order I; type functional equation, and both sides are multiplied
by W (x) to obtain the following functional equation:

(2.15) ajy (x) + f[4] (x) = b[4] (z) + 9[4] (), =>0.
Where
> 2,2
ap) (x) =27 Z (=3n’z + 42mn'z® — 447%n02° 4+ 87nBa) e .
n=1
oo 0 2.2 m?2
fray (@) =27 Z Z (—6nz + 84mn*z® — 887?nS2® + 167°n®2") eiﬂ(n ’ +72).
n=1m=1

o0 7‘..,L2
b (v) =27 Z (—48n%z? + 132rn*2 ™" — 6872 nSz ™7 + 8rPnlr ) e V7.

o0 o0 'n2
94 () =2m Z Z (=96n%z? + 264mn*z " — 1367°nSz~" + 167°n®2?) e_ﬂ(m2x2+ﬁ).

I decide that the functional equation (2.15) is called the fourth-order Il type functional equation.

Differentiation of both sides of the functional equation (2.13) by x provides the following fifth-order differentiation functional
equation:
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(2.16) 19) (z) =r® (z), z>0.
Where

d 30mn? — 1807%nS2? 2 2
5 4 —mn x
) )(x) das i ) Z ( + 120308zt — 16740028 ¢ ’

00 2 —7 4_.—9 2 6 —11
T dr — — 240730821 4 16710102710 '

Both sides of the functional equation (2.16) are multiplied by x* and both sides of the fourth-order I type functional equation are
added to each other to obtain the following fifth-order I; type functional equation:

(2.17) 1[5] ((t) = T[5] (:C) , x>0.
Where
—3n’z + 72rnta® — 2247200820 2.2
I = a310) (2) + 1y =2 —mntet,
5] (z) == (z) = =7 Z + 128730827 — 167*n10°

312n2%z 4 — 11887n*z =% + 95272nS2 8 n?
_..3,.(5 _ _zmn?
T[5]( z)i=w r! )( +T QWZ ( — 23213082710 4+ 1670102712 o

The functional equation’s relation (2.3) is introduced into the fifth-order I; type functional equation, and both sides are multiplied
by W (x) to obtain the following functional equation:

(2.18) ags) () + fis) () = bps) () + g5) (), > 0.
Where
_y Z — 3n%z 4+ 72t — 22472054 22
a =27 .
ol + 128730827 — 167401020
— 6n’z + 144mnta® — 44871'2 645 - (n2$2+mi)
=27 2 ),
fo (@ Z Z ( + 2567° %0 — 327*n 02
n=1m=1
31202273 — 11887nta~° + 952120827
bis) (z) = QWZ 4,10, —11 e =
— 232308279 + 167n

gis) ( —27TZ Z

n=1m=1

624n2x =2 — 2376mntz~° + 1904720527 —n(mPa?42)
— 4647308279 + 3274010 o

I decide that the functional equation (2.18) is called the fifth-order II; type functional equation.
3 Preliminary Knowledge
3.1 The Gamma Function I' (Z)

The gamma function I" (Z) is an absolutely convergent function under the condition of Re (2) > 0 [3].”
The following equation provides its definition:

(3.1) r(Z):= /OOOxZ1ezdx, Re (Z) > 0.

The formula can be used to calculate the value of the gamma function for any positive integer.

(3.2) F'n)=mn-1)!, neN.
The two formulae can be used to calculate value of the gamma function for any positive half-integer.
1
(3.3) r (2) =/
2 1 2n — 1N
(3.4) F("; ):(n2n) VT en.
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Table shows the values for the gamma function for positive half-integers

n 0 1 2 3 4 5 6 7 8
2nt1 1| 3 5 7 9 11 13 15 17
2 2 2 2 2 2 2 2 2 2
T (2n+1) JT V7 | 3@ | 15v/@ | 105¢/7@ | 945¢/7 | 103957 | 1351357 | 2027025./7
2 2 4 3 16 32 64 128 256
Table. 3.1

Analytic continuation extends the domain of definition of the gamma function I' (Z) to the whole complex plane. The gamma
function has simple poles at Z=0,-1,-2, - - -, i.e.,

1
3.5 — =0 N.
(3:5) Ta-n "€
Residue of the gamma function at Z = 0 is shown as follows:
(3.6) Res (0;T'(2)) = 1.
Residue of the gamma function at Z = —n is shown as follows:
—-1\"
(3.7) Res (—n;T'(2)) = u, n € N.
n

Except for the poles, the gamma function is regular in the whole complex plane.
In the entire complex plane, the gamma function has no zero, i.e.,

(3.8) I'(Z)#0, ZeC.

The value of the gamma function for any negative half-integer can be obtained by the formula.

(3.9) r <2”2_ 1> - (1)”(22;_\/71?)”, neN.

Table shows the values for the gamma function for negative half-integers

n 1 2 3 4 5 6 7 8 9
_ 2n—1 _1 _3 _5 _T _9 _ 11 _ 13 _ 15 _ 17
2 2 2 2 2 2 2 2 2 2
T (_ 2n—1) W aym | 8w | 16vm | _32y7 | 6aym | 1287 | 256ym | 5l2ymW
2 3 15 105 045 10395 135135 | 2027025 34459425
Table. 3.2

The difference formula for the gamma function is shown as follows:

(3.10) rqi+2)=21r(2), ZeC\{-1,-2,-3,---}.
The reciprocal formula for the gamma function is shown as follows:

(3.11) T(Z2)T(1-2) Z € C\Z.

i
sin(nZ)’
3.2 The Riemann Zeta Function £ (S)

The Riemann zeta function ¢ (S) is an absolutely convergent function under the condition of Re (S) > 1 ”[3].”
Its definition is provided by the following equation, and it has the Euler product representation:

=1 _g\—1

(3.12) C(8)=> =TI (-p) ", Re(®)>1.
n=1 p:prim

In this case, the product of the right side crosses all prime numbers.

The Bernoulli numbers B,, are provided by the following equation of definition:

o0

:L,’I’L
(3.13) = Bp—p, |af <2

et —1

n=0
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Table shows the values for the Bernoulli numbers B,,

k 0 1 2 3 4 5 6 7 8 9 10
Bow. 1 1 1| 1 1| 5 | 691 | 7 | 3617 | 43867 | _ 174611
2k 6 30 | 12 30 | 66 2730 | 6 510 798 330
Bkt —% 0 0 0 0 0 0 0 0 0 0
Table. 3.3

The formula can be used to calculate the exact value of the Riemann zeta function for any even number of 2 or more.

(71)n71 22n717r2nB2n
(2n)!

(3.14) , neN.

¢(2n) =

Table shows the exact values for the Riemann zeta function for even numbers of 2 or more

n 1 2 3 4 5 6 7 8
2n 2 4 6 8 10 12 14 16
2 xt i 8 rt0 691 712 274 3617 w6
¢ (2n) 6| 90 | 945 | 9450 | 93555 638512875 18243225 325641566250
Table. 3.4

In 1979, R. Apery proved that {'(3) is an irrational number using the following series representation ’[4]”:

<(3)2§1%-

The following series representation for { (5) is adopted from Ramanujan’s note book ’[4, 5]

(3.15)

T T2 & 1 2 & 1
3.16 B N - cN -
( ) ¢(5) 294 35 nZ::l nd(e2m —1) 35 n; nd (e2mn 4 1)

The following series representations for ' (3) and { (7) are adopted from Ramanujan’s note book, too:

7’ = 1 1977 > 1
3.17 ) P | S S | § W | S
(8:17) ¢B)= 15 ;nS(e%n—l)’ <) = 36700 ;nwemq)’ e

By analytic continuation, the domain of definition of the Riemann zeta function { (S) is expanded to the whole complex plane.
The Riemann zeta function ¢ (S) has only a single simple pole at S =1, i.e.,

1
¢(1)

The Riemann zeta function is regular in the whole complex plane except the pole.
The residue of the Riemann zeta function at S =1 is as follows:

(3.18) =0.

(3.19) Res (1;¢(9)) = 1.

The value of the Riemann zeta function at S = 0 is shown as follows:

(3.20)

The Riemann zeta function has trivial zeros for any even number of —2 or less, i.e.,

(3.21) ¢(-2n)=0, neN.

The value of the Riemann zeta function for any odd number of —1 or less can be obtained using the formul

BZn

, e N.
2n "

(3.22) C(1—2n)=

] Electrical Electron Eng, 2024 Volume 3 | Issue 1 | 7



Table shows the exact values for the Riemann zeta function for odd numbers of —1 or less

n 1 2 3 4 5 6 7 8 9
1—2n -1 -3 -5 —7 -9 —11 —13 | —15 —17
1 1 1 1 1 691 1 3617 43867
¢ (1 — 2”) T 12 | 120 | T 252 | 240 | ~ 132 | 32760 | ~ 12 | 8160 | ~ 14364
Table. 3.5

3.3 The Riemann Xi Function & (S)
The Riemann Xi function ¢ (S) is defined as follows:

SS-1) __sp (S

(3.23) £(8) =% 2) c(S), Sec.

The Riemann Xi function’s functional equation exhibits point symmetry, which at S = 1/2.
(3.24) £ES8)=¢1-95), secC.

The complete symmetric functional equation, of course, has the same symmetry.
The value of the Riemann Xi function at S=0 is shown as follows:

(3.25) £(0) = -.

The Riemann Xi function has an infinite product representation called the Hadamard product.

S
(3.26) £(S) =¢(0) II 1-=), Sec.
¢(p)=0 ( p)

p:non-trivial zero

In this case, the infinite product crosses all non-trivial zeros of the Riemann zeta function.
This infinite product is absolutely convergent.

3.4 The Riemann Hypothesis for the Riemann Zeta Function
It is well known that all non-trivial zeros of the Riemann zeta function lie in the domain called the critical strip, excluding both side
lines on the boundary.

(3.27) Critical strip ={S € C:0 < Re(S) < 1}.

The Riemann hypothesis asserts that all non-trivial zeros of the Riemann zeta function lie on the critical line.
(3.28) Critical line = {S € C: Re(S) = 1/2}.

In this article, the Riemann zeta function is hereafter abbreviated to the zeta function.

3.5 The modified Bessel Function of the Second kind K, ()
The modified Bessel function of the second kind K, (2) is defined as an independent solution of the following modified Bessel
differential equation ”’[3], [6]”:

(3.29) %'+ 2y — (22 + v} y=0, (v, Z€C).

K, (2) has a branch cut discontinuity in the complex z plane running from —oo to 0.
The origin symmetry concerning the index v is shown as follows:

(3.30) K, (Z)=K_,(2), (veC, ZeC\{0}).
The recurrence formula is shown as follows:

(3.31) gKM (Z) = v, (2) + gKH (Z), weC,ZeC\{0}).

The integral representation is shown as follows ’[7]”:
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(3.32) K, (Z2)== /OOO 2l 5 (a+1) dz, (veC,ZeC\{0}).

When the index v is not an integer, the modified Bessel function of the second kind is given by the following
equation using the modified Bessel function of the first kind, I, (Z):

(3.33) K, (Z) = Sm?mr) (I_,(2)-1,(2)), (veC\{£n:neN}, Ze C\{0}).

In this case, the function I, (Z) is given as follows:

00 (2Z)2M+u
(3.34) L(Z)=) AT G )’ (veC, ZecC\{0}).
p=0""

I, (2) has also a branch cut discontinuity in the complex z plane running from —co to 0.
When the index v is a positive integer, the function Ky (Z) is given as follows:

K, (Z) = lim K, (2)

v—n

_ (_1\nt1 0 g 1”71 _ l‘w g e
n+2u
g (5 conscam

Here, the Psi function ¢ (Z) is defined as the logarithmic differentiation of the gamma function, i.e.,

(3.36) V(2= [ g = 7 0BT ZECV0-1,-21)

The Psi function is an analytic function in the whole complex plane except at Z=0,—-1,-2, - - -
When Z is any integer of 2 or more,

1

(3.37) 1/)(n+1)——’y+zg,

k=1
WhenZ=1,
(3.38) P(1) =—v.
In this case, the constant y is called Euler’s constant, and its definition and approximate value are given as follows:

(-

(3.39) v = lim (; -~ log (n)> ~ 0.57721566490 .

When the index v = 0, the asymptotic formula for the function K() (x) is given as follows ”[8]":

1
(3.40) Ko (2) = (=7 +log (2) — log () + ; (1= +1log (2) — log () 22+ 0 ()", z>0.
The formula for the function Ky (Z) at the index v = 1/2 is given as follows:

™

_ -z
The formula for the function Ky (Z) at the index v for any positive half-integer is given as follows:
(3.42) Kais (Z) = | = e ™% f: (n+ k): (n €N, Z € C\{0})
. 2n41 =\ == —_—, R .
2 22 = El(n— k) (22)F
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Table shows the formulae for the function Ky (2) at the index v for half-integers

v K, (Z)

£} VB

£ VE (1+3)

£ VE (Lt 5+ ) e

£ | VE g+ R
£ [ VEO+ R+ BT

Table. 3.6
3.6 The Divisor Sigma Function o, (n)

When d is a divisor of any positive integer n, the sum of the divisor sigma function o, (n) runs all divisors, and the defining equation
of the divisor sigma function o, (n) is shown as follows:

(3.43) og (n) := Zde, (feC,neN).

d|n
When 6 = 0, the divisor sigma function is equivalent to the number of divisors function u (n).
(3.44) aMn)zleu(n), 6 eC.

d|n

When n = 1, the divisor sigma function takes the constant 1 independent of the complex variable 6.
(3.45) o_9(l)=1, #eC.

In the following discussions, «, b, and ¢ are assumed to be three different arbitrary prime numbers.
The magnitude correlation of a, b, and ¢ does not matter.

1
(3.46) 0*9(0'):1"‘679, 0 ecC.
1 1
1 1 1
(348) 0*9(a3)21+a7+ﬁ+ﬁ, 0 e C.
1 1 1 1 1
(a-b-c) 1+1+1+1+ L + ! 4 1 + 1
g_ a - «C) = R I _
(3.50) ’ a? b af b b gl gl bl St
. . . :
:<1+a(’>(1+b">(1+c9)’ 9 cC.
1 1 1 1 1
2 _
(3.51) o0t ) =1+ Gttt

1 1 1

When considering the product of two different giant prime numbers, there is a difficulty in factorizing the
product. In addition, the divisor sigma function oy (n) has the same difficulty.
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4. Functional Equation Transformation, Partl
I consider multiplying both sides of the second-order I; type functional equation by the kernel function

gle—ma’e” (z, > 0,0 €C)

to perform the improper integral on the open interval (0,00) and to provide the operation for taking the leftsided limit of a — +0.
To ensure the validity of the above series of operations, it is necessary to evaluate the convergence of the integral and the boundedness
of the limit value.

The operation for taking the left-sided limit is carried out at the proper stage of the calculation.

Moreover, the domain of definition is determined sequentially at appropriate stages.

The statements above also apply in Sections 5 and 8, except that the transformation sources are different.

The following are the operations of the functional equation transformation for the second-order I type functional equation:

«— M ° 0 77'.0[2(1:2
Lpg (9) = lim i Iy () 2’ dx
(4.1)
2 2 2
=27 lim Z 3n2x9+1 +27Tn4x9+3) e—ﬂ'(n +a?)z de.
a——+0
Py— 3 ° 9 77TOé2I2
R[Q] (0) = alinJ}O o 7’[2] (:U) xre dx
(4.2) I L
=27 lim Z (_37121;9*4 + 27rn4x9*6) efﬂ(z—zjta b )dx.
a——+0 0o =

For the integral of Ly (), I perform the variable transformation

0+1

2
oo OO - 3712 <ﬂ_ (n2y+ a2)) 1 1 %
. _ _1

a=t0 Jo A= o5 n? + o2
4.3 n= oif Y
43 e (W(n2+a2)>
0 3+l 0 = 1 5+2 0
=772 |i 3 - 31l e~
-7 alimo 32 <n2+a2> Y +2n§::1n (n2+a2> Y e dy.

Using the left-sided limit of the positive real variable a,

=1
Ly (0 *g/ an 3y2+2y2“)e Ydy
=1

n

» o, _ 0 041 _y
= 22—9 y2e Ydy + 2 y2 e Ydy | .
0

(4.4)

Because the sum is irrelevant to the integrals, the sum is shifted outside.
Now, the condition Re (8) > 1 can be added to the above result because it is a convergent function under the
condition.

0 o= 1 0 0
4. =72 E — =30 (1+ = r — 1.
(4.5) L[Q](g) T2 oy ( 3 ( +2)+2 (2+2)>, Re (0) >
Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma functions.

Rl SEHORAROEE)

<(9).Z(91)r<§>, 6 cC.

(4.6)

=T

[VIEY
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Therefore,

(4.7) Lig (0) = @f%r (‘)) ¢, becC.

The function Ly (6) is a convergent function in the whole complex plane.
For the integral of R (f), I perform the variable transformation z = y L.

1\ 4 1\0-6 (wty2e22)
_ 2 af 1 —m(n’y’+ey) o
Ryg) (0) =27 alg{lro Z ( < ) +2mn <y> ) e y~ “dy

— 27 lim Z(* 220 | grntyt=0) o (VY 5) gy
n=1

(4.8)
a—+0 0

Assuming that the integral and the sum can be interchanged, for the integrals of Ry (6), I perform the variable
transformation
ar\ 3
= ()"
n

[

oco O 4-6 1
—or 1i S (—an? aw) (aw) _ﬂna(ﬁ)}(g)a -
Ry (0) 27rali>r51_0 ; n_l( 3n (n +27m - e 50 @ Zdx
(o)
(4.9) oo -3 %/ xsge_le_%%(w"'%)dl'
_ } : 0
2ﬂ-ayglo(y : —

1 > - 7rno¢
+2(7m04)~§/ 2% e M () 4y
0

The integrals can be written using the modified Bessel functions of the second kind.

(4.10) Rjg) (0) = 2m lim o N

oy (—3 Ko (2mna) + 2 (mna) Koo (27m0¢)) .

HM8

Because any modified Bessel function of the second kind of the sum converges absolutely, the assumed exchange is justified.
The recurrence formula for the modified Bessel function of the second kind is applied twice.

3—0
Rg) (0) = 27 ligl-oa 2 Zn 3 (—3 Ks s (2mna) + 2 (2 Kse (2mna) + (7ma)K¥ (27ma))>

=2 lim a7 Zn h ( 7T7’7,06)K3 o (21na) + 2(7na)’ Kis (27rna))

a—+0
4.11 L0k (27na)
—— Ki-0 (2mna
(4.11) =2 lim a2 Zn - 2 E +2(mna)? Kis (2mna)
a0 + (mna) K- (2mna) ?
0(6—-1) K% (2mna)
— =5t —2(ma) 0K 2mno
allgls-oa E Zn 2 ( ) %9( )

+ 4(mna)? Kio (2mna)

For convenience, I separate the result of equation (4.11) into three parts adding the condition Re (6) < 0.

(4.12) Cpy—1(0) =0 (0 - 1) alinioa B Zn ), Re(#) <0.

(4.13) Croj—2 (0) == 7290611{20@ 2 Zn 5" (mna) K1+9 (2mna), Re(#) <O.
—146

(4.14) Clg—3 (0) : —4ali>r51_0a 2 nzln 7 (mna)’ Kais _o (2mna), Re () <0.
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Additionally, when the complex variable 8 is not an odd number of —1 or less, the modified Bessel function of the second kind is
given by the modified Bessel functions of the first kind. For the first part,

. 1-6 —1+46
Clg—1 (6) =0(0 = 1) lim o ;ln = Ko (2mna)
. 1-6 > —146 ™
=6(6—1) lim a'F ;n— 2o (07 (1,1;9 (2mna) — Too (27ma))
00— I 10 = S > (7moz)2”+_12+8 > (ﬂ'na)Q‘H'l%B
= e (52 o0 T 22"\ T G T 1) 2 T a4 1)
2 n=1 pn=0 " 2 pn=0 " 2
[e%S) 0 2 00 2u+1—6
= MW‘¥ lim an?—l (rna)™ _ Z (rna)® " >
(4.15) 2sin (450m) - emi0im T (pt 52+ 1) T (et 52 +1)
(mna)’
N1 /1 1-0)\
orr (1 —45%)
) o0 2u+2
00 —-1V)r _10 1 (mna)
= —_— 1 + ,
osin (5ln) ainio;nl—e ;(uﬂ)!r(ml—;ul)
(ﬂ_na)Q,qulfa

/L=OH!F(M+1;29+1)
(Re(f) < 0,0 e C\{1—2p:peN}).

Now, using the following fact for calculation:

1 =0,neN),
(4.16) lim (mna)’ = (8 nel)
a—+0 0 (Re(B) >0,neN).
Therefore
0(0—1) _1-0 ™ =
4.17) Cig_1 () = ———= 2 , <0,0eC\{1-2 eN
( ) [2] 1( ) 9 ™ SII’I(IQG’]’(’)F(l z:: ) \{ p:p })
By applying the reciprocal formula for the gamma function,
0(0—1) 10 (1-0\ = 1
(4.18) Cla—1 (0) = %w T <2> > =5 (Re(6) <0,0€C\{1-2p:peN}).

n=1

For the second part,

Cla—2 (0) = —29(111&0@ 2 Zn 7 (mna) K1+9 (2mna)

T
2 sin (12071')

o0
=20 lim a2 an?e (mna)

Jim (I_# (2mna) — Lo (27‘(”1104))

146

i (mne)® ==
. oo ZM!F(‘LL—H'F].)
(4.19) = 917_:9 lim o'z Zn 5 (mna) H=0 ? 1io
sin (15°7) a=+0 n=1 B i (mne)?* T2
T (p+ 52+ 1)
e S (S e S e
sin () a0 £ ni—? =ull (-2 +1) =T (4132 +1)

—0, (Re(f) <0,0eC\{1—2p:peN}).

For the third part,
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—146
Cla-3 (9)—40}551_004 2 Zln > (mna)’ Ki-e o (2mna)

™
= 4ali>120a 2 Zn 2 7rna m (I—l;re (277710{) — IIT—G (27T’I’LO£))

(mna)
g W T (p+ =52 4+ 1)

4.20 2 -
( ) :liﬂa lim o'z Zn 12+9 (mna) H=0 e
sm( a—+0 B i (mwé)thLT
2 - 1 i 2p+2 ) 24+3—6
T 1719 73 lim 1-0 Z (ﬂna)—ue - Z (e -6
sin (15°7) a0 ST (n+ =52+ 1) T (p+ 150+ 1)
=0, (Re(f#) <0,0eC\{1—-2p:peN}).
By combining the above results,
0(0—1) 10 [1-0\ = 1

n=1

When the complex variable 8 is any odd number of —1 or less, for the first part,

Crg—1 (1 = 2p) = (1 —2p) (—2p) lum+ a? » nTPK, (2mna)
—
n=1
()P, (27ma) log (mna)
p p—1)! 2u—p
o + = 7(7ma)
=2p(2p—1) lim o” Z n~? Z
a—+0 ot
Z ¢ M+p+ 1 ‘H/)(H+ 1)(7Tna)p+2“
(p+p)t !
o 2p+p
—1)P*t %log o
=) ;u!F(HpH) (mme)
-1
(422) _ ) P ]' p n— ]') 2u—p
=2p(2p—1) al_l)l& ! Zn —|—2 7(7ma)
Z ¢ ,u—l—p—|- 1 ‘H/’(AH' 1)(7Tna)p+2,u,
(p+ p)! !
-1
pz (_1)M (p — B 1)' (ﬂ_na)2u
Y ICT A R S I I B !
- o n2p
™ oo 4 (-1 p+1 Z 2log (mna) — ¢ (p+p+1) — ¢ (n+1) (ﬂ_na)Q;L-i-Qp
= I (p+p+1)
p(2p—1) pp—p—1)! 2
_70}320211%2 7(7ma)  peN.

Cro—1 (1 —2p) = p@r=1) lim Z 1 <(—1)0(p_1)'(ﬂ'no¢)0 + Z_: (—l)u(p_u_l)!(ﬂ'noz)%>

™ a—+0 n2p 0! u!
(4.23) n=t =t
P(2p—1) = 1
:TZW’ p € N\{1}.
n=1
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When the complex variable 6 is equal to —1,

I | p(L—p—1) op 1 m® m
(4.24) Cpp1 (—1) = ;alﬂoz — > (-1 T(m) = T=5
n=1 pn=0
For the result of equation (4.23), 1 is substituted directly for p.
pl(2p—1) o 1 RN
(4.25) TZ% =— 5=
n=1 p=1 n=1
This result is the same as the result of equation (4.24); hence, they can be combined.
p(2p—1) = 1
For the second part,
o0
(4.27) Cro—2 (1 —2p) = =2 (1 —2p) ali>n<|1»0 af Z:l n~? (mna)Ki_, 2mna), pe N
When the complex variable # is any odd number of —3 or less,
Clg—2(1—-2p)=2(2p—1) aligl-o aP Zl n~P (mna) K,y—1 (2mna)
n=
(—1)PI,_1 (27na) log (mna)
152 —p—2)! _
) + 5 (_1)H (p ‘U,' ) (7TTLOZ)2“ p+1
_ _ ; p -p !
=2@p-1) algﬂl-o @ Zl n" (mna) MTO .
n= — o0
—1)? 1 _
+ (-1) ¢(M+P)+1ﬁ('ﬂf )(ﬂ_na)p+2# 1
= -1y
e 2p4p—1
—1)? %log ™o
=1) ;::0 w! T (e +p) (mna)
2 > 182, up—p—2)!
— _ ; p -p - B RV 2p—p+1
2(2p—1) aligl-oa ;n (mna) +3 ;( ) i (mna)
—)Pt & 1 _
L&Y 3 Yptp)+o(p+ )(ma)pwﬂ 1
2 — p+p—1)u
pn=0
p—2
—pu—2)!
Z (—1)“ (p Z' ) (7m0¢)2”+2
2p— 1 — 1 | = ~
_ P ” limO Z % =0 -
& ot =1 p 2log (Wna) - (M + p) - (,u + 1) 2u+2p
EN : (rna)
= w! I (1 +p)
When the complex variable 8 is equal to —1,
Cpg—2 (=1) = =2(-1 alin}roa 1 n~! (mna) Ko (27na)
n=
(4.29) - 2 4
= - alggo Z - (mna) <(—'y —log (mna)) + = (1 — v — log (mna)) (2mna)” + O (2mna) )
=0.

Here, I used the asymptotic formula for the function Ko ().

For the third part,
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o0

Cr-s(1—2p) =4 lim a?) n7P(mna)’ K, (2mna)

a—+0 =
_1)ptt
(-1 1, (27ma) log (mna)
0 wp— /‘ —1)! 2u—p
=4 lim o®Y n P(mna)’ T3 Z (me)
a—-+0 ot
- 1) 1
Z Y (p+p+ +¢'(M+ )(Wna)pwu
= (p+p)t !
oo 2+p
(mna)™
(1Pt Z —————log (mna)
w0 =T (p+p+1)
: - o
1% -1 _
=4 linlooz” n~P(rna)’ + = 2 2 M(ﬂna)m P
a—
n=1
—1)? 1 1
L&D Z w(u+p+ )+¢'(u+ )(ma)pﬂu
,U,IO (p + NJ)‘ /u“
p—1
1)
Z( 1)# (p H ) ( na)2#+2

)
Z .
7Tp o/—>+0 —

. (—1)p+1 i 2log (mna) — Y (p+p+1) —v(u+1) (Wna)gﬁgpw

= pI(p+p+1)

=0, peN

For the right side of equation (4.21), (1 — 2p) is substituted directly for 6.

0(0—1) 1-0 (1-0\ = 1
P e (1) 5k

n=1

— (1 — 2]7) (*2[)) T PT (p) i 1

60=1—2p n=1

pl(2p—1) o= 1
SCED) S

P

(4.31)

n=1
This result is the same as the result of equation (4.26); hence, they can be combined.
00 —1) 120 [(1-0\ = 1
(4.32) Ryg (0) = — 7 = T () Z py Re(0) < 0.
n=1

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma functions.

(4.33) Ry (6) = wﬂ_¥F (1 -0

5 2>g(1—9), fcC.

The function Ry () is also a convergent function in the whole complex plane. Thus, the following equation
holds true:

(4.34) Ly (0) = Rz (0), 6 €C.
Therefore
(4.35) @w—%r (Z) ¢(0) = @w—%r (159) C(1-6), feccC.

I decide that functional equation (4.35) is called the second-order I. type functional equation. Suffix ¢ means
”complex.” This rule is also hereafter applicable.
It is equivalent to the functional equation that the Riemann Xi function follows.
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5. Functional Equation Transformation, Part2
The following are the operations of the functional equation transformation for the second-order II; type functional equation:

— >~ 0 —mals?
Ap) (0) == al;mﬂ) apg (x) x”e dx
(5.1) -
=27 hrr+1O Z 3n2m0+1 + 27Tn4x9+3) e—ﬂ'(n +a?)z da.
a—
= 6
T X
Flg (0) = aligl-o Jiz (z) 2% dx
(5.2) oo OO0 o0 (( + ) 2+L2)
:27Tali>r{1-0 ) Z Z( 62207 + drnt 9+3) n’+a ") du
n=1m=1
B[Q] (9) = allgl_o ; b[2] (.’E) 0 —ma‘x dx
(53) oo X —71'("’2-"-6%23:2)
=2m alig}o Z (—3n2x0_3 + 27Tn4x9_5) e oy d.
0 n=1
Gy (0) = tim [ gy ()2 ™ da
2= o 0 912
(5.4) s s , o
=2 lim >N (—6n22" 70 4 dwnta?P) o m((m+a?)e?viz) )
“ 0 n=1m=1

Immediately, the following obvious result is obtained:

(5.5) Apg (8) = Ly (6) = @w*%r (g) ¢, fecC.

For the integral of By (¢), I perform the variable transformation z = y~ L.

. 0 oo L/ 1 0-3 1 6-5 7W(n2y2+ﬁ) Ly
@) =2 i, [ 2 (<) et (5) )

(5.6) "
— ; = 2,1-0 43=0) —w(n2y2+ >)
=27 aligl-o ; ngzl ( 3ny + 2™y dy.

Assuming that the integral and the sum can be interchanged, for the integrals of B, (6), 1 perform the variable

transformation
ar\ 3
()
n

Bra (6) 72?0}320/ Z( 3” am) +27m (anx) g>e“m(w+i);(3);x§du’c

(5.7) -3 %/ ngle*%(”%)d:ﬂ
=27 li = 2 0
Waim+0a ZTL 1 o) ﬂ,1 2ﬂna(z+ )
+2(mna) - = rz le dx
0

The integrals can be written using the modified Bessel functions of the second kind.

246
(5.8) By (6) 727rali>r20a 7 Zn =5 <73K¥ (27na) + 2 (mna) Ko (27rna)).

Because any modified Bessel function of the second kind of the sum converges absolutely, the assumed exchange is justified.
The recurrence formula for the modified Bessel function of the second kind is applied twice.
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By (6) =27 lim o'z Zn > (—31{258 (2mna) + 2 (9 Kz o (2mna) + (mna) K_, (27ma))>

a—+0 2
o i 0 B 2
=2 alinioa 2 Zl n2 ( 0+ 1) (mna) Ko (2mna) + 2(mna) Ky (27rnoz)>
(5.9) 0
> --K 2
=2 lim a2 Z n? | - 0+1) 272 (2mna) + 2(mna)* Ko (2mna)
amto n=1 + (mna) K_ 210 (2mn0a) ?

= alln}ro a 2_:1 ne <0 (0 +1)Kg (2mna) — 2(0 + 1) (mna) Kz (27na) + 4(mna)’ |\ (27moz)> .

For convenience, I separate the result of equation (5.9) into three parts adding the condition Re (¢) <—1.

(5.10) Dig—1 (0) :=0(0+1) aligl-o a2 Z n> Ky (2mna), Re(f) < —1.

(5.11) Dig5(0) :=—2(0+1) lim a~% Z % (mna) Kzso (2mna), Re(f) < —1.
a—+0 — 2

(5.12) Dig—3 (0) = 4ahjﬁo a2 Z_: % (mna) Ky (2mna), Re(d) < —1.

Furthermore, when the complex variable 6 is not an even number of —2 or less, the modified Bessel function of the second kind is
provided using the modified Bessel functions of the first kind. For the first part,

Dig—1 (0) =0(0+1) lim « ZZnZ Ke (2mna)

a——+0
. R T
=0(0+1) alggoa 2 nz::nz m (I_% (2mna) — Iy (27ma))
0o 0o 2u—2¢ 0o 2u+¢
_ 0(?+01)7r lim a*%Zn% Z (mnao) i 2 72 (mna) i 2
2sin (57'() a——+0 ot =0 y,' T (‘LL -3 + ].) ppr ,LL' I (,u —+ 5 + ].)
00+1)T o . ~—= ¢ ( = (mna)? = (mna) )
= ——m2 lim n —
(5.13) 2 sin (gﬂ') a—>+0; #Z:Ou!F(u—g—i—l) ;M!F(u—i—g—kl)
Z (7rna)2“_9
T (p— g5 +1)
0O0+1)7T o . = 4 (mna)’
= — 7 g2 ] _ N 7
2sin () “Hﬂo,;n 0T (1+79)
B > (7moz)2“+2
S+ DIT (n+ 5 +2)
0(0+1) o 71' >
= <-1,0eC\{—2p: N}).
SR o ey DO LB C\(-2p:p e N))

By applying the reciprocal formula for the gamma function,

(5.14) Dpgj_1 (6) = @w%r (g) 3 ﬁ (Re(0) < —1, 0 € C\{—2p : p € N}).

For the second part,
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2] 2 ™
=-2(6+1) lim o 2 nz (Tno (I 2mno) — 1 2mno )
( )a—)+0 ot ( 2 sin (722971—) 7# ( ) # ( )
246 246
5.15 1 > > 2p—=5 2p+ =5
6.19) T ot Yt (na) (30 S e
sm( 5 71-) a—+0 = M:o“'r(ﬂ_ 5 —|—1) #:OM~F(M+ > —I—I)
0 1 ) [ee) 2u—6 [e'e] 2p+2
:77.( J;_Hzﬂ 72 lim Zne (Z ('7moz) 9 *Z ,(Wna) 6
sin (72 71-) a——+0 ot =0 ! r (‘Ll, — 5) =0 2 I (,u —+ 5 —+ 2)

=0, (Re(d)<-1,0eC\{-2p:peN}).

For the third part,

o i 0 2
Dig—3 (0) = 4algn+0a 2 Zn? (mna) Ky (2mna)

n=1
2} > 2] ™
—4 lim o~ %Y nt (1_g @rna) — 14 (27na))
Jim a nzz:ln (mna) s (27) s (2mna) 9 (2mna)
5.16 2 > o 2,u7% oo Ql_th
(5.16) L YD DUEIC ATVl | i i N L
sin (57'() a—+0 1 =0 [L' I (/1, — 3 =+ ].) =0 ,u' I (‘LL —+ 5 —+ ].)
00 00 2u—0+2 00 2pu+2
. 27; 4 lim 0 (mna) i B Z (mna) i
sin(g7) - emtorm s ISl (-5 +1) Sl (n+s+1)

=0, Re(d) <—1,0€C\{-2p:peN}).

By combining the above results,

oo

00+ 1) . 0 1 _
(5.17) By (0) = T?TQF (2> ,;1 oy (Re(0) < —1,0 e C\{-2p:pe N}).
When the complex variable 6 is any even number of —2 or less, for the first part,

(oo}
Dpj1(=2p) = (=2p) (=2p + 1) lim o Z:ln—f” K_; (2mna)

(5.18) = Cg-1 (1 - 2p)
P21 & 1
= g Z o P eN.
n=1

For the second part,

Dy (—2p) = —2(-2p+1) Olli)r{lHJ of Zl n~ P (mna) Ki_, (2mna)
n=

5.19
(519 = Cpg—2 (1 —2p)

=0, peN.

For the third part,

. _ 2
Dig—3(—2p) = 4(}520 aoP Zl n~P(2rna)” K_, (2mno)

5.20
( ) = C'[2]—3 (1-2p)

=0, peN.
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For the right side of equation (5.17), (—2p) is substituted directly for 6.

00+1) o [ 0\ 1 —2) (—=2p+1) _ =1
D

(5.21) ==2p

Cpl2p-1)
= zjln%, peN.
-

This result is the same as the result of equation (5.18), so one equation can be presented.

0O+1) o 0\ = 1
(5.22) Bpy () = ——5 T (—2> ; —3 Re(0) <-1.
Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma
functions.

(5.23) B[Q] (0) = @W%F (—g) ¢(—6), oeC.

The function B () is also a convergent function in the whole complex plane. And the following origin
symmetry holds:

(524) A[Q] (79) = B[2] (9) , 8eC.

Assuming that the integral and the double sum can be interchanged, for the integrals of Fjy (¢), I perform the
variable transformation

= —2— ) .
vn? + a?

Fig) ()
0+1
oo 0o 6n2<my ) ’ 1
P 5539 A BRNANCET LA P Y (TS LY
a0 e £~ o . my s 2 n2 + o?
+ 4’ | ———
(5.25) (=)

042

m 2 1 [ o T2 1
o2 LT v ),
= [ n( n2+a2> 2/0 vre B
044
2

0 m 1 & 0+2 2 2 1
+ 47m4< - y 2 e TmVnite (y+§)dy
vVn2 + o? 2 Jo

Using the left-sided limit of the positive real variable «,

S /m\E 1 [ . —mmn(y+1)
oo oo —6n (*> 'S yze YTy dy
0

(5.26)
—3. 1/ yezﬁile_%r;m(y"’_%)dy
0

ﬂlii(wmn) <%>% i 1

[e.e]
i b2 5 [yt e gy
0

The integrals can be written using the modified Bessel functions of the second kind.

m

(5.27) Fig (0) =4 i i (mmn) (g>% (—3 Kogo (2mmn) + 2 (rmn) Koga (27Tmn)) .

Because any modified Bessel function of the second kind of the double sum converges absolutely, the assumed
exchange is justified.
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The recurrence formula for the modified Bessel function of the second kind is applied twice.

Fiy 9)_422 Wmn)( ) ( 3Ky (27Tmn)+2<0;—2K9+2 (27mn) + (wmn) K (27Tmn)>>

n=1m=1
[}

=4 i i (m) : ((9 — 1) (mmn) Kot (2mmn) + Q(Wmn)QK% (27Tmn))

n

0-1) (Z Ky (2mmn) + (xmn) Ko_s (27Tmn)>

—

33

~—
NI

+ 2(wmn)” Ky (2mmn)

: (6 -1 K, (2rmn) 4+ (0 — 1) (2rmn) |\ (2mrmn) + (27rmn)2Kg (2ﬂ'mn)) .

/N

3|3

SN—
|

For the integral of Gy (0), I perform the variable transformation 2 = y~ L

0 o© oo 0—3 1 0—5 7‘n_<m2+azjan 2)
G (9) = 2m lim ZZ( (> +47rn4<y) )e ) () dy

(5.29) n=1m=1

0o 00 00

=27 lim Z Z (—6n2y + 4ty ‘9) (n Y +u)dy.

o t0 0 p=1m=1

Assuming that the integral and the double sum can be interchanged, for the integrals of G|y (0), I perform the

variable transformation .
_ (x/m2 +0¢2x> ?

n

1-0
6 2<\/m2+a2x> :
_ep2 M L
oo 00 [e%e) n /12 2 1
=27 lim Z Z/ emm2+0‘2”($+i);(m+a> " 2dx

3—0 n

n=1m=1"0 +4ﬂn4<\/m2+a2x> :

(5.30) n

T
2

n
= 27.[_0‘11)1/51»02_:1 z—:l 5 - % -
o +4m4<m> .1/ 223 e mVmPaZn(a+1) 4
0

—6n? <V m? + 0‘2> A /Oo -4 - VATFGT n(a+ 1) 4
0

Xz
n

Using the left-sided limit of the positive real variable «,

2-0 0o
oo [—o(m) L [t
0

G () =20 " S

o
m 2-6 1
n=1m=1 +471'714(f) 2 .7/ T2 e—wmn(z-‘r;)dx
0

(5.31) n 12 )
oo oo 0 _35/ 1'2%9_16 QWmn(er )d]}
_ 2 0
=132 3 (o) () P
n=1m=1 +2(Wmn).§/ 2T (e ) gy
0

The integrals can be written using the modified Bessel functions of the second kind.
o0 o0 _g
(5.32) G (0) = Z Z Tmn ( ) <—3 K¥ (2mrmn) + 2 (7mn) KAL;J (27Tmn)) .

Because any modified Bessel function of the second kind of the double sum converges absolutely, the assumed
exchange is justified.
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The recurrence formula for the modified Bessel function of the second kind is applied twice.

o [ 3Kz (2mmn)

G (0) = 4§: i (wmn) (%) +2 ( 0 )

o —5 Koo (2rmn) 4 (rmn) K_g (2rmn)
=4 i i (%) o (— 0+ 1) (mmn) K¥ (2rmn) + 2(7mn)? I\ (Zwmn))
(5.33) netme ;
_ 4i i (%)—g —(0+1) <—2 K_, (2rmn) + (7rmn) K2J592(27Tmn))
n=1m=1 + 2(mmn) Ky (2rmn)
—9 i i (%) o (a (0+1) Ky (2mmn) — (0 + 1) (2mmn) Ko (2mmn) + (27mn)* K (27Tmn)) .

The following origin symmetry holds:

(5.34) Fig) (£0) = G[2) (F0) . (the double sign is in same order)

Now, I define the set of lattice points on the hyperbola xy = p in the first quadrant as follows:
(5.35) Ay ={(m, n):m, neN, mn=p}.

From the definition,

(5.36) i i (%)

oo 00 6 00 00
(5.37) Z ( ) Z 3 (%) =SS 't =S o sk, veC.
n=1m= p=1(m,n)€A, p=1(m,n)eA, p=1

3 XY (F) X T (F) =X X mi=Yeaonh e

n=1m=1 p=1(m,n)EA, p=1(m,n)eA,

The left sides of equations (5.36) and (5.37) are equivalent due to axial symmetry between the points (m, n)
and (n, m).
And I obtain the following formula with the origin symmetry for the complex variable 6:

9
2

(5.39) o_o(p)p? =0 (p)p %, (peN,0eC).

From equations (5.28) and (5.37),

(5.40) Fo (0) =2 0o () p? ((-0(1—0) + 27p)*) Ky (2mp) — (1 - 0) (27p) Ko (27p))

From equations (5.33) and (5.38),
(5.41) Gy (0) =2 oo (p)pt ((6(1+0)+ (270)°) Ky (27p) — (1+0) (27p) Kage (27p) ) -

The same term appears on the right sides of equations (5.40) and (5.41). I define the following equations to
reduce it:

(5.42) Fla) (6) := Fiy (6 7220 0 (p)p? (27p)* Ko (2p).
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(5.43) Gl (0) = Gy (0) =2 04 (p) p* (27p)* Ky (27p).

Therefore,
(5.44) Fioy () = 1—9)20 o (p) %(9Kg (27p) + (27p) Ko (27Tp)).
(5.45) Gy (0) = —2(1+0) Za o (p) %(_ Ky (27p) + (27p) Kago (27Tp)).

p=1

For the right side of equation (5.44), the recurrence formula for the modified Bessel function of the second kind
is applied.

F[Q] 0)=-2(1- ZO’ o (p)p? <9K9 (2mp) + 2 <g K_y (2mp) + (mp) K_ 240 (27Tp)>>
(5.46)
=-2(1-90) Z 0 () p? (27p) Kaso (27p).

By changing to the integral representation,

. 1 [ 2 2mp
(5.47) Flp (0) = Za o () p? (27p) - 3 / 2 5 1= B (e15) dy.
0

For the integral of F[Q] (0), I perform the variable transformation

_y
r = —.
p
9 2
o L\ - () 2y
F (6) (1-6 p? (27mp) - = e )2
21 (9) ZU 0 (2mp) - 2/0 wp) ‘ Y
(5.48) »

1\ 2 [ (2 )2
1—0)20 o (p) D% (27p) - <p> / y' e (y+ v >dy-
0

Therefore,

) oo (20 m)?
5.49 FQ 0)=4(0—1)7" 2 o_p 0+1e <y+ v? >d .

2] p Y Y
p=1 0

For the right side of equation (5.45), I change to the integral representations.
oo
-6 1/ 25 lem B2 e+ ) gy
2 Jo

L[ 20 _2mp(yy1)
+(27rp)-§ T e 2 »)dx
0

wkb

(5.50) G () = —2(1+90) Zo p

For the integrals of G[Q] (9), I perform the variable transformation

[SIES)

(5.51) G (0)=—=2(1+6)> o 4(p)p

6—2
oo 2\ = _ (.2, =pn)?
,Q.l/ v e (y+“~‘2 )2—ydy
2 Jo ™ p
1 H 2
2
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Therefore,
. >0 o0 (21 &2 oo (2 E2)?
(5.52) G[2] 0)=2(6+1) ﬂig Z(T_g (p) (9/ yefle (y M )dy — 2/ y9+le (y M )dy) .
p=1 0 0

The following equations are defined to evaluate the absolute convergence of the functions F} 2] (0) and G[Q] (0):

(xp)?

o0 o] (.2
(5.53) St (9) := Zo,g (p) / y iR, <y G )dy. (the double sign is in same order)
0

For both sides of equation (5.49), the absolute value is taken.

