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Abstract

Let f be a nonnegative function of class C* (k > 2) such that f% is Holder continuous with exponent o in (0,1]. If f'(x) =
eoe = M(x) = 0 when f{x) = 0, we show that f* is differentiable for u € (1/(k + a),1) and under an additional condition we
show that ()" is Holder continuous with exponent = u(l +a) — 1 (if f<1) at x € [0,T] when f(x) = 0. (f*)' is Lipschitz

continuous at x if f{x) > 0.
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C*[a, b] denotes the space of functions differentiable up to order
k such that the derivatives of order k£ are continuous on [a, b]
and C*“[a, b] denotes the space of functions in C*[a, b] such that
the derivatives of order k are Holder continuous with exponent
o in (0,1]. Recall that g : [a¢, b] — R is Holder continuous with
exponent a € (0,1] at x € [a, D] if

supilg(y) — gy —x[;y #x y €[a b]} <o,
and that g is Holder continuous with exponent a € (0,1] in [,

b]if

N(z,y) =
and, if />0,

= [ -

sup{lg(x) —gW)lx —y[*;x#y,x, y €[a, b]} <.

It is well-known ([4]) that if a nonnegative function fis in C*[a,b]
and if the second derivative of fvanishes at the zeros of f, then
f”is in C'[a,b]. Now if f € C"[a,b] is nonnegative and if all its
derivatives vanish at the zeros of £, then /" is not necessarily in
C'[a,b] (See [3]). Finally let f'€ C*“[a,b], k> 1 and > 0. Then "
ke jg absolutely continuous (See [1] Lemma 1 and also Remark
2in[2] when k= 1).

Now letf'€ C+[0, T], T> 0, k> 2, be such that f7(x) = 0 for some
x €[0,7],j = 0,e* ,k. Then we define

) 2P sy + (1= s)a)ds

D(x,y) = ((y — x)k/o (1 _ S)k—lf(k)<sy + (1 _ S):r) ds)(k+a—1)/(k+a)

for x, y € [0, T]. We have the following theorem.

Theorem. Let f € C+*[0,T], T > 0, k > 2, be such that f> 0. As-
sume that f has at least one zero in [0, T]. If f '(x) = **s = f¥(x)
= 0 when f(x) = 0, then f* is differentiable for u € (1/(k+a),1).
If moreover N(x,y)/D(x,y) is bounded for (x,y) € {t € [0,T]; f(?)

fly) =

ly — =|*
(k—1)!

IN

IN

(k—1)!
C

(y—ax)k [
<k—1>!/o -

=0} x {t € [0,T]; f{t) > 0}, then (f*) is Holder continuous with
exponent B = u(k + o) — 1 at x such that f(x) = 0 (if p < 1). (*)'
is Lipschitz continuous at x if f{x) > 0.

Proof. f* is clearly differentiable at x € [0, 7] when f{x) > 0. Sup-
pose that f(x) = 0. For y € [0, T] we can write

s W) (sy 4+ (1 — s)z) ds

/0 (1= ) B sy + (1 — s)a)|ds

(1)

_ lkta 1
CM/ (1—s)k1sds
0

(Ita) (atk
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for some constant C, which implies that f* is differentiable at x.

Let x € [0, T]. Suppose first that f{x) = 0. Then f%(x) = 0 for j =
1,ee k. Let y € [0, T] be such that f(y) > 0. We can write

P =Y [ 2 1= sja)ds
and
)kl
fly) = %/{) (1-— S)kflf(k)(sij (1 —s)z)ds .
Using (1) we get
() (y) = (/) (@) = plf )" ()
= ulf(y)" = ) ()|

= O\|f(y)" == |N(z,9)|/D(z,y)