@)

Similarly, for both sides of equation (5.52), the absolute value is taken.

= (16] - 15— (0)] + 2154 (0)])

Furthermore, for both sides of equations (5.53), the absolute values are taken.

N __ Re(8)
(5.54) ‘F[Q] (9)( <4]0— 1|75

(5.55) )Gm (9)‘ <2010+ 1|7

(zp)?

& oo (.2
(5.56) IS+ (9)] < ZU_RQ(Q) (p)/ y RO, <y G >dy. (the double sign is in same order)
0

Now, the following obvious fact is introduced into the inequalities (5.56):

(5.57) o_keoy (9) < PPC(24+Re (6), (Re(6) > 1, peN).
The following proposition decides that the condition should be Re (0) > —1:
(5.58) 2+Re(@)>1 = ((2+Re(d)) > 1.

Under the condition of Re(f) > —1, the absolute value of Sy () is written using the absolutely convergent
integrals.

p)

(5.59) IS+ (0)] < C(2+Re(d Zp / yltRe@)¢ (y +#>dy, Re () > —1.

Because the variable of the zeta function is irrelevant to variable p, the zeta function of the infinite sum is
shifted outside.

Under the condition of Re (#) > 0, the absolute value of S_ (6) is also written using the absolutely convergent
integrals.

(7p)

(5.60) IS_(0) < ¢ (2+Re(f Zp/ y 1RO (y +#>dy, Re (6) > 0.

Here, the condition Re (f) > 0 is applied to the gamma function described later.
Because each integral converges absolutely, I can change the order of relation between the infinite sum and the
integrals for the function S (f). And the infinite sum is written as the limit of the L-th partial sum.

S L 2
(np)
(5.61) 1S+ (8)] < ¢ (2+ Re(@))/ yHR‘S(e)e*y2 lim E pie” e dy, Re(0) > —1.
1

L—oo
0 p—

The end point of the partial sum is expanded to L? from L after correcting the function in the finite sum.

oo L 2p
(5.62) IS, (0)] < ¢(2+Re (9))/ y TR e=v" Jim > pe v dy, Re()>-1.
0 1

L—oo

From the result of equation (19.90), the limit value of the sum of L? terms is described using the hyperbolic
sine.

o0 —y2
(5.63) 1Sy (9)] < w/ y1+Re(9)€72dy, Re(f) > —1.
0 sinh? (2”—)
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By the same way,

oo —y2
(5.64) 15 (6)] < CQ%RG(Q)) / RO C gy Re(0) > 0,
0 sinh? (2”?)

To evaluate the integrals of inequalities (5.63) and (5.64), I prepare the function f (x).
The defining equation is shown as follows:

1 2 e
sinh” (5)

Function values at both sides of the open interval are given by taking the limits.

. 1
(5.66) :cl—l>n-i}0f (x) = 5
(5.67) leH;O f(z)=

The function f () is differentiated so as to understand its behavior.

2
Fl) T2, T 2n e~ cosh ()
w4 sinh? (Lz) 23 sinh® (%)

—gte F smh3 ( )
(5.68) 2z?

2
=| +xtzte™ smh( ) (x sinh® <2x2>>’ x> 0.

— 75¢7% cosh (2x2>

a1 and (B are presumably the solutions to the equation f’(z) = 0.
The numerical solutions are shown as follows:

(5.69) F(on) = f(B1) =0, (o ~2.12138, B1 ~ 2.59993) .

(5.70) f(o1) ~ 0.00141964 > 0.

Table shows the increase and decrease in the function

[ (@) — 0 T 0 -
1/ P minimum maximum
f(z) N / N\
0.0322515... 0.0014196... 0.0019232...
Table. 5.1

From the table of the increase and decrease,

(5.71) f(x) >0, =z>0.
Therefore
2
e 1
(5.72) I )

b () 7

This result is introduced into the right side of inequality (5.63).
And for the integral, I perform the variable transformation

y = (mx)?.

N|=
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|S+ (9)| <C (2 + Re (9)) / y1+Re(0)e—§dy
0

473
2 o0 1+Re(6) 1 1 1
(5.73) = 7€< _Z}E”e (¥)) / (wx)#e_xiﬂ'ﬁx_idm
0 0
- e %,67(0))W2+1§C(9) / 2T e dr, Re() > —1.,
87T 0

Therefore

1 2+Re 2 0
(5.74) 1S4 (0)] < @wi“l “r <+P2{e()> C(2+Re(8), Re(d) > —1.

By the same way,

2+Re ® i Re
1S_(6)] < / YR % gy
0

(5.75) <2+Re 9)) /w( )”*R““’)e—w%w%x—%d:g
= (2 —;;e (0))7TOREZW)/O o5 Ye™*dz, Re(f) >0
Therefore
(5.76) 5. (6)] < 8%#‘%‘% (Re;a)) C(2+Re(0), Re(d) >0,
From inequalities (5.54) and (5.74),
|12y (0)] <410 — 117757 15, (0)
(5.77) e e e D)
-0ty (2 TR )) (24+Re(6)), (Re(8) > —1, the equality sign holds at 0 = 1).

From inequalities (5.55), (5.74), and (5.76),

A __ Re(8)
Gy )] <210+ 1175 (0] 15 (0)] +2- 15, (O))

1 Re(o) Re (6)
(5.78) — 204 1 191 83 F( 5 ><(2+Re(9))
| +2.8%er (W)Uum(e))
— |9+1|(|9L:;7TR6(9))F (Re2(9)> ¢(2+Re(8), Re(d) > 0.

From the origin symmetry between the functions F; 2] (0) and G[Q] (9),

9)’ Z‘é[z] —9)‘
(5.79) — —mRe —Re
_h H|(|94|7Ts Re (6 >>F< R2<9>> ¢(2—Re(6)), Re(0) <0
‘é[z] (9)‘ = ‘F —9)‘
5.80
(5.80) < |12;29|F (2 - P;e (0)) C(2—-TRe(0)), (Re(f) <1, the equality sign holds at 8 = —1).
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The function ]3'[2] (#) is an absolutely convergent function in the whole complex plane, based on the inequal-
ities (5.77) and (5.79).
The function G[Q] (9) is also an absolutely convergent function in the whole complex plane, based on the in-
equalities (5.78) and (5.80).
Combining the above results yields the following functional equation:

(5.81) Apg) (0) + Figy (0) = By (0) + Gy (9), 0 € C.

Where

(5.82) Apy (0) = wﬂ—%r (g) ().

(5.83) By (0) = wﬂgF <g> ¢(—0).

(5.84) Floy (0) = =2(1=0) >0 () p* (61 (27p) + (27p) Ko (27p))
(5.85) Gl () =201+ og(p)p* (79 K_y (2mp) + (27p) K250 (27Tp)) :

Here, in order to emphasize the origin symmetry, equations (3.30) and (5.39) are applied to equation (5.45). In
the whole complex plane, all functions on both sides of the functional equation (5.85) are convergent.

It is the origin symmetric functional equation with correction terms, and in this case the functions F 2] (0) and
ﬁ‘[z] (0) are applicable to the correction terms.

I decide that it is called the second-order I, type functional equation.

A symmetrical poit of the the second-order II. type functional equation is shifted to the left ”[9, 10].”

6 The First Proof of the Riemann Hypothesis
6.1 Derivation of a Representation Containing the Leading Term of the Zeta Function for any Complex Number

The second-order I, type functional equation is shown again, but with a bit of difference.

(6.1) A[Q] (0) = B[Q] (0) + H[Q] (9), 6eC.

where

(6.2) Apy (0) = @w—%r (g) ().

(6.3) By (0) = b+1) (9; DS (—g) ((—0) = 0(9; Do—sp (1;9) ¢(1+0).

(6.4) Hi (0) := 6[2] (0) - F[2] ().

Equations (5.45) and (5.84) are introduced into the equation (6.4).

Higy (6) = =2(1+0) Y 00 () p (~0K g (2mp) + (27p) Kago (27p))
(6.5) o
+201-6)> o4 (p)p? (9 Ky (27p) + (27p) Ko (27Tp)) , heC.
p=1

Therefore,
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> —29K9 2T (9—1 2T K2—9 2T
(6.6) H[Q](g)__Qde(p)pE’( o (27p) + (0 — 1) (27p) K2ozo (27p) ) bec

+ (04 1) (27p) Kzso (27p)
The recurrence formula for the modified Bessel function of the second kind is applied to the equation (6.6).

— 20Ky (2mp) + (0 — 1) (27p) Kaos (27p)

Hp (0) = 2 09 (p)p*
p=1

20+ 1) (§ Ky (o) + (70) Koz (20 )

(6.7)

:7220 9 p%< (0 —1)K, (27rp)+20(27rp)K¥ (27‘1’p)>7 0eC.
Therefore,
(6.8) Hpy (0) = —2920— o (p) p* ( — 1)Ky (27p) +2 (27p) K20 (27rp)) , 0eC.

By combining the equations (6.2), (6.3), and (6.8),
2t (§) e = M e () ca v

(6.9) o0
- 2020_9 (p)pg ((9 — 1)Ky (27mp) + 2 (27p) Kao (27rp)> , geC.

Both sides of equation (6.9) are multiplied by

2 :
AENON
to obtain the zeta-hat function.
. (0+1)T (2 2)
C(9) = —Q C(1+86)
(6.10) (9 ) (z)oof
(9_1 [(ENO] Z ( - DK, (27TP)+2(27TP)K¥(27717)>, € C\{1}.

This is the representation containing the leading term of the zeta function for any complex number.
The above equation also gives the analytic continuation of the zeta function explicitly.

6.2 The First Proof of the Riemann Hypothesis
The Riemann hypothesis is demonstrated using the following equation:

(9—1)r(§) 580 = (0+1) —““r(l‘;@)guw)

(6.11)
+4Za ] (971) 5 (27p) +2 (27p) Koo (27rp)), fecC.

Here, the above equation is obtained from

0
o-1)r (2) T8 x (equation (6.10)) .
Pioneers’ previous research established the existence of non-trivial zeros on the critical strip.

It is complicated to describe and insignificant to examine by focusing on this region.

The proof of the reduction to absurdity will be performed by assuming the whole complex plane as the target
region, excluding the critical line, and assuming the existence of at least one non-trivial zero (x + iy).

Under the assumption,
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(6.12) C(r+1y) =0, (xeR\{1/2}, y€eR).

Under the assumption, the point (1 — z — iy) is also the non-trivial zero of the zeta function due to the point

symmetry of the Riemann Xi function.

(6.13) C(1l—xz—1dy)=0, (reR\{1/2},yeR).

For equation (6.11), (x + iy) is substituted for 6.

(Jc—|—z'y—1)F( C(x+1iy) =

T+ 1y /ﬂ-ir#»ziy/\
2
1+x+y

+@tiy+ a2 T ( 2

) ¢ (1 + x4 zy)
(6.14)

xr+iy

+4Y 0 uiy ()P ((fv +iy — 1) Kesiw (27p) + 2 (27p) Komo—i (27Tp)> ;
p=1

(x e R\{1/2}, y € R).

For equation (6.11), (1 — 2 — iy) is substituted for 6.

(—z—1dy)T (1—952—221) W_l_i‘_iyé(l —x—iy) =

F @2z —iy) T T (2 o ly) C(2—x—1iy)
(6.15) 2

1—z—iy

+4 Z O_1tatiy(P)D 2 ((—.’L‘ —iy)K 1o iy (2mp) + 2 (2mp) K Ltotiy (27rp)) ,

p=1

(x e R\{1/2}, y € R).

According to the assumption, the left side of equation (6.14) equals zero.

wti 1 ]
0=(4az+iys =T (“;“y) C(A+a+iy)
(6.16) 4> oy ()P ((m — 1+ iy) Kassy (27p) +2 (27p) Kaos sy (27Tp)) ,
p=1

(x e R\{1/2}, y € R).

Based on this assumption, the left side of equation (6.15) is also zero.

ey 2z
0=(2—z—iy)n 2 F(‘Z“’)g(z—x—iy)

St .
(6.17) 43 e 1aiy )7 ((—2 = i) Kacao (279) + 2 (27p) K s (27p))
p=1

(z € R\{1/2}, y €R).

The non-trivial zeros of the zeta function off the critical line are given by the solutions of the simultaneous

equations with the qualification consisting of the equations (6.16) and (6.17).

To solve the simultaneous equations with the qualification, I consider the simultaneous equations excluding the

qualification.
The following are the simultaneous equations without qualification:

1+ +iy

(I+a+iy)n 2T < .

) C(1+z +iy)
(6.18)

x+iy

+4Y 0w iy(P)p 7 ((x — 1 4iy) Kowiy (27p) + 2 (27p) Kazoin (27rp)) =0, (z,y€R).
p=1
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2—z—iy)r~ —E T (2 —rT iy) C(2—z—1iy)
(6.19)

o0
+4) oo 14y (P)p 2 ((—z — iy) Kize—iy (21p) + 2 (27p) K 1ot (27rp)) =0, (z,y€R).
p=1

The non-trivial zeros are determined by solving the simultaneous equations (6.18) and (6.19).
Because the equations are symmetrical,

(6.20) I

is immediately determined.
For equation (6.18), 1/2 is substituted for x.

3 W (342 3
(2+z’y>w—‘”f 1“( +4 Zy)((z—i-iy)

o0
1424 1 .
+ 42; o1y P)p 3 ‘ ((—2 + zy) \GEETH (2mp) + 2 (27p) Ks-2iy (27Tp)> =0, yeR
-

(6.21)

For equation (6.19), 1/2 is substituted for x.

(2 - zy) r D (3 _fiy) ¢ (g - zy)

> 1-2i 1 .
+4 Z o 14y (P)PE ‘ (<— - zy) Kiai (27p) + 2 (27p) Ksiai (27Tp)) =0, yeR
p=1

(6.22)

2

Equations (6.21) and (6.22) are complex conjugates of one another. And I can freely choose either of

the equations (6.21) or (6.22) as the determining equation of the real variable y. The existence proof of the
real solutions for the determining function is not given. As a result, for the simultaneous equations (6.16)
and (6.17), there are no solutions off the critical line. This fact contradicts the assumption of reduction to
absurdity. Therefore, the assumption ” At least one non-trivial zero lies in the whole complex plane excluding
the critical line” is denied, and ” There is no non-trivial zero in the whole complex plane excluding the critical
line at all” is confirmed. Incidentally, in collaboration with J.E. Littlewood, G.H. Hardy proved in 1914 that an
infinite number of non-trivial zeros lie on the critical line ”[11, 12].” By combining the time result and Hardy’s
result, I concluded that all non-trivial zeros of the zeta function lie on the critical line. Therefore, the Riemann
hypothesis for the zeta function is proved correct.

6.3 Visualization of the Zeta-Hat Function

Currently, it is known that all real parts of non-trivial zeros of the zeta function are 1/2.
I define that p,, is the positive imaginary part of the zeta function’s m-th non-trivial zero, to which the number
is allocated in order that is closer to the real axis.

(1
(6.23) C(Q‘Hpm) =0, 0<p1<pa<pz<--o).

(6.24) {p1, p2, p3, pa, ps} =~ {14.134725142, 21.022039639, 25.010857580, 30.424876126, 32.935061588}.

The infinite sum that is terminated at a finite term A is used for the approximate calculation for the zeta
function. Now, I decide that the positive integer A will be referred to as the degree of approximation.
The approximate formula for the zeta-hat function is written as (zeta-hat), (6).

(]~
A
>
S
E\
—~
>
[
=
‘N
5
=
+
[\
S
N
=
~
m‘\
5
=
N—
5
m
Q
—
—-—
—
e
>
m
2
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Graph of Re (g} (; + zy)) and Im (55 (; + zy)) ,y €[0,35]

’ // \ ,'/ \ /f \ ', lll . g R e{::‘% 3 i)‘”

: g-/ T \m(i’ . h-l_\J‘, EA-X . \ [ \'A.} L M‘;.s (§+i _"”

Graph. 6.1

The dots on the horizontal axis indicate the positive imaginary parts of non-trivial zeros of the zeta function.
Five non-trivial zeros of the zeta function can be found on this interval. Here are the details.

{Re (67 (; i (11401():304()70205010402 B 10_9) )) e <é7 @ o (114010304070205010402 * 10_9) ) )}
~ {9.16162 x 10~ ', —1.57783 x 10719},
{Im (57 (é i <114010304070205010402 B 109) )) 1o (57 (i i (114010304070205010402 * 109) ) >}
~ {-5.75483 x 10719,9.91110 x 10~ '°}.
(Re ( . < % L (211000202000309060309 . 09>)> Re (As < % L <211000202000309060309 O 09>>>}
~ {—1.91909 x 10719, 3.05551 x 10719},
(Im ( ‘, ( % " (211000202000309060309 - 10_9)>> T (As ( % L (211000202000309060309 O 0_9>)>}
~ {—8.55883 x 1071°,1.36271 x 10~ °}.
(Re < :, ( % " (215000100080507050800 - 10_9> )) Re (Ag ( % " (215000100080507050800 O 0_9> ) >}
~ {5.15602 x 10719, —3.84471 x 10719},
{Im ( :, (; L <215000100080507050800 . 09)>> m <Ag < % L (215000100080507050800 O 09>)>}
~ {—1.48458 x 1072,1.10701 x 1077}.
{Re (59 <; i (310040204080706010206 N 10_9) )) e (A“’ (é i <310040204080706010206 * 10_9) ) >}
~ {—5.73733 x 1071°,7.61286 x 1077},
{Im (69 (é i (310040204080706010206 B 10_9) )) 1o (Ag (i i (310040204080706010206 * 10_9) ) >}
~ {—9.62767 x 1071°,1.27749 x 10~%}.
(Re ( :, ( % L (312090305000601050808 . 09>)> Re (“9 < % L (312090305000601050808 T 09>)>}
~ {5.54802 x 10719, —9.46306 x 10~ 1°},

. (1 32935061 588 . (1 32935061 588
I Y ittt ¥ ) I 2oy (28722002999 -9
{m(C9 (2 T < 1000000000 ))) m( 0 (2 H(looooooooo 10 >)>}

~ {—8.57881 x 1071°,1.46326 x 10~ °}.

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)
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7 The General Representation Containing the Leading Term of the Zeta Function for any Odd Number of 3 or More
In this section, the exact values of the zeta function for any even number of 4 or more will be treated as the known values for
convenience.

7.1 Derivation of a General Representation Containing the Leading Term of the Zeta Function for any Odd Number of 3 or
More

Equations (5.49) and (5.52) are introduced on the right side of equation (6.4).

s 00 (2422 o0 (2422
H[Q] (9) :2(0+1)W*%Zg_0 (p) (9/ y9716 (y 2 )dyQ/ y0+1e (y +2 >dy>
=1 0 0
0 o (24 )2
—4(9—1)71’7%20_9 (p)/ y' e (y M )dy
p=1 0

(7.1)
& 4/“ yeﬂef(yu%)dy
:—297T_%Z(3'70(p) 0 . (2 - )2) s GE(C
p=1 o 9—167 y +yi2
01 [ ay
Therefore
X (0+1)T (12) 2 9
O~ O g™ e @)
(0+ DT (1) 0
72 o-or@ vty
’ o8] 2, (mp)
4 oo 4/ y6+167 (y * )dy
0

For equation (7.2), any odd number of 3 or more is substituted for 6.

(k+1)T (k+1)

AT e

¢ (2k+2)

oo (2 &R
2/ 21 (y e >dy
0

oo _(2e rp)?
— (k+ 1)/ yzke <y +T,T>dy
0

The description in subsection 19.4 gives the general representation for the two integrals in equation (7.3).

)
2k+1 ZU 2k+1) s k e N.
pzl

> ok _<y "‘(Wp)) ) 2mp
(7.4) / y=e dy —2k+1Za;W 2mp)y/me "™ (p,k € N).
0
Where
2k — u)!
(7.5) __ Gkl N = 0,1,2, k).

o = Gl (k= )]
And the following coefficients deserve special mention:

(7.6) agr =1, ke N.
(7.7) a1 = Qg0 = (2k‘ — 1)”, ke N.

The above relations are introduced on the right side of equation (7.3).
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E@2k+1) Wg 2k +2)

k+1
1 +

2. W Z &k+1,u(277p)”\/%672ﬂp
pn=0

4 (oo}
T 2kl O’*(2k+1) (p)
() 2 R
—(k—f—l)WZak,u(Qﬂ'p) \/Ee p

n=0
E+1)k!
= (2271)1! ¢(2k +2)
(7.8) k- ==/ T
) - @k+1,k+1(277p)k+1
- - o_(2k+1) (P) k e ¥
k- wﬁ.gk pz::l (2k+1) +Z(ak+1’# — (k+1)ag,,) (2mp)"
pn=0
(k+ 1) (k—1)2k
- (2k-Dlnx C(2k+2)
) - ak+1,k+1(27rp)k+1
- o_ (p) k e ¥ keN.
k(2k—1)! 2 @y + 3 (ki — (k4 1) axp) (2mp)”
pn=0
The following equation is the obvious from the definition of ay,,:
(79) Af41,k+1 = 1, keN.
Therefore
. (k4 1) (k—1)12*
C(2k+1) = k= )i ¢ (2k +2)
k
(7.10) , = (2mp)**!
- o_ (p) k e ™ keN.
k(2k —1)! 2 EerD + > (aps — (k+1) ag,) (2mp)”
pn=0

For the general representation containing the leading term of the zeta function for any odd number of 3 or more,
new coefficients are employed.
The coefficients are determined by defining the following equation:

(7.11) bep = ki1, — (k—1)ag,, (keN,p=0,1,2,--- k).
The coefficients are calculated as follows:

(2k +2 — p)! (2k — p)!
tl—npyl(k+1—p) (k—1) 2k=rp) (k — p)!
_pp=1)+2k(k+1—p)

k1=l (K +1 — p)!

-
(7.12)

(2‘1{:_#)" (kENv,u:O71727 7k)

For equation (7.12), 0 and 1 are substituted directly for .

_pp D) 2%k kL)
(7.13) o = 2kl (b + 1 — p))! 2 M).FO
: 2% (k + 1) k
= SO (26)! = g 2R)! =k 2k = 1), kEN.
_opp D2k kg
N bs = T (ot 1= 3] (2k M)'Fl
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And for equation (7.12), (k + 1) is substituted directly for u.

p(p—1)+2k(k+1—p)
2ktl=ppl (k+1— p)!

(k+1)k
2% — pu)! S G ) Ly A R .
Gkl TG F L RER

(7.15) br k1 =

As a result, the general representation containing the leading term of the zeta function for any odd number of
3 or more is obtained.
This is also the general representation for the zeta function for any odd number of 3 or more.

. k+1)(k—1)!2k
2k +1) =t (2k)£1)!!7)r

¢ (2k+2)

(7.16) k41

2 i N
" F@e o 27 @) (Z bk,u<2np>~) o, kN

The following expression is equivalent to the above equation.

. (k+1) (k — 1)1 2k

2% +1) = 2% + 2
- ¢ (2k+1) I (2K +2)
. 2(27T)2k+1 00 k+1 b Comp
_ orsr (p ka2 peN.
k(2k—1)!!; 2041 (P) ;(2@)2‘“*1 #
Where
(7.18) b = PHZDAZRREL= ) o) (e N = 01,2, k4 1),

2kH1=ppyl (b +1 — p)!
And the coefficients deserving special mention are as follows:

(719) bk,k+1 =1, keN.

(7.20) bea =bro=k(2k— 1)1, keN.

Table of the leading terms and the coefficients of the infinite series

k 1 2 3 4
(k+1)(k—1)12" 27 47 3277 32 7°
Ck—Dlx C(2k+2) 45 945 70875 654885
-2 _9 _1 _2 __1
E(Rk—1)!I 3 15 210
k 5 6 7 8
(k+1)(k—1)12% ¢ (% + 2) 353792 wl! 1024 7'3 29630464 7'° 179679232 717
k-7 67043851875 | 1806079275 | 488950811724375 | 27870196268289375
2 2 1 2 1
~ k(2k=1)NI 4725 ~ 31185 945945 8108100
Table. 7.1
Table of the coefficients by,
k|l bro | bes | b7 | bre | brs b4 b3 b2 b1 br.0
1 1 1 1
2 1 3 6 6
3 1 6 21 45 45
4 1 10 55 195 420 420
) 1 15 120 630 2205 4725 4725
6 1 21 231 1680 8505 29295 62370 62370
7 1 28 406 3906 26775 131670 446985 945945 945945
8 1 36 | 666 | 8190 | 72765 | 478170 | 2297295 | 7702695 | 16216200 | 16216200

Table. 7.2
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7.2 Another ViewPoint
The equation (7.16) by changing the start point of the finite sum from 0 to 1 is written.

(k+1) (k- 1)12"
(2k — 1)!!7r

k+1
,.ZU (k1) (P (wazw) + k(2% — 1)! ) keN.

p=1

((2k+1) =

¢ (2k+2)
(7.21)

And the function F (2k + 1) that is the separated term by changing the finite sum’s starting is defined as follows:

2 - -2
By simplifying,
(7.23) E(@2k+1) = —220 (k+1) () e ?™, keN.

The first viewpoint is that the general representation for the zeta function for any odd number of 3 or more is
obtained.

There are two other viewpoints on the function E (2k + 1).

The second viewpoint is that the function F (2k + 1) includes the zeta function in itself for any odd number of
3 or more, as follows:

R >~ coth (mn) — L coth (mn)

n=1m=1 n=1

When this relation is introduced into the equation (7.16), the cancellation of the zeta functions is observed on
both sides of the equation.

(k+1)(k—1)12*

C2k+1) = kT ¢ (2k +2)
2 —2m
(7.25) msz (2k+1) (P (Z br,u+1(27p) ) (27p) e~
th (
_ Z Con%fl” C(2k+1), keN.

Therefore, the essence of equation (7.16) does not represent the zeta function for any odd number of 3 or more,
but the following representation does:

i coth(mn) _(k+1) (k- DI2" . ) o

0 pktl T 2k - Dl

(7.26)

IIZJ (2k+1) (P (Zbkuﬂ 2mp) )(27@)6_2”’7 ke N.

pn=0

The third viewpoint is that the function F (2k + 1) can be written using the infinite series as follows:

E(2k+1):_§:coth(wn)—1

Lk
B i 1 cosh (mn) — sinh (7n)
L 2l sinh (7n)
(7.27) =
1 2e7™

—~ n2k+1 ’ emn _ g—Tn

= _22 N2kl ezm _ 1)’ keN.
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From the result of equation (7.24),

(7.28) c(zk+1)=2%+ﬂ’(2k+1), k€ N.

n=1

Ramanujan discovered the explicit formula for the first term on the right side of equation (7.28), where (2k + 1)

”

is equivalent to 3 modulo 4, as follows ”[13]”:

k+1

— coth (mn) 2k 2k+1 1y B2u Bakt2-2p _
(7.29) wa2 Z @)l @ r2 o (keN, 2k+1=3(mod4)).

n=1
By combining the results of equations (7.27), (7.28), and (7.29),
C(2k+1) =

(7.30) 2%k 2k k41 1 B2 BQk 9 o e’} 1
2 +1 u+ u . 22 I e N 2kt 13 .
Z /J‘ (2k +2— 2,[1/)' nz—: n2k7+1 (6271'71 _ 1)7 ( SEA + (mo ))

I also arrived at the same representation for the zeta function as Ramanujan for 3, 7, and 11, and so on.

7.3 Some Examples of Calculation
When 6 =3,
The representations for the zeta-hat(3) are

(7.31) (@) =S —2) 0s(p) ((27@)2 + (27p) + 1) 2P,
p=1
g = 2T e 3N, IR SRS S
(7.32) C(3) ==z —20m) p; 3 (p) <2ﬁp+ T (m)g> :

In contrast, the essence of equation (7.31) is
> coth (7n) 2 w3 Com
(7.33) Zl = -2 Z o_3 (p) ((27p) + 1) (27p) e~ 2.
n=

The description in subsection 19.6 shows the representation of equation (7.31) using hyperbolic functions.

A 273 e 1 2 —2mmn

(@="%-23 > = ((27rmn) + (2mmn) + 1) e
(7 34) n=1m=1 n

B E _g i (27n)®  coth (7n) (2mn) 1 1 coth(mn)—1
45 et n3  4sinh? (7n) n3  4sinh® (mn) nd 2 '
Therefore,
. 2713 O (272 coth (7n) 7 coth (mn) — 1 )

7.35 3)=—— — + .
(7.35) <@ 45 ! ( nsinh? (rn)  n2sinh? (7n) n3

For equation (7.29), 1 is substituted for k.

[e%e] 2
Coth ﬂ'n B2 By_o 2 1 1 1 73
7.36 22 3 ptl jad 7H:22 3| _=2(_ = — . -
(7.36) Z: Z ol @zt 27 \TaT30) T2 6 180

Also for equation (7.30), 1 is substituted for k.

(o9}

7 3
(7.37) C(?’):%_sz'
n=1

By combining the results of equations (7.33) and (7.36), I obtained the infinite series that gives the transcendental number ”[14].”
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3

(7.38) ZO’ 3 (p) ((27p) + 1) (27p) e 2™ = %

The equations (7.31), (7.32), (7.33), (7.35), (7.37), and (7.38) are equivalent each other.
When 6 = 5,
The representations for the zeta-hat(5) are

(7.39) ¢ (5) 945 Z o5 ( ( 27p)° + 3(2mp)® + 6 (27p) + 6) e 2P,
. 47 s 3 6 6 _amp
(740 BT g ( Gl @) | G (27rp>5> “

The essence of equation (7.39) is

o coth(mn)  47° 1 = —omp

The representation of equation (7.39) using hyperbolic functions is as follows:

2 I |
¢(5) = 9771-5 3 Z Z 5 ((271'mn) +3(2mmn)” + 6 (2rmn) + 6) p—2mmn
n=1m=1
(7.42) (2mn)* 3 (2 n 1 ) 1 N 3(2mn)®>  coth (mn)
4 1 i n® 8 \3 sinh®(wn)/ sinh? (7n) n® 4sinh? (7n)
945 3 £~ 6 (2mn) 1 6 coth(mn)—1
+ ——— —
n 4sinh” (mn) N 2
Therefore,
(2 n 1 ) 3 72 coth (7n)
(7.43) £(5) = an® i 3 " sinh®(7n)/ n2sinh® (7mn)  n3sinh? (n)
' - 945~ T coth (mn) — 1
n4sinh? (7n) nd

The equations (7.39), (7.40), (7.41), and (7.43) are equivalent each other.
Hereafter, the principal results are displayed in order without explanation. When 6 = 7,

A 3277 3 2 —27p
(7.44) () = S = 1= Za . ( 2mp)* + 6(2mp)” + 21(27p)® + 45 (27p) + 45) Pl
A 3277 = 6 21 45 45
(7.45) C(7) = s+ + + + e 2P,
70875 2:1 27Tp) (2mp)*  (2mp)°  (27p)°  (2mp)
> coth (7n) 3277 2 —omp
(7.46) nzz:l T T osTE T 4E Z o_7( ( 21p)° + 6(2mp)* + 21 (27p) + 45) (2mp) e .

T

(7.47)

(1 N 1 ) 874 coth (7n) N (2 N 1 ) 473
(7) = 32 i 3 sinh? (7n)/ 15n3sinh? (7n) 3 sinh? (7n)/ 5n4sinh? (7n)
70875 14 7% coth (7n) ™ coth (mn) — 1

155 sinh? (wn) ~ nsinh? (7n) n’
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> coth (7n) 1 B2 Bs_2
) 3 e B B

— = (2m)!t (8 —2p)!
2
(7.48) _oe (2 (L LN L 1N 1/ 1
2 s 730) T2 2 6) (60 22 4\ 30
197
56700
1977 = 1
7.49 = -2y —
(7.49) ¢(7) 56700 ; n’ (e2™ — 1)
(7.50) Z o ( 21p) + 6(27p)? + 21 (21p) + 45) (2mp) e~z = 1L ™
' 7 4200
When 6 =9,
(7.51) €(9) = ﬁ— i ( (27p)° + 10(27p)* + 55(2mp)® + 195(2mp)* + 420 (27p) + 420) e~ 2P
' 654885 210 2~ P) P P P P '
2 3279 > 10 55 195 420 420
(7.52) ((9) = —= Tttt —— 5| e,
654885 210 27Tp) (2mp)”  (27p)”  (27p)"  (27p)°  (27p)
(7.53) i coth(rn) 3277 Z . (2mp)* + 10(27p)® + 55(27p)? (2p) o2
' 279 T aasss 210 o ( 4195 (2mp) +420) 7 '
2 1 1 27° coth (7n)
-+ . 2 + . A . 2
15 sinh® (7n)  sinh® (7n)/ 7n4sinh” (7n)
. 3279 = 1 1 4% coth (mn) (2 1 ) 1173
7.54) ((9) = - +{ s+ +( =+
(7:54) <) 654885 ; (3 sinh? (ﬂ'n)) 7n5 sinh? (7n) 3 sinh? (7n)/ 14nSsinh? (7n)
13 w2 coth (7n) T n coth (mn) — 1
14n7sinh? (7n) =~ n8sinh? (mn) n?

When 6 = 11,

(7.55)  ((11) =

353792 il 2 & ) (27p)° + 15(27p)° + 120(27p)* + 630(27p)* o
g e .
5043851875 1725 201 +2205(2mp)? + 4725 (2mp) + 4725

[ee] o0 5 4 3
coth (mn) 353792 it 2 (27p)” + 15(2mp)”~ + 120(27p) o
(7.56) > nil T 67043851875 4725 >_o-1(p) 2 (2mp) ™.
st +630(27p)? + 2205 (27p) + 4725

6
coth (7n) B Bia_
Z 21071_112 u+1 2p . 12—2u

— M (2u)! (12 —2u)!
2
(757) _ o0 _ 2 (_ 691 LN/ L 5y (L 1\ 1/ 1 /1
20w 2\ "2m30) "2\ 2 6) o es) "2 @i\ 730) s\ 730)) T e (@
145371
T 425675250
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o0

1453 71t 1
. 1)=——-2 - .
(7.58) ¢y 425675250 nz::l nll (e2m — 1)

> 27p)° + 15(27p)* + 120(27p)® 11
(759 2 o <( —11—9)630(27;9)21?—1)— 2205 (2(7rp;))+ 4725) (2mp) e = %'
When 6 = 13,
. (2mp)" + 21(27p)° + 231(27p)°
(7.60)  C(13) = w1 > o 13(p) | +1680(27p)* + 8505(2mp)® + 29295(27p)* | €.

1806079275 31185 &
p=1 + 62370 (27p) + 62370

(27p)° + 21(27p)° + 231(27p)*

= coth (n) 1024 713 1 «— _on
(T61) > — 5 = Tmocorozs ~ 3iims 2018 (1) | +1680(2mp)’ + 8505(2mp)” | (2mp) 72"

=t p=1 + 29295 (27p) + 62370
When 6 = 15,
29630464 715
1
¢(15) = 488950811724375
(7.62) y (2mp)® + 28(2mp)" + 406(2mp)°
-— N6 21p)° + 2 2mp)* + 131670(27p)° | e=27P.
9459452_20— 15 (p) | +3906(27p)° + 62775( mp)* + 131670(27p)° | e
P= + 446985(27p)” + 945945 (21p) + 945945
i coth(mn) 29630464 '®
= a5 488950811724375
(7.63) - (27p)" + 28(27p)° 4 406(27p)°

1
945945 > o_15(p) | +3906(2mp)* + 26775(27p)® + 131670(27p)? | (2mp) e~
- + 446985 (27p) + 945945

nls (2u)! (16 — 2u)!
2 3617 1 1 1 7 1 1 1 691
— = [ =—)4+2(=-.= — )2 = [-=) = (-—==
(7.64) Jla 15 16! 510 2 6) \14! 6 41\ 30/ 12!\ 2730
= m
oL AN BN (LYY
6! 42 10! 66 8! 30

coth (7n) B Bis—
Z —old_ 152( 1 pt+l P2p 16—2u

_13687x!°
"~ 390769879500

o0

13687 715 > 1
390769879500 15 (2 1)

(7.65) ¢(15) =
(27p)" + 28(27p)° + 406(27p)°
(7.66) > o15(p) | +3906(2mp)* + 26775(27p)” + 131670(27p)? | (27p) > =
+ 446985 (27p) + 945945

16672807 7'o
1378377000

When 0 = 17,

179679232 717
27870196268289375
- (27p)° + 36(27p)® + 666(27p)” + 8190(27p)°
1 5 4 3 -2
- _ 72765(2 478170(2 2297295(2 P,
810810020 17 (p) |+ 72765(27p)” + ; 8170(27p)” + 2297295(27p)” | e
P= + 7702695 (27p)* + 16216200 (27p) + 16216200

{(17) =

(7.67)
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icoth ) 179679232717
a7 27870196268289375

(7.68) | (27p)® + 36(27p)” + 666(27p)° + 8190(27p)°
> o7 (p) | +72765(27p)* + 478170(27p)” + 2297295(27p)? | (27p) e

- 8108100
p= + 7702695 (27p) + 16216200

The infinite sum that is terminated at a finite term A is used for the approximate calculation for the zeta
function. The positive integer A will be referred to as the degree of approximation.
The approximate formula for the zeta function is written as (zeta-hat), (2k + 1).

(k+1)(k—1)12F
(2k — 1)"

G2k +1) = ¢ (2k+2)

(7.69) k+1

F k=N ZU (2k+1) (P (Z b, (27p) ) e 2™ (k,AEN).

T use the built-in Mathematica functions to perform numerical calculations, for example, DivisorSigmal6, n] and
Zetal[S]. Furthermore, when calculating the values of the function (zeta-hat), (2k + 1), the Mathematica inputs
are shown as follows ”[8]”:

+ @ (Creating a new input line on a notebook)

pp—1)+2k (k+1

bk il = e gt (2K ) + [Enter]
+ @ (Creating the second input line)
o (k41) (k—1)t2k B 2
zetahat [{k_, A\_}] := k- Dix Zeta 2k + 2] K@k_ DN
x Sum [DivisorSigma [~ (2k + 1), p] (Sum [b [{k, u}] (27 p)*, {1,0,k +1}]) e>"P, {p,1,A}];

+
+ @ (Creating the third input line)
N [{zetahat [{1,1}], zetahat [{1,2}] , zetahat [{1,3}] , zetahat [{1,4}] , Zeta [3]}, 9] +

Note: Valid for Mathmatica Ver. 12.0 or later.

By increasing the degree of approximation, it asymptotes the true value of the zeta function for any odd number
of 3 or more.

{(13),:(3).G(3),¢GB).CB)

7.70

( ) ~ {1.203407517 1.20206199, 1.20205692, 1.20205690, 1.20205690}.
~ {1.03998935, 1.03694501, 1.03692783, 1.03692776, 1.03692776}.
~ {1.01476857,1.00840017, 1.00834956, 1.00834928, 1.00834928}.

(7 73) {51 (9) 762 (9) 763 (9) 764 (9) ; 65 (9) ’ C (9)}

~ {1.01392241, 1.00213605, 1.00200927, 1.00200840, 1.00200839, 1.00200839}.

By choosing the approximation appropriately, for example, a value can be obtained with 30 decimal places of
precision.

(7.74) {¢12(3), ¢ (3)} ~ {1.202056903159594285399738161511, 1.202056903159594285399738161511}.
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(7.75) {C13(5), ¢ (5)} ~ {1.036927755143369926331365486457, 1.036927755143369926331365486457}.
(7.76) {C13 (7), ¢ (7)} ~ {1.008349277381922826839797549850, 1.008349277381922826839797549850}.
(7.77) {E14(9), ¢ (9)} ~ {1.002008392826082214417852769232, 1.002008392826082214417852769232}.

8. Study of the Zeta Function for any Even Number of 0 or More, and for any Odd Number of -1 or Less
The right side of the second-order I type functional equation is replaced with the result of equation (4.8).
The result of equation (4.8) is shown again.

a2
(81) R[2] (0) :271' li>n_il_0 Z 2 2 0+27TTL4 4— 9) ﬂ—(n2y2+972)dy.

According to the knowledge in Section 4, the integral and the sum can be interchanged. Therefore,

2 a—oy _—m(n’yP 423
(8.2) R (0) = QWGIEROZ/ —3n2y?~% + 2mnty )e ( Y F)dy,

For the integrals of Ry (0), I perform the variable transformation

Equation (4.7) is shown again.

(8.4) Ly (0) = @f%r <Z> ¢@), oeC.
Therefore

00-1 (92_ D —$p <Z) ¢(0)
(8.5) oo

0—1 .
=27 2 lim 7
a——+0 1 nl-

(—3 /OO 22l (x2+%ﬁ>dx + 2/00 il <x2+<w%)2>dx> , 8eC.
0 0

Both sides of equation (8.5) are multiplied by

[SIEY

™

@-1r(1+9)

to obtain the zeta function ¢ (6).

oo

TNno 2
-3 mx27967(z2+( ””2) >dx
27t 1 0

f—1)Tr(1+¢ a—+0 1-6 ) [ 24 ne)?
( ) ( 2)ﬁ oS +2/ 240, ( + 0z >dm
0

(8.6) ¢(0) =

When the complex variable 6 is set to any even number of 4 or less, the representation typel for the zeta function with the quadrable
integrals is obtained.
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27('2k > 1 0
¢ (2k) = lim Y . :
(87) (Qk - 1) r (k + 1) ﬁ a—+0 —n s /oo 2(2—k)e_ <x2+(wzg) )dm
0

(k=2,1,0,---).
When the complex variable 6 is set to any even number of —2 or less, the zeta function has the value zero at

these points (the trivial zeros). Furthermore, knowing that no even number of 6 or more can be calculated using
equation (8.7), the result of equation of definition (4.2) is presented again.

89 Ry () =2 tim [ 37 (anta? =t g aentat=0) T ) g

Similarly, the integral and the sum can be interchanged. Therefore,

2 6—4 4,_60—6 - +aoz
(8.9) Ry (0) = 271’(111}1’202/ 2’7t 4 2mn*2? %) e (= )d
For the integrals of Ryy (0), I perform the variable transformation
o Y
vn'
0 oo 9—4 0—6 2 (rna)?
() 1
Ry (0) =27 i 3n2 omnt [ L (v y2>7d.
21 (9) Waiﬁog/@ ( " (fn) e <\/77n N VT Y

o[,
2 0

6—3 oo
o—1 . 1
=272 lim (> n )
a—+0 \ T y2+(ﬂ;2&) )

= o0 _<
"= + 2(7Tna)2/ y?=Ce
0

(8.10)

dy
From the equation Ly (0) = Ry (0),
0(6—1 0
AU 5 bt <2> ¢(6)
oo _ 2 (7rno¢)2
(8.11) N _ 3/ J04e (y e )dy
_ o—1 .. L 2 0
=2 alizgo (71'0[) Zln 00 _(y2+(ﬂna)2) ’ beC.
" + 2(7ma)2/ y?~Se ) dy
0
Both sides of equation (8.11) are multiplied by
8
T2
0
0-1)I(1+9)
to obtain the zeta function ¢ (6).
oo <wna>2
6-3 oo _3/ y9—4e (y + >dy
0

27 1
C(0) = lim [ — n
(8.12) ¢-1)T (1 + g) VT ot <7Ta> ”Z::I + 2(7Tnoz)2 /Oo 90_66_<
0

2
y2+7<"23) )
dy

0 e C\{1}.

When the complex variable 8 is set to any even number of 6 or more, I obtained the representation type2 for the zeta function with
the quadrable integrals.
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27T2k 1 2k—3 oo )
2k) = li — ;
(8.13) C(2k) (2k — I)F(k;—&-l)\/%ain-il-o (71'0() Zln , [ 7<y2+(""§)2>
" + 2(mna) / y2 =3¢ v Jdy
0

(k=3,4,5,---).

Both sides of the complete symmetric functional equation are multiplied by

VT
r-3)
to obtain the function ¢ (1 — 0).
_ VT e (?
(8.14) 4(1—9)_“17%) or <2>g(9), 0 € C\{0}.

For equation (8.7), 0 is substituted for k.

27T0 > 1 o0 —<z2+7(””§”>2> o0 —<z2+—(”"§)2>
S LT (=3 a2 = )4 2/ 1 = )4
¢(0) (_1)r(1)\/7?a31+1021n< /0 ve ke )ore v

n=

2 K1 (2mna) + 1 orno (2mna)’ + 3 (2rna) + 3 orna
> 11\ 1
o 2 —2mna _ _o 1 2 - _Z 2
=2 algﬂo (rar) n§:1 ne 2 o}g{lpo (rar) 1 <<7ra) 3 + O (7a) ) .
Therefore
(8.16) C(0) = —% lim (1 ~0 (ﬂa)2> S
' ~ 2a5+0 2

For equation (8.7), 1 is substituted for k.

2 e o ([ g24 rne)® o _((p2a ne?
(@)= hm 3 - _3/ g0 (s >dx+2/ g2 (o)
F(Q)\/?rozﬁ+0n l'n, 0 0

272 s 2 1
= i lim n (_3 . g 6727rna 4 9. Wﬁ€2wna)
1

(8.17) = 272 ali)r{lw ((ﬂa) g n2e=2mne _ g ne 2’”“")
=2r° lim <(7ra) (;)3 - % +0 (m)3> - i ((;)2 = % + (”10;)2 ~0 (7ra)4>>
S (EHORISRE

Therefore

(8.18) ¢(2) = 2n? Jim (0 X (730[)2 + % -0 (m)2> _ %2

For equation (8.14), 2 is substituted for 6.

N _VF w1
F(*%)ﬂ- r1)¢(2) = Tl —= .

For equation (8.7), 2 is substituted for k.

(8.19) ¢(-1)=
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n=

27‘(‘4 oo 1 oo _<m2+(1\'n;)2> [eS) _<m2+(7\'1u21)2>
4= i — (=3[ o T w2 [ 2 =) d
g i 5 o e O P e [

4 oo
— m lim n3 _3. ﬁ e—27rna +9. ﬁ e—27rna
3V am+0 £~ 2mna 2
7T4 : 3 2 —27Tna 3, —2mna
< iy (- 3
(8.20) 3”—1 I\ (ra) d(ra)
o T 5
4 Ta 4 ((ﬂ'a) 15 + 189 O (ma) )
= ? 1irI+10 4 9
a 3 1 1 A(ra) 4
2.2 = _
T2 <<7ra> 5 s O
w4 1 3 1\* 1 1 3 1 )
=2 3.-42.2) (=) —3.= S
6 al>n—&1-0<< Sopt 8) <m> 5 4( 15) s 15 0m)
Therefore
71'4 1 4 1 2 7T4
21 4) =" i — - =_.
(8.21) (W=, <0X <m> T 00 =5
For equation (8.14), 4 is substituted for 0
N - N - 1
22 —3) = I'(2)¢4) = S AR
(8.22) (= g TR = YL =

For equation (8.13), 3 is substituted for k.
oS (.2, (zna)?
—3/ ye <y T >dy
0

oo _ 2+(7r77,a)2
+2(7Tna)2/ ye <y v >dy
0

0 et n(a) £

2

e (27Tna)—|—1 —orna (27”104)2 VT orna
15\/%a—>+0 (71'04) ; ( 4 \/7?6 - 2 ‘

™

(8.23) 4(77@)2 . Z (1)5 . 2 (ra) (wa)ii

5

( 189 135 +O(m)>
s 1 3 3
—aoalﬂo(m> —6(ma)-3

~s3.l (1)3_<m> A(ra)’  (ra)’

60 a—+0

Therefore

an comgm (o () () ) o)

For equation (8.14), 6 is substituted for 6.

4 2 4
1 1 4(ma) (rar) 6
< 7ra> NPT T Fr G
7
5 189 225 +O(m))

6 2
3 3 1 1 3 1 1 1 1
4.-2_-¢6.2-3.= il -2 — _3.-(-——
s ( 4 8 4> <7r > +< 8 45 4( 15)) (7‘(&)
= — lim .
+4- -6 -3

-0 (7))’

6 [e'S) [e'S)
o 60 0 § 727rna 7TO[ E n3 —2mna 3 § n2ef27rna
*>
@ + = n=1
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™ 776
(5.25) C5) = gy TBC(0) = T T

2

For equation (8.13), 4 is substituted for k.
0o (.2, (zna)?
—3/ y'e (y T )dy
0

2,”.8 5 oo )
8 =" lim (—
¢(8) 7r(5>\/7?a5’$o(m> " o ()
" +2(7rna)2/ y’e v Jdy
0

(2mna)® + 3 (2mna) + 3\/7?67%”0‘

8 1\’ & -3 8
84/T a—+0 <7ra ; n (2mna)?®  (2mna) +1

5 . I \/,E e—27rna

%) oo
8(7T0é)3 Z n56—27ma _ 8(7ra)2 Z n4e—2ﬂ'na
n=1 n=1

8 1\°
= — 1. R
672 a3 10 <m>

(oo} oo
— 18 (7'('0[) Z n3€7277na 9 Z n2€727rna
n=1 n=1
s 5(/1\° 2 (r2)® A4(za)! 6
8(ma)”- 3 ((ﬂu) o5 " 235 1ass O
(8.26) 5 3 5
3 1 2(ra) (7o) 4(ma) 7
—8(ra)?- S| (— - -0
8 L\ (ma) 4<<7ra) LT R TR VT (wa)
— T i ()
672 a=+0 \ o 3 1\* 1 A(ra)®  (ra)!  8(wa)®
—18(ra)- S| [— ) +—=— - O (ra)®
(ma) 8<<7ra) Y50 Toass  aams T O
3 3 5 7
1 1 (ra)  A(ma) (ra) 8(ma) 9
) 4<<7ra 5 " 1s9 225 T iog05 O
8
15 3 3 1\ [ 1
(8'8‘8'4‘18'8‘9‘4) <m)
s 3L g LV (LY
™ 8 45 4\ 15 T
O2emt0l (15 2\ 3 2 30 4 o1 4/ 1Y
8 \ 945 47189 8\ 189 1189 ) \7a
15 1 3/ 1 3 1 1/ 1 )
85 5 4<‘135) 83 1 4<_225)_O(m)
Therefore

™ 1\* 1\* 1)? 16 ) 8
(21 C(§)= o lm, <0>< ((m> +(m) +(m) )+225_o<m>>:9450.

For equation (8.14), 8 is substituted for 6.

T T ® 1
(8.28) C(=7) = FEC7)7T8F(4)<(8) = 126; ™6 5 = 240"
2 105

For even numbers of 2, 4, 6, and 8, the zeta function has the shape of
(Coeflicient) x {0x (Divergent terms)+(Constant)—(Vanishing terms)} in the stage just before taking the limit.

Let remember equation (7.26), which is shown again.

>, coth (mn E4+1)(k—1)12%
n; n%(“‘l):( (2k:)£1)!!7i ¢ (2k+2)

(8.29)

[eS) k

2 L —27

_ m ZO’,(QkJrl) (p) (Z bk,u+1(277p)l> (27’1’]7) e 2 }07 k € N.
op=1 n=0
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The series representation of the zeta function is demonstrated for every even number of 4 or more.
The following are some calculation examples:

T — coth (mn) 7r > _
Z Z 5 Z 27Tp + 1) (27Tp) e 2mp
(8.30) L =t
Tt ow —omp
= T TS 0 ) (2mp) + 1) (2mp) .
o >, coth (mn) —omp
(8.31) ¢ (6) ZZ:: 1220 ; <2ﬂ'p) +3(27Tp)+6) (27p) e~2"P.
1 th (
C(8) = 654” co nf” 9620 () (27p)” + 6(27p)” + 21 (27p) + 45) (2mp) €77
(8.32) =
19 78

= E o_ 2 6 2 2
9 7 P 2m + 21 27‘(1) + ) e “TP.

77— oth (mn) (27p)* + 10(27p)® + 55(2mp)? _9
8.33 10 — — 2 P,
8.3 (0= Z: 960209 ( + 105 (2mp) + 420 ) PP

The zeta function has the shape of
{(Constant or infinite series to be considered as constant)+(Coefficient) x (Infinite series)} for any even number
of 4 or more. To understand the kind of series representation ¢ (2) have, recall equation (6.9), which is shown

again.
0(6—-1) ) 0 00 +1) _1te 1+6
—5 T r <2> ¢(0) = — 7 r (2 >§(1+0)

(8.34) )
—2020 0 5( —I)K% (27rp)+2(277p)K¥ (27rp)), 0 € C.

After exchanging both sides of the equation, by moving the second term from the left to the right side,

(8.35)
+2GZJ o ( ( — 1)Ky (27p) +2 (27p) Kzoo (27Tp)), 0 eC.

For the second term on the right side of equation (8.35), the recurrence formula for the modified Bessel function
of the second kind is applied.

2920 o ( % ( ~ 1)Ky (27rp)+4(77p)K¥ (27rp))

—2020 o ( 3(0—1) g(zwp)+4<<—§>1<

A
2

N\%

(2m0) + (1) K 30 (270) ) )
535 =20 os()p (4(7p) Kego (27p) — (0 4+ 1) K (27p))

=20 Yoo (p) (4(7p)* Kags (2np) = (04 1) (p)* Ky (27p))

— 92975 ia_a () (4 /00 y+le (yz—&-%)dy _(0+1) /00 yle (y2+(7rf2)>dy> )
p=1 0 0
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Here, the relation of equation (19.102) is used.

Therefore
0(0+1) _1e 1+46 _9(9—1) - Q
Tﬂ' I‘<2> ((1+9)—72 T F<2)C(9)

(8.37)

Both sides of equation(8.37) are multiplied by

to obtain the function ¢ (1 + 0).

oo oo 2, m? ) (24 R
+ QQW—% ZU*Q (p) (4/ y9+1e <y +2 >dy _ (9 + 1)/ y9—1e (y +T>dy> . feC.
p=1 0 0

C(1+0)
> 1 = y2+(’;iz)2
(8.38) —(9_1)F(g) (9)\/77'Jr 27 ia ) 4/0 y'tle ( >dy
. - ﬂ 174_9 — N ) . ’
2T (1+ L5F) L (1+45%) = 7(9H)/ o1 ~(v +%)dy
0
6 € C\{0}.

For equation (8.38), —1 is substituted for 6.

0= 2T (1) +r(1)z_:1 1(p) =y ()
g -0 /0 y~? 2 dy
_ _(_ _ .- ﬁ —27p
(8.39) == (2VT) C(-DVT+2/T Y o1 (p)4- e
p=1
=2m( (—1) + 4”2 Z m e~ 2mmn
> 1
=2n¢(—1) + W; i (m)
Therefore
> 1 1 1 1 1 1 1
(8.40) ;M:;(g(m—m(—n):; (—2—27r (—12>> =55

This result is known as ”[13].”
For equation (8.38), 1 is substituted for 6.

[
0

— 2/000 y067 (y2+(ﬁyL2)2)dy

L(H)vr 2y7 —
co) =TT 2 S0

T - ™ > 27T + 1 _ T
(8.41) :¥+2\/7?Zo_1(p) <4-(]2ﬁe 2”1’_2.§e 27rp>
p=1

T > o

=g +2my o1 (p) 2np)e >
p=1

T 2 SRS 1 —2mmn
= +dn = (mn)e

2 n=1m=1 n
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Thus, the double series representation is obtained.

(8.42) C(2) = g +4m2 30 S ez,

n=1m=1

The hyperbolic sine is used to obtain the series representation.

7T > 1
8.43 2) = = 4+ 72 - -
(8.43) <@ 2 77 7; sinh? (7n)
The exact value of ¢ (2) is finally reached:
7r 1 1 72
44 2) = = 22— )=
(8.49 =5+ (5-3) =

9 Hadamard Product Representation for the Zeta Function and Derivation of a New Chi Function
9.1 Hadamard Product Representation for the Zeta Function
The Riemann Xi function’s Hadamard product is shown as follows:

(9.1) £0)=¢00) [] (1§fzpm> (1 1_%) 7% H 2pm2pm) 2&1) , 9eC.

m=1

The definition of the Riemann Xi function is again presented.

—1
9.2) () = %w—%r (Z) (), bec.
Therefore, the zeta function’s Hadamard product representation is as follows:
278 1 5 (20m)° + (20 —1)°
R
9.3) 6(0—-1)T (5) m=1 (2pm)” +1
: 0 oo 2 2
; 20m 20— 1
- - T G T2 vy,

20-1)T(1+9) 224 (2om)7 +1

For equation (9.3), 0 is substituted for 6.

o0

73 > (20m)° + (20— 1)° 1 (20m)° 1
©-4) CO=sErhra 11 ) 7:_5‘
(6 - ( + ) m=1 (2Pm) +1 0=0 m=1 (2Pm)
Any odd number of —1 or less is substituted for 8 in equation (9.3).
1-2k o) 2
e (2pm)? + (2(1 = 2k) — 1)
1-2k
¢ )= 2(1—2k—1)T (14 52%) 1_:[ 2pm)+l
1 Vi ﬁ (2pm)° + (4k — 1)°
= ok (1 2k)F(122k o] 2pm) +1
(9.5) 2 2
1 7 ] o)+ (a1

’ 2
2 — (2k — 1) (*1)k (221:\()”77 m=1 (2pm)” +1

1 (=)™ 2k - 3)! ﬁ (2pm)? + (4k — 1)

, keN.
2k 2k 7k (20m)° +1

m=1

Here, (—1)!! =1 is agreed.
Conversely, the exact value of the zeta function for any odd number of —1 or less is well known as the formula.
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(9.6) Cl—2k)=-B2% pen

2%k
By combining the equations (9.5) and (9.6),
2 (20m) + (4k —1)2 (=1)FTlokgk
9.7 = Boy, keN.
(9.7) ngl 2pm)? + 1 2k — 3
Some examples of calculation are shown.
= (2pm)2 432 (=1)%2 1
(9.8) H<p’”)2+3 _ED LT
mo Com) 1 (DY 6 3
99 [ Gl (c2et, (L) 2
' O T R R U 30) 15"
9.10) ﬁ (2pm)° +112 (—1)4237733 87 1 4nd
' o)+ B 0T 3 42 63
0.11) 1"—"[ (20m)° + 152 (—1)5247r4B _ o 16xt /1) sxt
' o241 st TP 15 U0/ T 225

For equation (9.3), any even number of 2 or more is substituted for 6.

B o * (2pm)° + (4k — 1)°
€@ = smraam AL e
(9.12) ) i > (0pn)? + (4 — 1) en
2(2k— 1)kt 1 2pm)+1 '

Any odd number of 3 or more is substituted for 6 in equation (9.3).

M o} 2
(2pm)* + (4k + 1)
2k+1) =
¢ ) 2(21<:)F(1+ il ml_:[l 2pm) +1
B o = (20m)% + (4K + 1)
4k (2k2+l ( m:l 2,0m) +1
(9.13) i .
™ H 2,0m + (4k + 1)
ok (2k + 1) PEDIVE 2) ] 2pm) +1
2k—1xk (2pm)? + (4k + 1
2p 07 en
RE+DY 2pm) +1
The following are some calculation examples:
T (2m)2 432 o w?
(9.14) c@) =270 Pl T2 T T _T
2 ng1 (2Pm)2 +1 2.3 6
T (2 m 2 + 52
(9.15) c@) =" H (2om) +5°

(9.16) C(4) =
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(9.17) B =2 ﬁ M

(9.18) ¢(6) =

60 1L "o, P41 T 60 63 945
(9.19) ¢ =355
15 El (2pm)* +1
S (2pm)? 4152 ot 8at
(9.20) C® =555 1l 5 =33 25 ~ om0
me—1 (2pm)” +1

21 = 945

(9-21) (0= 11

9.2 Derivation of a new Chi function

By the way, the origin symmetric functional equation with correction terms is similar to the functional equation
that the Riemann Xi function follows.

The new function, called the Chi function, is defined as follows:

(9.22) X (0) == Ay (0) + Figy (0), 0 €C.

To generate the representation for the Chi function, equations (5.82) and (5.84) are substituted on the right
side of equation (9.22).

—0(1-0)

(9.23) x () = —

7T (g) C(0) —2(1— 9);@9 (p) p? (9 Ky (27p) + (27p) Ko (27Tp)) , feC.

The Chi function has clear origin symmetry based on functional equation (5.81).
(9.24) x(0)=x(-0), 6cC.

For equation (9.23), 1 is substituted for 6.

=2 (D)) 2e0- om0t (1K 2n) + oK )
(9.25) ) o=t
1-9 1-— 1
= O = _— —0 = —.
R
Therefore
(9.26) X (£1) = %

For equation (9.23), 0 is substituted for 6.

_QZO-O ) (0 - Ko (27p) + (27p) Ky (27p))

x(0)=—(1—6)x 3T (1+g><(9)

6=
(9.27)

=- -2 Z o0 (p) (2mp) K1 (27p) ~ 0.4875331150002445.

On the real axis, the Chi function has a minimum value at the point 6 = 0.

(9.28) x () > x(0), zeR.
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An attempt is made to find 10 non-trivial zeros of the Chi function close to the real axis in order by interpolation.
The result indicates that the real parts of 10 non-trivial zeros are all zero. Thus, the assumption that all non-
trivial zeros of the Chi function lie on the imaginary axis is proved in the narrow domain. Extending the domain
of consideration to the whole complex plane, I propose the generalized Riemann hypothesis for the Chi function
that states that all non-trivial zeros lie on the imaginary axis. It will be proved in Section 14.

Furthermore, I assume that there are infinitely many non-trivial zeros on the imaginary axis in the Chi function.
I define that the positive imaginary part of the m-th non-trivial zero of the Chi function to which the number
is allocated in order to be closer to the real axis is 7,,,. Under the assumptions,

(9.29) X (i) =0, 0<7 <71pa<73---).

The positive imaginary parts of 10 non-trivial zeros of the Chi function close to the real axis are shown in order
in a table. For comparison, the positive imaginary parts of 10 non-trivial zeros of the zeta function close to the
real axis are also demonstrated in order in the same table.

Table shows the positive imaginary parts of 10 non-trivial zeros of the Chi function and their comparisons

m Tm <, or > Pm

1 12.041... < 14.134...
2 20.487... < 21.022...
3 || 25.976... > 25.010...
4 28.269... < 30.424...
5 || 32.685... < 32.935...
6 36.583... < 37.586...
7 42.044... > 40.918...
8 42.901... < 43.327...
9 || 46.556... < 48.005...
10 || 50.021... > 49.773...

Table. 9

Under the generalized Riemann hypothesis for the Chi function, assuming that there are infinitely many non-
trivial zeros on the imaginary axis, The Hadamard product representation of the Chi function can alternatively
be written down.

o 00Tl (- 2) (- =) o T (145 e

2
m=1 Tm)

To obtain the value of the infinite product in equation (9.30), 1/2 is substituted for 6.

1 > (1/2)*
(9.31) X (2) = X@WH <1 + ()’ ) :

Therefore,

(9.32) 11 (1 tG )2> = 1‘( ((8) ~ 1.0063381050061486.
Tm

m=1

1/2 is substituted for 8 in equation (9.3).

1\  d4ns 2pm d7i 19 1
(9.33) C(z) 1;[ 5 e 11 1+ 1

(20m) 241

Therefore,

At
(9.34) =—— m ~ 1.0057917953503750.
m=1 2pm) r (

1¢G3)

From the equations (9.32) and (9.34), the following inequality is obtained:

ad 1 s 1
(9.35) m]':[l (1 + (2pm)2> < J:[l (1 + (QTm)2> .

According to the inequality (9.35), the distribution of the positive imaginary parts of non-trivial zeros of the
Chi function is closer to the real axis than the distribution of those of the zeta function on the whole.
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10. Functional Equation Transformations, Part3
Compared to the previous sections of 4 and 5, this section will be conducted in a more straightforward manner.

10.1 Functional Equation Transformation for the third-order I type functional equation
The following are the FET operations for the third-order I type functional equation:

NI E > 0 —malz?
L[3] (9) = alinio ; 1[3] (l’) xr'e dx
(10.1) o oo o
=27 lim Z (—3n2x0+1 +12ant2f43 — 47T2n6x0+3) 67“(” +o?)z de.
a——+0 (O —
T > 0 —malz?
Rig) (9):= lim | ria (w)a”e dx
(10.2) o oo Lo
=271 lim Z (12n2m9_4 — 18mn*a? 5 + 47r2n6x0_8) e_”(ﬁ+“ ® )dx.
a—+0 /o —

For the integral of Lg (0), I perform the variable transformation

o= (i)

%
Y
32 —
" (7r(n2 + az))
oo O© # 1 1 %
10.3 Lig (6) = 27 i af Y o ———— ) yrdy.
( ) (31 (6) WQHRO . nzl + 127n (7T(TL2+012)> € 2(7r(n2+a2)> Y Y
9#
— 4r2nb ¥y
mn (71' (n? 4+ a?)
Using the left-sided limit of the positive real variable «,
6 o0 X 1 6 6 6
Lz (0) = 71-*5/ Z o (—3y5 +12yz ! — 4y§+2> e Ydy
0 =
(10.4) Lo
1 oo o0 o0
=2 — <3/ y1+gflefydy+ 12/ y2+%*1e*ydy - 4/ y3+gleydy) .
n=1 n 0 0 0

Because the sum is irrelevant to the integrals, the sum is shifted outside.
Now, the condition Re (§) > 1 can be added to the above result because it is a convergent function under the
condition.

(10.5) Lig () =72 i% <—3F (1+ g) +12T <2+ Z) —4T (3+ g)) ., Re(0) > 1.

n=1

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma
functions.

0 0 0
(10.6) Lz (0) = w’%C(f)) (—3F <1 + 2> + 12T <2+ 2> —47T <3+ 2>) , 8eC.
The difference formula for the gamma function is applied to the above result.
0 0 0 0 0 0 0 0
L =72 Bz )+12(1+=) (=) —-4(2+=])(1+=](=)]|T(=
oy @m0 () (5) (5) 2 (+2) (+2) (2)r ()

=775 (0)- <—§) (0>—1)-T (g) , BeC.

Therefore,
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(10.8) Lz (0) = —wf%r (9> c(0), beC.

The function Lg) (¢) is a convergent function in the whole complex plane.
For the integral of Ry (¢), I perform the variable transformation z = y~ Ll

0—4 0—6
12n2<1> — 187n? (1)
0 > 2.2, a2
Rig) (0) = 2 lim E Y Y e_ﬂ(n Y +72) (—y™?)dy

a—+0 — 1 0—8
(10.9) =l + d2nS <)
Y
2.2 o2
:27Tali)nl0 Z 12n2 2—6 187Tn4 4— 0—|—47T2 6 6 0) 77"(” Yy +y72)dy

For the integral of Ry (), I perform the variable transformation

- x
y* \/'TTTL’

one more time.

T 2—6 T 4—06
o oo [ 1207 <) — 187n* <) 2 (emeny?
Rz (0) = 2 lim Z vn Vn e <m T ) !

ottt Jy 2= Lol o \* Jin®
. - 4 —
(10.10) + 47m°n (ﬁn>
e oo OO 1 B I2+<ﬂ_na)2)
=27 2 i 122279 — 182* 0 4 4269 ( ) da.
Tl f, 2 (20 s 4t ’

Using the left-sided limit of the positive real variable «,

1 2—0 4-0 6—0\ —z?
(10.11) R3 (0 / Z —=g (120777 — 182" 77 4+ 42%77) €™ da.
For the integral of Ry (), I perform the variable transformation z = yt/2.
(10.12)
Ry (0) =277 / Z nl nl-0 123/ - 18y T+ 4y ) e_yay 2dy
1—6 e 1 1—-6 3—0 o0 5—60
=27 "z Z r— (6/ y 2z e Ydy — 9/ y 2 e Ydy+ 2/ y2e_ydy>
e 0 0 0
—a Y o <6/ Y ey — 9 / g e vy + 2 / y?’*lfle’"‘dy) '
ot 0 0 0

Because the sum is irrelevant to the integrals, the sum is shifted outside.
Now, the condition Re (§) < 0 can be added to the above result because it is a convergent function under the
condition.

e e 1 1—6 1—6 1—6

n=1

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma
functions.

(10.14) Ry (0) =2r 2 ((1-0) <6F (1+ 1;9> —9T (2+ 1;9> +2r (3+ 1;9» , BeC.

The difference formula for the gamma function is applied to the above result.
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6 10 -9 1+1;0 10
e <+§<3:fe><f~)<9><l>9> o

—2r T ((1-0)- (-Z) (6>-1)-T (1;9> , be

Therefore,

(10.16) Ry (0) = =D+ agep (1;9> ((1-6), feC.

2

The function Rz () is also a convergent function in the whole complex plane.
Because of the convergent equations (10.8) and (10.16), the following functional equation holds true:

(10.17) L[g] (9) = R[3] (9), 0 e C.
Therefore

(10.18) -

AL DI (Z) cioy= -0 VOHD ey (i") ¢(1-0), heC.

T decide that the functional equation (10.18) is called the third-order I. type functional equation.
Additionally, it is equivalent to the Riemann Xi function’s functional equation.

10.2 Functional Equation Transformation for the third-order Il type functional equation
As you will see later, another way to prove the absolute convergence of the correction term is chosen due to a symmetry collapse in

the third-order II.. type functional equation.
The operations of the FET for the third-order II; type functional equation are shown as follows:

oo

A[g] (0) = aILIEl»O ) a3 (ZIJ) 336677‘—& *dx

2 2 2
=27 th}O E 3n23:9+1 + 12mntaft3 — 4772n6x9+5) e_”(" +a?)e dx.
a—r

(10.19)

F[g] (9 = all{r-il-o/ f[g] :E e —ma’e? dx

(10.20) co ©O 00 2 2\, 2, m?
=27 lim Z Z (—6n2x‘9+1 + 24mntaf13 — 87r2n6x9+5) e_ﬂ((n +a’)e +72)dx.

a0 0 n=1m=1

(10.21) o oo o
=27 lim Z (12n2x073 —18mnizf5 + 471.2”61:977) efrr(x—fra x )dx.

o0

G (0) == lim gi3) () 2fle " gy
0

(1022) oo 00 o0 2 2,2, n?
— 97 lim Z Z (24n22°~3 — 36mn*? =5 1 8x2nSa?T) e 7((m*+a?)z +27)d$'

a0 0 n=1m=1

Immediately, the following obvious result is obtained:

(10.23) Agg) (0) = Ligy (6) = —wf%r (Z) c(0), oeC.

For the integral of Byg) (), I perform the variable transformation z = y~ L.
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1 0—-3 0—5
0 oo 12n2(y> 187m4<y> L
Bz (0) =27 alig{o/ Z e_ﬂ(" y +T2) (,y*Q) dy

017
- 1
(10.24) n=l + 47%n® (y)

i S 2, 1-0 4,3-0 2659 —Tr(n2y2+o‘—2)
:27Tali>120 i ;(1211 y' " — 18wty Y + dncn )e vz ) dy.

For the integral of Bz (¢), I perform the variable transformation

y:ﬁn’

one more time.

T 1-6 x 3—60
1202 [ —— — 18w | —
R (ﬁn) i (ﬁm) () 1

B () = 27 i —=d
o @) =2n Jim, | > AN Van ™
oo OO 1 _ 2+(7\'7La)
=277 lim > —5 (120770 — 18230 4 42°7%) e <x o >d:v.

a—+0 0 ot n—

Using the left-sided limit of the positive real variable «,
1
(10.26) = 2% / Z (12270 — 1820 + 4270 e da.
n
=1

For the integral of Byg) (¢), I perform the variable transformation z = y'/2.

1
By (0 ot 12y En —18y En +4y 2 )e yiy 2dy

n

( 2eydy 9/y26ydy+2/y26ydy>
0 0
( / H'776_16_ydy—9/ y2+%9_1e_ydy+2/ y3+29_1e_ydy>.
0 0

Because the sum is irrelevant to the integrals, the sum is shifted outside.
Now, the condition Re () < —1 can be added to the above result because it is a convergent function under the
condition.

(10.28) By (0) = gil<6F<1+26>—91“(2+29>+2F(3+29>>, Re (6) < —1.

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma
functions.

(10.29) By (8) = 27%¢ (—0) <6F <1+ 29) —9T <2+ 29> +2r <3+ ;)) , feC.

m\m

ot [
(10.27) f:

3\~ % "MS

||
m\m
MS |

The difference formula for the gamma function is applied to the above result.

6(—=)—-9(14+ = -
o (G T)E) )
(10.30) Pyt +2(2+_29> (”_29) <_29) F<2)

=275 (=) - (-Z) (9+1)(a+2).r(—g>, 6 C.

] Electrical Electron Eng, 2024 Volume 3 | Issue 1 | 55



Combining the relation of the complete symmetric functional equation to the result,

By ) = -0 tr (D) ¢ -0)

)
2
_ _wﬁ—#r (1;9) ¢(1+6), 6€C.

The function Biz () is also a convergent function in the whole complex plane.
The left-sided limit of the positive real variable «, is used for the defining equation (10.20),

(10.31)

[e%s) oo oo _ (n2m2+m—2)
(10.32) = 27T/ (=602t 4 247nt2f13 — 8n2nfaftP) 7" 27 ) de.

nlml

Assuming that the integral and the double sum can be interchanged, for the integrals of Fis (0), I perform the
variable transformation.
()"
r=|—
n

g 45 g 45
o oo e [ —6n2(M) T 4 2amnt (M) Lt
F[3] (9) :271'2 Z/{; n n ) e—ﬂmn(y-y—a)i(i) y,idy

n=1m=1 —87T2n6(@>9;o 2\n
n
(10.33) 73%/ I
0
S - 3 1 i 27Tmn
0SS (2)| L [

0

The integrals can be written using the modified Bessel functions of the second kind.

(10.34) Fi3(0) = 4§: i (mmn ( )

Because any modified Bessel function of the second kind of the double sum converges absolutely, the assumed
exchange is justified.
The recurrence formula for the modified Bessel function of the second kind is applied three times.

( 3Kog (2rmn) + 12 (7mn) Koz (2rmn) )

— 4(mmn)? I\ (2rmn)

— 3Kz (2mmn) + 12 (mmn) Koss (2mmn)

l
NgE
||M8
S
3
<
T

6+4
=~ n — 4 (mmn) <J2r Koz (2rmn) + (rmn) Kogo (27rmn)>

: (— (3 + 4(7rmn)2> Kosz (2mmn) — 2(0 - 2) (mmn) Kogs (27rmn))

4”>
[M]8
[M]8
-
3
S
/N
N
N}

s (3 + 4(7rmn)2) Kw (2rmn)

:*4ii(”m”)<%> +2(9_2)<9+2 )

(10.35) n=1m=1 — Kogs (2mrmn) + (wmn) Kg (2mmn)
=4 i i (%)% (2 (6 —2) (7rmn)2 K% (2mmn) + (02 -1+ 4(ﬂ'mn)2) (mmn) K¥ (27rmn))
n=1m=1
o oo (2 (0 —2) (wmn)* Kg (27mn)
- _4;; (g) + (92 -1+ 4(7rmn)2) <Z Ky (2rmn) + (mmn) Koz (271'mn)>
& my (9 (6> —1)+2(6—1) (27rmn)2) Ky (2mmn)
- _2;7;:1 (;) + (92 -1+ (27rmn)2) (2rmn) Koz (2rmn)
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From equation(5.37) and the result of equation (10.35),
(9 O-1)(0+1)+2(0—1) (27rp)2) Ky (27p)

(10.36) Figy (0) = =23 0_g (p) p?
i Z a + (0 =1 (0+1) + (270)*) (27p) Kooz (27p)

For the defining equation (10.22), using the left-sided limit of the positive real variable «,

0o 00 00 2
10.37 Gy (6) =27 24n%e"% — 36mnta” 1 8rPnlat ") e (M) g,
( [3]
n=1m=1
For the integral of G[3) (), I perform the variable transformation z =y~
(10.38)

0 co o 0—-3 1 6—5 1 0—7 2 5 s
G @) =2r [ > <Z4n ( ) - 367m4<y> + 8m%nS <y> ) (B nt?) (—y™2) dy

S —
0 =T 1

Assuming that the integral and the double sum can be interchanged, for the integrals of Gz (), I perform the
variable transformation )
mx\ s
v=()
n

9 —6
mx mx 2
242 ( ) 7367m4(—) )
—mamn(z+1 1/m -1
Cra (6) ‘2“22/ e | O5(5) e e
n=1m=1 87 2 6( )
+ n
1 [ 5
(10.39) 6'5/ 2T e () g
0

2]

= 8i i (mmn) (%)72 —9(mmn) - %/OO o T e EE (21 1) gy

n=1m=1 0

1 [ e xmn
+2(7rmn)2-§/ 2T e (013 g
0

The integrals can be written using the modified Bessel functions of the second kind.

o oo ma—2 (6Kz0 (2mmn) — 9 (mmn) Kaze (2mmn)
(10.40) Gy () =8 > (wmn) (;) ( 2 : )

n=1m=1

+ 2(7mn)? Koo (2mmn)

Because any modified Bessel function of the second kind of the double sum converges absolutely, the assumed
exchange is justified.
The recurrence formula for the modified Bessel function of the second kind is applied twice.

Gy (0)
o oo AS K@ (2rmn) — 9 (wmn) K4;29 (2rmn)
=8 nzl MZZI (mmn ( ) + 2 (mmn) (420 Kas (2rmn) + (mmn) Kao (27rmn)>

(6 + 2(mmn) ) Kz_o (2mmn) + (0 +5) (rmn) Ka_s (27rmn)>

o oo 0 6 + 2( Wmn) ) K2-0 (2mrmn)
10.41 - =
( ) = -8 Z Z Tmn) ( 0
n=1m=1 + (0 + 5) — Koo (2rmn) + (7mn) K _s (27rmn)>
o ( 2(0+5)( ﬂmn) Ky (2mmn)

(0+1) (0 +2) + 4(wmn) ) Kz_o (2mmn)

o0 oo o ((0+5) 27Tmn) Ky (2mmn)
- _2712::17;::1 (g> ((9 +1) (0 +2) + (2mmn) ) (2mmn) Kz—o (2rmn)
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Based on the result of (10.41), from equations (3.30) and (5.38),
(10.42) Gy (0) = —2 Zo— o ( ( (6+5) (27p)° Ky (2mp) — ((9 +1)(0+2)+ (27Tp)2) (27p) Koz (27Tp)) .

I define the function Hig (6) as follows:

From (the right side of equation (10.42)) — (the right side of equation (10.36)),

(9 O-1)O0+1)+(0-7) (27Tp)2) K, (2mp)

10.44 Hig) (0) =2 0 (p)p*
(10.44) 9 (0) ; (@) +((20+ 1) (0 +1) + 227p)*) (27p) Kos (27p)

The modified Bessel functions of the second kind are written using the integral respectively.

Hiz) (0)

- 2
=2) 0.9 (p)p?
p=1

(10.45) (6O -10@+ 1)+ 01 m?) -5 / " 81 () gy

+ (204 1) (6 +1) + 202mp)°) (ZWp)-;/Oooxsgg_le 22 (0+4) g

For the integrals of Hjz (), I perform the variable transformation

0o (xp)?
/ <y> T >2*ydy
0 Y ™

(0(9—1)(0+1)+(9—7)(27rp

l\D\»—t

(10.46) . + (204 1) 60+ 1) +20m)°) @) - O°° < ) <y+u> %y,dy
oo 2 (9 0—-1)(0+1)+(0—7)(27p) ) / Sl (y +(vryp2> >dy
=n iYoo) 0 b
+((20+1) (0 +1) +202mp)°) (27rp)2/ e (v +(1+2))dy
0

For convenience, the above result’s absolutely convergent integrals in the whole complex plane are defined as
follows:

oo (ﬂp)
(10.47) I, (6) ::/ y IRe®) e < T >dy, (peN,fecC).
0

0 (Wp)
(10.48) J, (0) ::/ y 3RO <y i >dy, (peN,§cC).
0

Using the expressions I, (§) and J, (6),

_neto fo (2 1600 —1)(0+1)|1,(0)+2](0—7)| (27p)* I, () ) |
re(o) (P 120+ 1) (0 + 1)| 27p)? J, (6) + 2(27p)" J, (6)

(10.49) |His (6

Now, the following obvious fact is introduced into the inequality (10.49):

(10.50) T_Re(o) (P) < p*FC(2k +Re(0)), (k,p € N,Re(d) >1—2k).
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Under the condition of Re (6) > 1 — 2k,

|Hyg (0)] <n= 37 3 p**C (2K + Re (0))
p=1
(ke N,Re () >1—2k).

(2|9(¢9 1) (64 1|1, (6) +21(6 — 7)| (27p)” 1, (6) )

(10.51) 120 + 1) (6 + 1)| (27p)° J, (0) + 2(27p)* J,, (0)

Because the variable of the zeta function is irrelevant to the variable p, the zeta function of the sum can move
outside.
(10.52)

|Hig (0)] <22~ 3 ('9“’1)<9+1>|P2k1p(9)+(27r) 16— 7)|p* V1, () )

( 2k + Re (0
( Z +272((20 + 1) (0 + 1)| PPV, (0) 4 (2m) ' p>*H+2 7, ()

p=1

(ke N,Re(0) >1—2k).

Because the variable of the zeta function is irrelevant to the variable p, the zeta function of the sum can move
outside.
To estimate the absolute convergence of the function Hig (6), the following equations with the condition are
defined:

s oo B ./
(10.53) Sy (z) == Zp%/ v le v+ )dy, (ke N,z > —2k).
- 0
ok [ e —(92+("p2)2>
(10.54) Ty (x) == Zp y* % v Jdy, (keNyz>2-2k).
p=1 0

For the function Sy (z), because the integral is an absolutely convergent integral, I can change the order of
relation between the sum and the integral.

Sk () v=1e=v" Jim E 2k _(W%)Qd
= Y
kT o Yy L 1+ p Y

oo 2
(10.55) </ y ! e lim Zp e d dy
0

L~>+oo
:/ v=1,-y’ Zpe 2dy, (ke N,z > —2k).
0

To evaluate the inside sum of the integral, I define the function f (¢,y) of double positive variables with the
parameter k as follows:

2

(10.56) futy) =the %, (ty>0,keN).

Taking the limits yields function values on both sides of the open interval of the positive variable ¢.

(10.57) tLHqILlO fe(t,y) =0, (y>0,keN).
(10.58) lim i (t,y) =0, (y>0,k€N).

In order to look into the behavior of the function, it is partially differentiated.
o T2 2t

(10.59) —fr(t,y) = k—— th=le™ W | (t,y >0,k €N).
ot 12

I assume that the zero of the right side of above equation is as.

(10.60) %fk (t,y) =0, (t,y>0,keN).

t:OAQ
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The solution is easily obtained since it has a positive value depending on both the positive variable y and

parameter k.

Table of the increase and decrease for fi (¢,y) of the positive variable ¢

t +0 PR (o) . 00
2 fi (ty) + 0 _
fr (t,y) 0 ' maximum \, 0
Table. 10.1

By considering mainly the rectangle consisting of a base («y + 1) and a height f; («2,y) in area, I obtain the

upper limit of the infinite sum.

> =2p & _x2t
z:pke_zT2 <(ag+1)- f (az,y)—i—/ the™ W2 dt
p=1 0
k 2(k+1)
(10.62) (R ky*\" iy

]{Jk+16_k 4 k! ) kke_k
= TR 2(k+1) 2k
2040 Y + prrat A (y>0,keN).

This result is introduced into the right side of inequality (10.55).

o0 k+1,—k Kok
Se(a) < [ yrtevt (e TR ey KR o)
0 m2(k+1) a2k
(10.63) et ~

[e'e] " o k [e'e] . 3 o,
_w/ y+2k+1eydy+7TT/ y+2k leydy7 (k €N,z > —2k).
0 0

For the above integrals, I perform the variable transformation y = u'/2.

ktle—k ! <, k_—k 0o B
Sk (.’L’) <u/ u#e—u%u—%du + ki/ u#eiu%uiédu
0 0

72(k+1) 2k
krtle—k + k! o0 a+2k42 1 kke—k e e42k 1 .,
(10.64) :W/o w2 e du—}—m/o u 2 e "du
EFtle=k 4kl (x4 2k 42 kke=k (x4 2k
=y ( 5 > 5o ( 5 > , (keNyz>-2k).
Therefore,
ERtle=F 4 k! kke—k x + 2k
By the same method,
EFtle=F 4 k! kke—F x4+ 2k —2

The upper limit function of the function Sy (x) is defined by the following equation:

. P le=k 4 k! ke T+2k
(10.67) Sk (x) = <47T2<k+1> (+28) + 5 o > ( 2

), (ke N,z > -2k).

The upper limit function of the function T} () is defined by the following equation:

. ErRtle=k 4 k! kke—k 2k — 2
(10.68) Ty (z) == (H c >F <x+

4r2(k+1) (z+2k—2)+ o2k 2

>, (keN,z>2-2k).
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Using the upper limit functions,

| Hi (9)\

| B e e 1) (04 1) Sk (Re ) + () (0 )| Sis (Re () )
(060 s amE ek Z( +202((20 4 1) 0+ 1)| T (Re (9)) + (27) sz (Re (6))

=1

(ke N,Re () >1—2k).
When any positive integer & is given, absolute value of the function Hz () is a convergent function in the right
half-plane of Re (6) > 1 — 2k.

Because any positive integer for the variable k£ can be taken, the domain of definition can be expanded to the
whole complex plane.

Thus, the function Hpg) (¢) is an absolutely convergent function in the whole complex plane.

Combining the above results yield the following functional equation, which holds true:

(10.70) A[g] (0) = B[3] (6) + H[g] (), 0eC.
Therefore

IR DR (;’) co)= DO D (Z) =0+ Hig ()

(10.71)
_ _9(9+1;(9+2)77*%9F (1;9> C(1+0)+Hp(0), 6€C.
Where
(10.72) Hpz () =2 i (p)p* (0 oD (%p)z) Fg o)
| PETTETTTT (@04 00+ 4 20m)?) rp)Kes (2np)

I decide that the functional equation (10.71) is called the third-order II. type functional equation.

10.3 Functional Equation Transformation for the fourth-order Iy type functional equation
The following are the FET operations for the fourth-order I type functional equation:

o0
i 0 —m
Ly (0) := o}gﬂl—o ; llg) () 2% ™ * d
(10.73) o oo 2
=2 lim Z( 3n22ft !+ 4272 P — 44m?naft 4 87Pn®2f1) —m(n?+a%)a? 1.
a—+0 [q —_
(10.74)
Ry (0) == O}EEO ) (z) 27 dx
=27 lim Z( 48n2 o~ 4+1327rn4:1: *687T2 6, 0— 8+87r3n8x9710 —‘n'(” +a w)
a—+0 /o —_

For the integral of Ly (0), I perform the variable transformation

o= (i)

()

Y
00 + 427 ( 1
. o0 7r(n2+a2)> 1 1 CNEY
(10.75) Ly (9):27rali>nio | Z o e y§ T2+ a?) Y~ zdy.
=t — 447%nS S
7 (n? 4+ a?)

+ 873n® _ v )7
m(n? + a?)
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Using the left-sided limit of the positive real variable «,

L @) =r%[ Y = (—3yg 4295t — 44y8F2 4 8y%+5) e Vdy
0 n=1 n
(10.76) S —3/ y1+%_1e_ydy—|—42/ y2+%_1e_ydy
-9 0 0
3y N N
= - 44/ yHE e vy + 8/ ytrE e vy
0 0

Because the sum is irrelevant to the integrals, the sum is shifted outside.
Now, the condition Re (6) > 1 can be added to the above result because it is a convergent function under the
condition.

(10.77) Ly (0) = 7~ % i % <3r (1+ g) +42T <2+ g) — 44T <3+ Z) +8T (4+ Z)) , Re () > 1.

n=1

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma
functions.

(10.78) Ly (0) = 7~ 2¢(0) <—3r <1+ g) 4427 (2+ g) — 44T <3+ Z) +8T <4+ g)) , feC.

The difference formula for the gamma function is applied to the above result.

—3(Z)+a2(1+2) (2

o 8 e

w7 )29 ()66 (9 )
:7rg((@)-(Z)(G—l)(@—i—l)Q-l"(g), fecC.

Therefore,

0(0—1)(0+1)°

(10.80) Ly (0) = 5 72T (Z) ¢(6), 6eC.

The function Ly () is a convergent function in the whole complex plane.

(
For the integral of Ry (0), I perform the variable transformation x = y~ L.

R[4] (0) =27 lim

1 0—4 1 0—6
0 oo —48n2<> —|—1327m4<> L
/ Z Yy Yy efw(n y +37> (_y_2) dy

a—+0 — 1 0—8 1 6—10
(10.81) =t — 687%nS () + 873n® ()
Y )
) )
=27 linio Z (—48n2y2_0 +132mnty*=? — 6872nSy5~0 + 87T3n8y8_‘9) e T\ dy.
a—r 0 el

For the integral of Ry (9), I perform the variable transformation

oz
y - \/7?”7
one more time.
2-0 1-0
T T
o oo | —48n? ( ) + 1327n* () o2
Ry (0) =27 lim Z Vn Vn e <w2+( i+ )L
WA= 0S50, N L \80 v
n=1 2 6 3,8
™ VT
1— © = 1 — x2+M
— 975" lim Z T (—48$2_9 + 1322479 — 68250 + 8x8_9) e < o >da:.
a—+0 0 ot nt—
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Using the left-sided limit of the positive real variable «,

(10.83) Ry (0 —QW**/ an - (—48227 4 1322770 — 68250 + 8250) e du.