< Cof(y) ™= < Cyly —

for some constants C (j = 1,2+ ,3) where C, and C, may depend
on x. Since f* is C" near t whenf(t) >0, this 1mphes thatﬁ‘ e C'[o,
T]. Suppose now that f{x) > 0. There exist ¢, d € [0,7] such that
c<d, x € [c,d] whenx=0orx=Tandx € (¢,d) when x € (0,7)
and f(y) > f(x)/2 for y € [¢,d]. Let y € [¢,d]. We have

(7)) — (F) ()| = wlfo)~f ) — ) 'f ()]
<u(f) '\ o) —f ™l

@) = ")

<C|ly—xl,

for some constant C, depending on x. Since () is continuous
on [0,7] there exists a constant C, depending on x such that

(") ()=(") x)| < C,|ly—x| for y € [0,T]\[c, d].

The proof of the theorem is complete.

k—1
0 < e < min(1,(

We can write

Al(l_S)k_lf(k)(sy)ds B /ol_a(l‘sy“‘lf(’“)(sy>ds+/11

Now we have

201/l

Remark. The case k£ =1 is treated in [2]. Notice that, when &k >
2 and u € [1/2,1), f*is in C'[0, T]: See [3, 4]. Moreover, assume
that £ > 2 and that /'(0) = 0 (resp. /'(T) = 0) when £(0) = 0 (resp.
ATD) = 0). Then, if u € (1/2,1), () is Holder continuous with
exponent 2u—1 at x if f{x) = 0 and Lipschitz continuous at x if
fix) > 0: See [2].

Corollary. Let f € Ct#[0,T], T > 0, k > 2. Assume that f7(0) = 0
for j = 0,%** k and that f¥ > 0 on (0,n] for some n € (0,T) and
f®>0on [y T]. Then (f*)' is Holder continuous with exponent
B=u(k+a)—1at0 @G B<I1). () is Lipschitz continuous at
xe (0, 1].

Proof. In view of the Theorem it is enough to show that N (0,
v)/D(0, y) is bounded on (0,7]. Let

/0 (1= 5)F2 ) (s)ds) 1) |

(1—s)""1 f P (sy)ds

£

I—¢ 1—¢
/ (1 — )" 1 f®) (sy)ds > 8/ (1— )" 2f®(sy)ds
0 0

and

/1 (1—s)F 2 f¥(sy)ds <

| VA
k—1
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Then

1 1
[ a9 s = < [ a2y
0 0
1
e [ -9 sds
1—¢
' k=2 p(k e k
> = [ 1= 9 2 sds - I
0 _
o [t
> 5 [y
2 0
Now, when y > 0, we get
N(0,y) _a 2 k+a—1/ k-2 p(k e
< Y~ Fta(—) Fta 1—s f()syds Fta
DOy OF ([ 1= 92 (s)as)
@ 1 1
< Gl [ (1= 9" )R <Cale)
0
Then the result follows from the Theorem.
Example 1. Let 1 1
=0 = (8. - i=1..--.k d T 0,1
/60 ) 6] j—f—l(ﬁj 1+(]+1)')7] ) ’ an 6(7]7
and let
k+1 ol
— | + if e (0,T
f) = ) nx + frx it ze€(0,7]
0 if z=0.

Then /'€ C**[0,T] for all a € (0,1), f(0) = 0 for j = 0,°** ,k and
f®(x) = —xInx. Then we can apply the Corollary. Notice that here
N(0, y)/D(0,y) is continuous on (0,7] and tends to 0 as y — 0.

Example 2. For a € (0,1] let f{x) = x***g(x), x € [0, T] where g €
C*[0, T is such that g > 0 on (0,7]. Then /'€ C*[0, T1, /(0) =0
for j = 0,--- ,k and N(0,y)/D(0,y) is continuous on (0,7]. Suppose
that g#(0) # 0 for some j € {0, ,k} and g?(0) =0 for i = 0, ,
j—1ifj>1.Then N (0, y)/D(0 ,y) — [ as y — 0 where [ > 0 if j
=0and /=0ifj € {1, k}.
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