For the integral of Ry (¢), I perform the variable transformation x = yl/2.

N
Bia (6 / Z 10 481/2 +132y"% — 68y +8?/2)6y§y 2dy
* 1se e _
e 1 —24 y 2 e Ydy+ 66 y 2 e Ydy
=27 Y Ce e
(10.84) n=1 —34/ yTe—ydy—i—él/ y 7 e Vdy
0 0
—24 - 452 =10~y 0 1 66 = 241521 -y
1_9 1 Y e Y+ Yy (& Yy
=27 ) = R o
n 1-0 1-0
n=1 734/ y3+T*1€*ydy+4/ YA ey gy
0 0

Because the sum is irrelevant to the integrals, the sum is shifted outside.
Now, the condition Re (#) < 0 can be added to the above result because it is a convergent function under the

condition.
o —24r(1+1;9> +66F<2+1;9)
1—6
10.85 Ry (0) =2n" "2 Re(0) < 0.
( ) [4]() ™o Zn1,9 1-6 1-0 ) e()<
n=1 — 34T 3+ —F— | +40 {4+ ——
2 2
Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma
functions.
— 24T <1+ 1;9> +66T (2+1;9)
(10.86) Ry (0) =272 ¢ (1—6) feC.

—34r<3+1;9)+4r<4+1;9)

The difference formula for the gamma function is applied to the above result.

(3l 32) ()

Ry () =272 ¢ (1 6) —34 (2+159> <1+1;9) (1;9) F<1;9>
(15 ) (45 ()
=2 (1-6)- (Z) (9—1)(9+1)2~r<1;9)7 0eC.
Therefore,
(10.88) Ry (0) = 66— 1)2(9 + 1)2n—¥r (1;9> ¢((1-0), 6eC.

The function Ry () is also a convergent function in the whole complex plane.
Because of the convergent equations (10.80) and (10.88), the following functional equation holds true:

(10.89) Ly (6) = Ry (6), 0 €C.
Therefore
(10.90) 606 - 1)2(9 +1 -sp (g) coy= 20 1)2(9 +1) -t (1;9) c(1-9), beC.

I decide that the functional equation (10.90) is called the fourth-order I, type functional equation.
Additionally, it is equivalent to the Riemann Xi function’s functional equation.
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10.4 Functional Equation Transformation for the fourth-order II; type functional equation
The operations of the FET for the fourth-order II; type functional equation are shown as follows:

oo

N 0 —mwalx?
Ay (0) == ali>n—|1-0 ; ay (r)z’e dx
(10.91) " o o
=27 lim Z (—3n2x9+1 + 4270t 203 — 4472002010 4 87r3n8m9+7) e m(n+a®)a? 1
a——+0 0

F[4] (0) == lim /0 f[4] (z) xee_ﬂQQIZd.r

a—+0

(1092) 0o 0O 00 _ 2 0+1 4,043 2

—or lim Z Z 6n°x""" + 84mn°x e_”((n2+a2)w2+%)dx,

a=40 Jo At i\ —8872nSaf0 4 1675020t
0) = li >~ 0 —ma’a?
By (0) == alg{ls-o ; by () e dx
(10.93) 0o 00 B (n2+ , 2)
=27 lim Z (—48n2x9_3 +132mn*2? =% — 6872n82 7 + 87r3n8x0_9) e T\ TN ) gy,
a—+0 [q ot
[ B > 0 —ma’z?
Gy (0) := ali>r{1s-0 ; g () x"e dx
10.94 o 00 oo _ _
( ) —9r lim Z Z — 96n%2% 3 + 264mn*2? 0 _”((m2+0‘2>$2+2ﬁ2)dm
a=+0 Jo = — — 1367208297 4+ 16730820~
n=1m=1
Immediately, the following obvious result is obtained:
0(0—1)0+1)° 0
(10.95) Ay 0) = 2y 0) = “C=HE e (D co), vec
For the integral of By (0), I perform the variable transformation z = y~1.
1\ 03 0—5
0 oo | —48n7( = + 132mn* | -
By (0) = 2r 1i v y —r (P +57) (_y2) g
w (6) = T oo OOZ 1\ -7 1) 09 ¢ 2 (=y) dy
(10.96) n=l - 687r2n6<) +87r3n8<)
Y Yy
* o 0 4,30 0 70 77r(n2y2+'i)
=27 alinio | Z (—48n2y1_ +1327n2y% 7Y — 6872nSy5 =0 + 8m3nBy" )e w2/ dy.
n=1

For the integral of By (6), I perform the variable transformation

o X
y_ \/7?71’

one more time.

1-0 3-0
o [ — 480 <x> + 1327n* (x) R
o0 =z TN 1
B[4] (9) =27 lim Z ﬁn ﬁn ( e >
n=1

a—=+0 Jq - T 5—60 s s z 7—6 € ﬁndx
= — 68 — 8 —
(10.97) Tn <ﬁn) +87°n (ﬁn)
e 1 , (224 mn2?
= ont lim Y (4821 +1322% 7 — 68270 + 82T 7) (2 >dm.
a—r 0 —1 n

Using the left-sided limit of the positive real variable «,

oo 0 1
(10.98) By (8) = 27 Jim i nz::l — (—482' 7% + 13220 — 682770 + 8277) e du.
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For the integral of By (¢), I perform the variable transformation z = y'/2.

- 24/ y_TB e Ydy + 66/ y%;sefydy
0 0
(10.99) n=1 - 34/ y% e Vdy + 4/ y% e Ydy
OOO o 0 o0 o
— 24/ Yyt ey +66/ Ytz lemVady
0 0

(oo} [ee]
n=1 —34/ y3+%0_le_ydy+4/ YAt ey gy
0 0

Because the sum is irrelevant to the integrals, the sum is shifted outside.
Now, the condition Re () < —1 can be added to the above result because it is a convergent function under the
condition.

o —24F<1+_29)+66r<2+_29)
(10.100) By (0) = 2n% Z ., Re(h) < —1.

—0 —0
—34F(3+2> +4r(4+2)

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma
functions.

—24T <1+_20> +66T (2+ _29)
(10.101) By (0) = 275 ¢ (—0) ; o | PEC
— 34T (3+_) 44T (4+ _>
2 2
The difference formula for the gamma function is applied to the above result.
—0 —0 —0
Y p—" 1+ —) (=
(7)) (+3) (5)
By (0) = 27%¢ (—0) —34 (2 + _9) <1 + _9> <_9> r (‘9)
(10.102) 2 2 2 2
. 43+ -0 2+ -0 1+ 0 (=2
2 2 2 2
0 0 2 0
Combining the relation of the complete symmetric functional equation to the result,
0(0+1)(0+2)7° G
By ) = " rtr (<) o)

)
2
2
)2(9 +2) -uep <1;9> C(1+0), eC.

(10.103)
00+1

The function By () is also a convergent function in the whole complex plane.
The left-sided limit of the positive real variable «, is used for the defining equation (10.92),

0o 0O 00 2
(10.104)  Figy (0) = 2”/ Z Z 6n2x9+1 + 84mntzf3 — 8872nS0t0 + 167r3n8x0+7) e " (n2x2+7)dx.

n=1m=1

Assuming that the integral and the double sum can be interchanged, for the integrals of Fiy (0), I perform the
variable transformation, )
(my) 2
r=(—)".
n
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n=1m=1"70 8872 6( y)%—f—lG 2 6(my)T
1 > Tmn 1
735/ ngzfle_zT(er?)dy
(10.105) 0 Lo,
4 2tmn 1
oo oo 1 +42 (ﬂ-mn) ’ 5/ y%_leiT(erg)dy
55 o (2 0
ZZ(”m") n 9 1 [ m71 —zmpn (1)
n=1m=1 —44(7mmn)” - = y 2 YTy dy
2 Jo
+8(ﬂ-mn)3.%/ yL—gSil 27r7nn(y+ )dy
0

The integrals can be written using the modified Bessel functions of the second kind.
—3Kosz (2mmn) 4+ 42 (mmn) Koz (2rmn)
(10.106) _42 Z mn ( ) , s
T — 44(mmn) Koso (2rmn) + 8(wmn) Koys (2mmn)

Because any modified Bessel function of the second kind of the double sum converges absolutely, the assumed
exchange is justified.

The recurrence formula for the modified Bessel function of the second kind is applied four times.

(10.107)

-3 Ke%rz (2mrmn) + 42 (rmn) K9+4 (2rmn) — 44(7mmn)? K% (2rmn)

lL
M8
M8
=
3
)
~—~
b
[N}

+ 8(7wmn)* <0;L6 L\ (2mmn) + (mmn) L\ (27rmn)>

~ 3Kz (2mmn) +2 (21 + 4(7rmn)2) (mmn) Kogs (2mmn) )

L
M8
\Mg
3
3
S
~—
213
[N}

n=1m=1 n +4(0 —5) (rmn)* [\ (2mmn)

- 3KLJ52 (2rmn) + 2 (21 + 4(7rmn)2) (mmn) Ke% (2rmn)

lL
M8
M8
=
3
)
~—
13
|

n=1m=1 n +4(0—5) (mmn) (9;4 K9+4 (2rmn) 4+ (mmn) K 27rmn)>
2
o0 8 (73 +4(0 —5) (mmn) ) Koy (2rmn)
=430 3 (o) () : :
n=1m=1 +2 (9 — 0+ 1+4(mmn) ) (mmn) K9+4 (2rmn)

(—3 140 5) (7rmn)2) Kosz (2mmn)

0+2
n=1m=1 n +2 (92 —04+1+ 4(7rmn)2) <; Koz (2mrmn) + (rmn) Ky (27rmn)>

e [2 (92 —0+1+ 4(7Tmn)2) (wmn)? K, (2rmn)
o v + ((0 —1)(+1)%+4(20—3) (ﬂmn)Q) (mmn) K osz (2mmn)
2 (92 —0+1+ 4(7rmn)2) (mmn)® Ky (2rmn)

n=1m=1 + ((0 —1)(0+1)*+4(20 —3) (ﬂmn)Q) <g Ky (2rmn) + (mmn) I\ (27rmn)>

[V

(9 O—1)(0+1)°+4 ((9 —1)(30—1) + 4(7Tmn)2) (ﬂmn)Q) Ks (2mmn)

n=1m=1 +2 ((0 —1)(041)° +4(260 — 3) (ﬂmn)Z) (mmn) Ko_» (2rmn)
Based on the result of equation (10.107), from equations (3.30) and (5.37),
(e O—1)(0+1)>+ ((9 S1EI-1)+ (27Tp)2) (27rp)2) K, (2rp)

(10.108) Fip (0) =2 o_g (p)p?
[4] Z P +((0-1)(0+1)* + (20— 3) 27p)*) (27p) K o_s (27p)
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The left-sided limit of the positive real variable «, is used for the defining equation (10.94),

(10.109) =2 / ) °° OO S0 A —r(mPe?riz) g
. = 4T e z X.
— 136720827 + 167308200

n=1m= 1
For the integrals of Gy (¢), I perform the variable transformation x = y~ L.
(10.110)

1 0-3 1 0-5
0 o o —96n2(> +2647rn4(> . .
G (0 _2”/ ZZ ! ’ ) () ay

1 0-—-7 1 0—9
=lm=1 —13672nS (> +167m3n8 ()
y Y

o0 OO OO - Tn2
_zﬁ/ (—96n2y* 7 + 264mny> 7 — 13672n°y° 0 + 167°ny" %) e —r(n* +72)dy,

nlml

Assuming that the integral and the double sum can be interchanged, for the integrals of G4 (), I perform the
variable transformation )
me\
- (2
n

o © oo —96n2(—) +2647m4(—)

G (0) =27 Z/ " " L, e—”mn(ﬁé)%(%)%x—%dx

n=lm=1’0 —1367r2n6(m) + 16708 (22) T
n n
—12~%/ 7 Lo 2 (v43) gy
0

1 [ 4 rmn
+ 33 (mmn) - 5/ 2Tt lem 2R (041 g
0

n=1m=1 " — 17(7Tmn)2 : %/ o 5 Lo T (v 1) g
0
1 o0 — 27r7nn
+ 2(7rmn)3 . 5/ e P (2+3) da
0

The integrals can be written using the modified Bessel functions of the second kind.

(10.112) Gy (0) =16 > (wmn)

n=1m=1

(m)*% — 12Kz (2rmn) + 33 (mmn) Kao (2rmn)
—17(wmn)? Koo (2rmn) + 2(7mn)? Ks_o (2mrmn)

Because any modified Bessel function of the second kind of the double sum converges absolutely, the assumed
exchange is justified.

The recurrence formula for the modified Bessel function of the second kind is applied three times.

(10.113)
G (0)
00 oo B 12K20 (2mmn) + 33 (mmn) Kio (2rmn) — 17(7wmn)? Koo (2mmn)
- 7;1 mZ=1 () (g) + 2(7mn)® (69 Koo (2rmn) 4+ (mmn) Kas (27rmn)>
e my—5 [ —12Kz=e (2rmn) + (33 + 2(7rmn)2) (mrmn) Kao (2rmn)
- nz=:1 nv,zz:l () (E) — (0 + 11) (xrmn)? Koo (2mmn)
o o0 N 12 K¥ (2mrmn) + (33 + 2(7rmn)2) (mmn) K¥ (2mrmn)
=16 Z Z (mmn) (—) ’

=~ n — (60 +11) (mmn) (20 Kas (2rmn) + (7mn) Ko (27rmn)>
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-2 (12 +(0+11) (ﬂmn)Q) Kz (2rmn)
n=1m=1 + (92 +70+22+ 4(7Tmn)2> (mmn) Kio (2rmn)
9 (12 L (0+11) (wmn)2> Kz_o (2mn)

n=1m=1 " + (92 + 70 + 22 + 4(wmn) ) (29 Kao (2rmn) + (7mn) K_, (27rmn)>

2 (92 +70+22+ 4(7rmn)2) (mmn) Ky (2mmn)

o] n - ((9 +1)(0+2)%+4(20+9) (Wmn)z) Ka_o (2mmn)
(92 +70+22+ (27Tmn)2> (27Tmn)2Kg (2mmn)
o] - ((0 F1)(0+2)%+(20+9) (27rmn)2) (2mmn) Ka_s (2mn)
Based on the result of equation (10.113), from equation (5.38),
2 2 2
(9 470 422 + (27p) ) (27p)*K s (2p)

- ((9 +1)(0+2)%+ (20+9) (27rp)2) (27p) K20 (27p)

w\m

(10.114) Gy (0 —QZU o

I define the function Hiy) () as follows:
(10.115) H[4] (9) = G[4] (9) — F[4] (9) .

From (the right side of equation (10.114)) — (the right side of equation (10.108)), I obtain the above result, which
will be shown soon. Additionally, since the procedure is the same as the one used in the previous subsection,
I may confirm the absolute convergence of the function Hiy) (¢) without a proof. Combining the above results,
the following functional equation holds true:

(10.116) A[4] 0) = B[4] (0) + H[4] (6), 6ecC.

Therefore

0(0—1)(0+1) o (0 00+ 1)0+2)° . 0
T2l o) C(0) = w2l | =5 ) C(=0) + Hy (0)
() > ()

2
_ 00+ D0+2° e (Hg)g(1+9)+H[4] ), oeC.

Where

- ) (9(9—1)(9+1) +(20+3) (0 - 7) (27p)* ) Ka (27p)
(10.118)  Hyy (0) = -2 oo (p)p? \

= ((9—|—l) (207 + 46 + 3) +2(20 + 3) (27p) ) (2mp) K2 o (27p)
The functional equation (10.117) is called the fourth-order Il type functional equation

10.5 Functional Equation Transformation for the Fifth-Order I, Type Functional Equation
The following are the FET operations for the fifth-order I; type functional equation:

T > 0 —ma’z?
L5 (9) = ali)n_lm ; li5) (z) %€ dx
(10.119) . © X[ =302t 4 72mntaft3 — 2247200205 (21022
=27 lim Z . m(n*+ef)e? gy,
a—=+40 J +1287%n820%7 — 167401020 +0

n=1

o0

Ri5 (0) == lim 75 () gfle " gy

(10.120) 3120200~ — 1188mn%a’~5 + 9527200208

2 2 2
_ 771'(1"_—2+o¢ x )d
QWQILIRO Z < _ 939:38,0-10 | g4y 10,0- 12) € z-
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For the integral of Lz (0), I perform the variable transformation

1
2
r=(—t—) .
(7w
041

()

y 2
omi —2
rem <w(n2+a2>)

oo X —= 1 1 2 1
— ; § 2.6 Y : e -3
o1z o0 =2n i, | 3| et () e 2 (o) v i

2
128 38 Y
s <w<n2+a2>

1671'4 10 Y oz
7 (n? 4+ a?)

Using the left-sided limit of the positive real variable a,

wkb

L5 (9) / —3y% + 72y T — 2249512 4 128y 213 — 16y2+4) e Vdy
[ee] oo
(10.122) ) _3/ y1+%7lefydy+72/ y2+%7lefydy_224/ SHE—1evgy
0 0 0
< n?

o'}
,Q
= 22

o0 2} o [
+ 128/ Yz levdy — 16/ YTz le Vdy
0 0

Because the sum is irrelevant to the integrals, the sum is shifted outside.
Now, the condition Re (6) > 1 can be added to the above result because it is a convergent function under the

condition.
0 0 0
x —31“(1—1—5)+72F<2+§>—224F(3+§>
(10.123) L (0) =753 — ; o | Be@®>1.
n
n=1 +128F(4+7)—16F<5+*)
2 2
Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma
functions.
0 0 0
731“(1+§> + 72T (2+§) —224T <3+§)
(10.124) L[ ] (9) = 77( (9) 0 eC.

+128F<4+g> 716F(5+g>

The difference formula for the gamma function is applied to the above result.

) em ) (Y (e

2
e e [ ><“32<> |6
) (D (9
wgg(e).<g> (6% —1) (6 + 40 +5) - r(> 0 ecC.
Therefore,
(10.126) Ly () = 20D O 12) (Z+40+5) o (Z) (), 6eC.
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The function L5 (¢) is a convergent function in the whole complex plane.
For the integral of Rjs) (¢), I perform the variable transformation z =y -1

0—4 0—6
of 1) a1
312n 1188mn
Y Y

0 o 1 6—8 1 0—10
R (0) =27 lim + 9527205 () — 2327308 ()
15 a=+0 Jo ngl Y Yy

0—12
+ 167*n !0 <1>
y

2,2
—7mln +
e ( Y

(10.127)

=27 lim

a0 — 2327303450 + 1670 10 )

For the integral of Ry5) (¢), I perform the variable transformation

Y= e

one more time.

(10.128)
4—0

2—0
31202 [ 2 — 1188t [
! (ﬁn) ™ (ﬁm
oo OO 6—0
Ry (0) = 27 lim | + 9520208 (\;ﬂ) —2327r3n8(
™

a—+0 [q

™n

10—6
1674010 [
VT

n=1

e 312227¢
=2m 2QILH+10 Zme(

Using the left-sided limit of the positive real variable «,

= T8

For the integral of Rs) (6), I perform the variable transformation = = y'/2.

0o 0O
i 1
=27 2/ E
ni—o
0 n=1

— 2322879 1+ 1621071

(10.129) Ry (0) = 270 — 11882" % + 952257¢

R5 (0)

<312y = 1188y T +952y En

— 7\'7L(:¥2
8—6 7<$2+< ne) >
e

~0 —11882%7% + 9524.5~¢ ) f(muw;i;oz)dm

) (g2 dy

2,2—0 4, 4—0 2,6 6 6
Z <312n y2~0 — 1188mny 0 + 9527n >e”(”2y2+:§>dy.

1

d
ﬁnx

— 2322570 + 1621077 e da.

1
o 6‘y§y‘%dy
—232y B +16y E

156/ yg;gefydy—594/ y¥efydy
16 1 ’ X 59 ’ X 1
=212 Zﬁ +476/ yoTe_ydy—116/ y 2z e Ydy
" 0 0
n=1
[oe]
(10.130) +8/ yg;;e_ydy
0
iz % gp1ze g
156/ ylt= - e_ydy—594/ Yy T2 ~leTVdy
0 0
o1 o0 _ o0 _
=7 Z — +476/ Y3 ey — 116/ YT ey
- " 0 0
n=1
+8/ Yo levdy
0

Because the sum is irrelevant to the integrals, the sum is shifted outside.

Now, the condition Re (#) < 0 can be added to the above result because it is a convergent function under the

condition.
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156T (1+ 1?) — 594T <2+ 1;9>

10 1 1-6 1-6
(10.131) R (0)=2m""% ) — +476F<3+2)—116F<4+2> , Re(6) <0.

n=1
1-4
+8F<5+2 )

Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma

functions.
156T (1 + 1;9) —594T (2 + 1;9>

- 1-6 1-6
(10.132) R () =272 ¢ (1 - 6) +476r<3+2>11ﬁr(4+2> , feC.

1-6
—|—8F(5+2>

The difference formula for the gamma function is applied to the above result.

(10.133)
156 (1;0) — 594 (1 + 1;1) (1;0> 9 0
pare (24 120 (1 120 (120
sl Ry [

w3 (10 50) 5+ 150 0+ (+50) ()
—2r T ((1—6)- (Z) (0> —1) (92+4a+5)~r<1;9), g eC.

Therefore,

(10.134) Rz (0) = 0= DO+D (#+40+5) 7T (1 —0

; 2)4(1—9), fcC.

The function Rj5) (0) is also a convergent function in the whole complex plane.
Because of the convergent equations (10.126) and (10.134), the following functional equation holds true:

Therefore
o 2
0 1)(0+12)(9 +40+5)7T_3F<§)C(9)
(10.136) 00 —1)(0+1)(02+460+5
_ 0= +2)( T )ﬂ—lzer<1_29>g(1—9), fecC.

I decide that the functional equation (10.136) is called the fifth-order I. type functional equation.
Additionally, it is equivalent to the Riemann Xi function’s functional equation.

10.6 Functional Equation Transformation for the fifth-order II;- type functional equation
The operations of the FET for the fifth-order II; type functional equation are shown as follows:

oo

T 0 —ma’z?
A (0) = Jim | ap) (2) 2% de
(10.137) . oo [ 3p2,041 | 7oA 043 _ 99402,,6,.0+5 r(n?ta?)a?
=27 lim Z 3 8 047 410096wnazd$
amt0 fo = + 1287308207 — 167401020+
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a—+0
n + ™ T
(10.138) o se o [ — 000 144t ]
=27 lim Z Z — 4487208201 4 256m3 082017 e_”(("2+a2)£2+%)dx,
o t0 n=1m=1 _ 305410,,0+9
B[5] (0 = QE)IEO ) b[5] (1‘) .7306 T dy
(10.139) oy 31202293 _ 118870425 1 952721607 —w(%ﬂfﬁ)d
- Wal}HJ’l»O 0 nz::l _ 2327.(.3”81,9 9 + 1671'4 10 9 11 € L.
. : > 0 —ma’s?
G5 (0) = allgls-o ; gps) (v) 2%e dx
(10.140) o se o (62407277 — 2376mn "’ ]
=271 lim Z Z + 19047208207 — 4647308200 e_ﬂ((m2+a2)x2+;7)dx.
o t0 n=1m=1 13974 10,0-11
Immediately, the following obvious result is obtained:
60 —1)(0+1)(62+40+5 0
(10.141) Aps) (9) = L 0) =-— ( ) 2) ( )w_%l‘ (2> (), oeC.

For the integral of Bys) (¢), I perform the variable transformation 2 = y~ L.

6—3 -5
1 1
312n2 <> —1188mn* ()
Yy Yy

I 1y NG T
Bz (0) = 2 lim Z + 9527%nS (y) — 2327°n® (y) 2 ) (~y~?%) dy

6—11
Fiortn ()
Yy

312n%y" =% — 1188mny> =% 4 9521%nby5 0 2y e
=2m lim 2: 38470 4109 o€ ( yA+ﬁ)dy
a—+0 —2327%n +167'n

For the integral of Bys) (¢), I perform the variable transformation

Y=

one more time.

(10.143)
3—0

312n° <\/§m>19 —1188mn? (\/%)
Byg) (0) = 2m lim OOO ni; + 95272 (\/%)59 — 2327%n8 <\/”%n>” (et ﬁdw
+ 16700 <fn) "
o [ () (),
a0 Jg = 232070 4 162

Using the left-sided limit of the positive real variable c«,
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1

n—0

(10.144) B (0) = 2% lim

a—+0 /g —23227% + 162977

b3
n=1
For the integral of Bz (0), I perform the variable transformation = yl/2.

By (9):%%/ >
0 p=1

(3121’19 — 11882%7% 4+ 9524°°

) e~ dr.

1 .
e sy dy

1

n—"°

312279 — 11882370 4 9524°~7
— 2322770 4 162°7°

)

312/ y%eefydy—1188/ y¥efydy
0 0

M
‘)—‘

3

+952/ y#e—ydy—z?a/ Y T e Vdy
0 0

—

3
Il

oo
(10.145) +16/ 7 e vdy
0

> 1+=2 -1 * 2+=21
312/ ylt= e vdy — 1188/ vtz e Vdy
0 0

—|—952/ y3+%9_1e_ydy—232/ y4+%9_1e_ydy
0 0

Mo
‘)—‘

3

[

3
Il

+16/ YT ey
0

Because the sum is irrelevant to the integrals, the sum is shifted outside.
Now, the condition Re () < —1 can be added to the above result because it is a convergent function under the
condition.

-0

)

312T (1+ 29> —1188T (2+

0= 1 —6 —0
10.14 B =212y — 2T ) —232r (4+ = ~1.
(10.146) [5) (0) =27 ;n,o +95 <3+ 2> 3 ( + 2) , Re(0) <

—0
+16T (5 + 2)
Analytic continuation extends the domain of definition to the whole complex plane for both the zeta and gamma
functions.
—0 —0 —0
312T 1+7 —1188T 2+7 +952T 3+7
(10.147) By () = 23¢ (—0) 0eC.

—0

—232F(4+_26)+16F<5+ 5

The difference formula for the gamma function is applied to the above result.

0 —0

2

312 (;9) — 1188 (1 +

Sl

)

—0

2

, + 952 (2+_29) <1+_29> (‘29>
(10.148) Py — 232 <3+ ;) (2+ 20) (” 26> (29>
) () (2 9) 03
=275 (~0)- (—Z) (0 +1)(0+2) (6 +60 +10) - T (_g) _fecC.

Combining the relation of the complete symmetric functional equation to the result,

)
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B (9):79((9+1)(94—2;(92+69+10)7T%F (g)@(@
(10.149) 2
B 9(9+1)(9+2;(9 +69+10)W1§9F<1;9><(1+9), becC.

The function Bz () is also a convergent function in the whole complex plane.
The left-sided limit of the positive real variable «, is used for the defining equation (10.138),

oo °° °° 6n2a0t + 144702043 — 44872082045 Ca(n2e?ym2
(10.150)  Fi5 (6 _27r/ < \ 256 BT grar 10,949 | (m*+22) 4.

n=1m=1

Assuming that the integral and the double sum can be interchanged, for the integrals of Fiz) (0), I perform the
variable transformation, .
(my) 2
r=|— .
n

my\ = my\ =
—6n? (M) T+ 1a4mnt (22)
n n
) =2 5 6 /MY F 5 s/My\ = | —emn(y+i)lm z -%d
WZZ —aasetnt (20) T g oserint (20) 7 | e Do) vy
n=1m=1 n n
0+9

— 3274p10 (@) N
n

(10.151) 0

1 > ’I\'TYLVL
+ 72 (mmn) - 5/ y T Tl T (v+5 )dy
0

oo 0o m 1 0o 046 1 2mmn .
:4ZZ(an) <E) —224(7rmn)2~§/0 y e T (v ) gy

1 [~ rmn
+128(7mn)® - 5/ yLJZrS*le_2 2 (y+%)dy
0

0

The integrals can be written using the modified Bessel functions of the second kind.

-3 Ko# (2rmn) 4+ 72 (mmn) K%j (2mrmn)

— 224(mn)? Koto (2rmn) + 128(xmn)* Koss (2mmn)
—16(wmn)* Koz (2mmn)

Because any modified Bessel function of the second kind of the double sum converges absolutely, the assumed
exchange is justified.

The recurrence formula for the modified Bessel function of the second kind is applied five times.
(10.153)

-3 Ke;rz (2mrmn) + 72 (mmn) K9+4 (2rmn)

9):4§: i (mmn ( >% — 224(mmn

n=1m=1 . 16 wmn 3 <<9 + 8> K% (27TTI’LTL) —+ (Wmn) K¥ (27Tmn)>
(

)
)? L\ (2rmn) + 128(xmn)* Kogs (2mmn)

—3Kop 2 (2rmn) + 72 (mmn K# (2mrmn)

[SIEY

:472212 mmn ( ) (14—|— (mmn) )(ﬂ'mn) T (2rmn)

8 (0 — 8) (wmn)® Kogs (2mmn)
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— 3Kz (2rmn) + 72 (mmn) Koz (2rmn)
— 16 (14 + (ﬂ'mn)Q) (mmn)? Koso (2rmn)

—8(0 - 8) (mn)? <(9 32 6) Ko (2mmn) + (rmn) Ko (27rmn)>

I
V]2
WK
=~
3
S
VN
213
|

— 3Ky (2mmn) — 8 (79 +(0-8) (7rmn)2) (mmn) K oss (2mmn)

- 47;1 mZ:1 (o) (E) —4 (92 —20+8+ 4(7Tmn)2) (rmn)? L\ (2rmn)
— 3Ky (2mmn) — 8 (—9 +(0-8) (Wmn)z) (mmn) K oss (2mmn)
—4 i i (7mn) (%)g —4 (92 —20+8+ 4(7Tmn)2) (mmn)
e X ((9 ;_ 4> K9+4 (2rmn) + (mmn) K¥ (27rmn)>
oo oo 6 (3 +4 (02 —20+8+ 4(7rmn)2) (Wmn)z) K¥ (2mmn)
712::1 mz::1 m ( ) +2 (93 +20% —44+8(0—2) (wmn)2> (mmn) Koga (2mmn)
(3 +4 <92 —20+8+ 4(7rmn)2) (ﬂmn)Q) Kosa (2mmn)

[\

+2(03+292—4+8(0—2)(7rmn) )

« ((9 : 2) Koss (2mmn) + (rmn) Ky (27Tmn)>

4 (93 +26% —4+8(0 —2) (Wmn)2) (ﬂmn)QK% (2rmn)

I
L
NE
NE
=
3
3
VS
N—

n=1m=1

[

S
NE
HM8
<13

2 (94 F40% +40% — 40— 5+ 4 (392 — 20+ 4(7rmn)2) (mn)2)
X (mmn) Koz (2rmn)

4 (63 +20% —4+8(0 —2) (ﬂmn)z) (ﬂmn)zK% (2rmn)

_ o i i (%) +2 (0% + 467 + 467 40— 544 (307 — 20 + A(wmn)? ) (rmn)°)

n=1m=1

y (g Ky (2mmn) + (mmn) Ko_s (27rmn)>

(95 40t + 46° — 46% — 50+ 4 (493 44430 —4) (7rmn)2> (7rmn)2)
x Ky (2mmn)

(M5

:_2ii(m)

S 42 (94 146 £ 462 40— 5+ 4 (392 — 20+ 4(7Tmn)2> (7rmn)2)
x (rmn) Ko- o2 2 (2rmn)
Based on the result of equation (10.153), from equations (3.30) and (5.37),
(10.154)
51 (0)

(95 446 + 46° — 40% — 50 + (493 44 (30— 4) (pr)z) (27Tp)2) Ky (27p)

= 0
=—2% 0 4(p)p?
p=1

+ (94 +46% + 407 — 40 — 5 + (392 — 20 + (27rp)2) (27rp)2) (27p) Kao o (27p)
The left-sided limit of the positive real variable «, is used for the defining equation (10.140),

624n%2773 — 23767n*2?~°

oo Oo oo 2.2, n?
(10.155) —27r/ 19047200207 — 464ninfet=9 | (M) gy
n= 1m 1 —|—327T4 10 9 11

For the integral of G5 (), I perform the variable transformation z = y~ L
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6—3 6—5
1 1
624n2( ) — 23767n* ()
Yy Y

S 07 6—9 m2
2. +19047r2n6(;> —4647r3n8(;> () (2 gy

0—11
+ 327410 (1>
y

< °° °° 624n2y' =% — 2376mny> % 4 190472n5y> Y —n(ntyr )
_QW/ 4647308y 4 327, 1090 dy.

nlml

Assuming that the integral and the double sum can be interchanged, for the integrals of G5 (0), I perform the
variable transformation )
mz\ 2
=)
n

(10.157)
1-6
624n (mx) — 2376mn* (mm)
n n
7 1/m\3z 1
_2 2 6 3 3 8 mi) —ﬂmn 1—0— )7(7> -34
=233 [ | ammint () 7 e (2 (%) e b
+327r4n10(m—)
n
78-1/ x%e_le_%gm %)dw
2
1 [ _2mmn
— 297 (rmn) / e (a+3 )dx
2 0
e -% 1 [ ey
:1622 (mmn) (T) ’ + 238(mmn) '2/ 2T e (1) gy
n 0
n=1m=1
— 58(rmn)? - + / —1e= 2 (e d) gy
0
+4(7Tmn)4-§/ 215 e TR (o4 ) gy

0

The integrals can be written using the modified Bessel functions of the second kind. The integrals can be
written using the modified Bessel functions of the second kind.

78Kz2-0 (2rmn) — 297 (mmn) Ka—e (2rmn)
0o oo e 3 3
(10.158) G5 (0) = 16 Z Z (mmn) (%) > | +238(xmn)? Koo (2rmn) — 58(wmn)® Ks_o (2mmn)

n=1m=1

+ 4(7mn)* Koo (2mmn)

Because any modified Bessel function of the second kind of the double sum converges absolutely, the assumed
exchange is justified.

The recurrence formula for the modified Bessel function of the second kind is applied four times.
(10.159)
T8K2s (2mmn) — 297 (mmn) Kis (2rmn)

2]

t) =16 i i (mmn) <m>_§ + 238(7Tmn)28K600 (2mrmn) — 58(7Tmn)3K¥ (2rmn)
n=1m= + 4(7mn)? (( 5 ) Kso (2rmn) + (ﬂ'mn)K¥ (27rmn)>
T8K:oo (2mmn) — 297 (mmn) Kas (2rmn)

2]

= 162 i (mmn ( ) ’ + (238 + 4(7Tmn)2) (Wmn)2K¥ (2mrmn)
e —2(0+21) (wmn)’ Ks_o (27mn)

(oo}
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T8K20 (2rmn) — 297 (mmn) Kas (2mmn)

— 16 il i (wmn) (%)72 + (238 + 4(7rmn)2) (wmn)? Koo (2rmn)
n=1m= —2(0+ 21) (rmn)* ((6;9) Koo (2rmn) + (7mn) Kas (27Tmn)>
0 oo my -4 [ 18Kze (2rmn) — (297 +2(0+ 21) (7mn) ) (mmn) Kas (2rmn)

B 167;17;:1 () (ﬁ) (92 + 150 + 112 + 4(mmn) ) mmn) K# (2mrmn)

78K (2mmm) — (297+2(9+21) (mmn) )( n) Ko (2mmn)

+ (92 +150 + 112 + 4(7rmn)2) (mmn)
« ((4 . 9) Koo (2mmn) + (mmn) Ko (27Tmn)>

(156 +2 (92 +150 + 112+ 4(7rmn)2) (ﬂ'mn)Z) Kz_o (2mmn)

n=1m=1 " - (93 + 1162 + 520 + 146 + 4 (20 + 17) (ﬁmn)2> (mmn) Ko (2mmn)
(156 42 (92 150 + 112 + 4(7rmn)2) (7rmn)2> Ka_o (2mmn)
oo 00 _g 2
=83 3" (wmn) (@) — (93 +116% 4 520 + 146 + 4 (20 + 17) (mmn) )
X ((220) Kaoo (2rmn) + (mmn) K_y (27rmn))

~9 (93 1162 + 520 + 146 + 4 (20 + 17) (7rmn)2> (wmn) Ko (2mmn)

oo 0o 8
=4) " (wmn) (%) e (04 4 96% +300% 1 420 4+ 20 + 4 (392 1280 £ 78 + 4(ﬂ'mn)2) (ﬂ'mn)2>

X Koos (27rmn)

4 (93 1162 + 520 + 146 + 4 (20 + 17) (7rmn)2> (wmn)® Ka (2mmn)
2 (94 + 963 + 3002 + 420 + 20 + 4 (392 + 280 + 78 + 4(7rmn)2) (7rmn)2>
X (mmn) Kz;ze (2mmn)

Based on the result of equation (10.159), from equation (5.38),
(10.160)

(63 + 1162 + 520 + 146 + (20 + 17) (271'p)2) (27p)* K (27p)
G (0) =2 og()p? | — (94 + 963 + 3002 + 4260 + 20 + (302 + 280 + 78 + (27rp)2) (27Tp)2)
X (27rp)K¥ (27p)
The function Hiz () is defined as follows:
(10.161) His) (0) := Gpsy (0) — Fisy (6).

From (the right side of equation (10.160)) — (the right side of equation (10.154)), I obtain the above result,
which will be shown soon. And I may also omit a proof for the absolute convergence of the function Hps (6).
Combining the above results, the following functional equation holds true:

(10.162) Aps) (0) = By (0) + Hys) (6), 6 €C.

Therefore

0(9—1)(0+12)(9 +40+5)w—3r<9>4(9)
0(0+1)(6+2) (6% + 60 + 10) 6

(10.163) = 5 niT (—2> ¢(=0) + Hps) (9)
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0(0+1)(0+2) (6°+60+10) 1o, (M)g(1+9)+H[5] ), feC.

2 2
Where
(10.164)
0° + 40* + 46% — 40 — 50
+ (30% 1102 520 — 150 + (9 — 21) (27p)° ) (27p)”
Hs) () = 220_.9 (p)pg X Kg (27p)

+ (204 + 1363 + 3462 + 380 + 15 + 2 (392 +1360 + 39 + (27Tp)2) (27rp)2)
X (27rp)K¥ (27p)

The functional equation (10.163) is called the fifth-order II. type functional equation.

11. The Second Proof of the Riemann Hypothesis
11.1. Derivation of a New Explicit Formula for the Zeta Function

The fourth-order I, type functional equation is shown again.

(11.1) 9(9*1)2(9“) 4T (g>g(a) 9(9+1)2(9+2) T <1J;9>C(1+0)+H[4] ), 6eC.

The third-order II. type functional equation is also presented.

(12 _2O=DOFD _gp (g) coy=20FDO+2) e

1+46

From (fourth-order II, type functional equation)+(third-order Il type functional equation)x (6 + 2),

(11.3) 7%71’7%F (Z) CO)=(0+2) H[g] (0) + H[4] (9), 0ecC.

Where
(e O-1)O+1)+(0-7) (27Tp)2) K, (27p)

(11.4) Hiz (0) =25 o_g (p)p?
? p; v +((20+1) (0+1) +227p)* ) 27p) Koz (27p)

(9(9—1)(9+1) +(20+3) (0 - 7) (27p)* ) Ko (27p)

[VEY

(11.5)  Hy(0)=-2Y o 4(p)p
p=1

K
((9+1) (262 + 460+ 3) +2(20 + 3) ( 27Tp)2) (27p) Kzos (27p)

The right side of equation (11.3) is calculated to obtain the following equation:
(9 + 2) H[g] (9) + H[4] (9)

=2(0+1)> 0o (p)p*

(11.6)

(9 O—1)+(7—6) (27Tp)2> K, (2mp)
, 8eC.
2

+((0-1) —22mp)°) (27p) Koo (27p)
The common factor (6 + 1) is simplified to obtain the following equation:

(0 @—-1)+(7-06) (27rp)2> K, (2mp)

+ ((0-1) = 202m)°) (27p) Kope (27p)

NKD

, 8eC.

(11.7) —9(92_1)77—31“( ) _220 o (

Both sides of the above equation are multiplied by

[MEY

1-0)T(1+2)

to obtain the new explicit formula for the zeta function.

0 e C\{1}
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(11.8) ¢ (9) 2 i (p)p? (9 A (%p)Q) g (np) 0 € C\{1}
. = o_ 2 ) S .
A-or(rg =" + ((0 —1) - 2(27Tp)2> (27p) Kz_s (27p)

11.2. The Second Proof of the Riemann Hypothesis

Both x and y are assumed to be real numbers, and (x + iy) is assumed to be a non-trivial zeta function zero.
From the point symmetry of the Riemann Xi function, (1 —x — iy) is also non-trivial zero of the zeta function.
The real axis must be excluded from the target region because there are trivial zeros of the zeta function on it.
I consider that the non-trivial zeros are determined as the solutions of the simultaneous equations comprising
the following equations:

(11.9) {< (z +1iy) =0 (z € R,y € R\{0}),

C(l—z—dy)=0 (zeR,yeR\{0}).

For the explicit formula for the zeta function, (x + iy) is substituted for 6.

rtiy (oo}

. 22 wiy
R e  (REE=T ,;J_(my) o
(11.10) ((m tiy) (@ —1+iy) + (7T — 2 — iy) (27Tp)2> Kasi (27p)

X
+ ((3: —141dy) — 2(27rp)2) (27p) Kaaiy (27p)

=0, (zeR,yeR\{0}).

Similarly, for the explicit formula for the zeta function, (1 — x — iy) is substituted for 6.

l—z—iy [e%e]

. o 2 2 ' 171271‘1,
(11.11) (=2 —iy) (~z +iy) + 6+ 2 + iy) 27p)” ) Kiemsw (27p)

X
+ (2= i) — 2(27p)° ) (27p) K sz (27p)

=0, (zreR,yeR\{0}).

The non-trivial zeros are determined as the solutions of the simultaneous equations comprising the equations (11.10) and (11.11).
Because of the symmetric pair of the equations,

(11.12) R

is immediately determined.

For equation (11.10), 1/2 is substituted for x.
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w\»—A

1 - 1+27.y Jo%)

1+2iy
¢ < + %y> = o_ g
2 (% _ Zy) 5+2zy Z

p:1

(11.13) ) <( +w>< % ) (123—211> (27rp)2> Ko (27p)

= (—; + iy — 2(27rp)2) (2mp) Kaziy (27p)
=0, yeR\{0}.

For equation (11.11), 1/2 is substituted for x.

1— 2“;

oo
C 1 . 2 1421',y
——qy | = o_
9 Y (%Jrzy) 5 2zy %—0—19

p=1

(11.14) . << 2y> ( %f ' > <123 +iy> (27Tp)2) Kz (27p)

+ (-5~ - 22m)?) (2r) Kasgu (270)

=0, yeR\{0}.

The equations (11.13) and (11.14) are complex conjugates of one another. And I can choose either equation
(11.13) or (11.14) as the determining equation of the real variable y. On the critical line, the gamma factor of
the zeta function does not take the value zero. Furthermore, the condition of y = 0 can be excepted because
there is no non-trivial zero of the zeta function on the real axis.

Therefore, the following equation gives the determining equation of the real variable y:

1 13 .
<y2 — 4 ( _ zy) (27rp)2) Kit2iy (27Tp)
1+42iy 4 2 4

(11.15) d o1, - . =0, ycR.
p=1 + 5 +iy — 2(27p)” | (27p) K3742iy (27p)
The explicit formula for the Riemann Xi function is also calculated.
00 —1 0
g0 =" (F) ¢
(11.16) o0 , (9 @—-1)+(7-0) (27Tp)2) Ky (27p)
:—2Za,g(p)p§ ) , eC.
st + (0= 1) — 2(27p)*) (27p) Ko (27)
The function value of the Riemann Xi function on the critical line is,
1 13
. (<2 + (5 - ) o)) Kosgu (2m)
]_ 1+2iy 4 4
(11.17) ¢ ( +zy> = 7220_;_”! 1 , yER.

+ <; + iy — 2(27110)2) (2mp) K2y (27p)

This result shows that the Riemann Xi function on the critical line is equivalent to the left side of the determining
equation with difference constant multiplication.

Applying the recurrence formula and the origin symmetry with respect to the index of the modified Bessel
function of the second kind,

(11.18)

1
§ (2 + zy)
1 13
oo <—y2 - -4+ ( — zy) (27rp)2) Kit2iy (27p)
) 1+42iy 4 2 4

= _2207%7@ (p p 1 )
p=1 + (—2 + iy — 2(27p) ) (27p) K—stmy (27p)
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1 /13
oo <y2 -+ ( - Zy) (27Tp)2> K2y (27p)
Lt2iy 4 2 1

Z_:U‘%‘”’ ) 1 > 1 4 2iy
p=1 =+ — K1+42iy (27Tp) + (27Tp) K5+fiy (27Tp)

—5 Ty - 2(27p) 5

15
< + ’Ly) (271’]9) Kit2iy (27Tp>
142iy 2 4
1

=2 (2mp)o_1_;, ()P , yeR
p=1

1
— <2 —y + 2(27Tp)2> K5+421?y (27Tp)
Using the complex conjugate on both sides of the above equation,
15
( - 2y> (27Tp) Ki-2iy (27rp)
1—2iy 2 1

L1 - 1-2iy
(11.19) ¢ (2+zy> —2) (27p)o_1iy ()P . yeR.
p=1

1
_ (2 + iy + 2(27Tp)2> K5—42iy (27p)

Therefore, it is shown that the Riemann Xi function takes real value on the critical line as follows:

(11.20) Im (5 (; +zy)> = 2% (5 <; +z’y) — & (; +iy>) =0, yeR

The Hadamard product representation for the Riemann Xi function on the critical line is
1 1 42 +1
11.21 §<+iy> 1-———1|, yeR.
(11.21) 2 2 71_:[1 (2pm)? + 1

From the equations (11.17) and (11.21),

1 13
. _y2 o= iy (27rp)2 Kitoiy (27Tp)
1+2iy 4 2 4
D0 gy (PP
p=1

+ <—; +iy — 2(27Tp)2> (27p) Ks=2u (27p)

a2 41
:_H< “)eR,yeR.

(2pm)” +1

(11.22)

The equation (11.22) insists on two points. One is that the left side of the determining equation has a real value
on the critical line, and the other is that there are an unlimited number of non-trivial zeros. It is possible to
assert that there is no non-trivial zero off the critical line.

The second proof of the Riemann hypothesis for the zeta function is thus completed.

It may appear strange because the left side of the determining equation takes a real value on the critical line,
although the imaginary unit ¢ is described as explicit in equation (11.15).

Then see the following analogy as a reference:

Consider the cubic equations with three different real solutions. Additionally, the imaginary unit i appeared
when the formula for solving cubic equations was applied. When you actually proceed with the calculation
according to the formula, the imaginary unit has disappeared and the real solutions have been obtained.

It is possible to design a zeta function variant that takes real value on the critical line. The method is to take
the absolute value for the gamma factor in the explicit formula for the zeta function.

I decide to write the zeta function variation as zeta-tilde by adding the symbol ~ (tilde) just above the Greek
letter (.
(11.23)

m\m

o0 0(0—1)+(7—0)(27mp)*) Ko (2
S0 (06— 1)+ (7—0) 2mp)) Ky (27p) e,
2mp

+((6-1) —202m)*) (27p) K s (27p)

A
2m2
(1-0)T (1+ g
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11.3 Behavior of the Number-Theoretic Function ¢_, (n) n”?, Partl

From now, I consider the behavior of the number-theoretic function o_g (n) n?/2 on the critical line by presenting
specific examples.

As its preparation, I begin with the classification of the whole positive integers into four subsets. Assuming k as
a positive integer, I consider the first subset: {1}, the second subset of the (2k — 1) power of any prime number:
{p**~1}, the third subset of the 2k power of any prime number: {p?/}, and the fourth subset of composite
numbers that does not belong to the aforementioned three subsets.

In the following discussions, a, b and ¢ are assumed to be ttree different arbitrary prime numbers.

The magnitude correlation of a, b and ¢ does not matter.

When n =1,

142iy

(11.24) n 4 O'_1+221'y (n)

=1 yelR
n=1
This is a direct current component when y is considered as the time variable and applied in the analogy of an
electric circuit’s current waveform.
When n is a prime number a,

142iy 14-2iy
a

1+2i
a T 012y (a)=(1+a* 1 1 :2cosh( +4 W

o))

This corresponds to an alternate current waveform with a single spectrum.

When n is the cubic of a prime number a,

1+42iy 142iy _ 142iy L 142iy

3\ i 3\ _ — L42iy 2 E i 3\ i
(@) o g @) = (140 @) @) ) (@)

(11.26)

1+ 2iy 3+ 6iy

= 2cosh ( log (a)) +2cosh ( log (a)) , yeR.

When n is the (2k — 1) power of a prime number a,

_ 1+2iy _ _ 142iy _ 142iy - 1+2iy _ 1424y
(a2k 1) 1 O 1t2iy (a2k 1) — <1 +a 5 +a2 2 R +a2l~c 1 2 ) (a2k 1) 1
2

(11.27)

k .
2m—-1422m -1
22cosh<m +2(2m )Zylog(a)>, (me N,y eR).
4
m=1
This corresponds to an alternate current waveform with multiple spectra.
When n is the square of a prime number a,

14-2iy

(a2) E 0_ 1tz (a2) _ <1 e L+2iy " (az)_1+22iy> (ﬁ)#

(11.28) .
1+ 23y

1+2cosh< log(a)), y € R.

When n is the fourth power of a prime number a,

142y _ 142iy

(@) s (@) = (140 @) @) @) (@)

142y
1

(11.29) .
1+ 23y

=1+ 2cosh ( log (a)> +2cosh ((1+ 2iy)log (a)), yeR.

When 7 is the 2k power of a prime number a,

(ﬁk)#(ji# (a?*) = <1+a1+22m +(a2)—”§”’+'”+(a2k)l+§w> 2k Tt
(11.30) k 9mi
:1+27nz_:1cosh<m_|—2wjlog(a)>, (me N,y eR).
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This corresponds to an alternate current waveform with multiple spectra and superimposed direct current

components.
When n is a power of any prime number, the functional type can be determined additively.
When n is a composite number a - b,

(a ) b) Li2iy 07% (a . b) _ (1 ta- Li2iy e Lt2iy I (a . b)_ 1+22iy> (a . b) Li2iy

(11.31) 149 149
~ Jeosh ( 2 <a>> cosh ( + Yo (b>> yeR

When n is a composite number a - b - ¢,

Lz 1+a 1+22iy e 1+22iy n (a, ) b)_ 1+22iy iz

(a b C) 4 077122’79 (a b C) = _ 142iy 1420y _ 1+42iy (a b C) 4
+(b-c) 2 (cca)” 2 +(a-b-c) 2
1+2i 1+2i

(11.32) = 8cosh < +4 i log (a)> cosh ( +4 W log (b)>

When n is a composite number a - b2,

_ 142y _ 1+42iy _ 1424y
oy L2 ) 1+a™72 40772 +(a-b) 2 oy LE2iu
(a b ) 0_1+2iy (a b ) = 142 _ 142y (a -b )

Y
(11.33) +(0%) 7 +(ab?)
1+ 22 1+ 22
:2cosh( * ’ylog(a>) <1+2005h< * Zylog(b)>>, yeR.

When n is a composite number excluding powers of any prime number, the functional type can be mainly
determined using multiplicative analysis.

The number-theoretic function o_g (n) n?/2 is described by the complex hyperbolic cosine functions excepting
n =1 in the explicit formula for the zeta function on the critical line.

12 Some Representations for the Zeta Function for any Odd Number Except 1

I presented some representations for the zeta function for any odd number except 1 and relational mentions in the first half of this
section. In the second half, I will show another two types of general representations for the zeta function for any odd number of
either 3 or 7, or more.

12.1 Some Representations for the Zeta Function for any Odd Number Except 1 and Relational Mentions
The explicit formula for the zeta function is shown again.

m\m

, e C\{1}.

(12.1) ¢ (0) = ik i (9 (0—-1)+(7-90) (pr)Z) Ky (21p)
. ( % p=1 + ((9 —-1) - 2(27rp)2> (27rp) K¥ (27rp)

For rewriting the modified Bessel function of the second kind into the quadrable integral representation, the
following equation is prepared in subsection 19.7:

(12.2) a? Ko (20) = / 27t (x2+372>dm, (a>0,0eC).
2 0

Here, putting as

a=7mp, peN.

the following two relations are obtained:

[V

0o A %
(12.3) (mp) K, (27p) = / ' Le ( i >dx, (peN,0eC).
0
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2-0 2-0 o0 ,(m ) )
(12.4) (mp) 2 Koz (27p) = (np) 2 Kz2-0 (27p) = / 2973 = Jdx, (peN,§eC).
2 2 0

To apply those transformation formulae, the right side of equation (12.1) is modified as follows:

2(0(1-6)+(6-7)(270)°) (7p)* Ky (27p)

+ (1 —0+ 2(27rp)2) (27p)*(np) 7 Kaoo (27p)

1 o0
(12.5) CO=GnraTy ;(;_9 ®) ’
6 € C\{1}.

Therefore,

2
24 (7;;72) )

2 (9 (1-0)+0-17) (27Tp)2) /OOO a:e_le_< da

2 2 [~ *(xM@)
+ (1 — 6+ 2(27p) ) (2mp) / 2973 = Jdx
0

1 oo
(12.6) <@ TO-nra+9) p;me (p)

6 € C\{1}.

The equation (12.6) can be used to calculate each zeta function representation for any odd number of 3 or more.
Conversely, for calculating each zeta function representation for any odd number of —1 or less, for equation
(12.1), —@ is substituted for 6 to obtain the following equation:

- . , (2(00+ 1)+ (7+0) 2mp)*) K_g (27p)
_9 — o -2 s
(12.7) ‘0 1+60)T(1-3) ;;1 @) —4 (9 +1+ 2(27Tp)2) (mp) Koo (2mp)
6 € C\{-1}.

The relations of equations (3.30) and (5.39) are applied to the equation (12.7).

5 2 (9 O+1)+ (7T+0) (27rp)2) K, (2mp)

)

—
—_
[\
0]
N2
Ty
—
|
N~—
I
—
—_
_|_
>
=
—| vl
—_
|
NI
~—
X
B}
e
S
~
i
vl

p=1 —4 (9 +1+ 2(27rp)2> (mp) Koo (2mp)
6 € C\{-1}.

The recurrence formula for the modified Bessel function of the second kind is applied.

( O+1)+ (7+0) (2mp) )KQ (27p)

(
_g) = s o g —4(6+1+2(2mp)
ol 9)_(1+9)F(1—%)§1 o 8 (71 +20m7)
(5 Ky Cnp) + () Koe )
(12.9) B T3 o . 2(7—0) (27p)° Ky (27p)
S (1+or(1-9) ,DZ:‘ZLQ e -2 (9 +1+ 2(27Tp)2) (27p) Koz (27p)
- Z 2(7— 0) (27p)*(wp)* K (2mp)
(1 +0)T(1-3 ol - (9 +1+ 2(27rp)2> (27p)° (7rp) = |\ (27p) ’

6 e C\{-1}.

Therefore
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2
o2 () >
—o = Jdx

- 2(7 - 6) (2mp)° / * a1
— ™ 0
az10) UV =avar (1-9) ,;L

)

oo — (224 (zp)?2
_ <9+ 1+ 2(27rp)2) (27Tp)2/ 2?3 (I = )d:c
0
0 € C\{-1}.
Thus, the equation (12.10) can be used to calculate each zeta function representation for any odd number of
—1 or less. Some calculation examples and the results will be shown soon.
Moreover, because the values are well known, I will post exact value for each of the zeta function for any odd

number of —1 or less together.
For equation (12.10), 1 is substituted for 6,

IR 12(27Tp)2/000m0e = )dm
(1) = mzﬂ—l (p)

(12.11) 2=t -2 (1 + (27rp)2> (2mp)? /Oo 2 ($2+(ng)2)dz
= W\l/;lio—l (p) (6(27rp)2 : g e 2P _ (1 + (27Tp)2) (27rp)2 . 2\:; e27rp> )

Therefore,

(12.12) —1)=—— Za 1 ( 2mp)® — 3 (27p) + 1) (27p) &2 = _%'

For equation (12.10), 3 is substituted for 6,

oo —(z24 @02
8(27Tp)2/ z’e <w = >d:zc
0

-3 00
C(*3):W7DZU—3(Z’) oo 2| (mp)2
T(-3) = (o ) o [0 (#+5°) 4

(12.13) 0
2 1
i 0 8(2mp)® - %ﬁe—%p
=——7=> 03
Q73
VT p=1 -2 (2 + (27rp)2) (2mp)? - VT e 2P
2
Therefore,
1

_ _ 3 —2mp _

(12.14) 87r3 E o_3(p) ((2mp) — 2) (27p) e 130"

For equation (12.10), 5 is substituted for 6,
oo _ m2+(wp)2
4(27rp)2/ zte ( « )d:r
0

5 o0
C(—5):ﬂ7_72073(p> - .
6r@-3) p=l -2 (3 + (27rp)2> (27rp)2/0 ’e (w +%>dm

(12.15)
2mp)® + 3 (2 3
 E— 4(2mp)* - )+ 8( )t Vme 2P
=———Y 0.3(p)
873 2 1
VT p=1 -2 (3 + (27Tp)2) (27rp)2 . 7( Wpi * N
Therefore,
1
12.1 _5) = E (2mp)® e — —
(12.16) (=5 16775 -5 (p) (27p)”"e 252
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For equation (12.10), 7 and 9 are substituted for 6, only the results are shown.

- 1
3 2 2 _—2mp _ =

(1217)  ¢(- 25%5 Za . ( 2mp)t + 3(27p)® + 7(21p)? + 12 (27p) + 12) (27p)% e oL

21 & (2p)” + 7(2mp)" + 30(2mp)° 2 o 1
(12.18) C(*9):*WZU—9 (p) 2 (2mp)~e p:*@~

[ +90(27p)” + 180 (27p) + 180
For equation (12.6), 3 is substituted for 6,
[e'e) (22 M
) o 2 (—6 - 4(27Tp)2> / z?e < T )dx
C(3)=7320—3(P) 0 .
- (1 +2) p=l + (_2 +2(2m )2) (2 )2 /Oo 2% Gu%)dm
(12.19) P P,
2 1
9 i —4 (3 + 2(27Tp)2) : %ﬁepr
=7=2_0-3(p)
3
v p=1 +2 (—1 + (27rp)2) (2mp)® - g e 2P
Therefore,
2 — ,

(12.20) ¢(3) = 3 Z o_3(p) ((27Tp)4 —2(27p)® — 3(2mp)® — 3 (2mp) — 3) e 2P,

p=1
The right side of equation (12.20) can be expanded as follows:

9 —2mp >\ coth (7n)
(12.21) Zo 3 < 21p)° — 2(27p)? — 3 (27p) — 3) (2mp)e - Z —s ¢(3).
n=1
Thus, I can obtain the representation for the series
i coth (7n)
n=1 n?
and also its exact value is known.
2L coth (1n) 2 3 2 Copp T

(12.22) ; = ;o—_g, () ((27Tp) —2(2mp)® — 3 (27p) — 3) (2mp) e = —.
Further, the right side of equation (12.20) can be also expanded as follows:
(12.23) Z o5 (p) ((27p) — 2) 27p)° ™27 =23 04 (p) ((27Tp)2 + (27p) + 1) 2,

p=1

Because the first term on the right side of equation (12.23) has already been determined, I obtain the represen-
tation that gives the transcendental number a fixed value.

273 T
45 15"

N W

(12.24) Z" 5 () (27p) — 2) (2mp)® e=27P —
For equation (12.6), 5 is substituted for 6,
2 (—20 - 2(27rp)2) /Ooo ste (=+=8”) dz
+ (—4 + 2(27rp)2) (27p)? /Oo 2% (“@> da
0

2
-4 (10 + (27'rp)2) . (27p)” + :;(27717) + 3\/%67277;0

+2 (—2 + (27rp)2) (27p)> - %\/}672”

CO)= 1 0 )

(12.25)

= ﬁZU% (p)

] Electrical Electron Eng, 2024 Volume 3 | Issue 1 | 86



Therefore,
(12.26) == Za ; ( 21p)® — 5(27p)® — 15(2mp)? — 30 (2mp) — 30) e 2P,
The right side of equation (12.26) can be expanded as follows:

(1227) 15 ZO— 5 < 27Tp) o 5(27rp)2 —15 (271']7) i 30> 271']7 Z COth 7rn (5) .

Thus, I can obtain the representation for the series

=, coth (7n)
>
n=1
but its exact value is unknown.
th (
(12.28) Z % =1 Za 5 ( (2mp)* — 5(2mp)® — 15 (27p) — 30) (27p) e~ 2™,

n=1

Furthermore, the right side of equation (12.26) can also be expanded as follows:
5 —or 2 —27
(12.29) == Za 5 (p) (2mp)° e~ — Zo 5 ( ( 21p)” + 3(21p)? + 6 (2mp) + 6) e~ 2P,

Because the first term on the right side of equation (12.29) has already been determined, I obtain the represen-
tation that gives the transcendental number a fixed value.

47 47r5

12. (2mp)° e 2P = 1 .
(12.30) Zog, (2mp)° e 15 - 6

For equation (12.6), 7 is substituted for 6, and the principal results are shown.

5 3 2 B —2mp
(12.31) 31520 . (27Tp) +3(2mp)” — 30(27p)® — 135(27p)® — 315 (27p) 315)e .

= th
> =315 Z” () ((27p)° +3(2mp)" — 30(2p)* — 135 (2mp) — 315 (2mp) 27
(12.32)  n=1

_ 1977
56700°
(12.33) Z o_7( ( 2mp)* + 3(27p)® + 7(27p)° + 12 (27p) + 12) (27p)? e3P = M
225
For equation (12.6), 9 is substituted for 6, and the principal results are shown.
1 & 2mp)" + 7(27p)°® + 21(27p)° — 315(27p)®
(12.34) B Z (2mp)" + 7(2mp) § p) (27p) 27
890 = — 1575(27p)” — 3780 (27p) — 3780
=, coth 1 & 21p)° + 7(27p)° + 21(27p)*
(12.35) yoolhlm) Lo ) <( mp)” +7(2np)” + 21(2np) (2mp) €277,
— 1890 = — 315(27p)” — 1575 (27wp) — 3780
1670
(12.36) Z oo ( ( 21p)® + 7(27p)* + 30(27p)® + 90(27p)? + 180 (27p) + 180) (2p)2 2P — %
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For equation (12.6), 11 is substituted for 6, and the principal results are shown.

(1237) (1) = 2 i"—ﬂ () <(27Tp)8 +12(27p)" + 70(27p)® + 210(27p)® — 105(27p)* > o

51975 — 4410(27p)® — 21735(27p)* — 51975 (2p) — 51975

27p)” + 12(27p)° + 70(27p)°
coth (7mn) - (2mp)" + A w 37Tp ) o

nll 51975 Z o_11(p) | +210(27mp)" — 105(27p)° — 4410(27p)~ | (2mp) e ="

(12.38) n=t p=1 21735 (27p) — 51975
1453 711
T 425675250
(12.39) ia 1 (p) ((27Tp)6 + 12(27rp)5 + 812(27rp)4 + 375(27Tp)3 ) or )2 o M
+ 1215(27p)® + 2520 (27p) + 2520 1289925

For equation (12.6), 13 is substituted for 6, and the principal results are shown.

o (27p)? + 18(27p)® + 162(2mp)” + 882(27p)°
Z s (p) | +2457(27p)° — 3780(27p)* — 72765(2mp)® | e~ 2.
p=t — 343035(27‘(‘]?)2 — 810810 (27p) — 810810

(12.40) ¢ (13

405405

(27p)® + 18(27p)” + 162(2mp)°
th ( 1
(12.41) Z 0 nl; n) = J0hioE D013 (0) |+ 882(2mp)” + 2457(21p)* — 3780(27p)® | (2p) e~ 27
n=1 =1 — 72765(27p)” — 343035 (27p) — 810810

> 21p)” + 18(27p)® + 175(27p)® + 1155(27p)* 1024 713
1242) Yo (27p) ( Mg) ( 7T10)2 (27p) (2mp)? —2mp — LO2AT
+ 5460(27p)” + 18060(27p)~ + 37800 (27p) + 37800 4455
For equation (12.6), 15 is substituted for 0, and the principal results are shown.
(2mp) ™ + 25(2mp)° + 315(27p)°
2 +2520(2mp)” + 12915(27p)® + 31185(27p)°
(1243)  ¢(15) = 720 5 ( pj (27) ) (2p) , | e
14189175 —103950(27p)* — 1351350(27p)* — 6081075 (27p)
— 14189175 (27p) — 14189175
(27p)? + 25(27p)® + 315(2mp)”
coth (7n) 2 > +2520(27p)° + 12915(27p)® + 31185(27p)* .
Z 15 = 14189175 20*15 p) 3 2 (2mp) e
(12.44) 1 " = —103950(27p)° — 1351350(27p)
— 6081075 (27p) — 14189175
1368770
390769879500
. (27p)® + 25(27p)” + 330(2p)°
(12.45) > (p) | +12915(27p)°® + 31185(27p)* + 89775(27p)? | (27p)? €27 = 14815232 712
' o-151P b b b P T 34450425
+ 297675(27p)* + 623700 (27p) + 623700
For equation (12.6), 17 is substituted for 6, and the principal results are shown.
(2mp) ™ + 33(27p)'® + 550(27p)? + 5940(27p)®
> + 44055(2mp)” + 211365(27p)° + 405405(27p)°
(1246) ¢ (17) = Z ( Iz) (27p) 3 (2mp) e
137837700 - — 2702700(27p)* — 27702675(27p)° — 119594475 (27p)

— 275675400 (27p) — 275675400
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(27p)"° + 33(27p)” + 550(27p)®
- . +5940(27p)” + 44055(27p)°
247y YO (m) 1 SToir() | +211365(27p)° + 405405(27p)* | (27p) e 72
’ 17 - .
n 137837700 £ g ,
— 2702700(27p)® — 27702675 (27p)
— 119594475 (27p) — 275675400

(27p)? + 33(27p)® 4 567(2mp)”
+ 6552(27p)° + 55377(27p)° + 350595(2mp)* (2p)? =277 = 718716928 717
+ 1642410(27p)° + 5426190(27p)” 808782975
+ 11351340 (27p) + 11351340

(12.48) > o 17 (p)

12.2 Another Two Types of General Representations for the Zeta Function for any Odd Number of Either 3 or 7, or More
For equation (12.6), any odd number of 3 or more is substituted for 6.

(12.49)
C(2k+1)
5 00 _<z2+@>
1 oo 2 ((Zk +1) (—2k) + (2k — 6) (27p) ) / 22k ) du
0
- m ZU—(Qk—i-l) (p) o 7( 2+M)
’ = + (*2]@ + 2(27'(']?)2) (271'}7)2/ 1.2(]@*1)6 22 dx
0
oo _ 12 @
2+ = 2 (_k (2k+1)+(k—3) (27Tp)2> / z?*e ( e )dm
T k(Rk+ D)7 ZU—(2k+1) (p) OOO L CheN
.. p=1 2 2 Q(k‘fl) 7<x +T>
+ (—k + (27Tp) ) (27rp) T e dx
0

The general representation for the two integrals of the result of equation (12.49) is given by the description in the subsection 19-4
ie.,

oo _ EQ+M 1 k
(12.50) / e ( ) de = SR Z ak,u(Qﬂp)“ﬁed”’, (k,p e N).
0 n=0
Where
2k — p)!
(12.51) (2k — 1) (keN,p=1{0,12--,k}).

aknu = Qk_“M! (k _ /,L)"
And the coefficients deserving special mention are as follows:

(12.52) agr =1, kel

(12.53) ag,1 = Ak = 2k -1, keN.
For equation (12.51), 0 is substituted directly for k£ and u.

(2k — p)!

12.54 RERIC
(1250 ao,o 2k—rp) (k — p)! k=p=0

=1

This result indicates that equation (12.50) holds even if k= 0.

The above general representation for the two integrals is introduced into the result of equation (12.49).
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C(2k+1)
2 (fk 2k + 1) + (k — 3) (27Tp)2>

k

1 — 4T

X W Zak’ﬂ(2ﬂp)”\/77’6 2mp
pn=0

2k:+1

k(2k+1) n\fza (2k+1) (P) n (—k+ (27Tp)2> (2mp)?

k—1

1 —27

X 5% E ap—1,.(2mp)" /T e 2P
=0

(12.55) , . (—k (2k+ 1) + (k — 3) (27p) ) Z ak, . (2mp)"
L (2k + 1) Zg*(2k+1) (p) b1 e 2P
=1
g + (—k; + (27rp)2) (27p)? Z ap—1,,(2mp)"
pn=0
ar-1,5-1(27p)"° + (162 + (k — 3) ark) (27p)
k+1 k+1
2 > + Z ak—1,u—a(2mp)" + (k - 3) Z ag,p—2(27p)" o
= F@h i 2 - () = n=2 e,
T p=1 k1 k
kY ak-1u-22mp)" — k(2k+ 1) ay . (2mp)"
n=2 n=0

k e N.

From the equations (12.52) and (12.54), the coefficient of (27p)*® is immediately determined as follows:
(12.56) ap-15—1 =1, k€N,

The coefficient of (27Tp)kJr2 is determined under the condition of k£ > 1 as follows:

_ @k—p)!
(1257) e (k B 3> e m k=k—1,u=k—2 + (k - 3) -1
:21(]€k|2)l]_l—’_(k_?)):(k_z);k—’_g)7 kEN\{l}

For the result of equation (12.57), 1 is substituted directly for k.

(k—2)(k+3)

(12.58) 5

k=1

This result is the same as the coefficient of (27rp)3 of the representation for ¢ (3). Thus, the right side of equation
(12.57) holds even for the case when k = 1.
The above results are introduced into the result of equation (12.55).

C(2k+1)
k—2)(k+3
(2mp)Ft3 4 %(27@)’”2
k+1 k41

_ 2 — + Z ak—l,p‘—4(27rp)y‘ + (k - 3) Z ak,,u—?(QTrp)# —27p

(1259) = PYETE Z:l o_(2k41) (P) = = e,
P= k+1 k
—k Z agp—1,pu—22mp)" — k (2k + 1) Z ay, . (2mp)”
p=2 n=0
keN.

Here, new coefficients ¢y, are used for the general representation for the zeta function for any odd number of
3 or more.
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The coefficients ¢y, ,, are determined by the following equation of definition:

(271_p)]€+3 + (k - 2) (k + 3) (27Tp)k+2
2 > 2
(1260) C (2k + 1) =: 7” ZU*(WC‘H-) (p) k+1 6_27Tp, k € N.
k(2k+ DN + Z ck,u(2mp)”
pn=0

The coefficients cj ;43 and ¢y, 42 are immediately determined as follows:
(12.61) Ck.k+3 = 1, keN.
(k—2)(k+3)

2 )

And the coeflicients ¢, are determined with the condition as follows:

(1262) Ck,k+2 = k e N.

(12.63) ckp = ap—1,y—a+ (k—3) ary—2 —kag—1, 42—k 2k +1)ax,,, (keN\{1,2},u=4,5,6,---,k+1).

The relation of equation (12.51) is introduced into the above equation.

(2% — ) (2% — )
+(k-3) 0V——F7~+———
2kl (k = p)! k=k—1,p=p—4 ( : 26kt (k = )t k=k,p=p—2
o = (2k — p)! 2k —p)! 7
(12.64) k. ﬁ“' CE(2k41)- ﬁ/“
2k=rpl (k — p)! hmk—1, = p—2 2k=rpl (k — p)!
(k € N\{1,2},,LL:4,5,6,'“ 7k+1)'
I demonstrate the calculation steps..
2k 42— p)! b (k- 3) 2k +2 — p)!
2k+3=n (1 — A (k+ 3 — p)! k2= (1 — 2)1 (b + 2 — p)!
Ck,u = (2]’6 o | - |
w)! (2k — p)!
—k- -k2k+1) 0—————
) s B R N LR (]
2k+2—p)(2k+1—p) (k—=3)2k+2—p)(2k+1—p)
| 2R (=4 (k+ 3 - p)! k2= (p — ) (k + 2 — p)! (2% — )1
- k ke (2k + 1) wr

CRFe (=) (k+ 1 —p)l 2k epl (k- p)!
pp—1)(p—2)(p—3)2k+2—p)(2k+1—p)
2k+3=npl (k43 — p)!
L) (k=3) (k+3—p) 2k +2—p) 2k +1—p)
2k+3=npl (k+ 3 — p)!
CAp(p-Dk(k+3—p)(F+2—p)
2k+3=npl (k43 — u)!
82k + 1) (k+3—p)(k+2—p)(k+1—p)
2k+3=npy) (k43 — p)!
The result of the above calculation is shown.
plpe—=1)% (= 2) (n—3) (n +4)
(2 — ! 8k* — 4k® (u® + 5p — 13)
—H)- 2 3 2
= +4k* (2p° 4+ 3p° — 260 + 28
2k3=npl (k+3 — ) | — 2k 4 (2 K s )
— k (Tp* — 2p® — 89u® + 1681 — 92)
+ (p—1) (3p* — 243 — 39u* + 68 — 24)

(12.65) (2k — p)!

(k € N\{172}7ﬂ:475a67 7k+1)
For equation (12.65), 0 is substituted for pu.

2k (8k* 4 52k3 + 112k* 4 92k + 24)
k0 =7 2543 (% + 3)!

k(2k+1)(k+1)(k+2)(k+3)
2% (k + 3)!

(2k)!

(2k)! = —
(12.66)

- _2kik, 2k + 1)l = —k(2k+ 1)1, ke N\{L,2}.
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For equation (12.65), 1 is substituted for p.

2k% 2k + 1) (k+1) (k+2)
B 2k (k +2)!

2k (8k* + 28k* + 28k + 8k)
Ck1 = —
(12.67) : 242 (k +2)!
=~y Gk DI ==k k4D, ke N\{1,2}.

For equation (12.65), 2 is substituted for p.

(2k — 1)l = (2k — 1)1

2k (8k* — 4k® + 16k? + 16k — 12) k(2k—1)(k+1) (k* — k+3)

(12.68) 2T . 26120 (k + 1)! (2k —2)! =~ 5T (i 1 1] (2k —2)!
- *25_1_(7,% 2k —1)!=— (kK* —k+3) (2k — 1), ke N\{1,2}.

For equation (12.65), 3 is substituted for p.
2k (8k* — 44k® + 124k — 124k + 36)

Ck3 = — 2k 37 (2](3 — 3)'
2k (2k — 1) (k — 1) (k* — 4k +9)
(12.69) - W= (2k — 3)!
k* — 4k +9 k*—4k+9
- _ 1) = — — 1
R T (2k — 1)! 3 (2k — 1), ke N\{1,2}.

For equation (12.65), 1 is substituted for k, and 0,1, and 2 are substituted for pu.

plp = 1) (= 2) (= 3) (n+4)
8k* — 4k® (u® + 5 — 13)

(2k — p)! 2 3 2
c1, = + 4k* (2p° 4+ 3p” — 2640 + 28 ,
(12.70) " 2Rl (k43— )l | 2k s 54 , )
—k (Tp* —2p® — 89p” + 168 — 92)
+ (p—1) (3p* — 2u® — 39u° + 68y — 24) -
(n=0,1,2).
The results of the above calculation are shown.
(12.71) {er2,e11,¢10 = {3, -3, -3}
Because the coefficients ¢; 4 and ¢; 3 have already determined,
(12.72) {era,c13,c12,¢11,¢10) = {1,-2,-3,-3,-3}.
This result is the same as the coefficient elements of the representation for ¢ (3).
For equation (12.65), 2 is substituted for k, and 0,1,2,3, and 4 are substituted for p.
2
plp—1)"(p=2)(p—3) (p+4)
8k* — 4k® (u* + 5 — 13)
o = (2k — )t +4k% (24° + 3p® — 264 + 28) ,
(12.73) 77 2R3 mepl (k43 —p)! | -2k 4 3 9
—k (7pt —2u° — 89u® + 168u — 92)
+ (p—1) (3p* — 2u® — 39u” + 68y — 24) s
(1=0,1,2,3,4).

The results of the above calculation are shown.

(12.74) {ca,4,¢2,3,¢22,¢21,¢c20} ={0,—5,—15,—-30, —30}.
Because the coeflicient ¢y 5 has already determined,

(12.75) {c25,¢2,4,C2,3,¢2,2,¢C2.1, 2,0} = {1,0,—5,—15,—-30, —30}.

This result is the same as the coefficient elements of the representation for ¢ (5).
The above results are combined with the results of equations (12.66), (12.67), (12.68), and (12.69). Therefore,

(12.76) Ck,1 = Cko = —k (Qk + 1)”, k e N.
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(12.77) chp=—(K*—k+3) 2k -1, keN.

k2 —4k+9
3

Combining the above results, I arrive at one of the conclusions in this subsection.
The following is the second general representation for the zeta function for any odd number of 3 or more:

(12.78) Chs=— 2k — 1), keN.

-2
. S L IR e
2
(1279)  C(2k+1) = Tm=amn > 0-nen) (P) k1 e ?™ keN.
k(2k+ 1! p=1 + Z Ck,H(QWp)”
n=0
Where
(= 1)" (n—2) (= 3) (n+4)
(2% — ! 8k* — 4k® (u* + 5p — 13)
_ —p)! 5 -
(12.80) oo = k3=l (k+3—p) | — 2k + 4% (24 + 3p® — 261 + 28) :

—k (Tt — 2p® — 89p® + 168 — 92)
+ (p— 1) (3u* — 243 — 3942 + 68 — 24)
(keN,u=0,1,2,--- ,k+1).

Hereafter, I consider the third general representation differently.
For equation (12.80), k + 3 is substituted directly for p under the condition of k& > 2.

(12.81)
pp—1)% (= 2) (= 3) (1 +4)
8k* — 4k® (u® + 5 — 13)
Chkt3 = =r— (2k — p)! + 4k (24 + 3p® — 261 + 28)
’ 2kH3—ppl (k+3 —p)! | — 2k ’

—k (Tt — 20 — 89p* + 168u — 92)
+ (p—1) (3u" —2u® — 394> + 68 — 24)

pn=k+3
ke N\{1,2}.
I show the final step of the calculation.
2 1 —1(k—2
(12.82) copry = EEDEFDkFDEE=DE=2) (o 4 p o1,
' (k+3)!
For equation (12.80), k + 2 is substituted directly for p under the condition of k > 1.
(12.83)
pp—1)% (= 2) (1 = 3) (1 +4)
8k* — 4k® (u® + 5 — 13)
A (2k — p)! +4k? (2% 4 3% — 26p + 28)
’ 2k+5—uﬂ! (k_|_3_lu)| — 9%k ’
—k (Tt — 20 — 89p* + 168u — 92)
+ (p—1) (3u" — 2u® — 394> + 68 — 24) i
k e N\{1}.
I show the final step of the calculation.
E+3)(E+2)(k+Dk(k—1)(k—2 k—2)(k+3
(12.84) Copry = BB (EF ); (/L )2)'( JE=2) gy = % ke N\{1}.

The above results are the same as the coefficients of both (27p)* ™ and (27p)**? of equation (12.79) under the
condition of k£ > 2. And I arrive at another conclusion in this subsection.
The following is the third general representation for the zeta function for any odd number of 7 or more:

%) k+3
(12.85) C2k+1)= m > o ki) (p) <Z Ck,u(Zﬂp)”> e ™, ke N\{1,2}.
N = pr
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Where
plp—1)% (n=2) (n—3) (n+4)
8k* — 4k® (u® + 5 — 13)
+ 4k (2u® + 3p® — 26 + 28) ,
— k(T — 2u® — 89u® + 168u — 92)
+ (u—1) (3p* — 2p® — 394> + 68 — 24)

(2k — p)!
C =
k,u 2k+3_uﬂ! (k + 3 — u)l

(12.86) — 2k

(kEN\{LQ}aN:OvLQa ak+3)

And the coefficients deserving special mention are as follows:

(12.87) Ck,k+3 = 1, keN.
k—2)(k+3
(12.88) Chkia = (Lﬁ keN.
k2 —4k+9
(12.89) Chi3 = 7% (2k -1, keN.
(12.90) cho=— (K> —k+3)(2k—1)!, keN.
(12.91) k1 =cko=—k2k+1I, keN.
Table of the coefficients of the infinite series
k 1| 2 3 4 5 6 7 8
N 2 1| 2 | _1_ 2 1 2 1
E(2k+1)!! 3 | 15 | 315 | 1890 | 51075 | 405405 | 14189175 | 137837700
Table. 12.1
Table of the coefficients cy
k Ck,11 | Ck,10 | Ck,9 | Ck,8 Ck,7 Ck,6 Ck,5 Ck,4 Ck,3 Ck,2 Ck,1 Ck,0
1 1 -2 -3 -3 -3
2 1 0 -5 -15 -30 -30
3 1 3 0 -30 -135 -315 -315
4 1 7 21 0 -315 -1575 -3780 -3780
5 1 12 70 210 -105 -4410 -21735 -51975 -51975
6 1 18 162 882 2457 -3780 -72765 -343035 -810810 -810810
7 1 25 315 | 2520 | 12915 | 31185 | -103950 | -1351350 -6081075 -14189175 | -14189175
8 1 33 550 | 5940 | 44055 | 211365 | 405405 | -2702700 | -27702675 | -119594475 | -275675400 | -275675400
Table. 12.2
The approximate formula for the zeta function is written as ¢y (2k + 1).
(12.92)
b3 k—2)(k+3 k42
2 ()t 4 BZ DL 5yt
2%k+1)i= ———— _ k+1 =27 (N, k €N).
GO (2k+1) k(2% + )1 ZU @k+1) () + . € ( )
p=1 + Z Ck,p(27p)
pn=0

When calculating the values of the function ¢y (2k + 1), the Mathematica inputs are shown as follows.

+ @ (Creating a new input line on a notebook)
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p(p=17° (n=2) (u—3) (n+4)
8k* —4k® (u?+5u—13)

L (2k — p)! 2 3 2 .
c[{k, pu}] = T n Al (13— )1 | 2k +4k° (2p° +3p* — 26 1+ 28) :
—k (Tpt =24 —89p® + 168 1 — 92)
+(p—1) Bp* —2u>—39p% +68u—24)
+
+ @ (Creating the second input line)
zeta [{k_, A_}] :=
DivisorSigma [ (2k+1) , p]
2 3 (k=2) (k+3) k+2 )
PRI SN Tl IV HC O 27p) e 2P {p, LA}
+ Sum [e[{k, p}] (27 p)", {1, 0,k+1}]
+

+ @ (Creating the third input line)
N [{zeta[{1,1}], zeta [{1,2}] , zeta [{1,3}],zeta [{1,4}] , zeta [{1,5}] , Zeta [3]}, 10] +

Note: Valid for Mathmatica Ver. 12.0 or later.

By increasing the degree of approximation, it asymptotes the true value of the zeta function for any odd number
of 3 or more.

{Cl (3) s <2 (3) ) C3 (3) 7<4 (3) 7<5 (3) 7< (3)}

12.93
( ) ~ {1.148054268,1.201550493, 1.202053511, 1.202056889, 1.202056903, 1.202056903 }.
(12 94) {Cl (5) , G2 (5) ,G3 (5) e (5) NG (5) ,C (5)}
. ~ {0.9638129674,1.035899189, 1.036919392, 1.036927709, 1.036927755, 1.036927755}.
(12.95) {61 (7),G(7), ¢ (7),Ca (7)1 G5 (7), ¢ (7}
' ~ {0.8992359468, 1.006186929, 1.008327215, 1.008349125, 1.008349277, 1.008349277}.
(12.96) {61(9),62(9).¢3(9),¢4(9),¢5(9), 6 (9), ¢ (9)}

~ {0.8448946784,0.9977962524, 1.001954409, 1.002007939, 1.002008390, 1.002008393, 1.002008393 }.

By choosing the approximation appropriately, for example, a value can be obtained with 30 decimal places of
precision.

{€13(3),¢(3)}

12.97
( ) ~ {1.202056903159594285399738161511, 1.202056903159594285399738161511}.
(12.98) {€1a (5),¢(5)}
' ~ {1.036927755143369926331365486457, 1.036927755143369926331365486457}.
TR GGG
' ~ {1.008349277381922826839797549850, 1.008349277381922826839797549850}.
(12100 {614 (9).CO)}

~ {1.002008392826082214417852769232, 1.002008392826082214417852769232} .
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12.3 Two Special Series with Fixed Values
The left side of equation (12.30) can be written as follows:

ZO’ 5 (p) (27p) 5672”’ = i i i (2rmn) 5 g—2mmn
n®

n=1m=1
15 1 1 1
12,101 — (2 n 4
( ) ( W) nz::l 8 (15 sinh? (7n)  sinh? (ﬂn)) sinh? (7n)
i ( 2, .t .1 ) 1
—\15 sinh? (7n)  sinh® (7n)/ sinh? (7n)’
Therefore
(2 1 1 1 1 47 1
12.102 — + + = L =
( ) nz::l (15 sinh? (7n)  sinh? (7rn)> sinh? (xn) 607> 63 945

The following formulae are known ”[13]”:

- 11
12.103 =—- - —.
( ) Z:: sinh? (wn) 6 27
1 1 1 1
12.104 = rs(-).
( ) 2:: smh4 (rn) 90 T3 T 192070 (4)
The above formulae are introduced into the equation (12.102) to obtain the following series with fixed value:
1 191 4 1 1
12.105 = -—- rs(=).
( ) ng sinh® (zn) 1890  156m 192076 <4>

13. Function that Takes the Constant 0 Anywhere in the Whole Complex Plane, and Some Series that Give the Algebraic
Number 0

The fifth-order I1¢ type functional equation is shown again.

_ 2 g
6(0—1)(0+1) (6 +49+5)7T—2r<9)<(0>

2 2
(13.1) 0(0+1)(0+2) (6> + 66 + 10) 146
= 5 W_#F(;)C(l-i-e)—i-f[[g,](a), 0 eC.
Where
(13.2)
0° + 40" + 40° — 46> — 50
+ (307 = 1167 = 520 — 150 + (0 — 21) (27p)° ) (27)°
Hps (0) =2 Za_g (p)p% X Kg (27p)

+ (294 + 1363 + 3462 + 380 + 15 + 2 (392 +1360 439 + (27rp)2> (27Tp)2>
x (2mp) Kazo (27p)

From (the third-order I type functional equation)x (62 + 66 + 10),

0(0—1)(0+1)(6%+ 66 + 10)
C0(0-1)(0+1) (6% +660 + ﬂ*%r G)C
2 2
(13.3) 0(0+1)(0+2) (6% +60+10) 146

= — 5 7L ( _g > 1+9)+(92+69—|—10)H[3](0), 0eC.
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Where

(9 O-1)O+1)+(0-7) (27Tp)2> Ky (2mp)

+((20+1) (0+1) +2(27p)° ) (27p) Koz (27p)

[SIS

(13.4) Hi (0) =2 0 9(p)p

From (equation (13.1))—(equation (13.3)),

0(0—1)(0+1)(20+5) _o (

(13.5) 5 a2 Z) (0) — (92 + 660 + 10) H[g] (0), 6ecC.

In addition, from (equation (11.7))x (8 + 1) (260 + 5),

00 -1) (O +1)(20+5) 5F<9><

2 2
13.6 o0 — 7r o (2
1 =2(0+1)(20+5) pz::l - (p) p* (ej((; 1)(7 2(92);; ];)(3;)2;2;?)(2@) , 0eC.
And also, from (equation (13.5))+(equation (13.6)),
His) (0) — (6% + 66 + 10) H3 (6)
(13.7) T (60-1+ -0 Cm))Ky@m) Ve

o + (0= 1)~ 2(27p)* ) (27p) Ko (27p)

Substituting the results of H, (8) and H (8) for the calculation, the following equation is obtained:

. ) (—3 (0—3)(0—5)+ (0 —21) (27Tp)2) (27p)* Ko (27p)
(13.8) > o 6(p)p? ; \ =0, geC.
p=1 +2 (24 + (27p) ) (2mp) Ko (2mp)
Let define the left side of equation (13.8) as the function w (9).
0 ) (73 (0 —3) (0 —5)+ (6 —21) (27rp)2> (27p)2 K (2mp)
(13.9) w(0) =Y o_g(p)p? , feC.

2 (24 + (27rp)2) (27p)* Koo (27p)

For above equation, — is substituted for 8, and I perform the calculation:

o0 o (=3(=0—=3) (=0 —5) + (=0 — 21) (27p)* ) (27p)* K —o (27p)
w(=0) = o (P)p* ( ) ’

= +4(24+ (27p)*) @7p)’ (7p) Ko (27p)
o e (—3 (0+3)(0+5) — (0+21) (zﬁpf) (2mp)* K (2mp)
) ) p; R W (24 + (27p)?) (2mp)” (g Ky (27p) + (mp) Koz (27Tp)>
(—3 (0 —3)(0—5)+ (0 —21) (Qﬁpf) (27p)* K g (27p)

, 8eC.
p=1 +2 (24 + (27‘1’]))2) (27p)? Kao (2mp)

As a result, I obtained the function w () that takes the constant 0 anywhere in the whole complex plane.

o , [ (=30=3)(05)+ (6 -21) 27p)*) 2rp)’ Ky (27p)
(1311)  w(0) = 0o (p)p?

, , , 8eC.
p=1 +2 (24 + (27p) ) (2mp) Koos (2mp)
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In order to obtain a representation that has quadrable integrals, I modify the right side of equation (13.11) as
follows:

L& (=3(0—3)(0—5)+ (6 - 21) (27p)° ) (27p)" (wp) * K (2p)
(13.12) w(£0) =772 > 0_4(p) , Lz , 0eC.
= + (24 @np)?) 27p) ' (7p) T Ko (279)
From equations (12.3) and (12.4),
Lo (—3 (0—3)(0—5)+ (6 —21) (27Tp)2) (27p)? /Oo xﬂ—le’@”%ﬂ) da
(13.13) * O)=n"2> o= () " e
p=1 + (24—|— (27rp)2) (27rp)4/0 ' 3e = Jda

0 e C.

Two integrals of the right side of equation (13.13) are quadrable when 6 is any odd number of 1 or more.
Some calculating examples will be shown. When 6 = 1,

. (—24 - 20(27Tp)2) (27p)? /OO 2O (=) dx
wl) =123 o1 (p) 0 N -
P + (24—|— (27rp)2) (27rp)4/ % <I +T>dm
(13.14) S ) ) \/2? . > 4 VT om
- ﬁ;a,l () ((—24 — 20(2mp) ) (2np)* - G 72 (24+ (27p) ) ()t 5 )
— i o_1(p) ((27Tp)3 —10(27p)* + 24 (27p) — 12) (2mp)°e 2P,

p=1
Therefore
(13.15) i o_1 (p) ((pr)?’ —10(27p)? + 24 (27p) — 12) (2mp)2e™2™ = w (£1) = 0.

p=1
When 6 = 3,
oo (0 - 18(27Tp)2> (27p)? /OO z’e (m2+(%)2)dx
w@B)=7"2) o_3(p) 0 . N
p=t + (24+ (27Tp)2) (27rp)4/ 2% (L +T>dw

(13.16) 1 (2mp) + 1 O Nz

= > a ) (1sem)t B R (20 ) (np) - G e )

_ % i o3 (p) ((27rp)2 —9(2mp) + 15) (2mp)te2mP.
Therfore
(13.17) i o_3(p) ((27Tp)2 —9(2mp) + 15) (2mp)te 2™ = 27w (£3) = 0.
When 6 = 5,

oo (0 - 16(27Tp)2> (27p)? /00 zte (mu(%ﬁ)dw
wE) =133 05(p) Co (r22)
p=1 2 4 o —\T T2
+ (24+ (27p) ) (27p) /0 x“e dx
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(13.18) R 16(2mp) (2mp)* + ?é(%p) +3 = o
= W ;;10—1 ()

+ (24 + (27Tp)2) (27mp)* - LWZ +1 Ve 2P
Z 5 (p) ((27p) = 7) (27p) e,
Therfore
(13.19) > o5 (p) ((2mp) — 7) (27p)°e > = 4w (£5) = 0.
When 6 =7,
. —24 - 14(2rp)’) (2wp)2/m goe () o
7) - ﬂi% 7= 7 i (wp)
24+ 27rp)) (2mp)* / zle ( e >dx
(13.20) L= ( 94— 14(2mp) ) (2mp)? - (27p)* + 6(27rp)16—|— 15 (27p) + 15ﬁ672ﬂp
- 7r3fza (o) (27p)* + 3 (27p) + 3
+ (24+ (2mp)*) 2np)" - . Jre
& (27p)° — 4(27p)® — 15(27p)* — 45(27p)? 2 _omp
Y z:: ( —105(27p)® — 180 (2mp) — 180) (2mp)"e™ 7.
Therefore
= (27p)° — 4(2mp)° — 15(2p)* — 45(27p)° 2 omp _ o 3 _
(13.21) > o_z(p) (  105(2mp)” — 180 (2p) 180) (27p)*e™ 2P = 83w (£7) = 0.

When 0 =9, 11, 13, 15, and 17, only the results will be shown.

i 2mp)” — 21(2mp)® — 147(27p)* — 630(27p)*
(1322) S o9 () (2mp)" = 21(2mp) § ) Q7)) (9mp)2e2 = 167w (29) = 0.
— 1890(27p)* — 3780 (27p) — 3780
(271']))8 + 5(27Tp)7 - 6(27rp)6
(13.23) > oo (p) | —252(2mp)° — 1995(2mp)* — 9765(27p)° | (2mp)*e ™ = 32n°w (£11) = 0.
— 32445(2mp)® — 68040 (27p) — 68040

(27p)? + 11(27p)® + 45(27p)” — 180(2mp)°
(13.24) Y o 15(p) | —4095(2rp)® — 33075(2mp)* — 170100(27p)° | (27p)*e ™ = 6475w (£13) = 0.
= — 585900(27p)? — 1247400 (27p) — 1247400

(2mp)"° 4 18(27p)® + 150(27p)® + 450(27p)”
> 015 (p) | —4725(2mp)° — 79380(2mp)° — 630315(2mp)”" — 3274425(27p)” | (27p)’e 2P

(13.25) )
— 11382525(27p)” — 24324300 (27p) — 24324300
= 1287w (£15) = 0.
(2mp)™ 4 26(27p)"° 4 330(27p)°
o +2310(27p)® + 3465(27p)” — 124700(27p)° 2 o
Z o-17(p) 5 4 5 | @mp) e
(13.26) ot — 1735965(27p)” — 13357575(21p)* — 68918850(27p)

— 239188950(27p)” — 510810300 (27p) — 510810300
= 256m%w (£17) = 0.
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It is recognized that some series that seem to give transcendental numbers, however, give the algebraic number
0 at times. And the function w (@) is the null function in the whole complex plane.

Unfortunately, no one knows whether the zeta value for any odd number of 3 or more is a transcendental number
at the moment.

14. Derivation of an Explicit Formula for a New Eta Function and the Proof of the Generalized Riemann Hypothesis for the
Eta Function

14.1 Derivation of an Explicit Formula for a New Eta Function

The following equation defines the eta function # (6):

73
0
O—1)T(1+9%)
According to the definition, the non-trivial zeros of the eta function are the same as those of the Chi function.
Thus, I also propose the generalized Riemann hypothesis for the eta function that states that all non-trivial

zeros lie on the imaginary axis. it will be proved soon.
Equation (9.23) is introduced into the equation of definition.

—0(1— H)W,gr <9> )

(14.1) n(0) := x(0), 6 C\{1}.

T 2 2
nO) = —————75¢
(14.2) (0=D)I(1+3) (1-0) ZU 0 (p) p? ( g (2mp) + (27p) Ko (27rp))
‘<<9>+p(21+)20 o () ¥ (95 (27) + (27p) Kaze (27)): 0 € C\(1},

The explicit formula for the zeta function is introduced into the equation (14.2).

ot 0 , [ (0(6=1)+(7—0)(2mp)*) Kg (27p)
n(0) *—9 Z p? ( , )
I(1+3) 7= + ((9 ~ 1) — 2(2p) ) (27p) Ko (2p)

l\)

(14.3)

w\m

s (9 (0 —1)Ky (27p)

oS
Tu-era+d Z; +(0—1) (2mp) Ko (27p)

> , e C\{1}.
By simplifying, I obtain the explicit formula for the eta function.

?444%%47T§209@ p? ((7 - 0) 2np)* Ky (27p) — 2(27p)° Koo (27np)) . 0 € C\{1}.

(14.4) n(9) =

For the explicit formula, —6 is substituted for 6.

(7+0) (27p)° K_g (27p)

(14.5) n(=0) = m Zﬂo (p)p~ H B 2(277;0)3 K# (27p) , 0 eC\{-1}.

The relation between the equations (3.30) and (5.39) is applied to the equation (14.5).

2]

(7+6) (27p)* K (27p)
(14.6) n(=0)= ——————3v ) 00 p?

<1+e>r — 4(2mp)? (p) Kaza (2mp) eGi

The recurrence formula for the modified Bessel function of the second kind is applied.
o oo (7+0) (27p)° Ko (27p)
6
= oo (p)p? 0
(1+0)r(1-9) ; — 4(2mp)? <<> Ky (27p) + (7p) Koo (27Tp))

) (7 - 0) (27p)° Ky (27p)
T aror(i-9 & — 2(27p)* Ko_s (2p)

(14.7)

, 0eC\{-1}.
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The difference between # (6) and 7 (—6) is essentially reflected in each gamma factor.
And the result of equation (14.7) will be used in Section 16.

14.2 The Proof of the Generalized Riemann Hypothesis for the Eta Function

Assuming that there are an infinitely many non-trivial zeros on the imaginary axis in the eta function, and both x and y are assumed
to be real numbers, and (x + iy) is assumed to be a non-trivial zero of the eta function.

Based on the origin symmetry of the Chi function, (—x — iy) is also a non-trivial zero of the eta function.

Because it contains trivial zeros of the eta function, the real axis must be excluded from the target region. I consider that non-trivial
zeros are determined as solutions of simultaneous equations consisting of the following equations:

{n(z+z‘y> =0  (zeRyeR\{0}),

(14.8) n(—z—iy) =0 (zeR,yecR\{0}).

For the explicit formula for the eta function, (z 4 iy) is substituted for 6.

ztiy o0
27T 2 x+iy (7 — T = Zy) ( ) Kz+zy (27Tp)
n(x+iy) = i D O ey (D)D 2 =0,
(14.9) (1—z—iy) T (1+ ) = o —2(2mp)® Koaiy (2mp)

(z € R,y e R\{0}).

Similarly, in the explicit formula for the eta function, (—x — iy) is substituted for 6.
(14.10)

—x—iy

. i Outiy ()P 2 =0,
(1 +T+ Zy) r (1 + = ; Y — 2(27Tp)3 K2+m2+iy (27p)
(z € R,y € R\{0}).

o=t (7+ 2 +iy) (2mp)* Kz _iy (2mp)

n(—z—iy) =

The non-trivial zeros are determined as the solutions of the simultaneous equations comprising the equations
(14.9) and (14.10).
Owing to the symmetric pair of these equations,

(14.11) =0

is immediately determined.
For equation (14.9), 0 is substituted for z.

iy ) 2 ;
_ o o [ (T—1y) (2mp)” Ky (27p)
(14.12) n (iy) = 7) Za_zy p? s =0, yecR\{0}.
(1—1y) F ? —2(27p) K% (27p)
For equation (14.10), 0 is substituted for x.
: , 2
on— % > o [ (THiy) 2rp)” K g (27p)
(1413) U(_Zy) = . i o (p) D2 ’ = Ov y e R\ 0F.
(1+iy)T (1 - %) I; Y —2(2mp)? Kzt (27p) 10}

The equations (12.12) and (12.13) are complex conjugate of each other in relation. Hence, I can choose either
of these equations as the determining equation of the real variable y.
Furthermore, the gamma factor of the eta function does not have a value of zero on the imaginary axis.

Additionally, the condition of y = 0 can be excepted, because the eta function has no non-trivial zero on the
real axis. Therefore, the following equation gives the determining equation of the real variable y.

e )
(14.14) S o ¥ ((7—iy) (270)° Koy (27p) — 2(27p)° Koz (27p)) =0, y € R,
The explicit formula for the Chi function is also found.

X(9)=(9—1)ﬁ3r<1+g>
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(14.15)
- 7220 o ( (7—0) (27p)* Ky (27p) — 2(27p)° K20 (pr)), feC.

The function value of the Chi function on the imaginary axis is

iy

(14.16) = —22 o_iy(p)p? ((7 — i) (2mp)? Kiy (27p) — 2(27p)° Kooiy (277]))) , yEeR

Applying the recurrence formula and the origin symmetry with respect to the index of the modified Bessel
function of the second kind,

(7 —iy) (2mp)* Ky (2mp)
+2(2mp)” (- (27p) Kz (27p))
(7 — iy) (27p)° Ky (2mp)

+2(27p)” (iy Ky (27p) — (27p) Kasaw (27p))

- _ngﬂy %’

(14.17)

- 722(;_@ Ty

=-2 Z iy (P ((7 + iy) (27p)° Kiy (27p) — 2(27p)® Kayiy (27rp)) , yeR.
Using the complex conjugate on both sides of the above equation,

iy) = =20y (0)p# ((7—iy) 270)* Ky (27p) — 2(279) Koy (27p) )
(14.18) N

=-2> iy (p) p % ((7 — iy) (2mp)* Kiy (2mp) — 2(27p)° Kooy (27Tp)) , YER.

Here, the equation (5.39) is applied.
Therefore, it is shown that the Chi function takes real value on the imaginary axis as follows:

(14.19) Im (x (iy)) = % (x (iy) = x" (iy)) =0, yeR.

The Hadamard product representation for the Chi function on the imaginary axis is

(14.20) X (iy) = ( —2200 (2mp) Kq (27Tp)> ﬁ (1 ¥ ) y R

m=1 (Tm)Q

From equations (14.16) and (14.20),

o @p? (7= i) (2np)° Koy (2mp) = 2(27p)° Ko (27p))

N (2200 (2mp) Ky (27Tp)> ﬁ (1 y2)2> €R, yekR

(14.21)

m=1 (Tm

On the imaginary axis, the left side of the determining equation takes a real value. In this case, the imaginary
axis corresponds to the critical line of the eta function.

It is possible to assert that there is no non-trivial zero off the imaginary axis.
At this stage, the proof of the generalized Riemann hypothesis for the eta function is complete. It should be
noted that the existence of an infinite number of non-trivial zeros of the eta function remains unproven.

Furthermore, it is possible to design an eta function variant that takes real values on the imaginary axis. The
method is to obtain the absolute value for the gamma factor of the eta function’s explicit formula. I decide to
write the eta function variation as eta-tilde by adding the symbol ~ (tilde) just above the Greek letter 7.
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100) = | oS o ()t | (7~ ) (2 Ky (2mp) — 2(27p)° Ka (270))
=1

(14.22) 1=0T (1+35) =
0 € C\{1}.

14.3 Behavior of the Number-Theoretic Function ¢_, (n) n”?, Part2

From now, I consider the behavior of the number-theoretic function o_g (n)n?/?
presenting specific examples.

In the following discussions, a and b are assumed to be two different arbitrary prime numbers.
The magnitude correlation of a and b does not matter.

When n =1,

on the imaginary axis by

(14.23) ni?ya,iy (n)‘ =1 yeR

When n is a prime number a,

(14.24) a?o_ sy (a) = (1 + aiy> a’® = 2cos (% log (a)) , yeR.
When n is the (2k — 1) power of a prime number a,
2%—1) % a2k 1 : (2m-1)y
(14.25) (a®* 1) 7 oy ( =2 Z Cos (log (a)) , (keN,yeR).
m=1

When n is the 2k power of a prime number a,

(14.26) (a®*)?o_sy (a®*) =1+2 Z cos (my log (a)), (keN,yeR).

m=1

When n is a composite number a - b,

vl

1 1 1
(a- b) U,Zy(a b) = <1++W+(b)w> (a-D)

(14.27) - <1 + aly) (1 + bly) (a-0)%
=4 cos (g log (a)) cos (% log (b)) , yEeR

When n is a composite number a - b2,

(14.28) = (1 + aly) (1 + biy + (bl)iy> (a- zﬁ)%

= 2cos (% log (a)) (1+2cos(y log (b)), yeR.
The number-theoretic function o_g (n)n%/? is described by real cosine functions except n = 1 in the explicit
formula for the eta function on the imaginary axis.

This is the main reason why I chose 0 instead of S as the complex variable. The variable 6 is conventionally
associated with trigonometric functions.

15. Visualization of the Zeta Functions and Eta Functions

Let start by preparing some formulae for visualization.

The rule in subsection 6.3 is applied to the explicit formula for the zeta function.
In this case, the approximate formula for the zeta function is written as ¢, (6).
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" A 6(6—1)+(7—06) (27p)” ) Kg (27p)
NG & ( )

(15.1) Ta-or(+l) ;Le vy + ((9 1) - 2(27rp)2) (27p) Kaoo (27p)

(0 e C\{1},A e N).

[SIEY

)

The rule is also applied for defining equation (11.23).

(9 @—-1)+(7-0) (27rp)2> Ky (27p)

+ (0= 1)~ 22mp)*) (27p) Koo (27)

ors

or ey 5O

(0 € C\{1},) e N).

C)\ (9) =

)

(15.2)

The relation between ( (0) and (zeta-hat), (6) is

(15.3) lim (y(6) = lim G(0), (BeC\{1},AeN).

A—+oo

The relation between ¢ (0) and (zeta-tilde), (0) is
(15.4) G O1=[60)|. Bec\irren).

The rule is also applied to the explicit formula for the eta function.

A
2

A
= 2 - ™ 3 2—6 ™
(15.5) O =T Z ) (7~ 0) (2np)Ky (27p) — 2(2mp) Ko (27))

0 e (C\{l} A€ N)

The rule is also applied for defining equation (14.22).

271'2

ia (6) = 209 p# (7= 0) (2mp)K, (2mp) — 2(2mp)° K oa (27p) )

(15.6) (1—

0 e (C\{l},)\ c N).

The relation between 7, (§) and (eta-tilde) (0) is

(15.7) Inx (0)] =[x (0)], (0 € C\{1},A €N).

The right side of the null function w () is multiplied by the absolute value of the gamma factor of the zeta
function to obtain the estimating function (w-tilde), (6); moreover, the function(w-tilde) ., (#) is also the

null function.

(15.8)

(—3 (0—3)(0—5)+ (0 —21) (27Tp)2) (27p)*K (2mp)

12 (24 + 2(27Tp)2) (27p)°K 20 (27p)

9
T2

(1-10) (1+

A
A
7|20 @)

(0 e C\{1}, e N).

(:J)\ (9) =

b
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Three-dimensional graph of z=Re (&g (x + i y)) and z=Im (&g (z + i y)) , € [-5,5] , y € [0, 70]

0.0000%

. Re(Z)s(.\' +i 3‘))
,?"60

7 EIm(wgesiy)

3,
b
0.0001 9%

5

Graph. 15.1

The above three-dimensional graph shows the computational error because the null function (w-tilde) _ (6)
takes the value zero anywhere in the whole complex plane.

Three-dimensional graph of z=Re (&g (z 4+ iy)) and z=Im (s (z +iy)), = € [-35,35], y € [0, 70]

LI Re ((7)3(.\' +i y))

& (a3

Graph. 15.2
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Three-dimensional graph of z=Re (&11 (x +4y)) and z=Im (&11 (x +iy)), = € [-35,35], y € [0, 70]

L Re (z)u(-\‘ +i .r))

) Im(z)n(.\‘ +i .1-'))

Graph. 15.3

When the above three graphs are compared, it is observed that the computational error decreases with a larger
degree of approximation at each point in the observational domain. In comparison to the same domain, the
above results emphasize that the degree of approximation is needed to draw another kind of graph.

Graph of z=Re (g:g <% +zy)> , z=Im (fg <% +zy>> , and z = —% (s (iy))|, v € [0,52]

1 .
—_ —3I'ls(t,1)l

Graph. 15.4

Both the functions,
- (1 1. .
G (5 +iv) and = 31 ()

are projected onto the same surface.

I can see a relation between the imaginary parts of non-trivial zeros of the zeta function and those of the eta
function that is neither too close nor too far away. The imaginary part of the function (zeta-tilde)(6) is zero
anywhere along the critical line because the absolute value is taken for the gamma factor of the zeta function.
On the critical line, the function (zeta-tilde) (9) takes a real value, and 10 non-trivial zeros of the zeta function

lie on the interval [1/2 4 04,1/2 + 521].
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Here are the details. (The positive imaginary parts of the 11 non-trivial zeros of the eta function will be

shown later.)

S /1 (14134725142 . (1 14134725 142
R R [k bl T R Y e ko
(15.9) { e(<55(2H<1000000000 ))) e<C8(2H(1000000000 *

~ {—5.82730 x 107'°,1.00359 x 107°}.

- (1 (21022039639 S (1 (21022039639

R Y (ki T R R ek i

(15.10) { e<<8<2+Z<1000000000 >)> e(<8<2+Z<1000000000
~ {8.77134 x 1071°, —1.39654 x 107%}.

- (1 (25010857580 _ (1 (25010857580

R I e AL LT R S (200000

(15.11) { e(C9<2J”<1000000000 ))) e(C9<2+Z<1000000000

~ {~1.57157 x 107%,1.17188 x 10~"}.

- /1 30424 876 126 (1 30424 876 126
R, i 107" R; R
(15.12) { e(49<2J”(1000000000 ))) e(Q’(Z“(looooooooo *

~ {1.12075 x 107%, ~1.48713 x 10~°}.

(1 32935061 588 (1 32935061 588
- . CEeTIOT IV YEY 1 _9 - .
(15.13) {Re (C9<2H<1000000000 0 )))’Re (C9<2+Z<1000000000

~ {~1.02165 x 1072, 1.74259 x 10~%}.

1000 000 000
~ {1.59892 x 1079, —2.27410 x 1077}.

(15.14) 1000000000

. /1 /40918719012 . (1 . [40918719012
R S (EES Y0NS -9 R S (228719022
(15.15) {Re (Cm (2 i ( 1000 000 000 ))) e (Cm (2 t ( 1000 000 000

~ {—1.71047 x 1077,1.27075 x 10~ %}.

. (1 (43327073281 . (1 (43327073281
R R (bl ki e T R LY (il e
(15.16) { e(Cm<2“(1000000000 ))) e(QO(QH(looooooooo +

~ {1.67766 x 107", —1.98936 x 10~ %}.

. (1 (48005150881 . /1 (48005150881
R, i ———— 107" R; i
(15.17) {Re <<“ (2 i ( 1000 000 000 ))) e (C“ (2 t ( 1000 000 000

~ {~1.83014 x 1072,1.30592 x 10~?}.

1000 000 000
~ {9.53951 x 107*°, —~1.88391 x 107°}.

(15.18) 1000000000

~ 1 37586178159 ~ 1 37586178159
{Re <C10 <2 +1 < — 109>)> ,Re (ClO (2 + 4 (

~ 1 49773832478 ~ 1 49773832478
e (4 4 (2T ) V) (o (L

)
)
)

)

)
)
)

o))

)
)
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- 1
Three-dimensional graph of z = Re (C5 (z —I—iy)) and 2 =0,z € [—5, g} , Yy €[0,35]

Graph. 15.5

Three-dimensional graphs will be hereafter drawn using the plane z = 0 as the auxiliary plane.
Using topography as an analogy, the plane z = 0 (colored blue) is suited for the surface of the sea, and the
candidate sites for the non-trivial zeros of the zeta function are along the coast lines.

Graph. 15.6

On the sea’s complicated surface, the critical line is clearly visible.
The intersections of the coast line and the critical line in the two graphs above are the non-trivial zeros.
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As reference, the same graphs above (Graph. 15.5 and Graph. 15.6) can also be drawn using only the
well-known built-in Mathematica functions. The Mathematica inputs are shown as follows:

+ @ (Creating a new input line on a notebook)

] 0
zetaxx [0_] ;= Abs 27 Zeta 0]/ 2m Iy m m

(1—0) Gamma [1 + &] (1 —6) Gamma [1+ §]
+ @ (Creating the second input line)

Plot3D |{Re [zetaxx [x + Y]], 0}, {x, — } {y,0,35}, BoxRatios — {1,3, 1} +

+ @ (Creating the third input line)

[ , 13 _ ] .
Plot3D _{Im [zetaxx [x +iy]], 0}, {x, —5 5}, {y,0, 35}, BoxRatios — {1, 3, 1}_ +

Note: Valid for Mathmatica Ver. 12.0 or later.

Graph of z=Re <C5 < + zy)) and z=Im <§5 ( + zy>> , y €[0,35]

— Re (;5(% +iy)

(b 1)

Re (tha[— Vi ,]

s B (zeua[;- +iy))

Graph. 15.7

To evaluate the error, real and imaginary values of Zeta [1/2 + i y], i.e., Mathematica’s built-in zeta function, are
superposed on the graph. A five degree of approximation is appropriate for the interval [1/2 + 04,1/2 4 354].
The built-in zeta function should be superposed if necessary for all graphs.

Graph of z=Re (Cg ( + zy)) and z=Im (Cg < + zy>> , Yy € [35,70]

— Re (g‘s(i +iy))
— Im (5"3(%“' y))
~— Re (Zeta[% +i l])

~ Im (Zeta[% +i t])

Graph. 15.8

An eight degree of approximation is appropriate for the interval [1/2 4+ 354¢,1/2 + 7014].
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I change to the function (zeta-hat),, (f) for drawing in the interval [1/2 + 704,1/2 + 1051] for accuracy.

. 1 A 1
Graph of z=Re <§12 <§ +zy)> and z=Im (Clg (5 ~|—iy>) , y € [70,105]

Graph. 15.9

It would be short on accuracy in the interval [1/2 4+ 954,1/2 + 1054]. The next graph is prepared to confirm
this error.

. 1 - 1 1
Graph of z=Re <C12 (5 + zy>> , z=Im <C12 (5 +zy>> , z=Re (Zeta {5 + zy]) ,

1
and z=Im (Zeta [5 + zy}) , Y € (95,105

— Re (zn(%ﬂy))
— tnGuafbeis)
- 5 (Zeta[; +.'..-])

— Im (Zeta[% +iy])

Graph. 15.10

From the above four graphs, I can recognize that in total, 29 non-trivial zeros of the zeta function lie on the
interval [1/2 4 04,1/2 + 100¢].

Graph of z=(5 () and z=Zeta[z], z € [-13,10]

0.02} *f ;
002} : 3 — {5(x)
ooe| TR Zetalwd
0.08 . \

Graph. 15.11

I can see that the pole and the trivial zeros of the zeta function on the real axis are accurate.
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Graph of z=Re (ijs (iy)) , z=Im (7is (iy)), and z = —3 ‘ (58 <; + Zy)) ' ,y € [0,52]

] — Re| Mg (i »)

| Im (75 i )

v -a)gs (i)

Graph. 15.12

Both the functions,
- = (1 .
)
are projected onto the same surface.

I can also see the relation neither too close nor too far away between the imaginary parts of the zeta function’s
non-trivial zeros and those of the eta function. Since the gamma factor of the eta function is taken as an absolute
value, the imaginary part of the function (eta-tilde) () is zero anywhere on the imaginary axis. Function
(eta-tilde) (0) is observed to take real values on the imaginary axis; moreover, 11 non-trivial zeros of the eta
function lie on the interval [0, 527].

Here are the details.

12041 897 809 12041 897 809
Re (s (i |~ SoLO09 =9 Re (g (i |~ SoLO09 4 49=0
(15.19) { e(”s (’ ( 1000000 000 ))) e(”s (’ ( 1000000000 )))}
~ {—1.151464 x 1072,4.99152 x 10719},
[ (20487540608 [ (20487540608
(15.20) {Re ("8 (Z ( 1000000000 0 9))) ,Re (778 (’ ( 1000000000 ° 9)>>}
~ {3.39148 x 1077, —1.69660 x 10~%}.
25976 196 025 25976 196 025
Re (g i | o220 =9 Re (g (i [ o2 020 4 10=9
(15.21) {Re ("9 (Z < 1000 000 000 )>> e (779 <Z ( 1000000000 )))}
~ {~1.074615 x 107?,2.36501 x 10~°}.
[ (28269450283  _ [ (28269450283  _
(15.22) {Re ("9 (Z < 1000000000 9>>> Re (779 <Z ( 1000000000 0 9)>>}
~ {2.75628 x 1072, -9.95323 x 107°}.
[ (32685214209 [ (32685214209
(15.23) {Re ("9 (Z ( 1000000000 ™0 9))) Re ("9 (Z ( 1000000000 T 7 9)))}
~ {-5.02927 x 107?,3.53524 x 10~°}.
36 583 986 392 36 583 986 392
Re ( iy (i [ 220200992 -0 Re ( iy (i [ 222700992 | =9
(15.24) { e(mo (’(1000000000 ))) e<”10 (’ ( 1000000000 )))}

~ {7.85814 x 107Y, —4.74443 x 10~?}.
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(15.25)

(15.26)

(15.27)

(15.28)

(15.29)

The coast lines are candidate sites for the non-trivial zeros of the eta function.

(Re (70 (i 42044079278
1 1000000 000

)

~ {-8.94336 x 107?,2.39905 x 10~%}.

tRe (21, (; 42901 222 688
i 1000000 000

)

~ {1.46300 x 107%, ~1.56310 x 10~°}.

- . (46556 753 041
(e (3 (s (1055875011

1000 000 000

o) (o

~ {~4.30492 x 107,5.06314 x 10~%}.

(Re (f] (z (5()021 715160
11 BT

1000000 000

)

~ {4.64200 x 1079, —2.54722 x 107°}.

(Re (77 (z (51 457512 850
11 BT

1000 000 000

)

~ {—5.47820 x 107?,3.82695 x 10~°}.

Graph. 15.13

42044079278
1000 000000

42901 222 688
1000 000000

46 556 753 041
1000 000 000

50021715160
1000000000

51457512850
1000 000000

)
)
)
)
)

Three-dimensional graph of z = Re (75 (x +iy)) and 2 =0, z € [-1,1], y € [0, 35]
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Three-dimensional graph of z = Im (75 (z +iy)) and z =0, z € [-1,1], y € [0, 35]

i1
Graph. 15.14

On the intricate surface of the sea, the imaginary axis is clearly visible. The intersections of the coast lines and

the imaginary axis in the following two graphs are the non-trivial zeros. Here, the imaginary axis corresponds
to the critical line of the eta function.

Graph of z=Re (15 (i y)) and z=Im (95 (iy)), y € [0, 35]

— Re (ns(i y))
— Im (g5 (i y))

Graph. 15.15

The eta function on the imaginary axis has a similar shape as that of the zeta function on the critical line.

Graph of z=n5 (z) and z=Zeta[z], z € [-13,10]

0.02 3 k
0.02 ? — — n5(x)
:gg: -‘2? 2 4 & 8 10 — Zeta| x|
-0.08 _2\

Graph. 15.16
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On the real axis, I can also see the pole and the trivial zeros of the eta function.
On the real axis, there is a little difference between the eta and the zeta functions.

16 Similarities and Differences between the Zeta and the Eta Functions, and Other Knowledge
16.1 Similarities and Differences between the Zeta and the Eta Functions
The explicit formulae for the zeta and the eta functions are shown again.

o1 o - i oot (9 (0—1)+ (T—0) (zwpy) K, (2rp) -

. = o_ 2 5 S .
-ora+g =" + ((9 1) - 2(27Tp)2) (27p) Ka_a (27p)

(16.2) n(0) = 27T2 Za o ( % ( (7 —0) (27p)? K, (27p) — 2(27p)® Kao (27rp)) , 0eC\{1}.

(1-0)

An easily recognized common point here is that they have the same gamma factor. Thus, having only a simple
pole at # = 1 is one of the common points.
The residue of the eta function at 8 = 1 is as follows:

(16.3) Res (L;n(0)) = (0 —1)n(0)[g=y = (0 —1)((0)]p=; = 1.

The calculation is performed for the second term of equation (16.3).

3
Il
-

(16.4)

=43 01 (p) ((2mp) — 3) (2mp)* 2.

Thus, the following infinite series that gives the algebraic number 1/4 is obtained:

1
(16.5) Za 1 (p) ((27p) — 3) (2mp)® e 2™ = 7

In addition, another common point is that they have trivial zeros for any even number of —2 or less.
That is

(16.6) C(—2k) =n(—-2k)=0. keN.

When k is assumed to be any positive integer again, the value of ¢ (1 — 2k) corresponds to the value of ¢ (2k)
due to the point symmetry (6 = 1/2) of the Riemann Xi function.

In contrast, in case of the eta function, the value of n(—2k — 1) corresponds to the value of 1 (2k 4+ 1) due to
the origin symmetry (6 = 0) of the Chi function.

Furthermore, the mathematical phrase can define any relation between of 7 (—2k — 1) and n (2k + 1).

The modified equation is performed to calculate the function value on the real axis of the eta function (16.2).

(7~ 0) (27p)* (7p)* Ko (27p)

. 20 , e C\{1}.
— (2mp) (mp) > Koo (27p)

2 oo
(16.7) n(0) = T ) ;me (p)

When 6 is any odd number of 3 or more, the following integral representation is used:
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oo (22 #
5 o (7-10) (27Tp)2/ 2 e ( e >dx
(16.8) n(0) = 7 Za_g (p) 0 ) , e C\{1}.
(=0T (1+3) 7= i [ s ()
— (27p) / e = Jdx
0
For equation (16.2), —6 is substituted for 6, which is obtained earlier as equation (14.7).
2
o4 o [ (7=0)(27p)" Ky (2mp)
(16.9) n(—0) = 7 ZU o (p)p? , , 0eC\{-1}.
(1+6)r(1-5) —2(27p)” Ko_z (27p)
The modification is performed for equation (16.9).
2 A
270 (7—0) (2mp)”(mp)> K (27p)
(16.10) n(—0) = Za 0 P , eC\{-1}.
1+)T (-3 — (2mp)"(7p) * Ko (27p)
When 6 is any odd number of 1 or more, the following integral representation is used:
e} (Wp)
9n—0 00 (7 - 0) (27Tp)2/ 1‘6716 ( * )dg;
™
(16.11) n(-0) = gy 2270 @) . ey | PO
DR\ [,
0

For equation (16.11), 1 is substituted for 6.
00 —(z24 @02
6(27Tp)2/ 2% (w « )dx
0
00 (224 E0?
—(27rp)4/ % <x - >dm
0

—ﬂ\lﬁia 1 Za 1 ( (27p)? .\fe—%P—(m)“.f@—%P)

2! >
n(-1) = m;a_l (p)

(16.12)

=—= ZO’ 1 (p) ((27p) — 3) (27p)? 27,
The representation for 7 (—1) and its exact value are shown.

-1)=—-—= Z o_1 (p) (27p) — 3) (2mp)* e~ 2"

i
4’
For equation (16.11), 3 is substituted for 6.

(16.13)

o0 (221 &R
4(27rp)2/ z%e ( o )d:c
0
0o (224 G0
_(27Tp)4/ z% ( « >dx
0

- _ﬁ Z -3 (p) (4(27rp)2 ' LMZ L me e amp)t ? e_m)

23 >
n(=3)= m pz:; o_3(p)

(16.14)

871'3 Z o_3(p ( 2mp)? — 2 (27p) — 2) (21p)* 27",

The representation for 7 (—3) and its approximate value are shown.
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7r3 ZU 3 ( ( (27p)® — 2 (27p) — 2) (27p)? &2

i 0.0077338931815.

(16.15)

In addition, in the equation (16.8), 3 is substituted for 6.
[eS] _ 2+(wp)2
4(27rp)2/ ze (x . >dx
0

oo (04 &R
- (27Tp)4/ Ve ( o )dx
0

1) = ST z_:

2 (271']7) +1 —27p
(16.16) _ _i i073 (p) 4(27Tp) . Y \/7?6
VT p=1 — (2mp)* - g e 2P

: Za ; ( 2mp)? — 2 (2mp) — 2) (2mp)? e~ 2P
~ 1.2789292363.

Equations (16.15) and (16.16) are integrated to obtain a relation between 7 (3) and 7 (—3).

1673
(16.17) 1) =—5—1(=3).
For equation (16.11), 5 is substituted for 6.
oo (22 (rp)?
or—5 X 2(27Tp)2/ zte < T >dx
™
77(_5)_6F(17§)ZU_5(27) 0 . ( 2+(ﬂp)2)
- (24
2 p=l — (27Tp)4/ z2e ) da
0
1 0o 2(27Tp)2 . (27Tp)2 +3 (27Tp) + 3\/7?6_27‘—1)
16.18
( ) :_4W5ﬁza 2 (P) 84 (27p) +1
= ~ ()t CRIEL o
JR Con
T Za,5 (p) <(27Tp)3 —3(27p) — 3) (27rp)2 e 2P
p=1

~ —0.0036345168378.

For equation (16.8), 5 is substituted for 6.
00 (224 &R
2(27rp)2/ zte ( « )da:
0

0 —(z°+ (rp)?
- (27rp)4/ z?e < o )dgc
0

2
(16.19) L o 2(2mp)? (27p) +3(27rp)+3\/7;6_2wp

77(5) —4F g ZU 5

_ = 8
R e oyt L
- i5 f: ( (2mp)® — 3 (27p) — 3) (27p)? e~ ~ 1.1863826102.
—1
Equations (16.18) and (16.19) are integrated to obtain a relation between 7 (5) and n (—5).
(16.20) n()=— 161g577 (=5).
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Hereafter, the calculations can be performed similarly.
In cases where § = 7,9, 11, 13, 15, and 17, each representation by the elementary functions and the approximate
value are shown all together.

51277 p 3 4 _
(16.21) n(7) = n(=7) =22 Y_o7(p) ((2mp)° + 3(2mp) + 3) (27p)" e~ ~ 1.2460084172.
4725 315 = ( )
128 79
9) = ————n(-9
162 n(9) Tosas " (9
16.22 o0 5 4 3
1 27p)° 4 7(2mp)* + 25(2
_ LS (BT i )"+ 25(2mp) (27p)? e~ ~ 1.3360607156.
1890 + 60(27p)* + 105 (27p) + 105
4096 71
= _p(-11
(1) = Te37125" (1)
9 & 27p)® + 12(27p)° + 75(27p)* + 315(27p)> o
(16.23) R AT (27p) (27p) 5 ) (27p) (2mp)? 27
= +945(2mp)® + 1890 (27p) + 1890

=~ 1.4336203440.

4096 713

13)=—— " _p(-13
n(13) = = G2006425 " (1)
(16.24) 1 i o1s (0) (27p)” + 18(27p)° + 168(27p)® + 1050(27p)* gyt

= TAEANE —13

405405 = + 4725(27p)” 4 15120(27p)” + 31185 (27p) + 31185
~ 1.5315820258.
262144 715
15) = —— " p(—1
n(15) = {gi7a5a163625" (1Y)

o (27p)® + 25(27p)” + 322(27p)°
(16.25) -2 077925 1. 17325(2mp) oo 3 | (g2 ot
14189175 210715 (p) | +2772(27p)° + 273 5(2mp)” 4+ 79695(27p)” | (27p)” e
= + 259875(27p)? + 540540 (27p) + 540540
~ 1.6272471919.

16384 717

~ 7761123995625 (17

n(17) =
. (27p)? + 33(27p)® + 558(27p)” + 6300(27p)°
(16.26) S 51975(2mp)” + 322245(271p)* + 1486485(27p)” | (27p)? e~ 2P
137837700 ;U*” )| + (2mp)” + ' (27p)” + (2mp)” | (27p)~e
p= + 4864860(27p)? + 10135125 (2mp) + 10135125
~ 1.7195887751.

In the domain of 8 > 1 on the real axis, the zeta function is strictly monotonically decreasing.

Conversely, the eta function has a minimal value at 8 > 1 in the same domain. Although the eta function is
strictly monotonically decreasing in 1 < 0 < k, it turns to be strictly monotonically increasing in 6 > k.

The range of the minimal value and k value (that gives the minimal value) are shown.

(16.27) 1.183937412932 < n (k) < 1.183937412933, (4.62270 < x < 4.62271).
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Three-dimensional complex plot of the zeta function in the square domain [—5 — 54, 5 + 5]

5
Graph. 16.1

It was drawn by assuming the degree of approximation as 5 in the explicit formula for the zeta function.

In the small, it can be seen the first trivial zero at § = —2, the second trivial zero at # = —4, and the pole
at 6 = 1 in this domain. Around each zero, the argument rotates CCW (counterclockwise) from 0 to 27 [rad).
Around the pole, the argument rotates CW (clockwise) from 0 to —2 [rad].

Three-dimensional complex plot of the eta function in the square domain [—5 — 54, 5 + 51|

Graph. 16.2

It was also drawn by assuming the degree of approximation as 5 in the explicit formula for the eta function.
In the small, it is hard to distinguish the eta function from the zeta function.
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Complex plot of the zeta function in the square domain [—35 — 354, 35 + 35

n

-10

T T T T T T T

¢ it Jel Jord bt e St bt )

| S R R R

T T

PR

-30

-20

— s =
332102 4
ni2
0
-mi2
Lo iy 1 s ‘A‘.: 0 -n
10 20 30
Graph. 16.3

Complex plot is expressed by coloring the argument, and the absolute value is expressed by shading the color.
The color bar displayed on the right of the complex plot is shown as the legends of the above.
It was drawn by assuming the degree of approximation as 8 in the explicit formula for the zeta function.

Complex plot of the eta function in the square domain [—35 — 354, 35 + 354]

n

-10

L LI L S L

23t bol 1A ko ool e bt 8

T

e R s L
m2
0
-mi2
e msrar T 0 -’
10 20 30
Graph. 16.4

It was also drawn by assuming the degree of approximation as 8 in the explicit formula for the eta function.
When taking a broad view, it is easy to distinguish the eta function from the zeta function.
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Graph of the non-trivial zeros of the eta function and those of the zeta function

Im =

Graph. 16.5

The dots on the imaginary axis (Re (f) = 0) indicate the non-trivial zeros of the eta function, while those on
the critical line (Re (6) = 1/2) indicate the non-trivial zeros of the zeta function.
In the region up to height 56, both the zeta and eta functions each have 11 non-trivial zeros.

16.2 The General Representation for the Eta Function for any Odd Number of 3 or More
For equation (16.8), any odd number of 3 or more is substituted for 6,

) o (6—21) mp)? [ e (=*+) o
n2k+1) = okT (1+ Z) > o ki) () ° _( 2+m>
- — ! [ T g
(16.28) o .
2h+1 > 2(k=3) (27Tp)2/ z*e (x +T>dﬂc
= OV ZU—(%H) (p) o(: 7(12+M) ,» keN,
r= +(27rp)4/0 22(E=1) 22 ) g

The general representation for the two integrals of equation (16.28) is given by the description in the subsection
19-4 i.e.,

% ok ‘($2+(2L2)2 1 < n —2mp
(16.29) z°%e dx = ohiT Z ag,u(2mp)Te , (k,peN).
0 pn=0
Where
2k — p)!
(16.30) (2k — 1) (keN,u=1{0,1,2--,k}).

G = 2k—nyl (b — p)l’
And the coefficients deserving special mention are as follows:

(1631) Ak k = 1, keN.
(16.32) ak,1 = Ag,0 = (2/€ — 1)”, k e N.

The above general representation for the two integrals is introduced into equation (16.28).
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2 (k — 3) (2mp)® 2k+1zakﬂ2ﬂpuf

9k+1
n(2k+1) = WZU @2k+1) (P)
+ (2mp)* - o Zak 1. (2mp)H /T e 2P

(16.33) . "0
N (k—3) " aku(2mp)"
= m ; o—(2k+1) (D) kJ::O (2mp)” e ™™, keN.
+ Z ak—l,u—z(Qﬂp)M
=2
Therfore,
n(2k+1)
akfl,k71(27"p>k+1
oo k
- R Do 0) | + 3 (et (k= 3)aw) (2rp)" | (Gnp) e, kEN.
+ (k—3)ag,1 27p) + (k —3) akpo
From equation (12.56),
(16.35) ap1h1=1, keN,

From the definition of ay,,,

(16.36) (k—=3)ar, = (k—3)aro=(k—3) k-1, keN.
The above results are introduced into equation (16.34).
n(2k+1)
(2mp)*
oo - m
I 2 (2k2+ D! pz::l” e @) | ;2 (e £ =) CR (o2 eomm e

+ (k—3) (2k — D) (27p)
+ (k=3)(2k = 1)N
Here, new coefficients dj,,, are used for the general representation for the eta function for any odd number of 3

or more.
The coefficients dy, ,, are determined by the following equation of definition:

k
(27rp)k+1 + Z dy, ;. (2mp)*

(16.38) 7 (2k+1) = (2k+1) =2 (27p)® e 2™ keN.
2k+1 "Z + (k= 3) (2k — 1)1 (27p)

+ (k- 3) (2k — 1)

The coefficients dj x41, di,1, and dj o are immediately determined as follows:

(16.39) dpr+1 =1, keN.
(16.40) dgy =do=(k—=3)2k-1D!, keN
The coefficients dj,, are calculated as follows:
(2k — p)! (2k — p)!
ey = ap—1py—2+(k=3)ar, = 57— +(k=3) /7"
a G ( ) @ 2k=ppl (k — p)! hmk 12 ( ) 2k=npl (k — p)!

(16.41)
_ = 12)16(“#16;3!?;{2]6 Ztl(ﬁ 2 okl (ke N\{Lhop = 2,34, k).
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For equation (16.41), 1 is substituted for k, and 2 is substituted for p.
(16.42) di2 =1

This result is equivalent to the result of substituting 1 for k in equation (16.39).
For equation (16.41), 1 is substituted for k, and 0 and 1 are substituted for p.

(16.43) {di1,dio} ={-2,-2}

This results are equivalent to the results of substituting 1 for k in equations (16.40).
Thus, the right side of equation (16.41) holds even for the case when k = 1.

(16.44) d = P 12)&;16/2!&% (j;l()’“!‘ ) ok ) (BENu=2.3.4, k).

For equation (16.41), k is substituted for pu.

(w—1)(p+6) + 2k (k— (p+2)) k*+k—6
Ak = P , (2k — p)! =St M
(16.45) 2k—nt 1l (k — pu + 1) e 20K
-2
=Dy oy

Combining the above results, I arrive at the conclusions in this subsection.
As a result, the general representation for the eta function for any odd number of 3 or more is obtained.

oo k+1
2 —27
(1646) W@k D) = o Y e 0) (Z dk,u@wp)“) (2mp)?e ™, keN.
Tp=1 u=0
Where
1 % (k — (u+2
(16.47) d, = B+ 6) + 2k (k= (pt ))(Qk—u)!, (keN,u=0,1,2,- k+1).

# k11l (k — i+ 1)!

And the coefficients deserving special mention are shown as follows:

(1648) dk,k+1 =1, keN.
(16.49) di g = W keN.
(1650) dk,l = dk’() = (k — 3) (2k — 1)”, k e N.

The coefficients of the infinite sum of the function 7 (2k 4 1) are the same as those of the function ¢ (2k + 1)
(Not ¢ (2k + 1)).

Table of the coefficients dy

k|| deo | des | der | die | dis di 4 di3 di 2 di,1 di0

1 1 —2 —2

2 1 0 -3 -3

3 1 3 3 0 0

4 1 25 60 105 105

5 1 12 75 315 945 1890 1890

6 1 18 168 1050 4725 15120 31185 31185
7 1 25 322 2772 17325 79695 259875 540540 540540
8 1 33 558 | 6300 | 51975 | 322245 | 1486485 | 4864860 | 10135125 | 10135125

Table. 16.1

] Electrical Electron Eng, 2024 Volume 3 | Issue 1 | 122



16.3 Observational Results About Relationships between Prime Numbers and the Zeta Function

This subsection describes the known relationships between the prime numbers and the zeta function that are necessary ”[15].” The
purpose is to compare the relationships between the prime numbers and the eta function.

Let consider the second Chebyshev function ”[16].”

(16.51) U(r):= Y  log(p), >0
pF<az
p: prime, k€N
The i-th prime number is assumed to be p;. This function is a step function where the function value steps up
by log (p;) as the positive real variable x continuously increases and reaches the k-th power of the prime number
p;i. Until it reaches the first prime number 2, the function value on the interval of 0 < x < 2 is zero.
This function can be written using the Mangoldt function A (n).

(16.52) U(z)=> A(n), z>0.
n<x

Where
] =pk

(16.53) Ay = 8 m=pn
0 otherwise.

Let U* (z) be the modified function so that its value at the step-up point corresponds to the midpoint.

(16.54) U (z) = (U (z—h)+T(z+h), =>0.

lim
h—0

N | =

The modified second Chebyshev function is described by the second Chebyshev function and the Mangoldt
function as follows:

1
. —A(n) x=2,3,2%5,7,2%3%11,13,2%17,- -,
(16.55) U™ (z) = 2

U (x) otherwise.

The Riemann-von Mangold explicit formula states that the modified second Chebyshev function is described
by the information on the zeta function as follows:

(16.56) U* (z) =s () — > ip, x> 0.
¢(p)=0

p:non-trivial zero

Here, s (z) is called the approximate term and is given by the following equations:

Clog(1-27%)  ¢(0)

(16.57) s(z)==x 5 c(0)’ x> 0.
(16.58) CC/(((;))) = log (27) ~ 1.8378770664.

The periodic terms are the second term on the right side of equation (16.56), and the sum of the periodic terms
crosses all non-trivial zeros of the zeta function. The function Uy (z) is defined such that the infinite sum of
periodic terms is restricted to the sum of N matching pairs. Here, the matching pair consists of a non-trivial
zero and its complex conjugate.

(16.59) Uy () ==s(z) —

N ( 21/ 2+ipm 21/2—ipm

>0,NeN).
1/2+ipm+1/2—ipm>’ @>0, )

m=1

Here, p,, is the positive imaginary part of the m-th non-trivial zero of the zeta function to which the number
is allocated in an order that is closer to the real axis. The values of 201 imaginary parts of non-trivial zeros of
the zeta function were calculated with 25-decimal accuracy for the following drawing ”[17].”
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The numerical data will be presented at the end of subsection 16.5.

Graph of the approximate term s (z) and Wagg () on the interval [3/2,30]

20r

Graph. 16.6

Graph of the approximate term s (z) and Uagg () on the interval [3/2,120]

1 1 1 T IR TS

Graph. 16.7

It is shown that the step function is generated from the information on the non-trivial zeros of the zeta function.

As a main spectrum, the imaginary parts of non-trivial zeros of the zeta function generate prime numbers.

In principle, the points that the step function steps up (i.e., the positive integer power of the prime numbers)
can be extracted by differentiating the periodic term of ¥y (z) by «.

According to the known result, the positive integer powers of the prime numbers are given as the maximal values
of the following function ®y (), which is generated using the information on finite numbers of the imaginary
parts of non-trivial zeros of the zeta function:

(I)N (.’L‘) =

d N <x1/2+ipm xl/Z—ipm>

de = \1/2+ipy, + 1/2 —ipm

(16.60) N
= —% Z cos (pm log (z)), (z>0,NeN).

The damping factor (2/4/x) written before the summation symbol can be replaced with 1 because the essence
of the function is not lost even if it is absent. Therefore, the function can be redefined as follows:

N
(16.61) Oy (z) :=— Y _ cos(pmlog(x)), (z>0,NeN).

Since the maximal values at the square or more of a sufficiently large prime number tend to be sufficiently
small in comparison with the maximal value at the first power of the prime number, I use the expression ”main
spectrum.”
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Graph of @50 (z), P19o (z), and Pogo (x) on the interval [3/2,15]

— Pzp(x)
— Pyp(x)

— Pqpplx)

Graph. 16.8

The peaks are observed at the points where x is one of the prime numbers 2, 3, 5, 7, 11, and 13; 4 and 9 are
the squares of prime numbers 2 and 3, respectively; and 8 is the cube of prime number 2.

Graph of ®5g (), P1gp (2), and Pagg () on the interval [15,50]

— bspix)
— Pypp(x)
Papo(x)

Graph. 16.9

The peaks are found at the points where x is one of the following prime numbers: 17, 19, 23, 29, 31, 37, 41, 43,
and 47; 25 and 49 are the squares of prime numbers 5 and 7, respectively; 27 is the cube of prime number 3;
and 16 and 32 are the fourth and fifth powers of prime number 2, respectively.

Graph of @5 (), ®10o (), and Pagg (z) on the interval [50,100]

20+

w|
— Psp(x)
f — Pypp(x)
i AMAR AL L AN — Palx)

B e

Graph. 16.10

-—

Peaks are recognized where x is one of the following prime numbers: 53, 59, 61, 67, 71, 73, 79, 83, 89, and 97.
However, at the points where x is 64 (the sixth power of prime number 2) and 81 (the fourth power of prime
number 3), the peak values are so small that their detection is difficult.

The imaginary parts of non-trivial zeros of the zeta function are shown to generate prime numbers as a main
spectrum.

] Electrical Electron Eng, 2024 Volume 3 | Issue 1 | 125



When I consider another relation between the prime numbers and the zeta function’s non-trivial zeros, the
following equation, whose peaks correspond to the imaginary parts of non-trivial zeros, is also known as ”[16]”:

(16.62) cwi=- Y Ewsip(m), werRCe.
p"<C
p: prime, n€N
Here, the sum crosses all the integers for which the positive integer powers of the conditional prime number p
are less than or equal to the sufficiently large arbitrary positive integer C.
Assuming the k-th prime number as pg, the conditional partial sum is given as follows:

(16.63) c (y,m,n) Z ) cos (ylog (™)), (Cymom € N,y € R,pn™ < C).

k=1

For the positive integer C, 3 numbers (1260, 110880, and 10810 800) are selected to display graphs.
Some prime numbers py for the calculations are shown as follows:

(16.64) {p1,D2,P3, P4, D5, P205, P10522, Pr1ases} = {2,3,5,7,11,1259,110879,10810 763 }.
When C=1260,
Q1260 (y) = Wi260 (y7 205, 1) + Wi260 (y7 11, 2) + Wi260 <y7 4, 3)
(16.65) 6 10
+ Wiz60 (y, 3, 4) + Z Wi260 (Z/, 2, n) + Z Wi260 (y, 1, n) , yER.
n=>5 n="7

When C=110880,

Q110880 (y) = Wi10880 (y» 10522, ]-) + Wi108s80 <y7 67, 2) + Wi10ss0 (ya 15 3) + w110880 (y3 7, 4)

(16.66) r 10
+ Wi10ss0 (y,4 5 + anosso (y, 3, TL + anosso Y, 2, n Z Wi103880 y, 1)”) y €R.
n=6 n=8 n=11

When C=10810 800,

Q10810800 (y) = W10810800 (y7 714823, 1) + Wios10800 (y, 462, 2) + Wios10800 (y, 47, 3)

8
+ Wios10800 (y, 16, 4) + Wigs10800 (y, 9, 5) + Wios10800 (ya 6, 6) + Z W10 810800 (ya 4, n)
(16.67) n="7
10
+ Zwmslosoo Y, 3, n Z W10810800 ya 2, n Z W10 810800 (y, 17”) , yER.
n=9 n=11 n=15

Graph of Qc (y) (C = 1260,110880,10810800) and — -

, Y € [2,35]

C5 <1 +ZZ/>

— D0 (»)
— 10880 (3)

— 10810800 ()

— Halheo)

Graph. 16.11
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To clearly show the imaginary parts of non-trivial zeros of the zeta function, the function

o(1+0)

is superposed on the above graph. Hereafter, functions showing the imaginary parts of non-trivial zeros of the
zeta functions or those of the eta functions are superposed on all graphs as needed.

The imaginary parts of non-trivial zeros of the zeta function are shown to exist under each peak, i.e., the
maximal values of the functions Q¢ (y).

1
4

1 1
Graph of Q¢ (y) (C = 1260,110850,10810800) and — 7 |Gy <§ + zy) .y € [35,70]
10}
— D260 ()
05}
— 10880 ()
— LD10810800 ()
e il |
il 1 68(2+l})
-10}

Graph. 16.12

I demonstrated that the imaginary parts of the zeta function’s non-trivial zeros are generated as a spectrum
using only prime number information.

16.4 Observational Results about Relationships between Prime Numbers and the Eta Function Without a Proof
I define the following equation as an analogy to the equation (16.56):

3 (V)

n(r)=0
7:non-trivial zero

(16.68) U™ (z) =35 (x) —

, x> 0.

In comparison to equations (16.57) and (16.58), the positive real variable z is replaced with z'/? and the
non-trivial zeros of the zeta function are replaced with those of the eta function.

Vi log (1—271) ~ 7' (0)

(16.69) §(x) := 5 7(0)

!
(16.70) " O) . 1 s609727754.
n(0)

The sum of the periodic terms crosses all non-trivial zeros of the eta function.
As an analogy to the equation (16.59), I define the following equation:

1T, —1Tm

N iTm —iTm
(16.71) Uy (2) =8(x) — Y (“@ L V) > , (z>0,NeN).

Here, 7, is the positive imaginary part of the eta function’s m-th non-trivial zero, to which the number is
allocated in order that is closer to the real axis.
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The values of 201 imaginary parts of non-trivial zeros of the eta function were obtained with 25-decimal accuracy
following the drawing. Specifically, as part of the search for the non-trivial zeros of the eta function, the sign
changing was investigated at a step width of 0.1 (finely adjusted if necessary) using 7, (0), which takes a real
value on the imaginary axis.

At the end of subsection 16.5, the numerical data will be presented.

Graph of the approximate term 3 (z) and Wy on the interval [3/2,30]

L
-
i
. //
-
—
=
425 pe
,// — 8 (\)
. -~
’/
//- n
”~
arovoon W¥apo (x)
,/
b ST
-
//
,/
,/
™
Graph. 16.13

The step-up is not recognized at the non-Pythagorean prime points of 3, 7, 11, 19, and 23 at all.

Graph of the approximate term §(x) and o0 on the interval [3/2,120]

e — 8 (X)

S~
A Fapp (x)

Graph. 16.14
The information on the non-trivial zeros of the eta function is used to produce the different step function.
In principle, the points that the step function steps up can be extracted by differentiating the periodic terms of

N (2) by .
As a counterpart to the equation (16.60), I define the following equation:

By =Ly ( o™ (ﬁ)”"‘)

d.’IJ 1 _iTm
(16.72) "
| X
; co (—log )), (x>0,NeN).

=1

The damping factor 1/z written before the summation symbol can also be replaced with 1 because the essence
of the function is not lost even if it is absent. Therefore, the function can be redefined as follows:

N
(16.73) Py (z) := — Z cos (%n log (x)) , (x>0,NeN).

In contrast to the equation (16.61), the essential difference is that p,, is replaced by 7,,/2.
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Graph of @5 (z), P10 (), and Pago () on the interval [3/2,15]

— Pzp(x)

'l'loo(.\‘)

— Dapp(x)

Graph. 16.15

The peaks are recognized at the points where z is the Pythagorean primes 5 and 13; 2, 4, and 8 are the first,
second, and third powers of prime number 2; and 9 is the square of prime number 3.

Graph of ®5q (z), @100 (z), and Pago () on the interval [15,50]

40k

Graph. 16.16

The peaks are recognized at the points where z is one of the following Pythagorean primes: 17, 29, 37, and 41;
16 is the fourth power of prime number 2; and 25 and 49 are the squares of prime numbers 5 and 7, respectively.
However, the peaks are not recognized at the points where x is 27(the cube of prime number 3) and 32(fifth

power of prime number 2).

Graph of @5 (z), ®190 (), and Pggo () on the interval [50,100]
2

20

Graph. 16.17

The peaks are recognized at the points where x is one of the Pythagorean primes 53, 61, 73, 89, and 97; 81
is the fourth power of prime number 3. However, the recognition of the peak is difficult when z is 64(sixth
power of prime number 2). It is obvious that the imaginary parts of the eta function’s non-trivial zeros generate
Pythagorean primes, squares of non-Pythagorean primes, and even prime 2 as a main spectrum.
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Based on the research results so far, let define the following function:

Qc (y) == f% Z 10252) cos (g log (2”)) - Z logéq) cos (% log (q"))

2"<C,neN q"<C q
Pythagorean prime, n€N
(16.74) o 102( ) p y )
- Z an €O (5 log (r2")> , (yeR,CeN).

7’2"§C
r:non-Pythagorean prime, n€N
Here, each sum crosses all integers whose positive integer powers corresponding to even prime 2 or the conditional
Pythagorean prime ¢ or the conditional non-Pythagorean prime r are less than or equal to the sufficiently large
arbitrary positive integer C.
Assuming the k-th Pythagorean prime as g, the conditional partial sum of the second term on the right side
of equation (16.74) is defined as follows:

S}
(16.75) @c (y,m,n) == — E Oi:gk) cos (% log (qk")) , (C,myneNyeR,g,"” <C).
k=1

For the positive integer C, 3 numbers (5040, 554 400, and 61 261 200) are selected to display graphs.
Some Pythagorean primes g, for the calculations are shown as follows:

(16.76) {a1,92, 93,94, 45, 331, 422799, Q1 815875 } = {5,13,17,29, 37,5021, 554 377,61 261 169}.

Assuming the k-th non-Pythagorean prime as 7y, the conditional partial sum of the third term on the right side
of equation (16.74) is defined as follows:

(16.77) Qg (y,m,n) == — Z lof (;f) cos (% log (er")) , (C,m,neN,yeR,r,*" <C).
k

Some Pythagorean primes 7 for the calculations are shown as follows:

(1678) {Tl, r2,73,7T4,75,710,769, 7’499} = {3, 7, 1]., 19, 23, 67, 743, 7823}
When C = 5040,
12
og (2) n
Q5040 (y =73 Z on COS (7 log (2 )) + Wso40 (y, 331, 1) + Wsoa0 (y7 8, 2) + Wsoa0 (y, 3, 3)
(16.79) e
+ @Ds0u0 (4, 2,4) + D Dsoso (U, 1,1) + Daoao (U5 10, 1) + @souo (452, 2) + Gsouo (45 1,3), y € R,
n=>5
When C = 554400,
19
1 n N N
Q554 400 5 Z COS ( log (2 )) + Wss4400 (y, 22799, 1) + Wss4400 (y, 62, 2)
- 8
(16.80) + Wss4 400 (y7 9, 3) + Wss4 400 (ya 3, 4) + Wss4400 (ya 2, 5) + Z W54 400 (ya 1, n) + Wss400 (y7 69, 1)
n=>6
6
+ Wss400 (y, 9, 2) + Wss4400 (y, 2, 3) + Z Wss54 400 (y, 1, ’I’L) , yER.
n=4
When C = 61261 200,
(16.81)
~ 1 % Y n - -
Qo1261200 () = =5 Z ) cos (2 108 (27)) + G (0. 1815875, 1) + By ss s (0459, 2)
- 11
~+ We1 261 200 (y, 36, 3) ~+ We1 261 200 (y, 9, 4) + We1 261 200 (y7 4, 5) + We1 261 200 (y, 3, 6) + Z We1 261 200 (y, 1, n)
n="7
8
~+ We1 261 200 (y, 499, 1) ~+ We1 261 200 (y, 13, 2) + We1 261 200 (y, 4, 3) + We1 261 200 (y7 2, 4) + Z We1 261 200 (y7 1, n) »
n=>5

y€R.
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N 1
Graph of Qc (y) (C = 5040,554400,61261200) and — 7 |5 (i)] . y € [2.35]

— Qs040 (»)

— Qss4400 ()

~

— Qg1261200 (»)
1 .
16 Ins(i »)|
Graph. 16.18
Graph of 0 (y) (C = 5040, 554 400, 61 261 200) and — %6 ins (i )], y € [35, 70]
— Q3040 (»)

— Qss4400 ()

— Qg1261200 (»)

) SV
—mll)s(u)l

Graph. 16.19

Below each peak, there are one or two imaginary parts of the eta function’s non-trivial zeros. It is shown
that the imaginary parts of non-trivial zeros of the eta function are generated as a quasi-spectrum using the
information on Pythagorean primes, squares of non-Pythagorean primes, and even prime 2.

For further exploration, I newly define the following function:
(16.82)

~ 1 log (2 1
QC (y) = _5 Z Ogr(L ) CcoS (% log (2”)) o Z O2gn(_,r1) coS (g log (,’,271—1)) ,
2" <C,neN rP2n—lec r
r: non-Pythagorean prime, n€N

(yeR,CeN).
By using this, I obtain the following obvious relation:
(16.83) Qc(y) =Qc(2y) + ¢ (2y), (YeR,CEN).

The conditional partial sum of the second term on the right side of equation (16.83) is defined as follows:

m

1
(16.84) wc (y,m,n) == — Z :gzgﬁl) cos (% log (er”_l)) , (CmneNyeRr,” ' <C).
k
k=1

When C = 5040,

12 4

~ 1 log (2

(16:85) Qsowo () = —5 > ii ) cos (g log (2")) +Bsoio (4,343, 1)+ Brono (4,3,2)+ Y Dsouo (4, 1,m), y € R.
n=1

n=3
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When C = 554400,

19

~ 1 log (2

Q554400 (y) = _5 § 27(’ ) Cos (g log (2n)) + Wss4 400 (y, 22855, 1) + Wss4400 (y, 12, 2)
n=1

(16.86) .

+ Wss4400 (y» 3, 3) + Z Wss4 400 (y, 1, n) , yeER,

n=4
When C = 61 261 200,

25

_ 1 log (2
QGl 261 200 (y) = _5 Z iT(L ) COos (% 10g (2n)) + (DGI 261 200 (y, 1816 644, 1) + wcn 261 200 (y, 407 2)
(16.87) =t .
+ (DGI 261 200 (y, 67 3) + (DGI 261 200 (y7 37 4) + wGl 261200 (y7 27 5) + Z wGl 261200 (y7 17 n) ) y e R

n=>6

_ 1
Graph of Qc (y) (C € {5040, 554400, 61261200}) and — =[5 (iy)| . € [2.35]

— Qs040 (»)
— Qsz4400 (»)

— Q1261200 (»)

L r 1
— 16 Ins(i »)

Graph. 16.20

Graph of Q¢ (y) (C = 5040, 554400, 61261200) and — % Ins (iy)|, v € [35,70]

1.0}

— Qs040 (»)
— Qss4400 (»)

— Q1261200 (»)

Linei v
~ 16 I78(i ¥

Graph. 16.21

It is shown shortly after that the Q¢ (y) and Q¢ (y) functions are important when considering their difference
and sum.
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- _ 1 1
Graph of Q¢ (y) — Q¢ (y) (C € {5040,554400}), ~1 and — T 75 (iy)|, v € [2,35]

1 Y
Zet +1i=
ea[2 22]

o : T,,me{1,23 4,5}

— Slspgo () - Qoo (»)
— ssg00 () - Lssgq00 ()

— -gfeal+13]

Lodmeiiin
16 st »)|

Graph. 16.22

- _ 1 1
Graph of Q¢ (y) — Q¢ (y) (C € {5040,554 400}) , ~1 and — 6 Ins (iy)|, v € [35,70]

Iy
Zeta |— +1=
ea{2+z2]

e : Ty, me{6,7,8---,17}

— Qz040 () - Q340 ()
— 54400 () - ssa900 ()

— -ifpeal3 3]

L ineii v
e Insti v

Graph. 16.23

The dots on the horizontal axis indicate the imaginary parts of the eta function’s non-trivial zeros.

Below each peak, there is always one imaginary part of the eta function’s non-trivial zero. In the observation
range, the imaginary parts of non-trivial zeros of the modified zeta function ¢ (6/2 + 1/4) belong to the subset
of those of the eta function. In other words, twice the imaginary part of each zeta function’s non-trivial zero
belongs to the subset of imaginary parts of the eta function’s non-trivial zeros. Twice the imaginary parts of
the zeta function’s non-trivial zeros are far from the y-coordinates of the peaks, respectively.
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1 .
and — 6 Ins (24 y)|, y € [2,35]

~ _ 1 1
Graph of Q¢ (2y) + Qc (2y) (C € {5040,554400}) , ~1 Zeta [5 + zy]

°: %n,me{l,Z,?),“- , 17}

— s 23+ spo 20

Dsz4400 2 90+ Dss4900 2 )

O |
sleslz i

—— F Yy
16 i 2 )|

Graph. 16.24

1
Zeta {5 + zy} ‘ , Y € [35,70]

. _ 1
Graph of Qc (2y) + Qc (2y) (C € {5040,554400}) and —

.: %’”,me{1&19,20,-.- .48}

Q‘:_&“oo 2y+ ﬂ_:_qwo 2y

ARV R

Graph. 16.25

The dots on the horizontal axis indicate the imaginary parts of non-trivial zeros of the modified eta function
1 (260). Below each peak, there is always one imaginary part of non-trivial zero of the modified eta function.
Furthermore, it is also an imaginary part of non-trivial zero of the zeta function.

i
o
wm

l{'
>

In this margin, I will write down one topic that I could not write about in the previous subsections. Numbers

such as 1260, 5040, 110 880, 554 400, 10 810 800, and 61 261 200 are all called highly composite numbers.

A highly composite number is a positive integer with more divisors than any smaller positive integer has.

Highly composite numbers were chosen as an option for the number C because it is easy to understand all the divisors of the highly

composite number C.

16.5 Two Kinds of the Intervals of Adjacent Zeros Partl
The intervals of adjacent zeros of the zeta function on the critical line and the intervals of adjacent zeros of the eta function on the

imaginary axis are shown on the same graph.

(16.88) Apm = Pm+1 — Pmy ATm = Tmt1 — Tmy, (M E N, pp, Ty > 0, (1/2 4+ ipm) = 1 (iT) =0) .
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Graph of Ap,, and A7, m € {1,2,3,---,200}

Graph. 16.26

Via taking the moving averages of 16 elements for the intervals of adjacent zeros,

m+15 m+15
(16.89) avl6Ap,, = T kg;n Apr, avl6AT,, := T k:z;n A1, m € N.

Graph of avl6Ap,, and avl6A7,,, m € {1,2,3,--- ,186}

- avl6dp
avl6AT,,

4
e e e

Graph. 16.27

Via taking the moving standard deviations of 16 elements for the intervals of adjacent zeros,

m—+15 1 m—+15
16. 16Ap,, i= | — Apy, — avl6Apg)?, sd16AT, = | — ATy — avl6ATL)? :
(16.90)  sd16Ap,, 15 kg;n( pr —avl6Apg)”, sd16AT,, 15 kg;n( T —avl6AT,)?, meN

Graph of sd16Ap,, and sd16A7,,, m € {1,2,3,---,186}

— sdlodp,

..........................

o

Graph. 16.28

It is recognized that the moving standard deviations for the intervals of adjacent zeros of the zeta function are
smaller than those of the eta function at each point in the observation range.
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16.6 The Relationship between the Conditional Non-Trivial Zeros of the Eta Function and Odd Prime Numbers

Redefine the function &¢ (y, m, n) as follows:

< 1
(16.95) we (y,m,n) == — E (=" 08 (%) cos (Q log (rk")) , (CmneNyeRr,” <C).
st rE" 2

Then, calculate the function 91260 (y) — 91260 (y) using the following expression:

4

521260 (y) - 91260 (y) = @1260 (y, 1017 1) + @1260 (y, 47 2) + Z C:}1260 (y, 1; n)
(16.96) T
+ Drago (¥, 103, 1) + Drago (4,6, 2) + @raao (1:2,3) + Y @nago (1, 1,m), y ER.
n=4

Here, the function @c (y,m,n) is generated from a finite number of Pythagorean primes, and the function
e (y,m,n) is generated from a finite number of non-Pythagorean primes.

Subtracting the function Q¢ (y,m,n) from the function Q¢ (y,m,n) can be said to eliminate the influence of
the even prime 2.

Graph of Q1260 (y) — Q260 (y), y € [0,150], ® : 7, m € {1,2,3,---,34}

Graph. 16.29

Graph of Q1260 (y) — 01260 (y) , Y € [150, 300] , 0 7A'm, m € { = 35,36,37, cee ,85}

Graph. 16.30

Graph of Q1260 () — Q260 (), y € [300,450], o : 7, m € {86,87,88,---,122}

Graph. 16.31

Very usefully, the above graph teaches us rough approximate values of 400 or more of the imaginary parts of
conditional non-trivial zeros of the eta function.
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16.7 Two Kinds of the Intervals of Adjacent Zeros Part2

The intervals of adjacent zeros p,,+1 — pm on the critical line and the intervals of adjacent zeros of 7,,11 — T
on the imaginary axis are shown on the same graph.

(16.97) Aty o= Fmst — Py (M €N, 7y > 0, 1 (i) = 0, ¢ (1/2 + i#n /2) #0) .

Graph of Ap,, and A7,,, m € {1,2,3,--- 121}

+ Apa

.« Ate

Graph. 16.32
Via taking the moving averages of 16 elements for the intervals of adjacent zeros,

1 m4+15
(16.98) av16AT,, = T Z A7, meN.
k=m

Graph of avl6Ap,, and avl6A7,,, m € {1,2,3,---,106}

« avléd p
. avieA Ty,

Graph. 16.33

Via taking the moving standard deviations of 16 elements for the intervals of adjacent zeros,

m—+15
> (A% —avl6A)®, meN.

k=m

1

(16.99) sd16A7,, == i

Graph of sd16Ap,,, and sd16A7,,, m € {1,2,3,--- ,106}

« =164 pg,
. sdl6A Ty

Graph. 16.34

It is recognized that the moving standard deviations for the intervals of adjacent zeros Ap,, are almost always
smaller than those of A7, at each point in the observation range.
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17 The Equivalent Function to the Riemann-Siegel Z (7)

The function ¢ (1/2 4 it), which takes a real value on the critical line, is equivalent to the Riemann-Siegel Z (t)
function " [18].”

(17.1) ¢ (; + it) =Z(t), teR.

Therefore, the new explicit formula for the Riemann-Siegel Z (¢) function is given as follows:

1 13
2 _ _ 2 .
joo: 1+2it ( t 4 + < D) Zt) (27p) )K-i—ff (27p)
o_ % it

1
p=1 — <2 — it + 2(27Tp)2> (27p) K3742u (27p)

1+2zt

2m
( % zt) 5+2zt

Z(t) =

)

(17.2)

teR

The rule in subsection 6-3 is applied to the above equation.

1 13
2 , 5 ‘
Z)\ 1+2u <_t 4 + ( 9 lt) (2mp) ) K# (27p)
07%7»

= - (; it + 2(27rp)2> (27p) Kz (2p)

1+27,t

2w
= (% zt) 5+21t

)

(teRXeER).

Graph of Re (Z11 (¢)) ,Im (Z1; (¢)), and RiemannSiegelZ[t], y € [0, 70]

— Re (Z; (1)
Im (7, (1))
— RiemannSiegelZ|¢|

Graph. 17.1

To confirm the equivalence, the graph is superposed with Mathematica’s built-in Riemann-Siegel Z (t).

The following equation defines the Riemann-Siegel theta function 6 (¢):
(17.4) Z (t) =: e %®¢ ( —i—zt) €ER, tcR.

On the critical line, the Riemann-Siegel theta function takes a real value. From the defining equation,

. L) T (22i) 2 ¢ T(G+7%)
175 i0(t) _ (3 i ! | =g2, 4 2/ {eR.
(17.5) e o T2 EONE) i r(i-i)

Taking a logarithm and dividing by ¢ in both sides of the above equation,

~log(m), i r(i+i)
(17.6) 0(t) +2km = —— t—210g<ré_i2t)>, (teR,keZ).

Here, the integer k is chosen such that the Riemann-Siegel theta function is continuous.
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Using the following proposition formula, the discontinued points of the second term on the right side of the
above equation are obtained:

F i fm I‘ 1 ifm
I 1 Z‘fm I 1 me

Specifically, f,, can be determined as the zeros in the premise formula of the proposition.
The following are some f,, examples:

(17.7) Re +1=0 = log =log (—1) = mi, m € Z\{0}.

(17.8) {1, For f30 fas f35, f36} ~ {8.58494, 12.3904, 15.6226, 18.5534, 80.6619, 82.3566 .

(17.9) fom=—fm, meN.

For describing the partial Riemann-Siegel theta function, the following unit step function is proposed:

0 x<0,
17.10 =
(17.10) @) {1 i

Hence, the partial Riemann-Siegel theta function is obtained as follows:

(17.11)
+r > (mA1=Um)(U(t—fm) = Ut = fms1)), MENELER < fryr).

m=-n—1
Here, fy is specially defined for simple expression.
(17.12) fo == 0.
The partial Riemann-Siegel theta function is an odd function.
(17.13) On (t) = =0, (—=t), (neNteR,|t] < fnt1)-
The Riemann-Siegel theta function is determined as the infinite limit of an integer n.
(17.14) 0()= lim 0, (t), teR

n—oo

Graph of RiemannSiegelTheta[t] and 65 (), t € [0, 30]

— RiemannSiegelTheta|r]
Bz (1)

Graph. 17.2

The graph is superposed with Mathematica’s built-in Riemann-Siegel Theta function.
The built-in Riemann-Siegel Theta function is continuous on the whole interval, although the partial Riemann-
Siegel theta function is discontinuous.
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) 1 . 1
Graph of Re (el 035(t) Zeta, {2 + zt]) , Im (e’ 035(t) Zeta, [2 +i t}) ;

(). o () oo
; \
5 ,-‘/\ ﬂ H'If \ Re (oi 635 (1) zcta[zl |it])
: [ | \ | f\

'. \/ \/” \j \'“\ ] — Re 4_.,11( +lt))
i waes: i [5"11(%4-1' t)]

L

1

P
F—

Graph. 17.3

In the case of the zeta function, the essence of the theta function 6 (¢) is to convert the complex gamma factor
into a real number on the clitical line.

The theta function for the eta function 6 (t) is defined by the following equation:
(17.15) ¢t0® p (it) == 7 (it) € R, tER,

According to the defining equation,

" 1—it)T (¢ or'’s w 1—it T(1+4
(17.16) et = Sl it( ) — Ttit 2 : 1+ 2t)a teR
om’2 (1—at)T (+5) Vite\ra-o
Taking a logarithm and dividing by i on both sides of the above equation,
(17.17) 0(t) + 2k 08 (1), _ 10 (L2 ) g (LUL+3) (te R,k e Z)
. T =— —1 - = — 27 , .
2 S\vite) 2%\ \ra-o

Here, the integer k is chosen such that the theta-hat function 6 (t) is continuous.
Using the following proposition, the discontinued points of the third term on the right side of the above equation
are obtained:

T (1+ ) B I(1+%92)\ o
(17.18) Re (M) +1=0 = log <M> =log (—1) =i, m e Z\{0}.

Specifically, g,,, can be determined as the zeros in the premise formula of the proposition.
The following are such examples of g,,:

(17.19) {91.92, 93, 91, 935, g3 } ~ {6.87947,11.0772, 14.4675, 17.4912, 80.0252, 81.7234}.

(17.20) J—m = —Gm, m € N.

The partial theta function for the eta function 6, (t) is obtained as follows:

- log(m), 1—it i L1+ %)
0, (t) = — 5 t—zlog(m)—210g<r(l_§)>

+ Z (m+1—=U(m) (Ut —gm)=U(t—gms1)), (neNtER,|t| < gns1).

m=—n—1

(17.21)
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Here, g is specially defined for simple expression.
(17.22) go := 0.

The partial theta function for the eta function 6, (t) is also an odd function.

(17.23) O, (t) = —0, (—t), (nEN,tER, [ < gns1).

The theta function for the eta function @ (t) is also determined as the infinite limit of an integer n.

(17.24) 0(t)= lim 6, (t), teR.

n—oo

Graph of 55 (t) and 05 (t), t € [0, 30]

— E hois ~
N B e — 3 (D)

65 ()

Graph. 17.4

The function 035 (t) is continuous in the observational range, although the function 05 (t) is discontinuous.

Graph of Re (ei Bas (1) n (@ t)) , Im (ei Bas (1) n (@ t)) , Re (711 (it)), and Im (711 (it)), y € [0,70]
— Re [ei 035(2) m G t)]

 Im (pl' O350 1 (i r)]

— Re iy, i 1)

— Tm (i 0)

Graph. 17.5

In the case of the eta function as well, the essence of the theta-hat function é(t) is to convert the complex
gamma factor into a real number on the imaginary axis.

The function E (t) corresponding to the Riemann-Siegel Z (¢) function has already been found, and it is the
eta-tilde function on the imaginary axis.

(17.25) E(t)=n(it) eR, teR.
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Comparison table, (5,0 € C,m € N,t € R)

Classification Zeta system (Known) Eta system (New)
Basic function The Riemann zeta function ¢ (S) n (0)
Top function The Riemann Xi function & (5) x (6)
Relational expression £(S) = S(SQ_l)w*%F ($)¢(9) x(0) = 0(92—1)7T,g1—‘ (£)n(0)
Symmetry £(5)=¢(1-15) x (0) = x (=0)
Non-trivial zeros C(2+ipm) =0 N (iTm) =0
First special function The Riemann-Siegel Z (t) function E(t)
Second special function | The Riemann-Siegel theta function 6 (¢) 0 (t)
Table. 17.1

All functions in the table have their own explicit formulae derived from this study.

18 Conjectures
This section will go through five kinds of conjectures.

18.1 First Conjecture

Pythagorean primes, squares of non-Pythagorean primes, and even prime 2 would be generated as a main spectrum using information
on the imaginary parts of the eta function’s non-trivial zeros.

The following functions are developed to describe the next topic of the first conjecture:

WCw)=%w-%wH=- 3 18 P) cos (Y108 "))

n
p"<C p

p: prime, p=1 (mod 4), n€EN

(18.1)

- (_1)n10g£p) cos (% log (p")) , (WeR,CeN).
n"<C

<
3 (mod4),neN

"=

p: prime, p:

The peaks of the functions Qc (y) would be separated into two types.

Peaks of the first type are provided by the functions Q¢ (2y) + Q¢ (2y), and they would correspond to twice
the imaginary parts of the zeta function’s non-trivial zeros. Specifically, almost half of the imaginary parts of
non-trivial zeros of the modified eta function 7 (26) would be generated as a spectrum using the information on
all prime numbers.

Conversely, peaks of the second type are given by the functions Qc (y), and they do not correspond to twice the
imaginary parts of the zeta function’s non-trivial zeros. As a spectrum, almost half of the imaginary parts of
non-trivial zeros of the eta function 7 (6) would be generated using the information on all odd prime numbers.
It can be seen that the squares of non-Pythagorean primes play the same role as Pythagorean primes.

I believe the following facts are reasons for it: Over the field of complex integers, both Pythagorean primes
and the squares of non-Pythagorean primes are not prime numbers, while non-Pythagorean primes are prime
numbers.

Pythagorean primes are uniquely represented by the sum of two squares over the standard field of real integers,

but the squares of non-Pythagorean primes are represented in at least one way by the sum of three squares. In
contrast, non-Pythagorean primes are represented by the sum of three or four squares.

(18.2) =K+ (klLieNk<7).

(18.3) r? = k2424 m?, (K lm,ie N7k <31 <m).

The following are examples of the squares of non-Pythagorean primes:

] Electrical Electron Eng, 2024 Volume 3 | Issue 1 | 147



P=3=12+27+2%
2_72_22+32+62
32 =112 =22 + 6% + 92 = 62 + 6% 4 72,
r2 =192 =12 4624182 =62 + 62 + 172 = 62 + 10% + 152,
r52 =232 =32 462 + 222 =32 4+ 142 + 182 = 62 + 13% + 182,
re? =312 =52 4+ 62 +30% = 62 + 142 + 272 = 62 4+ 212 + 222 = 142 + 182 + 212,

(18.4)

18.2 Second Conjecture
Twice the imaginary part of any non-trivial zero of the zeta function would belong to the subset of imaginary
parts of non-trivial zeros of the eta function.

Specifically, the following proposition would hold:

1
(18.5) ¢ <§ + ipm> =0 = n(2ir,) =0, meN.

This conjecture supports the existence of an infinite number of non-trivial zeros of the eta function.
The converse proposition would not be necessarily true.

(18.6)
nimm) =0, meN — <( +z—>7é0 <( +Z_>¢o << -I-z—);é() c( +z§)=o,etc.

Of the 201 non-trivial zeros of the eta function whose values were examined in detail, a total of 79 are confirmed
to satisfy the proposition.

Graph of Re (711 (21 vy)), <Cg < -I-zy)) Im (711 (27y)), and Im (Cs < +Zy>) , y €[0,45]

155_ {\ (\ — Re (”;ll (211),
Re [Es(%+iy)]
4 - — Tm 7y @i )

(G (ke

Graph. 18.1

A variable interval is constructed to describe the next topic of the second conjecture.
On the imaginary axis, the first variable interval is defined as follows:

(18.7) Vi(m):={iy:7m >0,n(it,) =0,0<y<m7,}, meN.

From the observational results, the following equation would hold:

(18.8) mlgnOo M(m) 2 m € N.
Where
(18.9) M(m):=#{m :neN, 7, >0,n(it,) = 0,it, € Vi (m)} =m, meN.
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(18.10) M; (m) :=#{pn :n €N, p, >0,((1/2+ip,) =0,2ip, € V1 (m)}, m € N.

Here the symbol # express the number of elements of a set.
Assuming the second conjecture is correct, the eta function’s non-trivial zeros can be classified into two groups:

{n (it3) =0, C(1/2+i7,) #0 k€N,

(18.11) n(2ip) = C(1/2+ip) =0 leN.

The Hadamard product representation of the Chi function is modified as follows:

(18.12) x () = 0)H<1+( )>ﬁ<1+92>, geC.

2
=1 (QPZ)

Conversely, the Hadamard product representation of the Riemann Xi function is transformed as follows:

(2pm) 29 1?1y lt ((29_1))22
m - 20m
18.13 0) =¢(0 S T7 — 2 pec.
( ) a2 ) H (2pm)° +1 2 £1 1+ (2,;)2
Therefore
- (20 —1)° > 1
(18.14) <1+ =2£(0) 1+—— |, 6eC.
71;11 (2Pm)2 m1_=[1 (2pm)2

Replace the complex variable 6 with (1 + 6) /2.

- 0>\ . (1+0\ 1
(18.15) H(H—( 2>_25< 5 >H<1+)Q>, 0eC.

m=1 2pm)

Using this result,

(18.16) 6) = 2x (0) H( ) )H (1+ (i2)2>£<12+9>7 6eC.
k=1 7

Replace the complex variable § with —6.

ad 1 ad 62 1—0

(18.17) X(—G):2X(O)H< 2) 11 (1+A2>5<>, feC.
=1 l) k=1 (Tk) 2

I define the Chi-hat function as follows:

(18.18) 2(0) == 2x (6) ¢ (1;9) , feC.

Then the Chi-hat function satisfies the following functional equation:
(18.19) x @) =x(-0), 6eC.

Proceed with the calculation according to the definition.

35 () ()
— (-0 +0)r r<1+§>r<549><<129>n(9), pec.

I define the eta-hat function as follows:

(18.20)

[ME)

™

(18.21) 7(0) = —mx(ey 0 cC\{1}.
Therefore
(18.22) 70) = — (14 0)x5'T (5 220 9) ¢ (129> n(0), 0cC\{1}.
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In order to draw graphs, I modify the eta-hat function by two functions I have already obtained.

(18.23) i) = —(1+6) 7 T (5T—e> ¢ <1%9) m(8), 0eC\{1}.

(18.24) i (0) = — (1 +6) 7~ 5°T <5T_0> ¢ <1%9> iin(6), 0€C\{1}.

2 2
Graph of cosh (Ty) Re (7js (iy)) and cosh <7y> Im (g (iy)), y €[0,41.5], @ : 7, m € {1,2,3,--- ,6}

— cosh(2—7£) Re(f}s (i J-))

. cosh(z—f) Im(ijg (i ))

Graph. 18.2

Since the eta-hat function is a rapidly decreasing function on the imaginary axis, the displayed curves are the
eta-hat function multiplied by the rapidly increasing function cosh (2y/7). The real part of the eta-hat function
is positive without changing sign in its vicinity except for the fourth non-trivial zero of the eta function.

2 2
Graph of cosh (Ty) Re (s (iy)) and cosh <7y> Im (s (iy)), y €[0,41.5], ® : 7, m € {1,2,3,--- ,6}

eol
0

— cosh(z—_";) Re( ’—Is (f J‘))

cosh(l—_,;t] Im[ '_Is (i J‘))

Graph. 18.3

Since the eta-dash function is also a rapidly decreasing function, the displayed curve is the eta-bar function
multiplied by the rapidly increasing function cosh (2y/7). The function value is positive without changing sign
in its vicinity except for the fourth non-trivial zero of the eta function.

Here are the details.

12041 897 809 12041 897 809
Re (s (i —o— —107° Re (g (i —— +107°
(18.25) { e("g (Z<1000000000 0 ))) e<’78 (’(1000000000 - >>>}

~ {—4.82204 x 1071°,2.09032 x 10~ °}.
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20 487 540 608 20 487 540 608
Re (75 (i [ oot 22008 -9 Re (75 (i [ St 22008 4 (-9
(18.26) {Re (”8 (’ ( 1000000 000 ))) e (”8 (Z ( 1000000000 )))}

~ {2.22244 x 107°, —~1.11178 x 10},

25976 196 025 25976 196 025
Re (7 (i ( 220220029 -9 Re (7 (i ( 2220220029 -9
(18.27) {Re (779 (’ ( 1000000 000 ))) e (779 (l < 1000000000 )))}

~ {—6.34781 x 107*?,1.39702 x 10~ *'}.

141347251 417 141 347251 417
Re (g (i (2% 22 C20 20 40-9) ) ) Re (79 (i 2 x —ood =222 -9
1s28) e(ng <Z< * 710000 000 000 >)> e<"9 <Z< * 10000000000 >)>}

~ {2.96614 x 1072!,2.24625 x 10~2'}.

32685 214 209 32685 214 209
_ . 71 -9 — - 1 -9
(18.29) {Re (77”’ (1(1000000000 0 >)> ,Re ("10 <Z ( 1000000000 0 )))}
~ {7.09716 x 10712, —4.98882 x 10~ '2}.
36 583 986 392 36 583 986 392
Re (i1 (i [ 22200992 -9 Re (i1 (i [ 222200092 (-9
(18.30) { e("“’ (2<1000000000 ))) e(mo (’ ( 1000000000 )))}

~ {—3.76781 x 107'2,2.27485 x 10~ '?}.

2 2
Graph of cosh <7y> Re (75 (y)) and cosh <7y> Im (775 (iy)), y € [41.5,43.5], ® : 7,,, m € {7,8}

220 o8 T g L cosh(z—?‘-‘) Rc( 1_13 (i_“))

cosh(z—_}‘—‘) Im( '_78 (i J‘))

\

Graph. 18.4

The function value is also positive without changing sign in its vicinity except for the seventh non-trivial zero
of the eta function. Here are the details.

210220 396 388 210220 396 388
Re (71 (i (2 x e 220208 -9 Re (i (i (2 x Zoo2 220988 | -9
(18.31) { e(”“ (Z< " 710000000 000 ))) e(”” (l( * 10000000000 )>>}

~ {2.59974 x 10723,2.3.26487 x 10723},

42001222 688 42901222 688
Re (7 (i [ 2222222998 g0 Re (i (i S22 222908 4 -9
(18.32) { e(”“ (2(1000000000 >)> e("” <Z<1000000000 * )))}

~ {1.58941 x 107, —1.69816 x 10},
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2 2
Graph of cosh (7y> Re (73 (iy)) and cosh <7y> Im (775 (iy)), y € [43.5,52], ® : 7,,,, m € {9,10,11}

an

cosh(2—7£) Rc( 1_13 (i J‘))

msh(%‘-‘) Im( 1—13 (i )‘))

Graph. 18.5

The function value is also positive without changing sign in its vicinity except for the tenth non-trivial zero of
the eta function. Here are the details.

46556 753 041 46 556 753 041
Re (711 (i [ oD (02020 (-9 Re (711 (i [ oD (02020 4 (-9
(18.33) {Re (”” (’ ( 1000000000 ))) e ("“ (Z ( 1000000000 )))}

~ {—3.94975 x 10714, 4.64542 x 10714}

250108575 801 250 108 575 801
Re (71 (i (2 x 220200000 09 )} Re (0 (i (2 x 20800 4 409
(18.34) { e(”m (Z( “T0000000000 0 ))) e("” <Z< *“ To000000000 | 10 >>>}

~ {5.41705 x 10™2*,3.75474 x 10724},

51457512850 51457512 850
Re (s (i ( S 212850 o (i (2 107
(18.35) { e(mg (2(1000000000 0 >>>’Re <”12 <Z<1000000000 +10 )))}

~ {6.26619 x 1071°, —4.37742 x 10~ °}.

2 2
Graph of cosh (7y> Re (773 (iy)) and cosh <7y> Im (g (iy)), y € [52,63], ® : 7, m € {12,13,14}

cosh(“%‘—‘) Rc( ;;3 (i _l'))

msh(z—%) lm( '_’8 (i J‘))

Graph. 18.6

The function value is negative without changing sign in its vicinity except for the fourteenth non-trivial zero of
the eta function. Here are the details.

56 719 268 686 56 719 268 686
Re (10 (i [ 222200090 (-9 Re (7j1z (i [ 22200000 4 4=
(18.36) { e("” <’(1ooooooooo ))) e("” <Z<1000000000 + )))}

~ {—3.98984 x 107*°,3.60511 x 10~ *°}.
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59 312768 029 59312 768 029
Re (710 (i [ o2 D002 -9 Re (10 (i [ 2 0020 4 -9
(18.37) { e(”” (’ ( 1000000 000 ))) e(’m (’(1000000000 * >)>}

~ {3.41677 x 107'%, —2.34359 x 10~ '°}.

304248 761 259 304 248 761 259
Re(ms(i(2x " — 1077 Re (s (i(2x o +1077
(838 0 ("13 <Z ( " 10000000 000 >>> e <7713 (Z ( * 10000000000 © >>)}
~ {-9.04002 x 10726, —~1.25067 x 10~%}.
The imaginary part of the eta-bar function’s m-th contact zero with the imaginary axis would be twice the

imaginary part of the zeta function’s m-th non-trivial zero. This is a paraphrase of the second conjecture.

18.3 Third Conjecture
A variable interval is constructed to describe the first topic of the third conjecture. On the imaginary axis, the
second variable interval is defined as follows:

(18.39) Vo (m) :={iy: pm >0, (1/2+ipn) =0,0 <y <py,}, meN.

From the observational results, the following relations of inclusion would hold:

(18.40) N(m) e {m—-1,m,m+1}, meN.
Where
(18.41) N(m) :=#{r, :neN,7, >0,n(ir,) =0,7, € Vo (m)}, meN.

The second topic: concerning the relation between the imaginary parts of non-trivial zeros of the zeta function
and those of the eta function, I noticed that it is neither too close nor too far away in the observational range.
The following relations between p,, and 7, would be true in a narrow domain:

(1842) Tm < Pm+1 < Tm43, M E N.

(18.43) Pm < Tm+42 < Pm+3, M €N,

18.4 Fourth Conjecture
The following equation is defined to describe the fourth conjecture:

(18.44) A(0):=CO)+n(0), 0 C\{1}.
And the habitable zone is defined.
(18.45) Habitable zone := {# € C: 0 < Re (#) < 1/2}.

The explicit formula for the lambda function is given as follows:

(18.46) A (0) 2! i (p) p* (9 ooy (%pﬂ g (@) 0 € C\{1}
. = o_ 2 ) € .
A-orarg = """ + ((9 —1) - 4(27rp)2) (27p) Kz_s (27p)

The rule in subsection 6-3 (using the character k instead of A) is applied to the above equation.
(18.47)

o k (00— 1)+2(7-0)(27p)°) Ky (27p)

WO = Ty 5o W

, (0eC\{1},keN).
—1 + ((0 -1)— 4(27rp)2) (2mp) Kas (2mp)

I define that the positive imaginary part of the m-th non-trivial zero of the lambda function, which is the
number allocated in the order that is closer to the real axis, is «,,. Under this assumption,

(18.48) A (U £i0y) =0, (Um,@m € Rym eN).
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Here the real part of the m-th non-trivial zero of the lambda function is w,,. The fourth conjecture is that: all
non-trivial zeros of the lambda function would be present in the habitable zone.

The following function is defined for drawing a graph that just shows the lambda function’s non-trivial zeros:

o3 k
1-or(+?) I;U‘e(p)p

(9 0 —1)+2(T-0) (27rp)2) Ky (27p)

+((0 -1~ 4@mp)°) (27p) Koa (27p)

Ak (0) =

[SI5

?

(18.49)

(0 € C\{1},k e N).

3D graph of Re (5\8 (x +zy)) , Zero, and 4 Im (5\8 (x+ zy)) ,x €[0,1/2], y € [8,40], Viewpoint — Above

3
40 /
/

L Re [,ls (x+i y))
L Zero

zo0 PR H4Im(.\a(.\‘+i_l')]

n -

/ 0 E
?{s-.J‘.A_L_-L__A__L..A_L.JO.
00 02 04

Graph. 18.7

The non-trivial zeros of the lambda function are the cross points of three colors.
The coefficient number 4 is used in front of the imaginary part to emphasize the non-trivial zeros.
Here are the details.

Uy + 1o >~ 0.36360066983 - 712.970445119,
uz + tag >~ 0.23314410196 4+ 320.645405240,
us + fog ~ 0.16959589417 + 25.432819891,
Uy + 1oy ~ 0.41836013776 4+ 329.250622535,
us + a5 >~ 0.17066664686 4 132.737058741,
ug + tag =~ 0.23291116250 4 ¢36.864192387.

(18.50)

Calculation errors of non-trivial zeros in the lambda function are shown as follows:

( 36360066983 12970445119 )
8

N —10
100000 000 000 t 100000000000 /| — ALGST > 107

(18.51)
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(18.52) As (12030301040401000109060 Z'12000604050400050204000) = 8.02663 x 1077,
(18.53) A9 <11060905090508090401070 Z'12()50403()20801090809010) = 9.03159 x 107"
(18.54) A9 <f010803060001030707()60 Z‘12090205000602020503050) ~ 1.31080 x 1075,
(18.55) A9 (11070006060606040608060 Z'1302070307()005080704()10) = 591107 < 1075
(18.56) A <12030209010101060205000 Z'13060806040109020308070) ~ 6.99155 x 107,

18.5 Fifth Conjecture

This conjecture concerns the reciprocal sum of conditional Pythagorean primes and claims that it converges more slowly than the
reciprocal sum of the primes. Consider adding a constraint that among three square numbers, the sum of the smallest square and the
middle square is prime. The following simultaneous Diophantine equations describe this:

(z,y,2i €Nz <y <z),

2 2 2 2
=z +ty +z
(18.57) { Y

oo (2® +y*) =2 (v,y e Ny <vy).
Some non-Pythagorean primes have unique solutions, and all verified solutions are of this form.

(18.58) r? =k 524 (- 1%, Pkl €Ni=1,2,4,6,---,174491).

Since primes except even prime 2, represented by the sum of two squares are limited to Pythagorean primes,
let it be the j-th Pythagorean prime g;. Furthermore, I assume that there are infinitely many solutions with
this form.

1)2, ((1,_]) = (17 1) ’ (2a2) ) (475) ) (678) P ) .
Since the square of r; is canceled on both sides,
((17.]) = (151)7(272)a(475)7(6a8)7)

I obtain a rare relation between the non-Pythagorean primes and Pythagorean primes by adding only one
condition. After this, the rare relationship is shown in two graphs.

(18.59) ri? =g+ (ri —

(18.60) 2ri—1=g,

Graph of the points (27 — 1,¢;), with the line y =z, « € [0, 500]

b

Graph. 18.8
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The dot on the graph indicates the point (27; — 1, ¢;) which is on the line y = «.
Here are the details.

1 =5=2x3-1=2r —1,
G2=13=2x7—-1=2ry—1,

G5 =37T=2x19-1=2ry — 1,

s =61=2x31-1=2rg—1,

g7 =157T=2x79—-1=2r15—1,

Qo7 =277 =2x139—-1=2r1g—1,

q37 =397 =2x199 —1=2r94 — 1,

quo =421 =2 x 211 —1=2r95 — 1.

(18.61)

Graph of the points (275 —1,¢;), with the line y = z, 2 € [10000 000, 10010 000]

Graph. 18.9

There is no regularity in distribution even for very high numbers.

Moreover, adjacent non-Pythagorean primes (r174445 = 5003659 and 7174446 = 5003 671) are found.
Here are the details.

@332228 = 10001701 =2 x 5000851 — 1 = 271174346 — 1,
G332245 = 10002133 =2 x 5001067 — 1 = 27174354 — 1,
G332203 = 10003957 =2 x 5001979 — 1 = 27174390 — 1,
@3323190 = 10005013 =2 x 5002507 — 1 = 27174403 — 1,
@332327 = 10005277 =2 x 5002639 — 1 = 271174407 — 1,
q332372 = 10006741 =2 x 5003371 — 1 = 27174434 — 1,
q332384 = 10007077 =2 x 5003539 — 1 = 271174442 — 1,
@332392 = 10007317 =2 x 5003659 — 1 = 271174445 — 1,
G332394 = 10007341 =2 x 5003671 — 1 = 271174446 — 1,
G332402 = 10007653 = 2 x 5003827 — 1 = 27174453 — 1,
G332451 = 10009477 =2 x 5004739 — 1 = 27174481 — 1,
q332462 = 10009981 =2 x 5004991 — 1 = 271174491 — 1.

(18.62)

Up to 10010000, there are 28 202 conditional Pythagorean primes, but 56 089 Sophie Germain primes.
Here, Sophie Germain prime is a prime number that is prime again by adding 1 to it’s double.
It is unknown whether there are infinitely many Sophie Germain primes ”[19].”

Let now define the m-th conditional Pythagorean prime as twice the m-th conditional non-Pythagorean prime
minus 1. They are denoted as g,,-hat and r,,-hat, respectively. Under the premise, there are infinitely many
pairs of ¢,,-hat and ¢,,-hat.

(18.63) G = 27m —1, meN.

Let Sq (m) be the reciprocal sum up to the m-th conditional Pythagorean prime.

s 1 1 1 1 1 1 1
18.64 S = A,_l - —_ . A—1 N
( ) 4 (m) i§=1ql gttt tam tag b tdm, me
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Similarly, let S, (m) be the reciprocal sum up to the m-th conditional non-Pythagorean prime.

m
1111 11 .
(18.65) Z =3ttt tagt g Tigg ot meEN.

The following inequality holds for any positive integer:
(18.66) Sy (m) > Sq(m), meN.
The following reciprocal series of the conditional Pythagorean primes would be a divergent series ”[20]”:
1 1 1 1 1 1 1

18.67 e il = oo,

(18.67) A T R B T AT - AT AU A
The following reciprocal series of the conditional non-Pythagorean primes would also be a divergent series:

1 1 1 1 1 1 1

18.68 - T A4 = foo.
(18.68) s 7t T3 Tt gg tgg T T oo

19 Additional Knowledge
19.1 Proof of the Absolute Convergence of the Integral

/oo xﬂfle’(””u:%)dx, (a>0,0€C)
0

At first, the function of three real variables is defined as follows:

a2
(19.1) u(z,t, o) = 2"~ 167(I2+?), (x,a > 0,t € R).

The variable z integrates the above function into the open interval (0, c0).
(19.2) / u(z,t,a)de = / 2 e T \" T ) de, (o> 0,t €R).
0 0

The left-sided limit of the integrand is zero as follows:

o2
(19.3) lim w(z,t,o) = lim e . lim 2t e = lim yl eV =0, (a>0,t €R).

z—+0 z—+40 z—+0 Yy—>00

The right-sided limit of the integrand is also zero, as follows:

_a2 1 g2 . —ay? 1 1 2
(19.4) lim u(z,t,0) = lim e =7 - lim /'™ = lim e ®¥ - lim 2/ 'e™® =0, (a>0,t€R).
T—00 T—>00 xT—>00 y——+0 T—»00

Q

The integrand is partially differentiated by the variable x.

( ) ?U (.'1771576“) (( )fL' x — :!f t )e ( 2 %)
195 2) t 1 -2 2 4 x 2
(z +$7§

:—(2x4+(1—t)x2—2a2)mt_46_ ), (z,a > 0,t €R).

And T assume that the integrand’s differentiation is zero at = 8 (8 > 0).

(19.6) u (z,t, a) =0, (z,o,8>0,t€R).

ox e=p
The dependent variable [ is then determined as the solution of the following quartic equation:
(19.7) 2684+ (1—t)B*—2a* =0, (a,8>0,t€R).

The quartic equation is defined as the quadratic equation of the variable 52. Based on the formula for solving
the quadratic equations,

—(1=t)+/(1 —1)* + 1602
1 ,

(19.8) B? = a,B>0,tcR).
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The quartic equation has the unique solution £ in the open interval (0, c0).

(19.9) B:;\/\/(l—t)2+l6oz2—(1—t), (o, >0,t €R).

Table of the increase and decrease for the integrand

x _|_0 P /8 e o0
6%u (z,t, @) + 0 -
u(z,t,a) 0 ' maximum Y\, 0
Table. 19.1

The open interval of the improper integral is divided into two semi-open intervals on the right side of equation
(19.2) as follows:

- () g [t (48
(19.10) / u(z,t,a)de = / e\ T ) dy —|—/ o e\" T ) de, (o> 0,t €R).
0 0 1

For the second term of the right side, I perform the variable transformation z = y~!.

00 2 a2 0 t—1 12,2
/ ztflei(w +72)dx :/ <1) 67(72+a Y ) (—v*) dy
1 1

(19.11) Y

1 2,2
= / yilftei(y%+a Y )dy, (>0,t €R).
0
The following inequality is obtained by applying the Schwarz’s inequality to the equation (19.10):
oo 1 P QQ 1 2 o
(19.12) / lu (z,t, )| de < / xt_le_<x +17)da: +/ y_l_te_(y%Jra Y )dy, (> 0,t €R).
0 0 0

The function of three real variables v (x,t, ) is defined as the integrand of the result of equation (19.11) for
convenience.

(19.13) v(z,t,a) = ac_l_te*(z%“ﬁﬁ), (x,a>0,t €R).

Hereafter, I will find the upper limit of the improper integral of the function |u (x,t, «)|. I begin by considering
the two-dimensional a—t¢ phase space. The boundary curve divides the space’s right-half-plane into two regions.
To generate the curve’s representation, 1 is substituted for 5 on the left side of equation (19.8).

The result is

(19.14) t=3-2a% a>0.

Of course, the value of § is equal to 1 throughout the boundary curve.
Under the condition of 0 < 8 £ 1,

(19.15) t<3-2a% a>0.

The improper integral’s upper limit is calculated as the sum of two square areas.

o | el <tiua) +1 ()
19.16 0

a2
= ﬂt7167(52+‘72) + 67(a2+1), (a>0,t<3-2a%).
Under the condition of 5 > 1 i.e.,

(19.17) t>3-2a% a>0.
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The upper limit of the improper integral is also calculated as the sum of two square areas.

/00 lu(z,t, )| de <1-u(l,t,a)+1-v (1,t,a)
0 B
(19.18) _ oo 4 (;)”;Uﬂwi)

a2

= Bttle” (5%%72) + e—(‘XZJFl)7 (a>0,t>3-2a%.

The results of equations (19.16) and (19.18) show that the improper integral absolutely converges.
Finally, I expand the domain of definition of the variable ¢ from a real number to a complex number. To clearly
express this, I change the character from t to 6. Herein, I take the absolute value of the improper integral.

/00 =1 (#27) gy S/oo }1’971|67(w2+%§)dx
0 0
= / g HRe(@) ™ (w2+(§)dx, (a>0,0eC).
0

(19.19)

The right side in inequality (19.19) is the same as substituting the real value Re (6) for ¢ on the right side of
equation (19.2).
Therefore, the proof of the assertion in the title of this subsection is complete.

19.2 Proof of the Recurrence Formula for the Integral

/C><> xeflef(z%r%)dx, (a > 0,0 €C)
0

I apply the integration by parts to the integral excluding the case when 6 = 0 as follows:

/OO e (7)) gy
0

00 x@ /_($2+a72)
= _— z2 d
/o (9) !

B [Jﬁe—(mzi)} - /OO 7 (—295 + W) (7).
o Jo 0

; il

(19.20)

2 [ (22402 202 [ (22402
_ a/ 20*1e (2+w2)dl‘—% 293¢ ( 2+w2>d$, (a>0,0 € C\{0}).
0 0

Thus, the integral of the second term on the right side of the result is written as follows:

/oo 293¢ (7+57) gy

0

= % (/OO x9+16*<x2+%§)dag - g/oo $91€<I2+z;)d1‘) , (a>0,0 € C\{0}).
0 0

«

(19.21)

In case of § = 0, I perform the variable transformation z = y~! for the left side of equation (19.21).
I ) O/ ~(F+ay?) 2 = —(Htat?)
(19.22) / x e «2)dx = / () e \v? (—y7 ) dy = / ye \v* dy, o> 0.
0 o \Y 0
I perform the variable transformation y = x/«, one more time.

(19.23) /OO ye_(y%—m?y?)dy = /OO %e_(%;—mz) édm = % /OO xe_(m2+§)dx, a > 0.
0 0 0

For the right side of equation (19.21), 0 is substituted directly for 6 and the result is the same as the above
result.
Thus, I can include the condition 6 = 0 for the equation (19.21).

(19.24) /OO xe_gef(wa%;)dx = iz (/OO x0+1€7<12+%>d1‘ - g/m '~ te” <m2+:§)dm> , (a>0,0€eC).
0 0 0

«
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The integral of the first term on the right side of equation (19.24) is written as follows:

(o) o o0 o (o) o
(19.25) / x9+16_<m2+7§)dx = a2/ xg_?’e_(m2+7§)dx + g/ 27 te” (I2+7§>dw, (a>0,0eC).
0 0 0

For equation (19.25), 0 is substituted for «. And for the integral of the left side, I perform the variable
transformation z = y/2.

o1 2 g4 1 _a 1 /% 4104
/ 2T e " dy :/ y 2 e Y-y 2dy= f/ yitz e Vdy
0 0 2 2.Jo

(19.26) . )
=T 1+§ , 8eC.

2

For equation (19.25), 0 is substituted for « again. And for the integral of the right side, I perform the variable
transformation = = y'/2.

0 [% .\ . 9/""&,14 o/mg,l, 0 [0
z P =2 vy by = vgy =1 (2
2/0356 Y A L Al A R b

1 0
=1+ = )
5 <+2>,06<C

(19.27)

Both sides of the equation (19.25) are the same when a = 0 and the results have same poles at even numbers
of —2 or less. As a result, the integral’s recurrence formula is as follows:

/OO $9+16_(x2+%>dx =a’ /00 $0736_(I2+%)d:ﬂ+g/w xefle_(mufﬁ*;)dx,
0 0 2 0

(a=0,0cC\{-2n:neN}) V («>0,0 C).

(19.28)

19.3 Representations for the Integrals
o0 2 a2
a:2pef(z +72)dx a>0p=-1)V (a>0,p=0,1,2,---
) ’p — 7p ) ) )
0

When p =0,
I consider the integral

/00 xoe_($2+zé)dx, a>0.
0

At first, I show the defining equation of the function J () for preparation ”[21].”

(19.29) J (a) ::/ ef(wf%fdx, a€R.

0
The function J () is also written as follows:

oo w2
(19.30) J(a) = e2a/ e (+2) 4 50, acRr.

0
The value of J (0) is given as follows:
(19.31) J(0) = / e dy = g (Gaussian integral)
0
The value of left-sided limit of J («) is given as follows:
oo —(IQ—‘,—LZ) o 2

(19.32) lim J(a)= lim €**- lim e 22)dr < lim e**- / e ¥ dr=0.

Assuming that the function J (o) has uniform convergence, the differentiation of J («) is carried out for the
integrand as partial differentiation..
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gy = [ Lo = [T o (o= @) (2L e -2)?
= [ o [ ) (L)
=2/ e_(x_%)de—Qa/ x_Qe_(’“_%)2d;g

0 0

(19.33)
For the second integral, the variable transformation z = y~! is perfomed.
o0 a2 0 1 2
= 2/ e (=5) dr — 2a/ yzef(ifo‘y) (—y?)dy, acR.
0 0o
Therefore,
d i a)? > 1 2
(19.34) —J (o) = 2/ e (e=%) gy — 2a/ e~ (3—ov) dy, aeR.
da 0 0
For the second integral on the right side of equation (19.34), the variable transformation y = —z/« is perfomed.

When « < 0, the differentiation of J («) takes positive value as follows:
d 0 a2 o0 “ 2 1 o0 a2

(19.35) —J(a) = 2/ e (%) dz — 204/ e~ (=%+) (—) dx = 4/ e (=2) dz > 0, a<0.
do 0 0 o 0

The right-sided limit of the differentiation of J («) in the neighborhood of o = 0 takes the fixed value as follows:

a——0 do

(19.36) im L7 (a) = 4/ e dr =4 g NS
0

For the second integral on the right side of equation (19.34), the variable transformation y = z/« is perfomed.
When o > 0, the differentiation of J («) takes zero as follows:

(19.37) 4 ) = 2/ e (e=2) gz — 2a/ e~ (8-2)° (1) dr =0, a>0.
da 0 0 o

The left-sided limit of the differentiation of J (@) in the neighborhood of a = 0 takes zero as follows:

_d
(19.38) Jlim =7 (a) = 0.

Therefore, when a 2 0, the function J («) takes the constant as follows:

)

(19.39) J (a) = CONSTANT = J (0) = g a>0.

Table shows the increase and decrease in the function J ()

o —00 - 0 00
47 () +  discontinuity 0 0
J@ o A o o
Table. 19.2
By referring to the equation (19.30),
o0 o2
(19.40) J (o) = 620‘/ e_(z2+72)dm = g, a>0.
0

Both the central and right sides are multiplied by e~ to obtain the formula in the case of p = 0.

)

(o) a2
(19.41) / Ve <x2+ﬁ)dx = g e a>0.
0
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I show another proof of the above formula that makes no assumptions. If a > 0,
For the right side of equation (19.30), I perform the variable transformation x = (ay)l/ 2,

oo 1 oo )
(19.42) Sy = [Tt Gy hae - e o [T yboe B Oy

= QGQQK% (2a), a>0.

Now, recall the formula for the modified Bessel function of the second kind at the index v = £1/2.

— | -z
(19.43) Ky (2) = \[55¢ 7 ZeC\{0}h
The formula (19.43) is introduced into the result of equation (19.42) to obtain the result as follows:

(19.44) J(a) = Vae*™ . 5 (ga) e 2 = g, a>0.

In case of a < 0

For the right side of equation (19.30), I perform the variable transformation z = (fozy)l/ 2,

J(a) = eQa/ eo(v+3) ;ay*%dx =—ae*. %/ yéfle_(iiga)@”'%)dy
0 0

(19.45)
=v—ae*® Ki(=2a), a<0.

The formula (19.43) is introduced into the result of equation (19.45) to obtain the result as follows:

19.4 — /a2 T 20 _ VT ia .
(19.46) J(a) =v—ae 2(_2a)e 5 € a<0

Because equations (19.44) and (19.46) show that the function J («) is continuous in the neighborhood of zero,

(19.47) J(a) = ﬁ, a>0.

The above result is the same as that of the equation (19.40). Therefore, another proof of the formula (19.41) is
completed.

When p = —1,

I consider the integral

o0
/ J:_Qe_(m2+73)dm, a>0.
0

For this integral, I perform the variable transformation x = a/y.

o) 2 a2 0 -2 W2 2 o 2, a2
(19.48) / 1‘7267(z +72)dx z/ (a) ei<y72+y ) (—ay™?)dy = l/ 67('1’ +17’)dy, a > 0.
0 0

[e'e] Yy «
Therefore
o0 O¢2
(19.49) / p2e(#457) gy - VT e 2 a>0.
0 2a
When p =1,

For the recurrence formula (19.28), 1 is substituted for 6.

/OO z%e” (w2+:%)dx =ao? /Oo x 2% (w2+%)dx + % /OO 2% (I2+:%)dx
0 0 0

(19.50) Q0 VT e L VT e
4 2a 2 2
1
=1 (20) + 1) yme 2, a>0.
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When p = 2,
For the recurrence formula (19.28), 3 is substituted for 6.

/00 rle” (x2+%)dx =a? /00 xoe_(x2+%)d:c + 3 /OO e (mu%)dx
0 0 2Jo

2
o5 L0 VE a3 e
- é ((2a)2 +3(2a) + 3) Vre 2 a>0.

19.4 General Representation for the Integrals

o0 o2
/ e ($2+72)dac, (. >0,k eN)
0

Hereafter, I will use mathematical induction to find the general representation for the integrals. First, in order
to prove, I prepared the following equation that I had found in advance:

k
o (a a2 1 e
(19.52) /0 e ( +acz)alav = 3ir1 ZakM(Qa)”\/?re 2 (a>0,keN).
=0
Where
2k — p)!
(19.53) P C el D) (keN,p=1{0,1,2--,k}).

2k—ryl (b — p)!”’

When k£ =1,
For equation (19.52), 1 is substituted for k.

[e%s} 1
2 —(m%‘%) _ 1 (2—p)! u —2a
T°e 2 )dr = — — 7 (2a)"Vme
/0 22 ;)21—“,u!(1 —p)!

= i ((20) + 1) y/me ™2, a>0.

(19.54)

The results of equations (19.50) and (19.54) are the same, so in the case of k = 1, equation (19.52) is correct.
When k = 2,
For equation (19.52), 2 is substituted for k.

/0 xte” (o*+27 )dx QSZW(Qa)“fe

_ é (20)? +3(20) +3) Vre >, a>0.

(19.55)

The results of equations (19.51) and (19.55) are the same, so in the case of k = 2, equation (19.52) is correct.
When k& = m, I assume that equation (19.52) is correct. The following equation holds under the assumption:

o + 1 (2m — p)!
19. 2m (x 2) — 20/ e 2 > eN).
(19.56) /0 e dr = om 1 2m el (m — ) ( a)'vme** (a>0,m )

When k£ = m + 1, I assume that equation (19.52) is also correct. The following equation holds under the
assumption:

(19.57) /oox (1)~ (++27) gy = mil @mE2=! oy me (0> 0.meN)
: 0 2m+2 2=l (m+1 — p)! ’ - '
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When &k = m + 2, T apply the recurrence formula (19.28) to the integral.

/OO L2(m+2) ,~ (w2+%§)dx — o2 /OO x2m6—(“’2+%§>daﬂ + 2m+ 3 /OO 22(m+1) = (12+%§>dm
0 0 2 0 7

- (2m — —2a
- () WZ M (a) R

2m=ipl (m — p)!

m+1

2m + 3 1 (2m 42 — p)! " —oa
(1958) + 2 2m+2 2m+1fuu! (m +1— /1')' (20‘) \/Ee
m—+2
L | =iz
- . Vre**, (a>0,meN).
2m+3 m-+1 (2m Lo M)
pn=0

The coefficient of the highest degree of the polynomial of the variable (2«) in the sum is simplified as follows:

2m+2—p)!
221 (11— 2) (m + 2 — )]

|
__m

(19.59) 50 101 ,

m € N.

p=m-+2

This polynomial is called a monic polynomial since the coefficient of the highest degree is unity.
The coefficient of the first degree of the polynomial is simplified as follows:

(2m+2—p)!
2mtl=ppl (m 41— p)!

_ (2m +3) (2m + 1)!

19.60 29m + 3
(19.60) (2m +3) 2m 1l

p=1
The constant term of the polynomial is simplified as follows:

@2m+2—p)
2mtl=ppyl (m+ 1 — p)!

~ (2m+3) (2m + 2)!
2m+1 0l (m + 1)!

(19.61) (2m + 3)

pn=0

Thus, the first-degree coeflicient and the constant term are the same.
The above results are introduced into the result of equation (19.58) to obtain the general term.

m—+1

=(2m+3)!!, meN.

=(2m+3)!, meN.

ﬁe—Qa

2m + 2 — p)!
9 m+2 ( 2 ®
(20) +};2m+27u(u—2)!(m+2—u)!( @)
/Oo xz(m+2)e—(f2+%§)d$ _ b sy 2m+2— p)!
om+3 ) 2
; +(m+3)uz::22m+l 1 )(a)
+ (2m + 3)!! (2a) + (2m + 3)!!
2 m—+2
(19.62) (2e)
B +mz+:l (p=1) 2m 2o CmABN o0 4o 2a) | re
~ om+3 om+2- Mu (m+2—p)!  2mT2=rpl (m+ 2 — p)! A "
+ (2m + 3)!! (2a) + (2m + 3)!!
m—+1
2m+4—p)!
m+2 s
1 + 2
:2m+3 Z 2m+2 M,u m+2 ,u) ( ) \/%6—204, (QEO,WEN).
+ (2m + 3)!! (2a) + (2m + 3)!!
Therefore
/°° p2m+2) (257 g
0
(19.63) ) mt1
~ gmes <(2a)m“ + 3 ami2u(20)" + (2m+ 3)11 (20) + (2m + 3)”) Vre™, (az0meN).
pn=2
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For the coefficient of the general term of the polynomial, m + 2 is substituted for p.

(2m 44 — p)! _ (m+2)!

19.64 ot it = SR S N7 — N.
( ) m-+2,m+2 22l (m+2 — ), _e 20 (m+2)10! me
Also, 1 is instituted for pu.

(2m 44— p)! (2m + 3)!

19. m = = = (2 1, .
(19.65) Am+2,1 22yl (m+2 — )|,y 2m I (m+ 1) (2m+3)!Y, meN
And also, 0 is instituted for p.

2m+4—p) (2m + 4)!

19.66 20 = - — (2m + 3)!, N.

(19.66) 20 = g2y (m + 2 — )] im0 27200 (m+2)! (2m + 8, m €

The results of equations (19.64), (19.65), and (19.66) are the same as that of equation (19.63), so in the case of
k =m+ 2, equation (19.52) is also correct.

oo 2 az m+2
(19.67) / g2 m+2) e (= +72)d:c = 3m73 Z ams2.,(20)"V/Te ¥ (@ >0,meN).
0
pn=0
Where
2 4 — p)!
(19.68) tmsoy = —EMEA=ZOL N = 01,2, m 1 2).

2m+2=ppl (m+ 2 — p)!

I can obtain the general representation for the integrals as a result of mathematical induction. At this stage,
the proof is complete. Therefore, the following equation holds true:

= ok —(ac+ ) (2k — ,U 2 —2a
(19.69) | o dr = 2k+122k ot H)!(2a) Vre T, (a>0keN).

Finally, the general representation for the integrals is given by using the coefficients.

k

20 (g2 1 o

(1970) /0 Z‘le ( +m2)d$ = W Zak,u(Qa)uﬁe 2 ’ (a > 07 ke N) .
n=0
Where
_ @k _

(1971) (lkﬂu—m, (kGN,,LLfO,].72’ 7]{))
And the coefficients deserving special mention are shown as follows:
(1972) Ak k = 1, keN.
(19.73) ag,1 = ak,0 = 2k — 1!, keN.

Table of the coeflicients ay

k || ag10 | ako | ars | ax7 | are ak5 ak,4 ak,3 ak2 ak,1 ak,0

1 1 1

2 3 3

3 1 6 15 15

4 1 10 45 105 105

5 1 15 105 420 945 945

6 1 21 210 1260 4725 10395 10395

7 1 28 378 3150 17325 62370 135135 135135

8 1 36 630 6930 51975 270270 945945 2027025 2027025

9 1 45 990 13860 135135 945945 4729725 16216200 34459425 34459425

10 1 55 | 1485 | 25740 | 315315 | 2837835 | 18918900 | 91891800 | 310134825 | 654729075 | 654729075
Table. 19.3
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19.5 Laurent Series Expansions of the Infinite Series

ane_gm, (x> 0,k eN)

The hyperbolic cotangent of the real variable z is a convergent function in the intervals of 0 < |z| < 7.
And it has the Laurent series expansion described by the Bernoulli numbers ”[22].”

221 B
(19.74) coth ( Z 2“ 2270 < |z| <

The infinite series,

o0

26_2"“7, x>0

n=1

can be written using the hyperbolic cotangent of the positive variable x as follows:

ad e 2 e cosh(z) 1
19.75 T = = = = = (coth (z) — 1 0.
( ) Z ¢ 1—e2® e —e* 2ginh(x) 2 (coth (@) ~1), 2>

By combining the above two equations,

= 11 o 221 B
—2nz _ - [ 2 2 2u—1

(19.76) E e =5 <x 1+ E @) x ), O<z<m.

n=1 p=1
For the right side of equation (19.76), I show several terms of the series in order.

- 1 225 a2l - 32

19.77 B B B T~ T FatTh) L 0<z <
(10.77) ;e 2 ( Y3 ETom Tt 93555 Z e

The infinite series,

an T (1> 0,k €N)

has a recurrent formula based on differentiation.

19. k,—2nz _ _ — = k—1_—2nx )
(19.78) Zne 5 dacz::n e , (z>0,keN)
When k£ =1,
= 1 d o 1 d (11 o~ 221 B
—2nz —2nz 2n 2pu—1
- .= S I e | H
Zne 2 dx ¢ 2 dx (2 (az +Z (2u)! v ))
n=1 n=1 pn=1
1 = 2% Boy 92
(19.79) " ,
1 /1 221 By o o - 221 By 5, o
= (S -@u-n el S (a1 z
4 \2? (2p)! =1 ; (2p)!

Therefore

2M+

(19.80) > ne™ =

1 5, 1 2% 22 2
4

= Bayto
—= — = — ].7“2‘u O<z<m.
3715 180 T ems 10395 g 2t g o * ) v

n=1
The following Pochhammer symbol will be used for convenience hereafter ”[3]”:

(19.81) (), =a(a+1)---(a+k—-1), keN
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When k = 2,

= 1 d & 1 - 22u+2R) Lo
2,—2nx _ _ — —2nz _ _ — | _ 2 _ 92 2 1 7;1‘4»1’2”,1
St o S (B S 2R
(19.82) - . -
11 1 22428y io o
=-|=4= 7 PRR— R , O<z <.
4<x3+2;(’“‘)2 Qu+2) " rsT
Therefore
Zn2e—2nz
n=1
(19.83)
1 3 X 4.’1?3 .’175 22H+ Bzu+2 9 1
e I B W ———zF ], O<z <.
4 (m O TR 225 10395+ Z w2l ©
When k£ =3
> 1 d & 1 22~+ B,
3 _ —2nx __ el 2 —2nx _ _ — | _ Y - nt2 242
D D DL ( 222“ G "
n=1 n=1 n=1
3 /1 1 2242, o 2242,y Lo
i 1). 1 2n—2 14 x2p 2
(19.84) 2 (x4 5120~ D=5 T Z Vs Gpr oy
31 1 1& 2214, Ly
=c|latE 52 @ut+l ), 0<a <
8<x4+45 3';(“+ )s @t 4) i
Therefore

1 4 2 6 8 8 1 e 22,u+4B
(19.85) Zn3e—2"f=2<x—4+—x+x -2 N (u 1), ) g o<

45 189 T 135 4455 3l (20 + 4)!
When k = 4,
= 1 d & 3 22M+ Bs
—Qn:v _ el 3,-2nx _ _ _ ntd 2u—1
7«; -2 dx;l"e 16( 5 3'Z oy ©
(19.86) - -
301 18 2204 By 1y
=—| =+ 2u), =g ) 0<x <
4<x5+4!;(”)4 EER T
Therefore
= 3 20 23 4rd 1 S 22ut+4p,
4 _—2nzx -5 pn+4 2,1
. == 0+ — — — = ), 20 )< <
(19:87) ;”e 4( BT R T VISR ;(“)4 @urar " e
When £ =5,
= 1 d & 3 5 1 «— 2214 By Ly
5,—2nx _ _ - % 4, —2nz _ 2| _ < = 2% — 1 pt4  2pu—2
;”e 2 dx”;"'f 8< x6+4!H:1(u s "
15 /1 1 22T Byiia g, o 1 — 22 Byia g, o
(19.88) =3 <IG ~ 52 s » —5“22( me s oy
15 (1 2 = 22116, 6
==\ Cu+1 B2 ), 0<z<
8 <x6 945 5! le( n+ s 5,76, TeT
Therefore

15 2 22 4t 1 & 92p+6
(19.89) Zns QAL — ( O SN (2ut )

8

945 225 1485

] Electrical Electron Eng, 2024 Volume 3 | Issue 1 | 167



19.6 Formulae Using the Hyperbolic Functions for the Infinite Series

(oo}
anedm, (x >0,k eN)
n=1

When k = 1, taking derivative and multiplying by —1/2 for the left and result of equation (19.75),

> 1 d (cosh(z) 1 1 sinh? (z) — cosh? (z) 1
19.90 “2nw - 4 (OS2 - . x>0
( ) nz_:l e 2 dx <2smh (x) 2) 4 sinh? (z) 4sinh? (z)
When k = 2, taking derivative and multiplying by —1/2 for the left and result of equation (19.90),
= _ 1 d 1 1 —2sinh () cosh () coth ()
19.91 e ey = , >0,
( ) T; e 2 dx (leinh2 (x)) 8 sinh? (z) 4sinh? ()
When k = 3,
(19.92)
i 3e—2nz _ 1 4 ( cosh () ) _ 1 sinh® (z) — 3 cosh? (z) sinh? (z)
— 2 dx \ 4sinh® (z) 8 sinh® ()
1 3cosh? (x) — sinh? (z) 13 (sinh2 () +1) — sinh? (z) 1 2sinh? (z) + 3 250
-8 sinh? (z) -8 sinh? () -8 sinh* (z) .
Therefore
- 3 (2 1 1
19.93 3e72ne — Z (2 4 > . x> 0.
( ) ;n ‘ 8 (3 sinh? (z) /) sinh? ()
When k = 4, T apply the same operations to the result of equation (19.92),
i"%*m 1 d <1 2sinh? (z) +3)
= 2 dx \8 sinh? (z)
. 5 . 2 . 3
(19.94) _ 1 4sinh” (z) cosh (z) — 4 (2sinh? (z) + 3) sinh® (z) cosh (z)
16 sinh® (z)
1 (2 sinh? (z) + 3) cosh (z) — sinh? (z) cosh (z) 1 (sinh2 (z) + 3) cosh (z) =0
= — . = — . s x .
4 sinh® (z) 4 sinh® (z)
Therefore
= _ 3/1 1 coth ()
19.95 ple e = = ( + > . >0.
( ) Z 4\3  sinh?(z)/ sinh? (z)
n=1
Hereafter, I show some results in order.
- 15 (2 1 1 1
19.96 Semnw — (2 4 + ) , x> 0.
( ) ngl e 8 (15 sinh? (z)  sinh® (z)/ sinh? (z)
(19.97) i 6 —one 45(2+ 2 N 1 )coth(x) o0
. n’e =— = , .
= 8 \45 3sinh®(z) sinh® (z)/ sinh® (z)
- 315 ( 4 2 4 1 1
19.98 nle 2 = =2 < + + + > , x©>0.
( ) Z 16 \315 = 5sinh®(z) 3sinh®(z)  sinh®(z)/ sinh? ()
n=1
= 315 (1 1 1 1 coth ()
19.99 Bg=2ne — 5 [ _—_ 4 + + ) . x> 0.
( ) ; e 4 (315 5sinh? (z)  sinh* (z)  sinh® (x)/ sinh? (z)
(o)
Z ’I’L9€ 2nz
(19.100) n=1
_2835(2 R (A SRR TR ) 1 .
~ 8 \2835  189sinh?(z) 9sinh®(z) 3sinh®(z)  sinh® (z)/ sinh?(z)’ .
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19.7 Relation between the Modified Bessel Function of the Second Kind and the Integral

/ xe_le_(m2+%)dx, (>0,0 €C)
0

For the integral in the subtitle, the variable transformation

[N

z = (ay)

is performed.

(19.101) 0

=at K, (20),
Therefore
(19.102)

e} o2 oo — o 2
/ gjailei(IQJrﬁ)dx = (ay)%e_(ayﬁ_?)ﬁy*%dy = a% .
0

, (o,y>0)

1

2

(a>0,0€C).

Ko (2a) = a~? / xe_lef(m%r:ﬁ)dx, (a>0,0€C).
2 0

Thus, when « is a positive real number, the above modified Bessel function of the second kind absolutely

converges.

20. Conclusion

I obtained three types of general representations for the zeta
function for any odd number of either 3 or 7, or more; one
has the leading term, while the others do not. Unfortunately,
because the general representation lacks essential information
on the zeta function at these points, finding exact values (closed
representations) such as {'(2) = n%/6 would be extremely difficult.
Because the explicit formulae for the zeta, eta, and null functions
are obtained using four arithmetic operations ((+,—,%, and+ )
from the complex functional equations, it can be said that these
explicit formulae are in the same class as the complex functional
equations.

I discovered that some infinite series represented using the
divisor sigma function give transcendental numbers with fixed
values. Two proofs of the Riemann hypothesis for the zeta
function were obtained, one using the reduction to absurdity
and the other using the deductive method. And the generalized
Riemann hypothesis for the eta function was also proven using
the deductive method. I believe that the Riemann hypothesis is a
symmetry problem unrelated to prime numbers.

From the relationship between the conditional non-trivial zeros of
the eta function and odd prime numbers, the implication of prime

numbers divided into three subsets: even prime 2, Pythagorean
primes, and non- Pythagorean primes was demonstrated. And
It was shown that odd and even powers of non-Pythagorean
primes have important meaning. In particular, under certain
conditions, the square of a non-Pythagorean prime acts as well
as a Pythagorean prime “[23]”. Proving the conjecture that
the almost half of imaginary parts of non-trivial zeros of the
eta function would be twice the imaginary parts of non-trivial
zeros of the zeta function will be an important problem in the
future. The exploration of the Dirichlet series and Euler product
representations for the eta function has not been started.

When interpreting that the functional equation (2.2) stipulates
the relation between whole positive real number and all squares
of natural numbers, I must conclude that the essence of the
numbers is condensed here.

By the way, security of the current information society depends
on the difficulty of factorizing the product of two huge prime
numbers. In contrast, we know some people believe that when
the Riemann hypothesis is solved, safety will be violated.
Because the explicit formula for the zeta function has the same
difficulty, I believe the safety will be maintained in the future as
well.
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Thanks

Letter to Professor Hardy ”[11, 12, 23]”

Dear Professor G. H. Hardy,

I’'m delighted to inform you that you and I have proved the
Riemann hypothesis, which was proposed by

Bernhard Riemann himself in 1859. You demonstrated (together
with Professor J. E. Littlewood) in 1914 that

there are an infinite number of non-trivial zeros of the Riemann
zeta function ¢ (S) on the critical line.

Recently, I was able to demonstrate that the non-trivial zeros of
the zeta function don’t lie off the critical line.

Combining these two results, we arrived at the conclusion that all
non-trivial zeros of the zeta function lie on

the critical line.

Problems with symmetry in general, not just prime numbers, were
raised by the Riemann hypothesis.

I want to sincerely commend you for your great achievement.
From future Japan 106 years after your time, on April 30, 2020.
Hideharu Maki - - - was born on June 30, 1959.

To those who supported and encouraged me

Many people gave me words of support and encouragement as [
was writing this article. I would like to express

my gratitude. further, please allow me to introduce the following
people:

Kenta lijima, Shigeko lijima, Yoichi Okuno, Yukiharu Okumura,
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hypothesis before it was proven.
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the Riemann zeta function C (S).
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This work depicts an image of a new world in which the Riemann
hypothesis has been solved and the fog

has cleared. The half-line on the left represent the imaginary
axis, and the half-line on the right represent

the critical line. The non-trivial zeros of the eta function lie on
the imaginary axis, those of the Riemann

zeta function lie on the critical line.

The area between the half-lines is called the Habitable zone
(colored green).

It is believed that the non-trivial zeros of the function { (0) +
(0) would present in irregular positions

hear. History tends to repeat itself, and new mysteries were born
as well
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